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Preface 


OUR GOAL 


Fundamentals of Differential Equations is designed to serve the needs of a one-semester 
course in basic theory as well as applications of differential equations. The flexibility of the 
text provides the instructor substantial latitude in designing a syllabus to match the emphasis of 
the course. Sample syllabi are provided in this preface that illustrate the inherent flexibility of 
this text to balance theory, methodology, applications, and numerical methods, as well as the 
incorporation of commercially available computer software for this course. 


NEW TO THIS EDITION 


With this edition we are pleased to feature some new pedagogical and reference tools, as well 
as some new projects and discussions that bear upon current issues in the news and in acade- 
mia. In brief: 


In response to our colleagues’ perception that many of today's students’ skills in integra- 
tion have gotten rusty by the time they enter the differential equations course, we have 
included a new appendix offering a quick review of the methods for integrating func- 
tions analytically. We trust that our light overview will prove refreshing (Appendix A, 
page A-1). 


A new project models the spread of staph infections in the unlikely setting of a hospi- 
tal, an ongoing problem in the health community's battle to contain and confine dan- 
gerous infectious strains in the population (Chapter 5, Project B, page 310). 


By including five new sketches of the various eigenfunctions arising from separating 
variables in our chapter on partial differential equations (Chapter 10), we are able to 
enhance the visualization of their qualitative features. 


We finesse the abstruseness of generalized eigenvector chain theory with a novel tech- 
nique for computing the matrix exponential for defective matrices (Chapter 9, Section 8, 
page 554). 


The rectangular window (or “boxcar function") has become a standard mathematical 
tool in the communications industry, the backbone of such schemes as pulse code 
modulation, etc. Our revised chapter on Laplace transforms incorporates it to facilitate 
the analysis of switching functions for differential equations (Chapter 7, Section 6, 
page 384). 
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We have added a project presenting a cursory analysis of oil dispersion after a spill, 
based roughly on an incident that occurred in the Mississippi River (Chapter 2, Project 
A, page 79). 


Even as computer science basks in the limelight as the current “glamour” technology 
profession, we unearthed an application of the grande dame of differential equations 
techniques—power series—to predict the performance of Quicksort, a machine algo- 
rithm that alphabetizes large lists (Chapter 8, Project A, page 493). 


Closely related to the current interest in hydroponics is our project describing the 
growth of phytoplankton by controlling the supply of the necessary nutrients in a 
chemostat tank (Chapter 5, Project F, pages 316). 


The basic theorems on linear difference equations closely resemble those for differen- 
tial equations (but are easier to prove), so we have included a project exploring this 
kinship (Chapter 6, Project D, page 347). 


We conclude our chapter on power series expansions with a tabulation of the histori- 
cally significant second-order differential equations, the practical considerations that 
inspired them, the mathematicians who analyzed them, and the standard notations for 
their solutions (Chapter 8, pages 485—486). 


Additionally, we have added dozens of new problems and have updated the references to 
relevant literature and Web sites, especially those facilitating the online implementation of 
numerical methods. 


PREREQUISITES 


While some universities make linear algebra a prerequisite for differential equations, many 
schools (especially engineering) only require calculus. With this in mind, we have designed the 
text so that only Chapter 6 (Theory of Higher-Order Linear Differential Equations) and 
Chapter 9 (Matrix Methods for Linear Systems) require more than high school level linear 
algebra. Moreover, Chapter 9 contains review sections on matrices and vectors as well as spe- 
cific references for the deeper results used from the theory of linear algebra. We have also writ- 
ten Chapter 5 so as to give an introduction to systems of differential equations—including 
methods of solving, phase plane analysis, applications, numerical procedures, and Poincaré 
maps—that does not require a background in linear algebra. 


SAMPLE SYLLABI 


As a rough guide in designing a one-semester syllabus related to this text, we provide three sam- 
ples that can be used for a 15-week course that meets three hours per week. The first emphasizes 
applications and computations including phase plane analysis; the second is designed for courses 
that place more emphasis on theory; and the third stresses methodology and partial differential 
equations. Chapters 1, 2, and 4 provide the core for any first course. The rest of the chapters are, 
for the most part, independent of each other. For students with a background in linear algebra, the 
instructor may prefer to replace Chapter 7 (Laplace Transforms) or Chapter 8 (Series Solutions of 
Differential Equations) with sections from Chapter 9 (Matrix Methods for Linear Systems). 


Flexible 
Organization 


Optional Use 
of Computer 
Software 


Choice of 
Applications 


Group Projects 
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Methods, Theory and Methods and 
Computations, Methods (linear Partial Differential 
and Applications algebra prerequisite) Equations 
Week Sections Sections Sections 
1 11. 1:22, 1:3 1-1, 1:2; 1:3 I1, 1:2. 1:3 
2 1.4, 2.2 1.4, 2.2, 2.3 1.4, 2.2 
3 2.3,2.4, 3.2 2.4, 3.2, 4.1 2.3, 2.4 
4 3.4, 3.5, 3.6 4.2, 4.3, 4.4 3.2, 3.4 
5 3.7, 4.1 4.5, 4.6 4.2, 4.3 
6 4.2, 4.3, 44 4.7, 5.2, 5.3 4.4, 4.5, 4.6 
7 4.5, 4.6, 4.7 5.4, 6.1 4.7, 5.1, 5.2 
8 4.8, 4.9 6.2, 6.3, 7.2 T.1, 7.2; 7:3 
9 4.10, 5.1, 5.2 7.3, 7.4, 1.5 7.4, 7.5 
10 5.3, 5.4, 5.5 7.6, 7.7 7.6, 7.7 
11 5.6, 5.7 8.2, 8.3 7.8, 8.2 
12 7.2, 7.3, 7.4 8.4, 8.6, 9.1 8.3, 8.5, 8.6 
13 7.5, 7.6, 7.7 9.2, 9.3 10.2, 10.3 
14 8.1, 8.2, 8.3 9.4, 9.5, 9.6 10.4, 10.5 
15 8.4, 8.6 9.7, 9.8 10.6, 10.7 
RETAINED FEATURES 


Most of the material is modular in nature to allow for various course configurations and 
emphasis (theory, applications and techniques, and concepts). 


The availability of computer packages such as Mathcad®, Mathematica®, MATLAB®, and 
Maple™ provides an opportunity for the student to conduct numerical experiments and tackle 
realistic applications that give additional insights into the subject. Consequently, we have 
inserted several exercises and projects throughout the text that are designed for the student to 
employ available software in phase plane analysis, eigenvalue computations, and the numerical 
solutions of various equations. 


Because of syllabus constraints, some courses will have little or no time for sections (such as 
those in Chapters 3 and 5) that exclusively deal with applications. Therefore, we have made the 
sections in these chapters independent of each other. To afford the instructor even greater flexi- 
bility, we have built in a variety of applications in the exercises for the theoretical sections. In 
addition, we have included many projects that deal with such applications. 


At the end of each chapter are group projects relating to the material covered in the chapter. A 
project might involve a more challenging application, delve deeper into the theory, or introduce 
more advanced topics in differential equations. Although these projects can be tackled by an 
individual student, classroom testing has shown that working in groups lends a valuable added 
dimension to the learning experience. Indeed, it simulates the interactions that take place in the 
professional arena. 
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Communication skills are, of course, an essential aspect of professional activities. Yet few texts 
provide opportunities for the reader to develop these skills. Thus, we have added at the end of 
most chapters a set of clearly marked technical writing exercises that invite students to make 
documented responses to questions dealing with the concepts in the chapter. In so doing, stu- 
dents are encouraged to make comparisons between various methods and to present examples 
that support their analysis. 


Throughout the text historical footnotes are set off by colored daggers (1). These footnotes typ- 
ically provide the name of the person who developed the technique, the date, and the context of 
the original research. 


Most chapters begin with a discussion of a problem from physics or engineering that motivates 
the topic presented and illustrates the methodology. 


All of the main chapters contain a set of review problems along with a synopsis of the major 
concepts presented. 


Most of the figures in the text were generated via computer. Computer graphics not only ensure 
greater accuracy in the illustrations, they demonstrate the use of numerical experimentation in 
studying the behavior of solutions. 


While more pragmatic students may balk at proofs, most instructors regard these justifications 
as an essential ingredient in a textbook on differential equations. As with any text at this level, 
certain details in the proofs must be omitted. When this occurs, we flag the instance and refer 
readers either to a problem in the exercises or to another text. For convenience, the end of a 
proof is marked by the symbol (4). 


We have developed the theory of linear differential equations in a gradual manner. In Chapter 4 
(Linear Second-Order Equations) we first present the basic theory for linear second-order 
equations with constant coefficients and discuss various techniques for solving these equations. 
Section 4.7 surveys the extension of these ideas to variable-coefficient second-order equations. 
A more general and detailed discussion of linear differential equations is given in Chapter 6 
(Theory of Higher-Order Linear Differential Equations). For a beginning course emphasizing 
methods of solution, the presentation in Chapter 4 may be sufficient and Chapter 6 can be 
skipped. 


Several numerical methods for approximating solutions to differential equations are presented 
along with program outlines that are easily implemented on a computer. These methods are 
introduced early in the text so that teachers and/or students can use them for numerical experi- 
mentation and for tackling complicated applications. Where appropriate we direct the student 
to software packages or web-based applets for implementation of these algorithms. 


An abundance of exercises is graduated in difficulty from straightforward, routine problems to 
more challenging ones. Deeper theoretical questions, along with applications, usually occur toward 
the end of the exercise sets. Throughout the text we have included problems and projects that 
require the use of a calculator or computer. These exercises are denoted by the symbol (£3). 


These sections can be omitted without affecting the logical development of the material. They 
are marked with an asterisk in the table of contents. 
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We provide a detailed chapter on Laplace transforms (Chapter 7), since this is a recurring topic 
for engineers. Our treatment emphasizes discontinuous forcing terms and includes a section on 
the Dirac delta function. 


Power series solutions is a topic that occasionally causes student anxiety. Possibly, this is due 
to inadequate preparation in calculus where the more subtle subject of convergent series is (fre- 
quently) covered at a rapid pace. Our solution has been to provide a graceful initiation into the 
theory of power series solutions with an exposition of Taylor polynomial approximants to solu- 
tions, deferring the sophisticated issues of convergence to later sections. Unlike many texts, 
ours provides an extensive section on the method of Frobenius (Section 8.6) as well as a section 
on finding a second linearly independent solution. 

While we have given considerable space to power series solutions, we have also taken 
great care to accommodate the instructor who only wishes to give a basic introduction to the 
topic. An introduction to solving differential equations using power series and the method of 
Frobenius can be accomplished by covering the materials in Sections 8.1, 8.2, 8.3, and 8.6. 


An introduction to this subject is provided in Chapter 10, which covers the method of separa- 
tion of variables, Fourier series, the heat equation, the wave equation, and Laplace's equation. 
Examples in two and three dimensions are included. 


Chapter 5 describes how qualitative information for two-dimensional systems can be gleaned 
about the solutions to intractable autonomous equations by observing their direction fields and 
critical points on the phase plane. With the assistance of suitable software, this approach pro- 
vides a refreshing, almost recreational alternative to the traditional analytic methodology as we 
discuss applications in nonlinear mechanics, ecosystems, and epidemiology. 


Motivation for Chapter 4 on linear differential equations is provided in an introductory section 
describing the mass-spring oscillator. We exploit the reader's familiarity with common vibra- 
tory motions to anticipate the exposition of the theoretical and analytical aspects of linear 
equations. Not only does this model provide an anchor for the discourse on constant-coefficient 
equations, but a liberal interpretation of its features enables us to predict the qualitative behav- 
ior of variable-coefficient and nonlinear equations as well. 


The chapter on matrix methods for linear systems (Chapter 9) begins with two (optional) intro- 
ductory sections reviewing the theory of linear algebraic systems and matrix algebra. 


SUPPLEMENTS 


By Viktor Maymeskul. Contains complete, worked-out solutions to odd-numbered exer- 
cises, providing students with an excellent study tool. ISBN 13: 978-0-321-74834-8; 
ISBN 10: 0-321-74834-4. 


Contains answers to all even-numbered exercises, detailed solutions to the even-numbered prob- 
lems in several of the main chapters, and additional group projects. ISBN 13: 978-0-321-74835-5; 
ISBN 10: 0-321-74835-2. 


Provides additional resources for both instructors and students, including helpful links keyed to 
sections of the text, access to Interactive Differential Equations, suggestions for incorporating 
Interactive Differential Equations modules, suggested syllabi, index of applications, and study 
tips for students. Access: www.pearsonhighered.com/nagle 
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Instructor's 
MATLAB, Maple, 
and Mathematica 
Manuals 


By Thomas W. Polaski (Winthrop University), Bruno Welfert (Arizona State University), and 
Maurino Bautista (Rochester Institute of Technology). A collection of worksheets and projects 
to aid instructors in integrating computer algebra systems into their courses. Available in the 
Pearson Instructor Resource Center, www.pearsonhighered.com/irc. 
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CHAPTER 1 


Introduction 


1.1 BACKGROUND 


In the sciences and engineering, mathematical models are developed to aid in the understanding 
of physical phenomena. These models often yield an equation that contains some derivatives 
of an unknown function. Such an equation is called a differential equation. Two examples of 
models developed in calculus are the free fall of a body and the decay of a radioactive substance. 
In the case of free fall, an object is released from a certain height above the ground and 
falls under the force of gravity.’ Newton’s second law, which states that an object’s mass times 
its acceleration equals the total force acting on it, can be applied to the falling object. This 
leads to the equation (see Figure 1.1) 
d^h 
dt? 
where m is the mass of the object, h is the height above the ground, d7h/dt? is its acceleration, 
g is the (constant) gravitational acceleration, and —mg is the force due to gravity. This is a differ- 
ential equation containing the second derivative of the unknown height / as a function of time. 
Fortunately, the above equation is easy to solve for h. All we have to do is divide by m and 
integrate twice with respect to t. That is, 


m = —mg, 


Pu 
dr? i 
so 
dh 
dé gt t c 
and 
EN 12 
h = h(t) = > tette 
MES "79 
y 
o o 


Figure 1.1 Apple in free fall 


"We are assuming here that gravity is the only force acting on the object and that this force is constant. More general 
models would take into account other forces, such as air resistance. 
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We will see that the constants of integration, c, and c», are determined if we know the initial 
height and the initial velocity of the object. We then have a formula for the height of the object 
at time f. 

In the case of radioactive decay (Figure 1.2), we begin from the premise that the rate of 
decay is proportional to the amount of radioactive substance present. This leads to the equation 


dA 
— — —kKA, k>0, 

dt 

where A(>0) is the unknown amount of radioactive substance present at time ¢ and k is the pro- 
portionality constant. To solve this differential equation, we rewrite it in the form 


1 = — 
qa = —kdt 


and integrate to obtain 


1 = = 
jia- | k dt 


nA + C, = -kt+C, . 


Solving for A yields 
dc) eg ea que eaa E, 


where C is the combination of integration constants eC €. The value of C, as we will see 
later, is determined if the initial amount of radioactive substance is given. We then have a for- 
mula for the amount of radioactive substance at any future time f. 

Even though the above examples were easily solved by methods learned in calculus, they do 
give us some insight into the study of differential equations in general. First, notice that the solu- 
tion of a differential equation is a function, like h(t) or A(t), not merely a number. Second, inte- 
gration’ is an important tool in solving differential equations (not surprisingly!). Third, we cannot 
expect to get a unique solution to a differential equation, since there will be arbitrary “constants 
of integration." The second derivative d?h/dr? in the free-fall equation gave rise to two constants, 
c, and c;, and the first derivative in the decay equation gave rise, ultimately, to one constant, C. 

Whenever a mathematical model involves the rate of change of one variable with respect 
to another, a differential equation is apt to appear. Unfortunately, in contrast to the examples 
for free fall and radioactive decay, the differential equation may be very complicated and diffi- 
cult to analyze. 


Figure 1.2 Radioactive decay 


‘For a review of integration techniques, see Appendix A. 
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Figure 1.3 Schematic for a series RLC circuit 


Differential equations arise in a variety of subject areas, including not only the physical sci- 


ences but also such diverse fields as economics, medicine, psychology, and operations research. 
We now list a few specific examples. 


(1) 


(2) 


(3) 


(4) 


T: 


In banking practice, if P(t) is the number of dollars in a savings bank account that 
pays a yearly interest rate of r% compounded continuously, then P satisfies the dif- 
ferential equation 


RE p , tin years. 


A classic application of differential equations is found in the study of an electric cir- 
cuit consisting of a resistor, an inductor, and a capacitor driven by an electromotive 
force (see Figure 1.3). Here an application of Kirchhoff’s laws! leads to the equation 


d? d 1 
LLERA a q = E(t) , 
dt C 


where L is the inductance, R is the resistance, C is the capacitance, E(t) is the electro- 
motive force, q(t) is the charge on the capacitor, and t is the time. 


. In psychology, one model of the learning of a task involves the equation 


dy/dt _ 2p 
yP- yy? va 


Here the variable y represents the learner’s skill level as a function of time f. The 
constants p and n depend on the individual learner and the nature of the task. 


In the study of vibrating strings and the propagation of waves, we find the partial 
differential equation 
u _ 28u 


2 
Ky 
gp uos 


where f represents time, x the location along the string, c the wave speed, and u the 
displacement of the string, which is a function of time and location. 


*We will discuss Kirchhoff's laws in Section 3.5. 


“Historical Footnote: This partial differential equation was first discovered by Jean le Rond d' Alembert (1717-1783) 
in 1747. 
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Chapter 1 


Introduction 


To begin our study of differential equations, we need some common terminology. If an 
equation involves the derivative of one variable with respect to another, then the former is 
called a dependent variable and the latter an independent variable. Thus, in the equation 
dx | dx 

sra F kx=0, 
dt dt 


(5) 


t is the independent variable and x is the dependent variable. We refer to a and k as coefficients 
in equation (5). In the equation 
ðu ou 


——x—2y, 


m» ox oy 


x and y are independent variables and u is the dependent variable. 

A differential equation involving only ordinary derivatives with respect to a single indepen- 
dent variable is called an ordinary differential equation. A differential equation involving partial 
derivatives with respect to more than one independent variable is a partial differential equation. 
Equation (5) is an ordinary differential equation, and equation (6) is a partial differential equation. 

The order of a differential equation is the order of the highest-order derivatives present in 
the equation. Equation (5) is a second-order equation because d?x/dt is the highest-order 
derivative present. Equation (6) is a first-order equation because only first-order partial deriva- 
tives occur. 

It will be useful to classify ordinary differential equations as being either linear or nonlin- 
ear. Remember that lines (in two dimensions) and planes (in three dimensions) are especially 
easy to visualize, when compared to nonlinear objects such as cubic curves or quadric surfaces. 
For example, all the points on a line can be found if we know just two of them. Correspond- 
ingly, linear differential equations are more amenable to solution than nonlinear ones. Now the 
equations for lines ax + by = c and planes ax + by + cz = d have the feature that the variables 
appear in additive combinations of their first powers only. By analogy a linear differential 
equation is one in which the dependent variable y and its derivatives appear in additive combi- 
nations of their first powers. 

More precisely, a differential equation is linear if it has the format 
d” y d"- ly 


+ a(x) 


dy 
di^ mscr ee aix) - + ag(x)y = F(x) , 


(7) a, (x) 


where a,(x), a, (x), . . . , ag(x) and F(x) depend only on the independent variable x. The addi- 
tive combinations are permitted to have multipliers (coefficients) that depend on x; no restric- 
tions are made on the nature of this x-dependence. If an ordinary differential equation is not 
linear, then we call it nonlinear. For example, 


is a nonlinear second-order ordinary differential equation because of the y? term, whereas 


3 dx 


= 
t di EX 
is linear (despite the t? terms). The equation 
d'y — dy 
d — em = COS x 


is nonlinear because of the y dy/dx term. 
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Although the majority of equations one is likely to encounter in practice fall into the nonlin- 
ear category, knowing how to deal with the simpler linear equations is an important first step (just 
as tangent lines help our understanding of complicated curves by providing local approximations). 


1.1 EXERCISES — ]  . — 


In Problems 1—12, a differential equation is given along 
with the field or problem area in which it arises. Classify 
each as an ordinary differential equation (ODE) or a 
partial differential equation (PDE), give the order, and 
indicate the independent and dependent variables. If the 
equation is an ordinary differential equation, indicate 
whether the equation is linear or nonlinear. 


d?y dy 
1. 2 F2y 2-0 
dx? T d y 


(Hermite's equation, quantum-mechanical harmonic 


oscillator) 
2 
2. 513 4 4% 4 9 — 2 cos 3t 
dt dt 


(mechanical vibrations, electrical circuits, seismology) 


ru ru 
2 om =0 


Ox" Oy 


(Laplace’s equation, potential theory, electricity, heat, 
aerodynamics) 


dy /— y(2 — 3x) 
"dx x(1 — 3y) 


(competition between two species, ecology) 


5. = k(4 — x)(1 — x), where k is a constant 


(chemical reaction rates) 


6. y 


dyV 
1+ p^ — C, where C is a constant 


(brachistochrone problem, ' calculus of variations) 


(Kidder's equation, flow of gases through a porous 
medium) 


8. 


10. 


11. 


12. 


dp 
P m kp(P — p), where k and P are constants 


(logistic curve, epidemiology, economics) 


4 

E = x(1 — x) 

(deflection of beams) 
d?y l dy i 

Ya dx da) 


(aerodynamics, stress analysis) 
2 
aN 2. EN } 1 ðN + kN, where k is a constant 
ot or r or 
(nuclear fission) 
d?y 
01(1— y2)— + 9y 20 
dx? ( y p y 
(van der Pol’s equation, triode vacuum tube) 


In Problems 13—16, write a differential equation that fits 
the physical description. 


13. 


14. 


15. 


16. 


17. 


The rate of change of the population p of bacteria at 
time f is proportional to the population at time f. 


The velocity at time ft of a particle moving along a 
straight line is proportional to the fourth power of its 
position x. 

The rate of change in the temperature T of coffee at 
time f is proportional to the difference between the 
temperature M of the air at time ¢ and the tempera- 
ture of the coffee at time t. 

The rate of change of the mass A of salt at time t is 
proportional to the square of the mass of salt present 
at time f. 


Drag Race. Two drivers, Alison and Kevin, are par- 
ticipating in a drag race. Beginning from a standing 
start, they each proceed with a constant acceleration. 
Alison covers the last 1/4 of the distance in 3 sec- 
onds, whereas Kevin covers the last 1 /3 of the dis- 
tance in 4 seconds. Who wins and by how much time? 


‘Historical Footnote: In 1630 Galileo formulated the brachistochrone problem (Bpayioros = shortest, ypovos = time), that is, to determine a 
path down which a particle will fall from one given point to another in the shortest time. It was reproposed by John Bernoulli in 1696 and solved by 


him the following year. 
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12 SOLUTIONS AND INITIAL VALUE PROBLEMS 


An nth-order ordinary differential equation is an equality relating the independent variable to 
the nth derivative (and usually lower-order derivatives as well) of the dependent variable. 
Examples are 


d? d 
ody y 5 
x d sb Ti + y=x° (second-order, x independent, y dependent) 
2 - d-order, t independent, y depend 
I= Ae. -y= (second-order, t independent, y dependent) 
2 fourth-order, t independent, x depend 
d^ — xt (fourth-order, t independent, x dependent). 


Thus, a general form for an nth-order equation with x independent, y dependent, can be 
expressed as 


dy d'y 7 
(1) 2E EE 


where F is a function that depends on x, y, and the derivatives of y up to order n; that is, on x, 
y,...,@"y/dx". We assume that the equation holds for all x in an open interval I (a < x < b, 
where a or b could be infinite). In many cases we can isolate the highest-order term d" y/dx" 
and write equation (1) as 


d"y dy d^ 2 
2 > PER AE] yttt3 = , 
( ) dx" r(x y dx dx” 1 


which is often preferable to (1) for theoretical and computational purposes. 


Explicit Solution 


Definition 1. A function (x) that when substituted for y in equation (1) [or (2)] 


satisfies the equation for all x in the interval / is called an explicit solution to the 
equation on /. 


Example 1 Show that d(x) = x? — x^! is an explicit solution to the linear equation 


dy 2 
3 347 53» 0, 
3) dx? EL 
but y(x) = x? is not. 
Solution The functions (x) = x? — x !, ġ' (x) = 2x + x ?, and $"(x) = 2 — 2x ? are defined for all 
x # 0. Substitution of (x) for y in equation (3) gives 


(2 — 2x?) e x!) = (2 — 2x34) — (2 — 2x) = 0. 


Example 2 


Solution 


Example 3 


Solution 
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2 


Since this is valid for any x # 0, the function (x) = x? — x^! is an explicit solution to (3) on 


(—oo, 0) and also on (0, 00). 
For y(x) = x? we have y'(x) = 3x?, i" (x) = 6x, and substitution into (3) gives 


6x — 48 = 4x - 0, 
x 
which is valid only at the point x = 0 and not on an interval. Hence (x) is not a solution. € 


Show that for any choice of the constants c, and c», the function 
elx) = cue * + ce* 
is an explicit solution to the linear equation 
(4) y" —y' -2y-20. 
We compute $'(x) = —cje * + 2c,e?* and $"(x) = cje * + 4c e*". Substitution of $, $', 
and $" for y, y', and y" in equation (4) yields 
(cie * + 4c,e) — (—c,e^* + 29e?) — 2(cqe * + ce”) 


=(c, +e, - 2cje * + (4e, — 2c) — 2c;)e?* =0. 


Since equality holds for all x in (—oo, oo), then (x) = cie * + cse?" is an explicit solution to 
(4) on the interval (—oo, oo) for any choice of the constants c; and cj. € 


As we will see in Chapter 2, the methods for solving differential equations do not always 
yield an explicit solution for the equation. We may have to settle for a solution that is defined 
implicitly. Consider the following example. 


Show that the relation 
(5) y--820 
implicitly defines a solution to the nonlinear equation 


o9 9.5 
(6) d D 
on the interval (2, oo). 


When we solve (5) for y, we obtain y = +V x? — 8. Let's try f(x) = Vx? — 8 to see if it is an 
explicit solution. Since dp/dx = 3x?/(2 Vx’ — 8) , both $ and d/dx are defined on (2, oo). 
Substituting them into (6) yields 


3x 3x7 


2Vx- 8 2( »-8) 


which is indeed valid for all x in (2, oo). [You can check that y(x) = — Vx? — 8 is also an 
explicit solution to (6).] 9 
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Implicit Solution 


Definition 2. A relation G(x, y) = 0 is said to be an implicit solution to equation (1) 


on the interval / if it defines one or more explicit solutions on /. 


Show that 
(7) xty+te’=0 


is an implicit solution to the nonlinear equation 


(8) (1 + ee +1 +ye®”=0 
ET ye : 

First, we observe that we are unable to solve (7) directly for y in terms of x alone. However, for 
(7) to hold, we realize that any change in x requires a change in y, so we expect the relation (7) 
to define implicitly at least one function y(x). This is difficult to show directly but can be rigor- 
ously verified using the implicit function theorem of advanced calculus, which guarantees 
that such a function y(x) exists that is also differentiable (see Problem 30). 

Once we know that y is a differentiable function of x, we can use the technique of implicit 
differentiation. Indeed, from (7) we obtain on differentiating with respect to x and applying the 
product and chain rules, 


or 


which is identical to the differential equation (8). Thus, relation (7) is an implicit solution on 
some interval guaranteed by the implicit function theorem. 9 


Verify that for every constant C the relation 4x? — y? = C is an implicit solution to 


(9) yp #50. 


Graph the solution curves for C = 0, +1, +4. (We call the collection of all such solutions a 
one-parameter family of solutions.) 


When we implicitly differentiate the equation 4x? — y? = C with respect to x, we find 


d 
& - 27-0, 


*See Vector Calculus, 5th ed, by J. E. Marsden and A. J. Tromba (Freeman, San Francisco, 2004). 
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Figure 1.4 Implicit solutions 4x? — 5? = C 


which is equivalent to (9). In Figure 1.4 we have sketched the implicit solutions for C = 0, +1, 
+4. The curves are hyperbolas with common asymptotes y = +2x. Notice that the implicit 
solution curves (with C arbitrary) fill the entire plane and are nonintersecting for C # 0. For 
C = 0, the implicit solution gives rise to the two explicit solutions y = 2x and y = —2x, both of 
which pass through the origin. 4 


For brevity we hereafter use the term solution to mean either an explicit or an implicit 
solution. 

In the beginning of Section 1.1, we saw that the solution of the second-order free-fall 
equation invoked two arbitrary constants of integration c,, c»: 


2 
=f 
h(t) - —— + et +0, 


whereas the solution of the first-order radioactive decay equation contained a single constant C: 
Alt) = Ce . 


It is clear that integration of the simple fourth-order equation 


brings in four undetermined constants: 
y(x) = cux? aa ex He CaP 64. 
It will be shown later in the text that in general the methods for solving nth-order differential 


equations evoke n arbitrary constants. In most cases, we will be able to evaluate these constants 
if we know n initial values y(xo), y'(xo), . . . ye (x9). 
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Initial Value Problem 


Definition 3. By an initial value problem for an nth-order differential equation 


dy dy 7 
2T =0, 


we mean: Find a solution to the differential equation on an interval / that satisfies at xo 
the n initial conditions 


y(xo) = yo» 


dy 
209) 7». 


d'- ly 
dx" 


(xo) = Yn-1 > 


where x9 € J and yo, yj, ..., y, 1 are given constants. 


In the case of a first-order equation, the initial conditions reduce to the single requirement 


y(Xo) = Yo» 
and in the case of a second-order equation, the initial conditions have the form 
dy 
y(xo) = »o » qx o9) =y). 


The terminology initial conditions comes from mechanics, where the independent variable 
x represents time and is customarily symbolized as t. Then if tọ is the starting time, y(t) = yo 
represents the initial location of an object and y’ (to) gives its initial velocity. 


Example 6 Show that (x) = sin x — cos x is a solution to the initial value problem 


d?y dy 
10 = -y-0; 02-1, 0)—1. 
a0 — zy y(0) ao 


Solution Observe that (x) = sin x — cos x, db/dx = cos x + sin x, and d*/dx* = —sin x + cos x are 
all defined on (—oo, oo). Substituting into the differential equation gives 


(—sinx + cos x) + (sin x — cosx) = 0, 


which holds for all x € (—oo, oo). Hence, $(x) is a solution to the differential equation in (10) 
on (—co, oo). When we check the initial conditions, we find 


$(0) = sin 0 — cos 0 = —1, 


dọ 
dx 


(0) = cos 0 + sin0 = 1, 


which meets the requirements of (10). Therefore, (x) is a solution to the given initial value 
problem. 4 


Example 7 


Solution 
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As shown in Example 2, the function $(x) = cje " + c;e?* is a solution to 


d'y dy 
d? dx 


2y 20 
for any choice of the constants c; and c». Determine c, and c» so that the initial conditions 
dy 
y(0) =2 and ax 0) =-3 
are satisfied. 


To determine the constants c, and c, we first compute d /dx to get dp/dx = —cje ™ + 2cre™. 
Substituting in our initial conditions gives the following system of equations: 


$(0 =cye°+coe® =2, atao =2, 
d or 
7^ (0) = —c,e? + 2ce? 35 =c] + 20 = —3. 
Adding the last two equations yields 3c; = —1, so c; = —1/3. Since c, + c; = 2, we find 


c, = 7/3. Hence, the solution to the initial value problem is (x) = (7/3)e * — (1/3)e?. € 


We now state an existence and uniqueness theorem for first-order initial value problems. 
We presume the differential equation has been cast into the format 


d 
n 


Of course, the right-hand side, f(x, y), must be well defined at the starting value xy for x and at 
the stipulated initial value yọ = y(xo) for y. The hypotheses of the theorem, moreover, require 
continuity of both f and df/dy for x in some interval a < x < b containing xo, and for y in some 
interval c < y « d containing yo. Notice that the set of points in the xy-plane that satisfy 
a « x € b and c < y< d constitutes a rectangle. Figure 1.5 on page 12 depicts this “rectangle 
of continuity" with the initial point (xo, yo) in its interior and a sketch of a portion of the solu- 
tion curve contained therein. 


Existence and Uniqueness of Solution 


Theorem 1. Consider the initial value problem 


y(xo) = yo. 


If f and df/dy are continuous functions in some rectangle 


Reddy << he < y= ah 


that contains the point (xo, yo), then the initial value problem has a unique solution 
(x) in some interval xy — ô < x < x + 6, where ô is a positive number. 
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t e ] =y 
a X970 Xy X+d5 b 


Figure 1.5 Layout for the existence-uniqueness theorem 


The preceding theorem tells us two things. First, when an equation satisfies the hypotheses 
of Theorem 1, we are assured that a solution to the initial value problem exists. Naturally, it is 
desirable to know whether the equation we are trying to solve actually has a solution before we 
spend too much time trying to solve it. Second, when the hypotheses are satisfied, there is a 
unique solution to the initial value problem. This uniqueness tells us that if we can find a solu- 
tion, then it is the only solution for the initial value problem. Graphically, the theorem says that 
there is only one solution curve that passes through the point (xo, yo). In other words, for this 
first-order equation, two solutions cannot cross anywhere in the rectangle. Notice that the exis- 
tence and uniqueness of the solution holds only in some neighborhood (xj — 8, x9 + 6). 
Unfortunately, the theorem does not tell us the span (28) of this neighborhood (merely that it is 
not zero). Problem 18 elaborates on this feature. 

Problem 19 gives an example of an equation with no solution. Problem 29 displays an ini- 
tial value problem for which the solution is not unique. Of course, the hypotheses of Theorem 1 
are not met for these cases. 

When initial value problems are used to model physical phenomena, many practitioners 
tacitly presume the conclusions of Theorem 1 to be valid. Indeed, for the initial value problem 
to be a reasonable model, we certainly expect it to have a solution, since physically “something 
does happen.” Moreover, the solution should be unique in those cases when repetition of the 
experiment under identical conditions yields the same results." 

The proof of Theorem 1 involves converting the initial value problem into an integral 
equation and then using Picard's method to generate a sequence of successive approximations 
that converge to the solution. The conversion to an integral equation and Picard's method are 
discussed in Group Project B at the end of this chapter. A detailed discussion and proof of the 
theorem are given in Chapter 13.* 


"At least this is the case when we are considering a deterministic model, as opposed to a probabilistic model. 


‘All references to Chapters 11—13 refer to the expanded text Fundamentals of Differential Equations and Boundary 
Value Problems, 6th ed. 
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For the initial value problem 


dy 
dx 


does Theorem 1 imply the existence of a unique solution? 


ad) 3—-2x-x?), y10)-26, 


Dividing by 3 to conform to the statement of the theorem, we identify f(x, y) as (x? — xy?)/3 
and df/dy as —xy?. Both of these functions are continuous in any rectangle containing the 
point (1, 6), so the hypotheses of Theorem 1 are satisfied. It then follows from the theorem 
that the initial value problem (11) has a unique solution in an interval about x — 1 of the form 
(1 — 6,1 + 6), where ô is some positive number. € 


For the initial value problem 
dy 
uy 4-35, y2-0,. 
does Theorem 1 imply the existence of a unique solution? 


Here f(x, y) = 3y 3 and af/ay = 2y- V 3, Unfortunately f/dy is not continuous or even defined 
when y = 0. Consequently, there is no rectangle containing (2, 0) in which both f and af/dy are 
continuous. Because the hypotheses of Theorem 1 do not hold, we cannot use Theorem 1 to 
determine whether the initial value problem does or does not have a unique solution. It turns out 
that this initial value problem has more than one solution. We refer you to Problem 29 and 
Group Project G of Chapter 2 for the details. 4 


In Example 9 suppose the initial condition is changed to y(2) = 1. Then, since f and af/dy 
are continuous in any rectangle that contains the point (2, 1) but does not intersect the x-axis— 
say, R = {(x, y): 0 < x < 10,0 < y < 5]—it follows from Theorem 1 that this new initial 
value problem has a unique solution in some interval about x — 2. 


PESSA å L| — 


1. (a) Show that y? + x — 3 = 0 is an implicit solution (c) Show that (x) = x? — x^! is an explicit solu- 
to dy/dx = —1/(2y) on the interval (—oo, 3). tion to x^d?y/dx? = 2y on the interval (0, oo). 
(b) Show that xy? — xy?^sin x = 1 is an implicit solu- 


tion to . In Problems 3—8, determine whether the given function is 
dy = (x cos x + sin x — 1)y a solution to the given differential equation. 
dx 3(x — x sin x) 3.x=2cost—3sint, x"+x=0 
on the interval (0, 77/2). : d?y j 
2. (a) Show that (x) = x? is an explicit solution to Rar quie de Md 
dy dx : 
A s .x- ~+ t= 
Uk 2y 5. x = cos 2t , di tx = sin 2t 
on the interval (—oo, oo). ay, 2 d?0 dO , " 2 
(b) Show that (x) = e* — x is an explicit solution to eee E > dt? ý dt 28 i 
d 7. y ^ 3sin2x c e "^ , y" + 4y — 5e * 
4 H y? = e™ + (1 — 2x)e* + x? — 1 y EE 7 y à 
dx d'y dy 


on the interval (—oo, oo). dà dx 


8. y = e™ — 3e™, 


2y=0 
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In Problems 9—13, determine whether the given relation 
is an implicit solution to the given differential equation. 
Assume that the relationship does define y implicitly as a 
function of x and use implicit differentiation. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


y-Iny=x? +1, a = 
x-y-24, $-l 

ev +y=x-1, ye? 

x? — sin(x + y) =1, © = ax seo(x y) - 1 


siny -xy—x? =2, 
oxy’ + (y'Psin y - 2(y')? 
3x? — y 


m 2 


Show that (x) = c, sin x + c; cos x is a solution to 
d’y/dx* + y = 0 for any choice of the constants c, 
and c2. Thus, c, sin x + c cos x is a two-parameter 
family of solutions to the differential equation. 


Verify that p(x) = 2/(1 — ce”), where c is an arbi- 
trary constant, is a one-parameter family of solutions to 
dy _ yy — 2) 
dx 2, ` 


Graph the solution curves corresponding to c = 0, 
+1, +2 using the same coordinate axes. 
Verify that x? + cy? = 1, where c is an arbitrary 
nonzero constant, is a one-parameter family of 
implicit solutions to 

dy o xy 

dx x-1 


and graph several of the solution curves using the 
same coordinate axes. 


Show that (x) =Ce**+1 is a solution to 
dy/dx — 3y = —3 for any choice of the constant C. 
Thus, Ce** + 1 is a one-parameter family of solu- 
tions to the differential equation. Graph several 
of the solution curves using the same coordinate 
axes. 

Let c 0. Show that the function (x) = 
(c? — x2)! is a solution to the initial value prob- 
lem dy/dx = 2xy?. y(0) = 1/c?, on the interval 
—c « x € c. Note that this solution becomes 
unbounded as x approaches +c. Thus, the solution 
exists on the interval (—6, 6) with 6 = c, but not for 
larger 6. This illustrates that in Theorem 1 the existence 


19. 


20. 


21. 


22. 


interval can be quite small (if c is small) or quite 
large (if c is large). Notice also that there is no clue 
from the equation dy/dx — 2xy? itself, or from the 
initial value, that the solution will “blow up" at 
x= He; 

Show that the equation (dy/dx)? + y? + 4 = 0 has 
no (real-valued) solution. 


Determine for which values of m the function 
(x) = e”™ is a solution to the given equation. 


d'y dy 
(a) dd im + 5y = 0 
dy dy dy 
b 7 3— + 2— = 0 
(b) dx? dx? dx 


Determine for which values of m the function 
d (x) = x" is a solution to the given equation. 


2 


CES a pud sa ug 

a X 5 1 x = 

dx* dx y 
dy dy 

b) x? 5y=0 

(b) 5 dx? * dit y 


Verify that the function #(x) = cje” + c;e ?* isa 
solution to the linear equation 

d'y | dy 

=> + 2y=0 

d? dx * 
for any choice of the constants c, and c». Determine 
cı and c, so that each of the following initial condi- 
tions is satisfied. 
(a) y(0)=2, y'(0-1 
(b) y(1)=1, y(1)-0 


In Problems 23-28, determine whether Theorem 1 implies 
that the given initial value problem has a unique solution. 


23. 


24. 


25. 


26. 


27. 


28. 


D ays, y(0) =7 
as = sin’t , y(ar) = 5 
3T + 4 = 0, xQ2) = =m 
Z + cosx o sint, x(a) = 0 
2 x. y(1) = 0 
b a- Yy, — 9-1 


29. 


30. 


(a) For the initial value problem (12) of Example 9, 
show that $,(x) = 0 and @,(x) = (x — 2} are 
solutions. Hence, this initial value problem has 
multiple solutions. (See also Group Project G in 
Chapter 2.) 

(b) Does the initial value problem y’ = 3y7/ J 
y(0) = 1077, have a unique solution in a neigh- 
borhood of x = 0? 

Implicit Function Theorem. Let G(x, y) have 

continuous first partial derivatives in the rectangle 

R= {(x, yka<x<b,c<y< d} containing 

the point (xo, yo). If G(xo, yo) = 0 and the partial 

derivative G,(x9, yo) # 0, then there exists a differ- 
entiable function y = (x), defined in some interval 

I = (xg — 8, xo + 8), that satisfies G(x, pa) =0 


31. 
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The implicit function theorem gives conditions 
under which the relationship G(x, y) = 0 defines y 
implicitly as a function of x. Use the implicit 
function theorem to show that the relationship 
X + y + e = Q, given in Example 4, defines y 
implicitly as a function of x near the point (0, — 1). 
Consider the equation of Example 5, 


d 
a3) 5 qe). 


dx 

(a) Does Theorem 1 imply the existence of a unique 
solution to (13) that satisfies y(xo) = 0? 

(b) Show that when x9 # 0, equation (13) can't 
possibly have a solution in a neighborhood of 
x = x that satisfies y(xp) = 0. 

(c) Show that there are two distinct solutions to (13) 


for all x € I. 


satisfying y(0) = 0 (see Figure 1.4 on page 9). 


1.3 DIRECTION FIELDS 


The existence and uniqueness theorem discussed in Section 1.2 certainly has great value, but it 
stops short of telling us anything about the nature of the solution to a differential equation. For 
practical reasons we may need to know the value of the solution at a certain point, or the inter- 
vals where the solution is increasing, or the points where the solution attains a maximum value. 
Certainly, knowing an explicit representation (a formula) for the solution would be a consider- 
able help in answering these questions. However, for many of the differential equations that we 
are likely to encounter in real-world applications, it will be impossible to find such a formula. 
Moreover, even if we are lucky enough to obtain an implicit solution, using this relationship to 
determine an explicit form may be difficult. Thus, we must rely on other methods to analyze or 
approximate the solution. 

One technique that is useful in visualizing (graphing) the solutions to a first-order differen- 
tial equation is to sketch the direction field for the equation. To describe this method, we need 
to make a general observation. Namely, a first-order equation 


d 
m 


specifies a slope at each point in the xy-plane where f is defined. In other words, it gives the direc- 
tion that a graph of a solution to the equation must have at each point. Consider, for example, the 
equation 


d 
© T-é-y. 
The graph of a solution to (1) that passes through the point (—2, 1) must have slope (-2)? — 1 = 3 
at that point, and a solution through (—1, 1) has zero slope at that point. 

A plot of short line segments drawn at various points in the xy-plane showing the slope of 
the solution curve there is called a direction field for the differential equation. Because the 


16 Chapterl Introduction 


Dod 4 NON io US ow d^ d 
Dod) Z se X- o5 F do | 
hd wx Noc d d od 
1$ 
|o) d 4M. o9 4 d d |] 
E E @+—}+—_+—_> x 
0 1 
A ot d d ^ -w« 74 / [d |! 1 
bog. dodo we tr TF d? od A 
1o d d d 4 4 wd d P od 
IL d d d 7 fF d e 
/ ot d d d I 1 d d |I 
(a) (b) 


Figure 1.6 (a) Direction field for dy/dx = x? — y (b) Solutions to dy/dx = x? — y 
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Figure 1.7 (a) Direction field for dy/dx = —2y (b) Direction field for dy/dx = —y/x 


direction field gives the “flow of solutions,” it facilitates the drawing of any particular solution 
(such as the solution to an initial value problem). In Figure 1.6(a) we have sketched the direc- 
tion field for equation (1) and in Figure 1.6(b) have drawn several solution curves in color. 

Some other interesting direction field patterns are displayed in Figure 1.7. Depicted in Fig- 
ure 1.7(a) is the pattern for the radioactive decay equation dy/dx — —2y (recall that in Section 
1.1 we analyzed this equation in the form dA/dt = —kA). From the flow patterns, we can see 
that all solutions tend asymptotically to the positive x-axis as x gets larger. In other words, any 
material decaying according to this law eventually dwindles to practically nothing. This is con- 
sistent with the solution formula we derived earlier, 


A-Ce", or y=Ce. 
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(a) (b) 


Figure 1.8 (a) A solution for dy/dx = —2y (b) A solution for dy/dx = —y/x 


From the direction field in Figure 1.7(b), we can anticipate that all solutions to dy/dx — 
—y/x also approach the x-axis as x approaches infinity (plus or minus infinity, in fact). But 
more interesting is the observation that no solution can make it across the y-axis; |y(x)| “blows 
up" as x goes to zero from either direction. Exception: On close examination, it appears the 
function y(x) = 0 might just make it through this barrier. As a matter of fact, in Problem 19 
you are invited to show that the solutions to this differential equation are given by y — C/x, 
with C an arbitrary constant. So they do diverge at x = 0, unless C = 0. 

Let's interpret the existence-uniqueness theorem of Section 1.2 for these direction fields. 
For Figure 1.7(a), where dy/dx = f(x, y) = —2y, we select a starting point xo and an initial 
value y(xo) = yo, as in Figure 1.8(a). Because the right-hand side f(x, y) = —2y is continu- 
ously differentiable for all x and y, we can enclose any initial point (xo, yo) in a "rectangle of 
continuity." We conclude that the equation has one and only one solution curve passing through 
(xo, Yo), as depicted in the figure. 

For the equation 


dy y 
dx V f (x, y ) ~ y? 
the right-hand side f(x, y) = —y/x does not meet the continuity conditions when x = 0 (i.e., for 


points on the y-axis). However, for any nonzero starting value xp and any initial value y(xo) = yo, 
we can enclose (xo, yo) in a rectangle of continuity that excludes the y-axis, as in Figure 1.8(b). 
Thus, we can be assured of one and only one solution curve passing through such a point. 

The direction field for the equation 


dy _ 42h 
ax 


is intriguing because Example 9 of Section 1.2 showed that the hypotheses of Theorem 1 do 
not hold in any rectangle enclosing the initial point xy = 2, yọ = 0. Indeed, Problem 29 of 
that section demonstrated the violation of uniqueness by exhibiting two solutions, y(x) = 0 
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Figure 1.9 (a) Direction field for dy/dx — 3y2/3 (b) Solutions for dy/dx = 3y, y(2) =0 


and y(x) = (x — 2}, passing through (2, 0). Figure 1.9(a) displays this direction field, and 
Figure 1.9(b) demonstrates how both solution curves can successfully “negotiate” this flow 
pattern. 

Clearly, a sketch of the direction field of a first-order differential equation can be helpful in 
visualizing the solutions. However, such a sketch is not sufficient to enable us to trace, unam- 
biguously, the solution curve passing through a given initial point (xo, yo). If we tried to trace 
one of the solution curves in Figure 1.6(b) on page 16, for example, we could easily “slip” over 
to an adjacent curve. For nonunique situations like that in Figure 1.9(b), as one negotiates the 
flow along the curve y — (x — 2)? and reaches the inflection point, one cannot decide whether 
to turn or to (literally) go off on the tangent ( y — 0). 


The logistic equation for the population p (in thousands) at time t of a certain species is given by 


(Of course, p is nonnegative. The interpretation of the terms in the logistic equation is discussed in 
Section 3.2.) From the direction field sketched in Figure 1.10 on page 19, answer the following: 


(a) If the initial population is 3000 [that is, p(0) = 3 ], what can you say about the limit- 
ing population lim, „+œ p(t)? 


(b) Can a population of 1000 ever decline to 500? 


(c) Can a population of 1000 ever increase to 3000? 


(a) The direction field indicates that all solution curves [other than p(t) = 0] will 
approach the horizontal line p = 2 as t — - oo; that is, this line is an asymptote for 
all positive solutions. Thus, lim, „+œ p(t) = 2. 
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p (in thousands) 


at 


Figure 1.10 Direction field for logistic equation 


(b) The direction field further shows that populations greater than 2000 will steadily 
decrease, whereas those less than 2000 will increase. In particular, a population of 
1000 can never decline to 500. 


(c) As mentioned in part (b), a population of 1000 will increase with time. But the direc- 
tion field indicates it can never reach 2000 or any larger value; i.e., the solution curve 
cannot cross the line p = 2. Indeed, the constant function p(t) = 2 is a solution to 
equation (2), and the uniqueness part of Theorem 1, page 11, precludes intersections 
of solution curves. 9 


Notice that the direction field in Figure 1.10 has the nice feature that the slopes do not 
depend on t; that is, the slopes are the same along each horizontal line. The same is true for 
Figures 1.8(a) and 1.9. This is the key property of so-called autonomous equations y' = f(y), 
where the right-hand side is a function of the dependent variable only. Group Project C, page 
32, investigates such equations in more detail. 

Hand sketching the direction field for a differential equation is often tedious. Fortunately, 
several software programs have been developed to obviate this task’. When hand sketching is 
necessary, however, the method of isoclines can be helpful in reducing the work. 


The Method of Isoclines 
An isocline for the differential equation 
y = flx y) 


is a set of points in the xy-plane where all the solutions have the same slope dy/dx; thus, it is a 
level curve for the function f(x, y). For example, if 


(3) y —9f(eyTx-*», 


the isoclines are simply the curves (straight lines) x + y = cor y = —x + c. Here c is an arbi- 
trary constant. But c can be interpreted as the numerical value of the slope dy/dx of every solu- 
tion curve as it crosses the isocline. (Note that c is not the slope of the isocline itself; the latter 
is, obviously, — 1.) Figure 1.11(a) on page 20 depicts the isoclines for equation (3). 


‘An applet, maintained on the web at http://alamos.math.arizona.edu/~rychlik/JOde/index.html, sketches direction 
fields and automates most of the differential equation algorithms discussed in this book. 
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Figure 1.11 (a) Isoclines for y’ = x + y (b) Direction field for y' = x + y (c) Solutions to y' =x + y 


To implement the method of isoclines for sketching direction fields, we draw hash marks 
with slope c along the isocline f(x, y) = c for a few selected values of c. If we then erase the 
underlying isocline curves, the hash marks constitute a part of the direction field for the differ- 
ential equation. Figure 1.11(b) depicts this process for the isoclines shown in Figure 1.11(a), 
and Figure 1.11(c) displays some solution curves. 


Remark. The isoclines themselves are not always straight lines. For equation (1) at the 
beginning of this section (page 15), they are parabolas x? — y — c. When the isocline curves are 
complicated, this method is not practical. 
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KESA 


1. 


2. 


The direction field for dy/dx = 2x + y is shown in 
Figure 1.12. 


(a) Sketch the solution curve that passes through 
(0, —2). From this sketch, write the equation for 
the solution. 

(b) Sketch the solution curve that passes through 
(—1, 3). 

(c) What can you say about the solution in part (b) 
as x — t oo? How about x > —oo? 
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Figure 1.12 Direction field for dy/dx = 2x + y 


The direction field for dy/dx = 4x/y is shown in 

Figure 1.13. 

(a) Verify that the straight lines y = +2x are solu- 
tion curves, provided x # 0. 

(b) Sketch the solution curve with initial condition 


y(0) = 2. 
(c) Sketch the solution curve with initial condition 
y(2) = 1. 


(d) What can you say about the behavior of the above 
solutions as x — +00? How about x > —oo? 


A model for the velocity v at time f of a certain 
object falling under the influence of gravity in a vis- 
cous medium is given by the equation 


dv | v 
dt 8" 
From the direction field shown in Figure 1.14, sketch 


the solutions with the initial conditions v(0) — 5, 8, 


Figure 1.13 Direction field for dy/dx = 4x/y 


and 15. Why is the value v — 8 called the "terminal 
velocity"? 

If the viscous force in Problem 3 is nonlinear, a pos- 
sible model would be provided by the differential 
equation 


Redraw the direction field in Figure 1.14 to incorpo- 
rate this v? dependence. Sketch the solutions with 
initial conditions v(0) = 0, 1, 2, 3. What is the ter- 
minal velocity in this case? 


v 
x x N x x x hy hy hy PN, 
M M N M M M M M M M 
ie ig “~ ~ ~ "i i Mie y "i 
8 
a a ^ = a =” a a ^ ^ 
P4 P4 P4 P4 P4 P4 P4 P4 P4 P4 
1 
#44 + 7—7 >t 
0 1 
LL LALL 4 4 4 ^4 4 


dv v 


Figure 1.14 Direction field for Tr 8 
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5. 


8. 


Chapterl Introduction 


The logistic equation for the population (in thou- 
sands) of a certain species is given by 


dp 5 
qp OPP í 


(a) Sketch the direction field by using either a com- 
puter software package or the method of iso- 
clines. 

(b) If the initial population is 3000 [that is, p(0) — 
3], what can you say about the limiting popula- 
tion lim, +o% p(t)? 

(c) If p(0) = 0.8, what is lim, + p(t)? 

(d) Can a population of 2000 ever decline to 800? 


. Consider the differential equation 


dy 


—x-siny. 
dx y 


(a) A solution curve passes through the point 
(1, 2/2). What is its slope at this point? 

(b) Argue that every solution curve is increasing for 
xl. 

(c) Show that the second derivative of every solu- 
tion satisfies 
d?y 
dx? 

(d) A solution curve passes through (0, 0). Prove 
that this curve has a relative minimum at (0, 0). 


1 
=1 SAU YS Say : 


. Consider the differential equation 


for the population p (in thousands) of a certain 

species at time f. 

(a) Sketch the direction field by using either a com- 
puter software package or the method of isoclines. 

(b) If the initial population is 4000 [that is, p(0) — 
4] , what can you say about the limiting popula- 
tion lim, , +, p(t)? 

(c) If p(0) = 1.7, what is lim, +o p(t)? 

(d) If p(0) = 0.8, what is lim, +o p(t)? 

(e) Can a population of 900 ever increase to 1100? 

The motion of a set of particles moving along the 

x-axis is governed by the differential equation 


dx 


dt 
where x(t) denotes the position at time t of the particle. 


—— 


(a) If a particle is located at x — 1 when t — 2, what 
is its velocity at this time? 


10. 


(b) Show that the acceleration of a particle is given by 
dx 
dr? 

(c) If a particle is located at x = 2 when t = 2.5, can 


it reach the location x — 1 at any later time? 
[ Hint: P= x= (tx) txt a^] 


—-3)-—3043. 


. Let (x) denote the solution to the initial value 


problem 
dy 


di y(0)=1. 


(a) Show that 6"(x) = 1 — $'(x) = 1 — x + (x). 

(b) Argue that the graph of ¢ is decreasing for x 

near zero and that as x increases from zero, (x) 

decreases until it crosses the line y — x, where 

its derivative is zero. 

Let x* be the abscissa of the point where the 

solution curve y = (x) crosses the line y = x. 

Consider the sign of $"(x*) and argue that œ 

has a relative minimum at x*. 

(d) What can you say about the graph of y = (x) 
for x > x*? 

(e) Verify that y — x — 1 is a solution to dy/dx — 

x — y and explain why the graph of (x) always 

stays above the line y — x — 1. 

Sketch the direction field for dy/dx = x — y by 

using the method of isoclines or à computer 

software package. 

(g) Sketch the solution y = (x) using the direction 
field in part (f). 

Use a computer software package to sketch the 

direction field for the following differential equa- 

tions. Sketch some of the solution curves. 


(a) dy/dx = sin x 


X—y, 


(c) 


(f) 


(b) dy/dx — sin y 
(c) dy/dx = sin x sin y 
(d) dy/dx = x? + 2y? 


(e) dy/dx = x? — 2y? 


In Problems 11—16, draw the isoclines with their direction 
markers and sketch several solution curves, including the 
curve satisfying the given initial conditions. 


11. 
12. 
13. 
14. 
15. 
16. 


dy/dx = —x[y , y(0) = 4 
dy/dx =y , y(0) = 
dy/dx = 2x , y(0) = -1 
dy/dx =x/y , y(0) = -1 
dy/dx = 2x? —y, y(0) =0 
dy/dx =x + 2y , y(0) = 1 


17. 


18. 


19. 


20. 


From a sketch of the direction field, what can one 
say about the behavior as x approaches +00 of a 
solution to the following? 


1 
cem EN $= 
dx *9 x 

From a sketch of the direction field, what can one 
say about the behavior as x approaches +00 of a 
solution to the following? 


dy _ 

dx > 
By rewriting the differential equation dy/dx = —y/x 
in the form 

Lu = ELE 

y x 
integrate both sides to obtain the solution y = C/x 
for an arbitrary constant C. 


A bar magnet is often modeled as a magnetic dipole 
with one end labeled the north pole N and the oppo- 
site end labeled the south pole S. The magnetic field 
for the magnetic dipole is symmetric with respect to 
rotation about the axis passing lengthwise through 
the center of the bar. Hence we can study the mag- 
netic field by restricting ourselves to a plane with the 
bar magnet centered on the x-axis. 

For a point P that is located a distance r from the 
origin, where r is much greater than the length of the 
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magnet, the magnetic field lines satisfy the differen- 
tial equation 


dy 3xy 
m o x xd 
dx 2x^ — y 
and the equipotential lines satisfy the equation 
o 5.5»-i 
e dx” 3xy ^ 


(a) Show that the two families of curves are per- 
pendicular where they intersect. [Hint: Con- 
sider the slopes of the tangent lines of the two 
curves at a point of intersection.] 


(b) Sketch the direction field for equation (4) for 


—5zxxzx5,-—5 x y x 5. You can use a soft- 
ware package to generate the direction field or 
use the method of isoclines. The direction field 
should remind you of the experiment where 
iron filings are sprinkled on a sheet of paper 
that is held above a bar magnet. The iron filings 
correspond to the hash marks. 

(c) Use the direction field found in part (b) to help 
sketch the magnetic field lines that are solutions 
to (4). 

(d) Apply the statement of part (a) to the curves in 
part (c) to sketch the equipotential lines that are 
solutions to (5). The magnetic field lines and 
the equipotential lines are examples of orthogo- 
nal trajectories. (See Problem 32 in Exercises 
2.4, pages 62-63.)' 


1.4 THE APPROXIMATION METHOD OF EULER 


Euler’s method (or the tangent-line method) is a procedure for constructing approximate solu- 
tions to an initial value problem for a first-order differential equation 


(1) y = f(x y) . 


y(xo) = Yo - 


It could be described as a “mechanical” or “computerized” implementation of the informal 
procedure for hand sketching the solution curve from a picture of the direction field. As 
such, we will see that it remains subject to the failing that it may skip across solution curves. 
However, under fairly general conditions, iterations of the procedure do converge to true 


solutions. 


"Equations (4) and (5) can be solved using the method for homogeneous equations in Section 2.6 (see Exercises 2.6, 


Problem 47). 
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Figure 1.15 Polygonal-line approximation given by Euler's method 


The method is illustrated in Figure 1.15. Starting at the initial point (xo, yo), we follow the 
straight line with slope f(xo, yo), the tangent line, for some distance to the point (x), y;). Then we 
reset the slope to the value f(x, yj) and follow this line to (x, yj. In this way we construct 
polygonal (broken line) approximations to the solution. As we take smaller spacings between 
points (and thus employ more points), we may expect to converge to the true solution. 

To be more precise, assume that the initial value problem (1) has a unique solution f(x) in 
some interval centered at xp. Let / be a fixed positive number (called the step size) and consider 
the equally spaced points’ 


Xn = xod nh, n=0,1,2,.... 


The construction of values y, that approximate the solution values $(x,) proceeds as follows. 
At the point (xo, yo), the slope of the solution to (1) is given by dy/dx = f(x, yo). Hence, the 
tangent line to the solution curve at the initial point (xo, yo) is 


y = yo + (x — xo)f (xo, Yo) - 
Using this tangent line to approximate (x), we find that for the point x, = x) + h 
b(x1) = yi = yo + hf(xo Yo) - 


Next, starting at the point (x,, y;), we construct the line with slope given by the direction field 
at the point (xi, yj) —that is, with slope equal to f(x), yı). If we follow this linett [ namely, 
y=y + (x — xy) f(x, y] in stepping from x, to x» = x, + h, we arrive at the approximation 


plx) = yy y + hf(x yy) . 
Repeating the process (as illustrated in Figure 1.15), we get 


(xs) = ys = ya + hf (x2, y») » 
d(x4) = y4 ya + hf (x3, y3) . etc. 


"The symbol := means “is defined to be.” 


“Because y; is an approximation to d(x;), we cannot assert that this line is tangent to the solution curve y = (x). 


Example 1 


Solution 
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This simple procedure is Euler's method and can be summarized by the recursive formulas 
(2) Xn+1 =X, th s 
(3) Yn+1 — Yn sm h f(x,, y.) $ n= 0, 1, 2,... . 


Use Euler’s method with step size h = 0.1 to approximate the solution to the initial value 
problem 


à) y=xVy, yI)=4 
at the points x = 1.1, 1.2, 1.3, 1.4, and 1.5. 


Here xp = 1, yọ = 4, h = 0.1, and f(x, y) = x V y. Thus, the recursive formula (3) for y, is 
Yari = In + Afr In) = In + (01)x, Vy, - 
Substituting n = 0, we get 
xı = xo + 0.1 = 1 +0.1=11, 
yr = yo + (0.1)xo Vo = 4 + (0.11) V4 = 42 . 
Putting n = 1 yields 
x = xı + 0.1 = 1.1 + 0.1 = 1.2, 
y2 = yı + (0.1)x V/y, =4.2 + (0.1)(1.1) V4.2 = 4.42543 . 
Continuing in this manner, we obtain the results listed in Table 1.1. For comparison we have 
included the exact value (to five decimal places) of the solution (x) = (x? + 7/16 to (4), 


which can be obtained using separation of variables (see Section 2.2). As one might expect, the 
approximation deteriorates as x moves farther away from 1. € 


Computations for y' — x Vy, y(l)=4 
Euler’s 

n Xa Method Exact Value 
0 1 4 4 

1 1.1 4.2 4.21276 
2 1.2 4.42543 4.45210 
3 1:3 4.67787 4.71976 
4 1.4 4.95904 5.01760 
5 1:5 5.27081 5.34766 


Given the initial value problem (1) and a specific point x, how can Euler's method be used 
to approximate $(x)? Starting at xy, we can take one giant step that lands on x, or we can take 
several smaller steps to arrive at x. If we wish to take N steps, then we set h = (x — xo)/N so 
that the step size h and the number of steps N are related in a specific way. For example, if 


XQ = 1.5 and we wish to approximate $(2) using 10 steps, then we would take h = 


(2 — 1.5)/10 — 0.05. It is expected that the more steps we take, the better will be the approx- 
imation. (But keep in mind that more steps mean more computations and hence greater 
accumulated roundoff error.) 
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Example 2 


Solution 


Introduction 


Use Euler's method to find approximations to the solution of the initial value problem 
© yy, »0-1 


at x = 1, taking 1, 2, 4, 8, and 16 steps. 


Remark. Observe that the solution to (5) is just d(x) = e", so Euler’s method will generate 
algebraic approximations to the transcendental number e = 2.71828.... 


Here f(x, y) = y, xy = 0, and yọ = 1. The recursive formula for Euler's method is 


Yn+1 © Yn + hy, z (1 + h)y, t 


To obtain approximations at x = 1 with N steps, we take the step size h = 1/N. For N = 1, we 
have 


$(1) =y = (1+ )(0 =2. 
For N = 2, (x2) = (1) = y». In this case we get 


y = (1 + 0.5)(1) = 1.5, 
(1) = yo = (1 + 05)(15) = 2.25 . 


For N = 4, b(x4) = &(1) ~ ys, where 


(1 + 0.25 
(1 + 0.25 
(1 + 0.25 
(1 + 0.25 


(1) = 1.25, 

(1.25) = 1.5625 , 
(1.5625) = 1.95313 , 
(1.95313) = 2.44141 . 


MI 
y2 
y3 
= Va 


o(1) 


(In the above computations, we have rounded to five decimal places.) Similarly, taking N = 8 
and 16, we obtain even better estimates for $(1). These approximations are shown in Table 1.2. 
For comparison, Figure 1.16 on page 27 displays the polygonal-line approximations to e* using 
Euler's method with h = 1/4 (N = 4) and ^ = 1/8 (N = 8). Notice that the smaller step size 
yields the better approximation. 9 


Euler's Method for y'= y, y(0) - 1 
Approximation 
N h for (1) =e 
1 1.0 2.0 
2 0.5 2.25 
4 0.25 2.44141 
8 0.125 2.56578 
16 0.0625 2.63793 
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Solution 
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Figure 1.16 Approximations of e* using Euler’s method with h = 1/4 and 1/8 


How good (or bad) is Euler’s method? In judging a numerical scheme, we must begin 
with two fundamental questions. Does the method converge? And, if so, what is the rate of 
convergence? These important issues are discussed in Section 3.6, where improvements in 
Euler’s method are introduced (see also Problems 12 and 13 of this section). 


Suppose v(t) satisfies the initial value problem 


en NON = 
Pom 3 — 2v^, w0) 22. 
By experimenting with Euler's method, determine to within one decimal place (+0.1) the 


value of v(0.2) and the time it will take v(t) to reach zero. 


Determining rigorous estimates of the accuracy of the answers obtained by Euler's method 
can be quite a challenging problem. The common practice is to repeatedly approximate v(0.2) 
and the zero crossing, using smaller and smaller values of h, until the digits of the computed 
values stabilize at the required accuracy level. For this example, Euler's algorithm yields the 
following values: 


h - 04 v(0.2) = 0.4380 — v(0.3) = 0.0996 v(0.4) =~ —0.2024 
h — 0.05 v(0.2) = 0.6036  v(0.35) = 0.0935 v(0.4) = —0.0574 
h = 0.025 v(0.2) = 0.6659 v(0.375) = 0.0750 — v(0.4) = —0.0003 
h = 0.0125 v(0.2) = 0.6938 
h = 0.00625 — v(0.2) = 0.7071 


Acknowledging the remote possibility that finer values of h might reveal aberrations, we state 
with reasonable confidence that v(0.2) = 0.7 + 0.1. The Intermediate Value Theorem would 
imply that v(to) = 0 at some time 1 satisfying 0.375 < tọ < 0.4, if the computations were 
perfect; they clearly provide evidence that tj = 0.4 + 0.1. € 
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KESTE — 


In many of the problems below, it will be helpful to have 
a calculator or computer available. You may also find it 
convenient to write a program for solving initial value 
problems using Euler's method. (Remember, all trigono- 
metric calculations are done in radians.) 


In Problems 1—4, use Euler's method to approximate the 
solution to the given initial value problem at the points 


x = 0.1, 0.2, 0.3, 0.4, and 0.5, using steps of size 
0.1 (h = 0.1). 
1. dy/dx = —x/y , y(0) = 4 
2. dy/dx = y(2 —- y),  y(0)=3 
3. dy/dx = x ^ y , y(0) = 1 
4. dy/dx = x/y , y(0) = -1 
5. Use Euler’s method with step size h = 0.1 to 
approximate the solution to the initial value problem 
yex-y., 10-0 
at the points x — 1.1, 1.2, 1.3, 1.4, and 1.5. 
6. Use Euler’s method with step size h = 0.2 to 
approximate the solution to the initial value problem 


10. 


x1)-1 
at the points x — 1.2, 1.4, 1.6, and 1.8. 


pb 2 
ye D +y), 


. Use Euler's method to find approximations to the 


solution of the initial value problem 


y(0) = 0 
at x = m, taking 1, 2, 4, and 8 steps. 


y =1-—siny, 


Use Euler’s method to find approximations to the 
solution of the initial value problem 

dx : 
"is 1 + tsin(tx) , 


att = 1, taking 1, 2, 4, and 8 steps. 


x(0) = 0 


. Use Euler’s method with h = 0.1 to approximate the 


solution to the initial value problem 
i I M 2 
y= a T , 
x x 
on the interval 1 = x = 2. Compare these approxi- 
mations with the actual solution y = —1/x (verify!) 
by graphing the polygonal-line approximation and 
the actual solution on the same coordinate system. 
Use the strategy of Example 3 to find a value of h for 
Euler’s method such that y(1) is approximated to 
within +0.01, if y(x) satisfies the initial value problem 


y7x-y, yO)=0. 


11. 


12. 


13. 


14. 


Also find, to within +0.05, the value of x, such that 
y(xo) = 0.2. Compare your answers with those given 
by the actual solution y = e * + x — 1 (verify!). 
Graph the polygonal-line approximation and the 
actual solution on the same coordinate system. 

Use the strategy of Example 3 to find a value of h for 
Euler's method such that x(1) is approximated to 
within +0.01, if x(t) satisfies the initial value problem 


Also find, to within +0.02, the value of tọ such that 
x(tg) = 1. Compare your answers with those given 
by the actual solution x — tant (verify!). 

In Example 2 we approximated the transcendental 
number e by using Euler's method to solve the initial 
value problem 


yy. gum. 
Show that the Euler approximation y, obtained by 
using the step size 1/n is given by the formula 


_ iy - 
n= (i+) > n=1,2,... 


Recall from calculus that 


1\" 
lim {1 +=] =e, 
n—oo n 


and hence Euler's method converges (theoretically) 
to the correct value. 

Prove that the “rate of convergence" for Euler's 
method in Problem 12 is comparable to 1/n by 
showing that 


[Hint: Use L'Hópita's rule and the Maclaurin 
expansion for In(1 + f).] 

Use Euler's method with the spacings h = 0.5, 0.1, 
0.05, 0.01 to approximate the solution to the initial 
value problem 


y22x»y', 0-21 
on the interval 0 = x = 2. (The explanation for the 
erratic results lies in Problem 18 of Exercises 1.2.) 


Heat Exchange. There are basically two mecha- 
nisms by which a physical body exchanges heat with 
its environment. The contact heat transfer across the 
body's surface is driven by the difference in the body's 


"An applet, maintained on the web at http://alamos.math.arizona.edu/~rychlik/JOde/index.html, automates most of the differential equation algo- 
rithms discussed in this book. 
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temperature and that of the environment; this is 
known as Newton's law of cooling. However, heat 
transfer also occurs due to thermal radiation, which 
according to Stefan's law of radiation is governed by 
the difference of the fourth powers of these tempera- 16 
tures. In most cases one of these modes dominates the 
other. Problems 15 and 16 invite you to simulate each 
mode numerically for a given set of initial conditions. 


the body is initially at 100?, use Euler's method with 
h — 0.1 to approximate the temperature of the body after 
(a) 1 minute. 
(b) 2 minutes. 


. Stefan's Law of Radiation.  Stefan's law of radia- 
tion states that the rate of change in temperature of a 
body at T(t) degrees in a medium at M(t) degrees is 


proportional to M^ — T^. That is, 
15. Newton's Law of Cooling. Newton’s law of cool- dT " " 
ing states that the rate of change in the temperature ub K(MQ — TQ) , 
T(t) of a body is proportional to the difference 
between the temperature of the medium M(t) and the 
temperature of the body. That is, 
dT 


af - Kimi - (9) . 


where K is a constant. Let K = 1 (min)! and the tem- 
perature of the medium be constant, M(t) = 70°. If 


Chapter Summary 


In this chapter we introduced some basic terminology for differential equations. The order of a 
differential equation is the order of the highest derivative present. The subject of this text is 
ordinary differential equations, which involve derivatives with respect to a single independent 
variable. Such equations are classified as linear or nonlinear. 

An explicit solution of a differential equation is a function of the independent variable that 
satisfies the equation on some interval. An implicit solution is a relation between the dependent 
and independent variables that implicitly defines a function that is an explicit solution. A differ- 
ential equation typically has infinitely many solutions. In contrast, some theorems ensure that a 
unique solution exists for certain initial value problems in which one must find a solution to the 
differential equation that also satisfies given initial conditions. For an nth-order equation, these 
conditions refer to the values of the solution and its first n — 1 derivatives at some point. 

Even if one is not successful in finding explicit solutions to a differential equation, several 
techniques can be used to help analyze the solutions. One such method for first-order equations 
views the differential equation dy/dx — f(x, y) as specifying directions (slopes) at points on 
the plane. The conglomerate of such slopes is the direction field for the equation. Knowing the 
*flow of solutions" is helpful in sketching the solution to an initial value problem. Further- 
more, carrying out this method algebraically leads to numerical approximations to the desired 
solution. This numerical process is called Euler's method. 


where K is a constant. Let K — (40) ^ and assume 
that the medium temperature is constant, M(t) = 70°. 
If T(0) = 100°, use Euler’s method with h = 0.1 to 
approximate T(1) and 7(2). 


TECHNICAL WRITING EXERCISES 


1. Select four fields (for example, astronomy, geology, — 2. Compare the different types of solutions discussed 


biology, and economics) and for each field discuss a 
situation in which differential equations are used to 
solve a problem. Select examples that are not covered 
in Section 1.1. 


in this chapter—explicit, implicit, graphical, and 
numerical. What are advantages and disadvantages 
of each? 


Group Projects for Chapter 1 j 


A Taylor Series Method 


Euler’s method is based on the fact that the tangent line gives a good local approximation for the 
function. But why restrict ourselves to linear approximants when higher-degree polynomial 
approximants are available? For example, we can use the Taylor polynomial of degree n about x — 
Xo, Which is defined by 


P9) = yaa) + y Gr — a) Pot agna e 4 DG uy 


This polynomial is the nth partial sum of the Taylor series representation 


Ss y” (xo) 


k=0 k! (x i Xo)! i 


To determine the Taylor series for the solution (x) to the initial value problem 
dy/dx = f(x,y), y(xo) = yo 5 


we need only determine the values of the derivatives of @ (assuming they exist) at xo; that is, 
(xo), 6’ (xo), . . . . The initial condition gives the first value (xo) = yo. Using the equation 
y! = f(x, y), we find '(xo) = f(x, yo). To determine "(xo), we differentiate the equation 
y! = f(x, y) implicitly with respect to x to obtain 


, of afd af of 
Y — əx ay dx ax ays 


and thereby we can compute œ” (xp). 


(a) Compute the Taylor polynomials of degree 4 for the solutions to the given initial value 
problems. Use these Taylor polynomials to approximate the solution at x — 1. 


d d 
() -x-2y; y(O)=1. (ii) F = y2-y) y(0)=4. 


(b) Compare the use of Euler’s method with that of the Taylor series to approximate the 
solution (x) to the initial value problem 


dy 


di 1 Y= CO8x ~ sinx , y(0) = 2. 
Do this by completing Table 1.3 on page 31. Give the approximations for $(1) and 6(3) 
to the nearest thousandth. Verify that 6(x) = cos x + e^" and use this formula together 
with a calculator or tables to find the exact values of (x) to the nearest thousandth. 
Finally, decide which of the first four methods in Table 1.3 will yield the closest 
approximation to $(10) and give the reasons for your choice. (Remember that the com- 
putation of trigonometric functions must be done in the radian mode.) 


(c) Compute the Taylor polynomial of degree 6 for the solution to the Airy equation 
d?y " 
D 
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TABLE 1.3 
Approximation Approximation 


Method of (1) of (3) 


Euler’s method using steps of size 0.1 


Euler’s method using steps of size 0.01 


Taylor polynomial of degree 2 


Taylor polynomial of degree 5 


Exact value of (x) to nearest thousandth 


with the initial conditions y(0) = 1, y'(0) = 0. Do you see how, in general, the Taylor 
series method for an nth-order differential equation will employ each of the 7 initial 
conditions mentioned in Definition 3, Section 1.2? 


B Picard's Method 


The initial value problem 


Q  »v(efGy. yo) = yo 
can be rewritten as an integral equation. This is obtained by integrating both sides of (1) with 
respect to x from x = Xp to x = x: 


(2) [ y (dx = y(x1) - X) = | 


Co Xo 


X, 


fx. y(x)) dx . 


Substituting y(xo) = yo and solving for y(x,) gives 


(3) — »x)-»* MISES : 


Xo 
If we use ft instead of x as the variable of integration, we can let x = x, be the upper limit of 
integration. Equation (3) then becomes 


(4) y(x) 2 yo + | f (t. y (0)at r 


Equation (4) can be used to generate successive approximations of a solution to (1). Let the 
function @o(x) be an initial guess or approximation of a solution to (1). Then a new approxima- 
tion function is given by 


di(x) = yo + | ft o(t))dt j 


Xo 
where we have replaced y(t) by the approximation $(t) in the argument of f. In a similar fashion, 
we can use $(x) to generate a new approximation $»(x), and so on. In general, we obtain the 
(n + 1)st approximation from the relation 


(5) $, ix) yo + r flt o, (t))dt . 


Xo 
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This procedure is called Picard’s method.’ Under certain assumptions on f and $ (x), the 
sequence (o, (x)) is known to converge to a solution to (1). These assumptions and the proof of 
convergence are given in Chapter 13."* 

Without further information about the solution to (1), it is common practice to take 


do(x) = yo 


(a) Use Picard's method with $o(x) = 1 to obtain the next four successive approximations 
of the solution to 


(6) y(9-2»x). 021. 


Show that these approximations are just the partial sums of the Maclaurin series for the 
actual solution e". 

(b) Use Picard’s method with $o(x) = 0 to obtain the next three successive approximations 
of the solution to the nonlinear problem 


0  »y(9)e3x-b()P?.  »0-0. 


Graph these approximations for 0 = x = 1. 
(c) In Problem 29 in Exercises 1.2, we showed that the initial value problem 


& —v(-spQp^. 9-0 


does not have a unique solution. Show that Picard's method beginning with $o(x) = 0 con- 
verges to the solution y(x) = 0, whereas Picard’s method beginning with $o(x) = x — 2 
converges to the second solution y(x) = (x — 2)°. [Hint: For the guess $o(x) = x — 2, 
show that $, (x) has the form c,(x — 2)’, where c, — 1 and r, — 3 as n — oo.] 


C The Phase Line 


Sketching the direction field of a differential equation dy/dt = f(t, y) is particularly easy when 
the equation is autonomous—that is, the independent variable t does not appear explicitly: 


d 
o Fef 


In Figure 1.17(a) the graph exhibits the direction field for y' = —A(y — y,)(y — yy — y4? 
and A > 0, and some solutions are sketched. Note the following properties of the graphs and 
explain how they follow from the fact that the equation is autonomous: 


(a) The slopes in the direction field are all identical along horizontal lines. 
(b) New solutions can be generated from old ones by time shifting [i.e., replacing y(t) with 


y(t — 1).] 


From observation (a) it follows that the entire direction field can be described by a single 
direction “line,” as in Figure 1.17(b). 


‘Historical Footnote: This approximation method is a by-product of the famous Picard-Lindelóf existence theorem 
formulated at the end of the 19th century. 

‘All references to Chapters 11—13 refer to the expanded text Fundamentals of Differential Equations and Boundary 
Value Problems, 6th ed. 
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Figure 1.17 Direction field and solutions for an autonomous equation 


Of particular interest for autonomous equations are the constant, or equilibrium, solutions 
y(t) = y, i = 1, 2, 3. The equilibrium y = y; is called a stable equilibrium, or sink, because the 
neighboring solutions are attracted to it as t — oo. Equilibria that repel neighboring solutions, 
like y = yy, are known as sources; all other equilibria are called nodes, illustrated by y = y3. 
Sources and nodes are unstable equilibria. 


(c) Describe how equilibria are characterized by the zeros of the function f(y) in equation 
(1) and how the sink-source-node distinction can be decided on the basis of the signs 
of f(y) on either side of its zeros. 


Therefore, the simple phase line depicted in Figure 1.17(c), which indicates with dots and 
arrows only the zeros and signs of f(y), is sufficient to describe the nature of the equilibrium 
solutions for an autonomous equation. 


(d) Sketch the phase line for y' = (y — 1)(y — 2)(y — 3) and state the nature of its equi- 
libria. 

(e) Use the phase line for y' = —(y — 1)??(y — 2)(y — 3) to predict the asymptotic 
behavior as t — oo of the solution satisfying y(0) — 2.1. 

(f) Sketch the phase line for y' — y sin y and state the nature of its equilibria. 

(g) Sketch the phase lines for y' = y sin y + 0.1 and y' = y sin y — 0.1. Discuss the effect 
of the small perturbation +0.1 on the equilibria. 


The splitting of the equilibrium at y = O that you observed in part (g) is an illustration of 
what is known as bifurcation. The following problem provides a dramatic illustration of the 
effects of bifurcation, in the context of a herd-management situation. 


(h) When the logistic model, to be discussed in Section 3.2, is applied to the existing data 
for the alligator population on the grounds of Kennedy Space Center in Florida, the 
following differential equation is derived: 


m x — 1500) 
diim 3200 
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Here y(t) is the population and time f is measured in years. If hunters were allowed to 
thin the population at a rate of s alligators per year, the equation would be modified to 


T" y(y — 1500) 
qum 3200 


—s. 


Draw the phase lines for s = 0, 50, 100, 125, 150, 175, and 200. Discuss the signifi- 
cance of the equilibria. Note the bifurcation at s = 175; should a depletion rate near 175 
be avoided? 


CHAPTER 2 
First-Order 


Differential Equations 


2.1 INTRODUCTION: MOTION OF A FALLING BODY 


An object falls through the air toward Earth. Assuming that the only forces acting 
on the object are gravity and air resistance, determine the velocity of the object as 


a function of time. 


Newton's second law states that force is equal to mass times acceleration. We can express this 
by the equation 


where F represents the total force on the object, m is the mass of the object, and dv/dt is the 
acceleration, expressed as the derivative of velocity with respect to time. It will be convenient 
in the future to define v as positive when it is directed downward (as opposed to the analysis in 
Section 1.1). 

Near Earth's surface, the force due to gravity is just the weight of the objects and is also 
directed downward. This force can be expressed by mg, where g is the acceleration due to grav- 
ity. No general law precisely models the air resistance acting on the object, since this force 
seems to depend on the velocity of the object, the density of the air, and the shape of the object, 
among other things. However, in some instances air resistance can be reasonably represented 
by —bv, where b is a positive constant depending on the density of the air and the shape of the 
object. We use the negative sign because air resistance is a force that opposes the motion. The 
forces acting on the object are depicted in Figure 2.1 on page 36. (Note that we have general- 
ized the free-fall model in Section 1.1 by including air resistance.) 

Applying Newton's law, we obtain the first-order differential equation 


(1) m& = mg — bv. 


To solve this equation, we exploit a technique called separation of variables, which was used 
to analyze the radioactive decay model in Section 1.1 and will be developed in full detail in 
Section 2.2. Treating dv and dt as differentials, we rewrite equation (1) so as to isolate the 
variables v and t on opposite sides of the equation: 


dv _dt 


mg —bv m^ 


(Hence, the nomenclature "separation of variables.") 
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Air resistance -bv 
Velocity v 
Gravity mg 
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Figure 2.1 Forces on falling object 


Next we integrate the separated equation 


dv _ |dt 
(2) lnm li 


and derive 
1 t 
(3) b In|mg — bv| = A +c. 
Therefore, 
|mg = bv| = e Peg htm 
Or 
mg — bv = Ae Prim ; 


where the new constant A has magnitude e "^ and the same sign (+) as (mg — bv). Solving for 
v, we obtain 


(4) v = — — Ag Pim , 


which is called a general solution to the differential equation because, as we will see in 
Section 2.3, every solution to (1) can be expressed in the form given in (4). 

In a specific case, we would be given the values of m, g, and b. To determine the constant 
A in the general solution, we can use the initial velocity of the object vp. That is, we solve the 
initial value problem 


dv 
m—-—-mg-—bv, v(0) = vg . 
dt 8 ( ) 0 
Substituting v = v and ft = O into the general solution to the differential equation, we can 
solve for A. With this value for A, the solution to the initial value problem is 
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v (m/sec) 


vo»mg/b, so 
object slows down d 


vo«mg/b, so 
object speeds up -0 > t (sec) 


Figure 2.2 Graph of v(t) for six different initial velocities vp. (g = 9.8 m/sec”, m/b = 5 sec) 


The preceding formula gives the velocity of the object falling through the air as a func- 
tion of time if the initial velocity of the object is vg. In Figure 2.2 we have sketched the graph 
of v(t) for various values of vo. It appears from Figure 2.2 that the velocity u(t) approaches 
mg/bregardless of the initial velocity vp. [ This is easy to see from formula (5) by letting 
t > -oo.] The constant mg/b is referred to as the limiting or terminal velocity of the 
object. 

From this model for a falling body, we can make certain observations. Because e 
rapidly tends to zero, the velocity is approximately the weight, mg, divided by the coeffi- 
cient of air resistance, b. Thus, in the presence of air resistance, the heavier the object, the 
faster it will fall, assuming shapes and sizes are the same. Also, when air resistance is less- 
ened (b is made smaller), the object will fall faster. These observations certainly agree with 
our experience. 

Many other physical problems,’ when formulated mathematically, lead to first-order dif- 
ferential equations or initial value problems. Several of these are discussed in Chapter 3. In this 
chapter we learn how to recognize and obtain solutions for some special types of first-order 
equations. We begin by studying separable equations, then linear equations, and then exact 
equations. The methods for solving these are the most basic. In the last two sections, we illus- 
trate how devices such as integrating factors, substitutions, and transformations can be used to 
transform certain equations into either separable, exact, or linear equations that we can solve. 
Through our discussion of these special types of equations, you will gain insight into the 
behavior of solutions to more general equations and the possible difficulties in finding these 
solutions. 

A word of warning is in order: In solving differential equations, integration plays an essen- 
tial role. In particular, the separable equations in Section 2.2 always entail integration, as 
demonstrated in equations (2) and (3) above. For your convenience, Appendix A reviews three 
standard techniques for integrating the functions encountered in this text. 


—bi/m 


"The physical problem just discussed has other mathematical models. For example, one could take into account the 
variations in the gravitational field of Earth and the more general equations for air resistance. 
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2.2 SEPARABLE EQUATIONS 


A simple class of first-order differential equations that can be solved using integration is the 
class of separable equations. These are equations 


d 
D «fe». 


that can be rewritten to isolate the variables x and y (together with their differentials dx and dy) 
on opposite sides of the equation, as in 


h(y)dy = g(x)dx . 
So the original right-hand side f(x, y) must have the factored form 


Im be 
f(x,y) = g(x) h(y) : 


More formally, we write p(y) = 1/h(y) and present the following definition. 


Separable Equation 
Definition 1. If the right-hand side of the equation 
dy 


P = Huy) 


can be expressed as a function g(x) that depends only on x times a function p(y) that 
depends only on y, then the differential equation is called separable.’ 


In other words, a first-order equation is separable if it can be written in the form 
dy 
ax ^ 8) PCY) . 
For example, the equation 
dy 2x t xy 
dx yl 


is separable, since (if one is sufficiently alert to detect the factorization) 
2x + xy 2 dy 
2 nid = 
y +1 y +1 
However, the equation 


dy 


d; Te 


g(x)p(y) . 


admits no such factorization of the right-hand side and so is not separable. 
Informally speaking, one solves separable equations by performing the separation and 
then integrating each side. 


‘Historical Footnote: A procedure for solving separable equations was discovered implicitly by Gottfried Leibniz in 
1691. The explicit technique called separation of variables was formalized by John Bernoulli in 1694. 


Example 1 


Solution 
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Method for Solving Separable Equations 


To solve the equation 


(2) » = g(x)p(y) 


multiply by dx and by A( y) = 1/p(,) to obtain 
h(y)dy = g(x)dx . 
Then integrate both sides: 
LOT = | sia 
(3) H(y) = G(x) Tue 


where we have merged the two constants of integration into a single symbol C. The last 
equation gives an implicit solution to the differential equation. 


Caution: Constant functions y — c such that p(c) — 0 are also solutions to (2), which may 
or may not be included in (3) (as we shall see in Example 3). 

We will look at the mathematical justification of this "streamlined" procedure shortly, but 
first we study some examples. 


Solve the nonlinear equation 
dy x-5 
k y 

Following the streamlined approach, we separate the variables and rewrite the equation in the form 
y!dy = (x — 5)dx . 

Integrating, we have 


[ra = [= s)ax 


3 2 
X oo a 
372 5x * C, 


and solving this last equation for y gives 


2 1/5 
y- (35 - is + 3c) 


Since C is a constant of integration that can be any real number, 3C can also be any real num- 
ber. Replacing 3C by the single symbol K, we then have 


2 1/3 
y= (ise) ; 


If we wish to abide by the custom of letting C represent an arbitrary constant, we can go one 
step further and use C instead of K in the final answer. This solution family is graphed in 
Figure 2.3 on page 40. € 


As Example 1 attests, separable equations are among the easiest to solve. However, the 
procedure does require a facility for computing integrals. Many of the procedures to be dis- 
cussed in the text also require a familiarity with the techniques of integration. For this reason 
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Example 2 


Solution 


First-Order Differential Equations 


Figure 2.3 Family of solutions for Example 1 


we have provided a review of integration methods in Appendix A and a brief table of integrals 
on the inside front cover. 


Solve the initial value problem 


dy y-1 


4 = 33. X0-0. 
Separating the variables and integrating gives 
dy dx 
y-1 x-3" 


dy dx 
y-1 Jx+3’ 
(5) Injy — 1] =In|Jx+ 3| +C. 


At this point, we can either solve for y explicitly (retaining the constant C) or use the initial 
condition to determine C and then solve explicitly for y. Let’s try the first approach. 
Exponentiating equation (5), we have 


ely il = glas *3 5€ = eCelnlx*3 . 
(6) ly — 1| 2e |x + 3| 2 Cu |x +3] , 
where C; = eC. Now, depending on the values of y, we have |y — 1| = +(y — 1); and 


similarly, |x + 3| = +(x + 3). Thus, (6) can be written as 


y-12 +C,(x + 3) Or y=1+C(x +3), 


"The gaps in the curves reflect the fact that in the original differential equation, y appears in the denominator, so that 
y = 0 must be excluded. 


“Recall that the symbol := means ^is defined to be.” 


Example 3 


Solution 
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where the choice of sign depends (as we said) on the values of x and y. Because C, is a positive 
constant (recall that C, = eC > 0), we can replace +C, by K, where K now represents an 
arbitrary nonzero constant. We then obtain 


(7) y=14+ K(x+3). 


Finally, we determine K such that the initial condition y(—1) = 0 is satisfied. Putting x = —1 
and y = 0 in equation (7) gives 


0=1+K(-1+3)=1+2K, 


and so K = —1/2. Thus, the solution to the initial value problem is 


1 1 
(8) yocdeocper aed) 


Alternative Approach. The second approach is to first set x = — 1 and y = 0 in equation (5) 
and solve for C. In this case, we obtain 
In]|0 — 1| =In|-1+3]/+C, 
O0=Inl=n2+C, 
and so C = —In 2. Thus, from (5), the solution y is given implicitly by 
In(1 — y) = In(x + 3) — In2. 


Here we have replaced |y — 1| by 1 — y and |x + 3| by x + 3, since we are interested in x and y near 
the initial values x = —1, y = 0 (for such values, y — 1 < 0 and x + 3 > 0). Solving for y, we find 


In(1 — y) = In(x + 3) — In 2 = »(: 5 3) , 


x+3 
eye i 
1 1 
a eee) oe —3bx +1) 


which agrees with the solution (8) found by the first method. 


Solve the nonlinear equation 


dy 6r = 25 + 1 
dx cosy + e? 


(9) 


Separating variables and integrating, we find 


(cos y + e)dy = (6 — 2x + 1)dx , 
| (cosy + e)dy = LS —2x + l)dx , 
siny +e =x -x +x++C. 


At this point, we reach an impasse. We would like to solve for y explicitly, but we cannot. This is 
often the case in solving nonlinear first-order equations. Consequently, when we say "solve the equa- 
tion,’ we must on occasion be content if only an implicit form of the solution has been found. € 


The separation of variables technique, as well as several other techniques discussed in this 
book, entails rewriting a differential equation by performing certain algebraic operations on it. 
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"Rewriting dy/dx — g(x)p(y) as h(y)dy — g(x)dx" amounts to dividing both sides by p(y). 
You may recall from your algebra days that doing this can be treacherous. For example, the 
equation x(x — 2) — 4(x — 2) has two solutions: x — 2 and x — 4. But if we "rewrite" the 
equation as x — 4 by dividing both sides by (x — 2), we lose track of the root x — 2. Thus, we 
should record the zeros of (x — 2) itself before dividing by this factor. 

By the same token we must take note of the zeros of p(y) in the separable equation 
dy/dx = g(x)p(y) prior to dividing. After all, if (say) g(x)p(y) = (x — 2)?(y — 13), then 
observe that the constant function y(x) = 13 solves the differential equation dy/dx = g(x)p( y): 


dy d(13) 
dx ax” 
g(x)p(y) = (x - 27 (13 - 13) 2 0 . 


Indeed, in solving the equation of Example 2, 


dy y-1 
dx x3" 


we obtained y = 1 + K(x + 3) as the set of solutions, where K was a nonzero constant (since 
K replaced +e). But notice that the constant function y = 1 (which in this case corresponds 
to K — 0) is also a solution to the differential equation. The reason we lost this solution can be 
traced back to a division by y — 1 in the separation process. (See Problem 30 for an example of 
where a solution is lost and cannot be retrieved by setting the constant K = 0.) 


Formal Justification of Method 


We close this section by reviewing the separation of variables procedure in a more rigorous 
framework. The original differential equation (2) is rewritten in the form 


(10) nly) = g(x), 


where h(y):= 1/p(y). Letting H(y) and G(x) denote antiderivatives (indefinite integrals) of 
h(y) and g(x), respectively—that is, 

H(y-h(. G(x) = g(x), 
we recast equation (10) as 
LN 
dx — 
By the chain rule for differentiation, the left-hand side is the derivative of the composite 
function H (v(x) ; 


H'(y) G' (x) . 


zn) = mn (02 . 


Thus, if y(x) is a solution to equation (2), then H (y() and G(x) are two functions of x that 
have the same derivative. Therefore, they differ by a constant: 
ap A(y@))=Ga) +c. 


Equation (11) agrees with equation (3), which was derived informally, and we have thus 
verified that the latter can be used to construct implicit solutions. 
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PESOSA 8 5 


In Problems 1—6, determine whether the given differen- 


tial equation is separable. 


LO -dieedep a) uen 
eg. Sn + y ges y 
ds 5 dy ye"? 
3. = = rIn(s?)) + 87 4 = 
ag e di x42 
5. (xy? + 3y)dy — 2x dx = 0 
(opes 

dt st 


dx _ 3.2 dy 1 
7 di 3xt 8. xk 3 
9 dy _ x 0. ij dE e cT 
` dx y^ EN ' dt xe t 2x 
ii dy _ sec?y 12 do lla 
"dx dx "ldx 3v 
dx — 5. dy _ 2 2432 
13. ao 14, dc d ty) 


15. y^! dy + ye*5* sin x dx = 0 
16. (x + xy?)dx + ey dy = 0 


In Problems 17-26, solve the initial value problem. 
17. y' -x(1-y),  y(0)23 


d 
18. = (1 + y*)tanx , y(0) = V3 


dx 
d 
19, 52 = Vy + lcosx , ym) = 0 


2 dy 4x? -x-2 


a O 55s 
1 dy  ysin8 7 
S00 v1! y(7) = 1 


22. x? dx *2ydy20, y(0)=2 


23 EL, — 2cos? (0) = 7/4 
` dt Ta 7 


— = Gym = 
24, T= 8x72 , y(1) =0 
dy 
25. 7 = x+y), y(0)=3 


26. Vydx + (1 + x)dy =0, y(0) = 1 


27. Solutions Not Expressible in Terms of Elemen- 


tary Functions. As discussed in calculus, certain 
indefinite integrals (antiderivatives) such as f e* dx 
cannot be expressed in finite terms using elementary 
functions. When such an integral is encountered while 
solving a differential equation, it is often helpful to use 
definite integration (integrals with variable upper 


limit). For example, consider the initial value problem 
dy 2 
4506X. gr. 


The differential equation separates if we divide by y? 
and multiply by dx. We integrate the separated equa- 
tion from x = 2 to x = x, and find 


x=X, à xx dy 
| e dx= | -5 
x=2 x=2 y 


7 (d xx 
y x=2 

— ee 
y) y(2) 


If we let t be the variable of integration and replace 
x, by x and y(2) by 1, then we can express the solu- 
tion to the initial value problem by 


y(x) = (: — |. ear) 


Use definite integration to find an explicit solution to 
the initial value problems in parts (a)- (c). 

(a) dy/dx = e,  y(0)=0 

(b) dy/dx -e*y ^,  y(0)-1 


(c) dy/dx = V1-*sinx(1—-y?,  y(0)=1 


(d) Use a numerical integration algorithm (such as 


Simpson's rule, described in Appendix C) to 
approximate the solution to part (b) at x — 0.5 to 
three decimal places. 


28. Sketch the solution to the initial value problem 


dy 
47-?*. »(0-3 


and determine its maximum value. 


. Uniqueness Questions. In Chapter 1 we indicated 


that in applications most initial value problems will 
have a unique solution. In fact, the existence of unique 


44 


30. 


31. 


Chapter2 First-Order Differential Equations 


solutions was so important that we stated an exis- 
tence and uniqueness theorem, Theorem 1, page 11. 
The method for separable equations can give us a 
solution, but it may not give us all the solutions (also 
see Problem 30). To illustrate this, consider the 
equation dy/dx — y. 

(a) Use the method of separation of variables to 

show that 


is a solution. 

(b) Show that the initial value problem dy/dx — 
y? with y(0) = 0 is satisfied for C = 0 by 
y = Qx/3y? for x = 0. 

(c) Now show that the constant function y = 0 also 
satisfies the initial value problem given in part 
(b). Hence, this initial value problem does not 
have a unique solution. 

(d) Finally, show that the conditions of Theorem 1 
on page 11 are not satisfied. 

(The solution y = 0 was lost because of the division 

by zero in the separation process.) 


As stated in this section, the separation of equation 
(2) on page 39 requires division by p(y), and this 
may disguise the fact that the roots of the equation 
p(y) = 0 are actually constant solutions to the differ- 
ential equation. 


(a) To explore this further, separate the equation 


f= (r= 36 «p^ 


dx 
to derive the solution, 
y= -1 + (x?6-x* OP. 
(b) Show that y = —1 satisfies the original equation 


dy/dx = (x — 3)(y + 17%. 

(c) Show that there is no choice of the constant C 
that will make the solution in part (a) yield the 
solution y = —1. Thus, we lost the solution 
y = —1 when we divided by (y + 1)7. 

Interval of Definition. By looking at an initial 

value problem dy/dx = f(x, y) with y(xo) = yo, it is 

not always possible to determine the domain of the 
solution y(x) or the interval over which the function 


y(x) satisfies the differential equation. 


(a) Solve the equation dy/dx — xy?. 


(b) Give explicitly the solutions to the initial 
value problem with y(0) = 1; y(0) = 1/2; 
y(0) = 2. 


32. 


33. 


10 L/min 
0.3 kg/L 


(c) Determine the domains of the solutions in part (b). 

(d) As found in part (c), the domains of the solu- 
tions depend on the initial conditions. For the ini- 
tial value problem dy/dx = xy? with y(0) = a, 
a > 0, show that as a approaches zero from the 
right the domain approaches the whole real line 
(—oo, oo) and as a approaches +00 the domain 
shrinks to a single point. 

(e) Sketch the solutions to the initial value problem 
dy/dx = xy? with y(0) = a fora = +1/2, +1, 
and +2. 

Analyze the solution y = (x) to the initial value 

problem 


y(0) = 1.5 


using approximation methods and then compare with 
its exact form as follows. 


(a) Sketch the direction field of the differential 
equation and use it to guess the value of 
lim, 00 (x), 

(b) Use Euler’s method with a step size of 0.1 to 
find an approximation of #(1). 

(c) Find a formula for d(x) and graph $(x) on the 
direction field from part (a). 

(d) What is the exact value of $(1)? Compare with 
your approximation in part (b). 

(e) Using the exact solution obtained in part (c), 
determine lim, ,4, (x) and compare with your 
guess in part (a). 

Mixing. Suppose a brine containing 0.3 kilogram 

(kg) of salt per liter (L) runs into a tank initially 

filled with 400 L of water containing 2 kg of salt. If 

the brine enters at 10 L/min, the mixture is kept uni- 
form by stirring, and the mixture flows out at the 

same rate. Find the mass of salt in the tank after 10 

min (see Figure 2.4). [Hint: Let A denote the number 

of kilograms of salt in the tank at t min after the 
process begins and use the fact that 


rate of increase in A = rate of input — rate of exit. 


A further discussion of mixing problems is given in 
Section 3.2.] 


AQ) 
400 L 


A(0) =2 kg 10 L/min 


Figure 2.4 Schematic representation of a mixing problem 


34. 


35. 


36. 


37. 


38. 


Newton's Law of Cooling. According to New- 

ton's law of cooling, if an object at temperature T is 

immersed in a medium having the constant tempera- 
ture M, then the rate of change of Tis proportional to 
the difference of temperature M — T. This gives the 
differential equation 

dT/dt = k(M — T) . 

(a) Solve the differential equation for T. 

(b) A thermometer reading 100°F is placed in a 
medium having a constant temperature of 70°F. 
After 6 min, the thermometer reads 80°F. What 
is the reading after 20 min? 


(Further applications of Newton’s law of cooling 
appear in Section 3.3.) 

Blood plasma is stored at 40°F. Before the plasma 
can be used, it must be at 90°F. When the plasma is 
placed in an oven at 120°F, it takes 45 min for the 
plasma to warm to 90°F. Assume Newton’s law of 
cooling (Problem 34) applies. How long will it take 
for the plasma to warm to 90°F if the oven tempera- 
ture is set at (a) 100°F, (b) 140°F, and (c) 80°F? 

A pot of boiling water at 100°C is removed from a 
stove at time f = 0 and left to cool in the kitchen. After 
5 min, the water temperature has decreased to 80°C, 
and another 5 min later it has dropped to 65°C. Assum- 
ing Newton's law of cooling (Problem 34) applies, 
determine the (constant) temperature of the kitchen. 


Compound Interest. If P(t) is the amount of dol- 
lars in a savings bank account that pays a yearly 
interest rate of r% compounded continuously, then 


t in years. 


Assume the interest is 596 annually, P(0) — $1000, 

and no monies are withdrawn. 

(a) How much will be in the account after 2 yr? 

(b) When will the account reach $4000? 

(c) If $1000 is added to the account every 12 
months, how much will be in the account after 
35 yr? 

Free Fall. In Section 2.1, we discussed a model for 

an object falling toward Earth. Assuming that only air 

resistance and gravity are acting on the object, we 

found that the velocity v must satisfy the equation 


na = mg — bv 
dt g , 
where m is the mass, g is the acceleration due to 


gravity, and b > O0 is a constant (see Figure 2.1). 


39. 


40. 
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If m — 100 kg, g — 9.8 m/sec?, b — 5 kg/sec, and 
v(0) = 10 m/sec, solve for v(t). What is the limit- 
ing (i.e., terminal) velocity of the object? 

Grand Prix Race. Driver A had been leading 
archrival B for a while by a steady 3 miles. Only 2 
miles from the finish, driver A ran out of gas and 
decelerated thereafter at a rate proportional to the 
square of his remaining speed. One mile later, driver 
A's speed was exactly halved. If driver B's speed 
remained constant, who won the race? 

The atmospheric pressure (force per unit area) on a 
surface at an altitude z is due to the weight of the 
column of air situated above the surface. Therefore, 
the difference in air pressure p between the top and 
bottom of a cylindrical volume element of height Az 
and cross-section area A equals the weight of the air 
enclosed (density p times volume V = AAz times 
gravity g), per unit area: 


(z)(AAz) 
po) = “= = 


Az) p(z)gAz. 
Let Az—0O to derive the differential equation 
dp/dz = —pg. To analyze this further we must pos- 
tulate a formula that relates pressure and density. The 
perfect gas law relates pressure, volume, mass m, and 
absolute temperature T according to pV = mRT/M, 
where R is the universal gas constant and M is the 
molar mass of the air. Therefore, density and pressure 
are related by p :— m/V — Mp/RT. 
_ dp Mg 
(a) Derive the equation dr = pr? and solve it 
for the “isothermal” case where T is constant 
to obtain the barometric pressure equation 
p(z)= p(zo) exp -Mg(z—zo) / RTI. 
(b) If the temperature also varies with altitude 
T = T(z), derive the solution 


ple) = plo) = -x| et 


(c) Suppose an engineer measures the barometric 
pressure at the top of a building to be 99,000 Pa 
(pascals), and 101,000 Pa at the base (z = zo). 
If the absolute temperature varies as 
T(z) = 288 — 0.0065(z — zo), determine the 
height of the building. Take R = 8.31 N-m/mol-K, 
M = 0.029 kg/mol, and g = 9.8 m/sec”. (An 
amusing story concerning this problem can be 
found at http://www.snopes.com/college/exam/ 
barometer.asp) 


46 


Chapter2 First-Order Differential Equations 


2.3 LINEAR EQUATIONS 


A type of first-order differential equation that occurs frequently in applications is the linear 
equation. Recall from Section 1.1 that a linear first-order equation is an equation that can be 
expressed in the form 


D alx) adx)y = B(x) , 


where a(x), a(x), and b(x) depend only on the independent variable x, not on y. 
For example, the equation 
dy 


x’sin x — (cos x)y = (sin x) uk 


1s linear, because it can be rewritten in the form 


2 


d 
(sin 02 + (cos x)y = x?sinx . 


dx 


However, the equation 
dy : 
Yk + (sin x)y? = e* + 1 


is not linear; it cannot be put in the form of equation (1) due to the presence of the y? and 
y dy/dx terms. 

There are two situations for which the solution of a linear differential equation is quite 
immediate. The first arises if the coefficient ao(x) is identically zero, for then equation (1) reduces to 


e. 


Q ak 


b(x) ; 


which is equivalent to 


y(x) = | dx t C 


[as long as aj(x) is not zero |. 

The second is less trivial. Note that if ao(x) happens to equal the derivative of a,(x)—that 
is, a(x) = a'(x) —then the two terms on the left-hand side of equation (1) simply comprise the 
derivative of the product a;(x)y: 


a Gy + aglaly = a Gy ate = T Loy] . 


Therefore equation (1) becomes 


© — fe] = 56) 
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and the solution is again elementary: 


aj(x)y = [odar TC, 


y(x) = A | [oos +C 


One can seldom rewrite a linear differential equation so that it reduces to a form as simple 
as (2). However, the form (3) can be achieved through multiplication of the original equation 
(1) by a well-chosen function u(x). Such a function u(x) is then called an “integrating factor" 
for equation (1). The easiest way to see this is first to divide the original equation (1) by a; (x) 
and put it into standard form 


d 
(4) qot Py = 00), 


where P(x) = ag(x)/ai(x) and Q(x) = b(x)/ai(x). 
Next we wish to determine u(x) so that the left-hand side of the multiplied equation 


6) MAË uG)P (y = uaa) 


is just the derivative of the product u(x)y: 


wa)  uix)PGy = [ny] = we) + n'y . 


Clearly, this requires that u satisfy 


(60  w-yP. 


To find such a function, we recognize that equation (6) is a separable differential equation, 
which we can write as (1/u)du = P(x)dx. Integrating both sides gives 


pea", 


With this choice! for u(x), equation (5) becomes 


d Luo] = p(x)Q(x) , 


which has the solution 


"US os 
(8) y(x) = Fe | [howa FC 


Here C is an arbitrary constant, so (8) gives a one-parameter family of solutions to (4). This 
form is known as the general solution to (4). 


‘Any choice of the integration constant in P(x) dx will produce a suitable u(x). 
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We can summarize the method for solving linear equations as follows. 


Method for Solving Linear Equations 


(a) Write the equation in the standard form 


(b) Calculate the integrating factor u(x) by the formula 


ux) = ep | Poar : 


(c) Multiply the equation in standard form by u(x) and, recalling that the left-hand 
St ote tte co TER : 
side is just Ilue] , obtain 


Example 1 Find the general solution to 
(9) ————-—-xcosx, x20. 


Solution To put this linear equation in standard form, we multiply by x to obtain 


10 dy 2 = 2 
(10) de x 7 PEDE 


Here P(x) = —2/x, so 


| Plax = [a = —2In |x|. 
Thus, an integrating factor is 


u(x) =g 2n gie) zu 


Multiplying equation (10) by u(x) yields 


dy 
-2% 34-8, — 
x FE 2x "y = cosx , 
— Aaa 
EU = cosx. 


Example 2 


Solution 
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We now integrate both sides and solve for y to find 


x y [sss = sinx + C 


(11) y= x sinx + Cr’. 


It is easily checked that this solution is valid for all x > 0. In Figure 2.5 we have sketched solu- 
tions for various values of the constant C in (11). ® 


y 
A 


C=1 
Cal, 
C-0 


> X 


C=-!/ 


C=- 


Figure 2.5 Graph of y = x?^sin x + Cx? for five values of the constant C 


In the next example, we encounter a linear equation that arises in the study of the radioac- 
tive decay of an isotope. 


A rock contains two radioactive isotopes, RA, and RA», that belong to the same radioactive 
series; that is, RA, decays into RA», which then decays into stable atoms. Assume that the rate 
at which RA, decays into RA; is 50e ' kg/sec. Because the rate of decay of RA) is propor- 
tional to the mass y(t) of RA; present, the rate of change in RA; is 


d 
z = rate of creation — rate of decay , 
OY L zo,- 

(12) a 50e ky , 


where k > 0 is the decay constant. If k = 2/sec and initially y(0) = 40 kg, find the mass y(t) of 
RA, for t = 0. 


Equation (12) is linear, so we begin by writing it in standard form 


dy 


(13) EA 


+ 2y = 50e!” , y(0) = 40, 


where we have substituted k = 2 and displayed the initial condition. We now see that P(t) = 2, 
so JP(t)dt = f2 dt = 2t. Thus, an integrating factor is u(t) = e”. Multiplying equation (13) 
by u(t) yields 


d ES 2e?ty = 50e - 108+ 21 m 50e 5 ; 
—— 
L (e) = 50e ™ 
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Integrating both sides and solving for y, we find 
gy es -5e +C, 


y= -Beo + Ce, 
Substituting t = 0 and y(0) = 40 gives 


=, 29 0.7 0. 25, 
40 ze * Ce 41€: 


so C = 40 + 25/4 = 185/4 . Thus, the mass y(t) of RA; at time t is given by 


(14) 0 = (Se (Eon. 1=0. + 


Example 3 For the initial value problem 
E y +y= V1 + cos , yi) =4, 


find the value of y(2). 


Solution The integrating factor for the differential equation is, from equation (7), 


p(x) = gta M 


The general solution form (8) thus reads 


y(x) = (| e V1 + cosx dx + c) 


However, this indefinite integral cannot be expressed in finite terms with elementary functions 
(recall a similar situation in Problem 27 of Exercises 2.2). Because we can use numerical algo- 
rithms such as Simpson’s rule (Appendix C) to perform definite integration, we revert to the 
form (5), which in this case reads 


Liey) = e*V 1 + cos , 
and take the definite integral from the initial value x = 1 to the desired value x = 2: 
x=2 


ey  -eyQ) — e'y(1) - | 


x=1 x= 


x= 


2 
e*'N 1 + cosx dx . 
1 


Inserting the given value of y(1) and solving, we express 


2 
y(2) = e?*!(4) + e? | e* V 1 + cosx dx . 
1 
Using Simpson's rule, we find that the definite integral is approximately 4.841, so 


y(2) = 4e! + 4841e ? ~ 2.127. € 
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In Example 3 we had no difficulty expressing the integral for the integrating factor 
u(x) = ef 1% = e*, Clearly, situations will arise where this integral, too, cannot be expressed 
with elementary functions. In such cases we must again resort to a numerical procedure such as 
Euler’s method (Section 1.4) or to a “nested loop” implementation of Simpson’s rule. You are 
invited to explore such a possibility in Problem 27. 

Because we have established explicit formulas for the solutions to linear first-order differ- 
ential equations, we get as a dividend a direct proof of the following theorem. 


Existence and Uniqueness of Solution 


Theorem 1. Suppose P(x) and Q(x) are continuous on an interval (a, b) that contains 
the point xy. Then for any choice of initial value yo, there exists a unique solution y(x) 
on (a, b) to the initial value problem 


d 
a5 + Ply = OC), yt) = 0- 


In fact, the solution is given by (8) for a suitable value of C. 


The essentials of the proof of Theorem | are contained in the deliberations leading to equa- 
tion (8); Problem 34 provides the details. This theorem differs from Theorem 1 on page 11 in 
that for the /inear initial value problem (15), we have the existence and uniqueness of the 
solution on the whole interval (a, b), rather than on some smaller unspecified interval about xo. 

The theory of linear differential equations is an important branch of mathematics not only 
because these equations occur in applications but also because of the elegant structure associ- 
ated with them. For example, first-order linear equations always have a general solution given 
by equation (8). Some further properties of first-order linear equations are described in Prob- 
lems 28 and 36. Higher-order linear equations are treated in Chapters 4, 6, and 8. 


ENSEM 1 1 L  — 


In Problems 1—6, determine whether the given equation dy EM dr E 
is separable, linear, neither, or both. 9. * dx + 2y =x 10. de + rtan = sec 0 
dx x dy 3 d 
1. t tHe 2. x 7 + sinx —y = 0 11. (t+ y+ 1)dt—dy=0 12, = = xe" — dy 
dy 5 dy d 
3. 3: — e^ gr + ylnt 4. (t vl) 5T 13. yy + 2x = Sy 
_@ _ 93 a 2 d 
5. 3r = 06 0 6 xg + ex = sint 14. x2 3(y ! x) | sin x 
x x 
In Problems 7—16, obtain the general solution to the d 
Quo m _ 
equation. 15. (xà + 1) dc et 0 
dy y y de d 
h A ui^ iar E =0 16. (1.5335 -xy = (1+ 1 — x? 
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In Problems 17—22, solve the initial value problem. 


dy y o = 
17. do x E a y(1)2e-1 
dy mE _4 
18. +4y—e 0. x)= 3 
19. P5. + Bix Inc 1 x(1) = 0 
dy 3y u u 
20. 7 + —- +2 = 3x, y(1)2 1 
dy TN 2 
21. cos x— + y sinx = 2xcosx , 
dx 
T\ ~15V 20? 
"(4 32 


. dy : T 
22. sin x jc +ycosx=xsinx, y 217 2 
23. Radioactive Decay. In Example 2 assume that the 
rate at which RA, decays into RA; is 40e~ 7” kg/sec 
and the decay constant for RA, is k = 5/sec. Find the 
mass y(t) of RA; for t = 0 if initially y(0) = 10 kg. 
24. In Example 2 the decay constant for isotope RA, was 
10/sec, which expresses itself in the exponent of the 
rate term 50e!" kg/sec. When the decay constant 
for RA, is k = 2/sec, we see that in formula (14) for 
y the term (185/4)e ?' eventually dominates (has 
greater magnitude for ¢ large). 
(a) Redo Example 2 taking k — 20/sec. Now which 
term in the solution eventually dominates? 
(b) Redo Example 2 taking k = 10/sec. 
25. (a) Using definite integration, show that the solution 
to the initial value problem 
dy 


4a wl 300-1, 


can be expressed as 


y(x) = e + | ^a) ; 
2 


(b) Use numerical integration (such as Simpson’s 
rule, Appendix C) to approximate the solution at 
x=3. 

26. Use numerical integration (such as Simpson’s rule, 
Appendix C) to approximate the solution, at x = 1, 
to the initial value problem 

dy sin 2x 
+ Za 
dx  2(1 + sin*x) 
Ensure your approximation is accurate to three deci- 
mal places. 


=i,  y(0)=0. 


27. 


Consider the initial value problem 


d 
A V1+sinxy =x, y(0) 22. 


(a) Using definite integration, show that the inte- 
grating factor for the differential equation can be 
written as 


pla) = E | 1 + sin?t 
0 


and that the solution to the initial value problem is 


cud d ee ee ee 
y(x) = [als MEUS 


(b) Obtain an approximation to the solution at x — 1 


by using numerical integration (such as Simp- 
son's rule, Appendix C) in a nested loop to esti- 
mate values of u(x) and, thereby, the value of 


1 
| uls) sds. 
0 

[Hint: First, use Simpson’s rule to approximate 
ux) at x = 0.1, 0.2,..., 1. Then use these 
values and apply Simpson’s rule again to 
approximate f i us) s ds.] 


(c) Use Euler’s method (Section 1.4) to approxi- 


28. 


mate the solution at x = 1, with step sizes h = 
0.1 and 0.05. 
[A direct comparison of the merits of the two numer- 
ical schemes in parts (b) and (c) is very complicated, 
since it should take into account the number of func- 
tional evaluations in each algorithm as well as the 
inherent accuracies.] 


Constant Multiples of Solutions. 


(a) Show that y = e * is a solution of the linear 
equation 


T ME ES 
( ) dx y= , 


1 


andy = x` is a solution of the nonlinear equation 


dy 


CY ad 
(17) a? 0. 


Show that for any constant C, the function Ce ~ 
is a solution of equation (16), while Cx lisa 
solution of equation (17) only when C = 0 or 1. 
Show that for any linear equation of the form 

dy 
dx 
if Y(x) is a solution, then for any constant C the 
function Cy(x) is also a solution. 


x 


(b 


— 


(c 


— 


+ P(x)y =0, 


29. 


30. 


31. 


32. 


Use your ingenuity to solve the equation 

dy _ 1 

dx eV 42x 
[Hint: The roles of the independent and dependent 
variables may be reversed. ] 
Bernoulli Equations. 

dy -2 

(18) dx + 2y = xy * 


is an example of a Bernoulli equation. (Further dis- 
cussion of Bernoulli equations is in Section 2.6.) 


The equation 


(a) Show that the substitution v = y? reduces equa- 
tion (18) to the equation 
dv 


di vc 3x. 


(b) Solve equation (19) for v. Then make the substi- 
tution v — y? to obtain the solution to equation 
(18). 


(19) 


Discontinuous Coefficients. As we will see in 
Chapter 3, occasions arise when the coefficient P(x) 
in a linear equation fails to be continuous because of 
jump discontinuities. Fortunately, we may still obtain 
a "reasonable" solution. For example, consider the 
initial value problem 


0zxz-2, 
X. 2.5 


(a) Find the general solution for 0 = x = 2. 

(b) Choose the constant in the solution of part (a) so 
that the initial condition is satisfied. 

(c) Find the general solution for x » 2. 

(d) Now choose the constant in the general solution 
from part (c) so that the solution from part (b) 
and the solution from part (c) agree at x — 2. By 
patching the two solutions together, we can 
obtain a continuous function that satisfies the 
differential equation except at x — 2, where its 
derivative is undefined. 

(e) Sketch the graph of the solution from x — 0 to 
Xx 5. 


Discontinuous Forcing Terms. There are occa- 
sions when the forcing term Q(x) in a linear equation 
fails to be continuous because of jump discontinuities. 
Fortunately, we may still obtain a reasonable solution 


33. 


34. 
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imitating the procedure discussed in Problem 31. Use 
this procedure to find the continuous solution to the 
initial value problem. 


dy 
a ^ =O), »0-0,. 
where 
= 2. QSS, 
o9-| 2 x3. 


Sketch the graph of the solution from x = 0 to x = 7. 


Singular Points. Those values of x for which P(x) 
in equation (4) is not defined are called singular 
points of the equation. For example, x = 0 is a singu- 
lar point of the equation xy’ + 2y = 3x, since when 
the equation is written in the standard form, 
y' + (2/x)y = 3, we see that P(x) = 2/x is not 
defined at x — 0. On an interval containing a singular 
point, the questions of the existence and uniqueness of 

a solution are left unanswered, since Theorem 1 does 

not apply. To show the possible behavior of solutions 

near a singular point, consider the following equations. 

(a) Show that xy’ + 2y = 3x has only one solution 
defined at x — 0. Then show that the initial value 
problem for this equation with initial condition 
y(0) = yo has a unique solution when yo = 0 
and no solution when yọ # 0. 

(b) Show that xy’ — 2y = 3x has an infinite num- 
ber of solutions defined at x = 0. Then show that 
the initial value problem for this equation with 
initial condition y(0) = 0 has an infinite number 
of solutions. 


Existence and Uniqueness. Under the assump- 

tions of Theorem 1, we will prove that equation (8) 

gives a solution to equation (4) on (a, b). We can 

then choose the constant C in equation (8) so that the 
initial value problem (15) is solved. 

(a) Show that since P(x) is continuous on (a, b), 
then u(x) defined in (7) is a positive, continuous 
function satisfying du/dx = P(x)u(x) on (a, b). 

(b) Since 


verify that y given in equation (8) satisfies equation 
(4) by differentiating both sides of equation (8). 

(c) Show that when we let f u(x)Q(x) dx be the 
antiderivative whose value at x9 is O (ie., 
Sx M (t)Q(t) dt) and choose C to be yo (xo), the 
initial condition y(xọ) = yo is satisfied. 
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35. 


5 L/min " 
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(d) Start with the assumption that y(x) is a solution 
to the initial value problem (15) and argue that 
the discussion leading to equation (8) implies 
that y(x) must obey equation (8). Then argue 
that the initial condition in (15) determines the 
constant C uniquely. 

Mixing. Suppose a brine containing 0.2 kg of salt 

per liter runs into a tank initially filled with 500 L of 

water containing 5 kg of salt. The brine enters the 
tank at a rate of 5 L/min. The mixture, kept uniform 
by stirring, is flowing out at the rate of 5 L/min (see 

Figure 2.6). 


A(t) 


0.2 kg/L 


500 L 


A(0) =5 kg 


Figure 2.6 Mixing problem with equal flow rates 


(a) Find the concentration, in kilograms per liter, of salt 
in the tank after 10 min. [Hint: Let A denote the 
number of kilograms of salt in the tank at t minutes 
after the process begins and use the fact that 

rate of increase in A = rate of input — rate of exit. 
A further discussion of mixing problems is 
given in Section 3.2.] 

(b) After 10 min, a leak develops in the tank and 
an additional liter per minute of mixture flows 
out of the tank (see Figure 2.7). What will be 
the concentration, in kilograms per liter, of salt 
in the tank 20 min after the leak develops? 
[Hint: Use the method discussed in Problems 
31 and 32.] 


5 L/min 
0.2 kg/L AQ 
?L 
A(10) =? kg L— —- 5 L/min 
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| 


1 L/min 
Figure 2.7 Mixing problem with unequal flow rates 


Variation of Parameters. Here is another proce- 
dure for solving linear equations that is particularly 
useful for higher-order linear equations. This method 
is called variation of parameters. It is based on the 


5 L/min 


37. 


idea that just by knowing the form of the solution, 
we can substitute into the given equation and solve 
for any unknowns. Here we illustrate the method for 
first-order equations (see Sections 4.6 and 6.4 for the 
generalization to higher-order equations). 


(a) Show that the general solution to 


d 
Q0 F+ Ply = ola) 


has the form 


y(x) = Cyalx) + yp(x) . 

where y, (# 0) is a solution to equation (20) 
when Q(x) = 0, C is a constant, and y,(x) = 
v(x)y,(x) for a suitable function v(x). [Hint: 
Show that we can take y, = j& '(x) and then use 
equation (8).] 

We can in fact determine the unknown func- 
tion y, by solving a separable equation. Then 
direct substitution of vy, in the original equation 
will give a simple equation that can be solved 


for v. 
Use this procedure to find the general solution to 
dy 2 
(21) Fe da E x20, 


by completing the following steps: 
(b) Find a nontrivial solution y; to the separable 
equation 
dy 3 
Q2 IPTL. 
(c) Assuming (21) has a solution of the form 
yp(x) = v(x)y,(x), substitute this into equation 
(21), and simplify to obtain v’ (x) = x?/y,(x). 
(d) Now integrate to get v(x). 
(e) Verify that y(x) = Cy,(x) + v(x)y,(x) is a gen- 
eral solution to (21). 


x20. 


Secretion of Hormones. The secretion of hor- 
mones into the blood is often a periodic activity. If a 
hormone is secreted on a 24-h cycle, then the rate of 
change of the level of the hormone in the blood may 
be represented by the initial value problem 


dx 
=a 


dt 


Tt 
P cos kx , 


12 


where x(t) is the amount of the hormone in the blood 
at time £f, œ is the average secretion rate, B is the 
amount of daily variation in the secretion, and k is a 
positive constant reflecting the rate at which the 
body removes the hormone from the blood. If 
a= B = 1,k = 2, and xp = 10, solve for x(t). 
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38. Use the separation of variables technique to derive Suppose T = 0 at 9:00 A.M., the heating unit is ON 
the solution (7) to the differential equation (6). from 9-10 A.M., OFF from 10-11 A.M., ON again 
39. The temperature 7 (in units of 100°F) of a university from 11 A.M.-noon, and so on for the rest of the day. 
classroom on a cold winter day varies with time f (in How warm will the classroom be at noon? At 
hours) as 5:00 P.M.? 
dT _ lc —T,  ifheating unit is ON. 
dt  |-T, if heating unit is OFF. 


24 EXACT EQUATIONS 


Suppose the mathematical function F(x,y) represents some physical quantity, such as tempera- 
ture, in a region of the xy-plane. Then the level curves of F, where F(x,y) = constant, could be 
interpreted as isotherms on a weather map, as depicted in Figure 2.8. 


50° 
60° 
70° 
80° 
90° 


Figure 2.8 Level curves of F(x, y) 


How does one calculate the slope of the tangent to a level curve? It is accomplished by 
implicit differentiation: One takes the derivative, with respect to x, of both sides of the equation 
F(x,y) = C, taking into account that y depends on x along the curve: 


dp) = 4 
ae) = zO or 
OF , oF dy _ 
(D óx dy dx — E 
and solves for the slope: 
dy aF/ax 


(2) 


The expression obtained by formally multiplying the left-hand member of (1) by dx is known 
as the total differential of F, written dF: 
OF OF 
dF := on oF ayo » 

and our procedure for obtaining the equation for the slope f(x,y) of the level curve F(x.y) = C 
can be expressed as setting the total differential dF = 0 and solving. 

Because equation (2) has the form of a differential equation, we should be able to reverse this 
logic and come up with a very easy technique for solving some differential equations. After all, 
any first-order differential equation dy/dx = f(x, y) can be rewritten in the (differential) form 


(3) M(x, y)dx + N(x, y)dy = 0 
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(in a variety of ways). Now, if the left-hand side of equation (3) can be identified as a total 
differential, 


M(x, y)dx + N(x, y)dy = ode + 2,0 = dF(x. y) , 


then its solutions are given (implicitly) by the level curves 


F(x,y) =C 
for an arbitrary constant C. 


Example 1 Solve the differential equation 
dy — Qxy? + 1 
dx 2x°y 


Solution Some of the choices of differential forms corresponding to this equation are 


(2xy? + 1)dx + 2x2y dy = 0 , 


2x? + 1 
— a dx tdy-0, 
2x^y 
2x7y 
+ —————dy =0, etc. 
Qxy? + 1 


However, the first form is best for our purposes because it is a total differential of the function 
F(x, y) = xy? + x: 
(2xy? + 1) dx + 2x?y dy — d| xy? + x] 
ð 


29 (22 9 (22 
ax y tade + ry + xdy. 


Thus, the solutions are given implicitly by the formula x2y? + x = C. See Figure 2.9. € 


Figure 2.9 Solutions of Example 1 
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Next we introduce some terminology. 


Exact Differential Form 


Definition 2. The differential form M(x, y)dx + N(x, y)dy is said to be exact in a 
rectangle R if there is a function F(x, y) such that 


OF, DAE 
(4) ax») = M(x, y) and ay (x, y) = N(x, y) 


for all (x, y) in R. That is, the total differential of F(x, y) satisfies 
dF(x, y) = M(x, y)dx + N(x, y)dy . 

If M(x, y)dx + N(x, y)dy is an exact differential form, then the equation 
M(x, y)dx + N(x, y)dy = 0 


is called an exact equation. 


As you might suspect, in applications a differential equation is rarely given to us in exact 
differential form. However, the solution procedure is so quick and simple for such equations 
that we devote this section to it. From Example 1, we see that what is needed is (i) a test to 
determine if a differential form M(x, y)dx + N(x, y)dy is exact and, if so, (ii) a procedure for 
finding the function F(x, y) itself. 

The test for exactness arises from the following observation. If 


OF OF 
M(x, y)dx + N(x, y)dy = ax d* + dy dy , 
then the calculus theorem concerning the equality of continuous mixed partial derivatives 
EE LUPA E i 
dy 0x | Ox Oy 
would dictate a compatibility condition" on the functions M and N: 
0 
M(x, y) e Ox 


In fact, Theorem 2 states that the compatibility condition is also sufficient for the differential 
form to be exact. 


N(x, y) ; 


Test for Exactness 


Theorem 2. Suppose the first partial derivatives of M(x, y) and N(x, y) are continuous 
in a rectangle R. Then 

M(x, y)dx + N(x, y)dy = 0 
is an exact equation in R if and only if the compatibility condition 


ðM ON 
() ay 9) = a con») 


holds for all (x, y) in R.” 


Before we address the proof of Theorem 2, note that in Example 1 the differential form 
that led to the total differential was 


(2x? + 1)dx  (2x2y)dy = 0 . 


‘Historical Footnote: This theorem was proven by Leonhard Euler in 1734. 
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The compatibility conditions are easily confirmed: 


OM _ 9 iy 2 _ 

à a +1) = Any, 
oN ð 2 

ax PU y) = 4xy. 


Also clear is the fact that the other differential forms considered, 


2xy? + 1 E 2x?y 7 
— —dx + dy=0, dx + —————dy-0, 


2x?y 2xy 4-17 


do not meet the compatibility conditions. 


Proof of Theorem 2. There are two parts to the theorem: Exactness implies compatibil- 
ity, and compatibility implies exactness. First, we have seen that if the differential equation is 
exact, then the two members of equation (5) are simply the mixed second partials of a function 
F(x, y). As such, their equality is ensured by the theorem of calculus that states that mixed sec- 
ond partials are equal if they are continuous. Because the hypothesis of Theorem 2 guarantees 
the latter condition, equation (5) is validated. 

Rather than proceed directly with the proof of the second part of the theorem, let's derive a 
formula for a function F(x, y) that satisfies 9F/àx = M and ðF/ðy = N. Integrating the first 
equation with respect to x yields 


(6) F(x,y) = | mt y)dx + gy) . 


Notice that instead of using C to represent the constant of integration, we have written g( y). 
This is because y is held fixed while integrating with respect to x, and so our “constant” may 
well depend on y. To determine g( y), we differentiate both sides of (6) with respect to y to obtain 


oF 


0 p 


(x,y) = $5 [ns y)dx + 5,807 


As g is a function of y alone, we can write dg/dy = g'(y), and solving (7) for g'(y) gives 


g'o) = Gy - a | mx y)dx . 


Since dF /dy = N, this last equation becomes 


(8) g'(y) = Mx, y) - E [ses y)dx . 


Notice that although the right-hand side of (8) indicates a possible dependence on x, the 
appearances of this variable must cancel because the left-hand side, g'( y), depends only on y. By 
integrating (8), we can determine g( y) up to a numerical constant, and therefore we can deter- 
mine the function F(x, y) up to a numerical constant from the functions M(x, y) and N(x, y). 
To finish the proof of Theorem 2, we need to show that the condition (5) implies that 
M dx + N dy = 0 is an exact equation. This we do by actually exhibiting a function F(x, y) that 
satisfies 0F/dx = M and dF/dy = N. Fortunately, we needn't look too far for such a function. 
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The discussion in the first part of the proof suggests (6) as a candidate, where g'(y) is given by 
(8). Namely, we define F(x, y) by 


x 


(9) Fixy) =| M(t, y)dt + (y). 
where (xo, yo) is a fixed point in the rectangle R and g( y) is determined, up to a numerical con- 
stant, by the equation 


x 


a» g')= 863 - 2 ut. 

Before proceeding we must address an extremely important question concerning the defin- 
ition of F(x, y). That is, how can we be sure (in this portion of the proof) that g'( y), as given in 
equation (10), is really a function of just y alone? To show that the right-hand side of (10) is 
independent of x (that is, that the appearances of the variable x cancel), all we need to do is 
show that its partial derivative with respect to x is zero. This is where condition (5) is utilized. 
We leave to the reader this computation and the verification that F(x, y) satisfies conditions (4) 
(see Problems 35 and 36). € 


The construction in the proof of Theorem 2 actually provides an explicit procedure for 
solving exact equations. Let's recap and look at some examples. 


Method for Solving Exact Equations 


(a) If M dx + N dy = 0 is exact, then 0F/dx = M. Integrate this last equation with 
respect to x to get 


(11) F(x, y) = [nes y)dx + gy) . 


(b) To determine g( y), take the partial derivative with respect to y of both sides of equa- 
tion (11) and substitute N for dF/dy. We can now solve for g'( y). 

(c) Integrate g'(y) to obtain g( y) up to a numerical constant. Substituting g(y) into 
equation (11) gives F(x, y). 

(d) The solution to M dx + N dy = 0 is given implicitly by 


F(x, y) =C. 


(Alternatively, starting with dF/dy = N, the implicit solution can be found by first 
integrating with respect to y; see Example 3.) 


Example 2 Solve 
(12) (2xy — secx)dx + (x? + 2y)dy =0. 
Solution Here M(x, y) = 2xy — secx and N(x, y) = x? + 2y. Because 


ðM y _ aN 
oy Ox 


, 
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Example 3 


Solution 


equation (12) is exact. To find F(x, y), we begin by integrating M with respect to x: 
a3)  Fxy- Je» — sec^x)dx + g(y) 


= xy = tanx + ey) : 


Next we take the partial derivative of (13) with respect to y and substitute x? + 2y for N: 


x? + g'(y) = 4-32. 


Thus, g’(y) = 2y, and since the choice of the constant of integration is not important, we can 
take g(y) = y?. Hence, from (13), we have F(x, y) = x’y — tanx + y?, and the solution to 
equation (12) is given implicitly by x?y — tanx + y? = C. € 


Remark. The procedure for solving exact equations requires several steps. As a check on our 
work, we observe that when we solve for g'(y), we must obtain a function that is independent 
of x. If this is not the case, then we have erred either in our computation of F(x, y) or in 
computing dM/dy or ðN/ðx. 

In the construction of F(x, y), we can first integrate N(x, y) with respect to y to get 
(14) Fis.y) = [Nov + hl) 


and then proceed to find h(x). We illustrate this alternative method in the next example. 


Solve 
(15) (1 + ety + xe*y)dx + (xe* + 2)dy =0. 


Here M = 1 + e*y + xe*y and N = xe* + 2. Because 


equation (15) is exact. If we now integrate N(x, y) with respect to y, we obtain 


F(x, y) = [ee + 2)dy + h(x) = xe*y + 2y + h(x) . 
When we take the partial derivative with respect to x and substitute for M, we get 


S(x,y) = Mx y) 


ety + xey + h'(x) = 1 + ey + xe»y. 
Thus, A'(x) = 1, so we take h(x) = x. Hence, F(x, y) = xe*y + 2y + x, and the solution to 


equation (15) is given implicitly by xe*y + 2y + x = C. In this case we can solve explicitly 
for y to obtain y = (C — x)/(2 + xe). € 


Example 4 


Solution 
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Remark. Since we can use either procedure for finding F(x, y), it may be worthwhile to con- 
sider each of the integrals M(x, y)dx and JN(x, y)dy. If one is easier to evaluate than the 
other, this would be sufficient reason for us to use one method over the other. [The skeptical 
reader should try solving equation (15) by first integrating M(x, y).] 


Show that 
(16) (x + 3x3sin y)dx + (x^cos y)dy = 0 


is not exact but that multiplying this equation by the factor x~! yields an exact equation. Use 
this fact to solve (16). 


In equation (16), M = x + 3x^sin y and N = x‘cos y. Because 


9M _ 3.3 3 _ oN 
à 3x^cos y # 4x°cos y ax? 


1 


equation (16) is not exact. When we multiply (16) by the factor x, we obtain 


(47) (1 + 3x?sin y)dx + (x?cosy)dy = 0 . 


For this new equation, M = 1 + 3x?sin y and N = x?cos y. If we test for exactness, we now 
find that 


S e 3x?cos y= ay 

dy ox ' 

and hence (17) is exact. Upon solving (17), we find that the solution is given implicitly by 
x + x?sin y = C. Since equations (16) and (17) differ only by a factor of x, then any solution 
to one will be a solution for the other whenever x # 0. Hence the solution to equation (16) is 
given implicitly by x + x^siny = C. € 


In Section 2.5 we discuss methods for finding factors that, like x~! in Example 4, change 
inexact equations into exact equations. 


EESSMJO 1 1 ]á ]Ó00É[| 


In Problems 1—6, classify the equation as separable, lin- 6. y? dx + (2xy + cos y)dy =0 


ear, exact, or none of these. Notice that some equations 
may have more than one classification. 


: (x6 2y)dx 
(x°y + x*cos x)dx — x? dy = 0 In Problems 9—20, determine whether the equation is 
. V-2y — y? dx 
. (ye? + 2x)dx 
xy dx + dy = 0 


7. [2x + y cos(xy) ]dx + [x cos(xy) — 2y |dy = 0 
8. 6dr + (3r — 0 — 1)40 = 0 


xdy =0 


(3 L 2x x’) dy =0 exact. If it is, then solve it. 


Ge = 2y)dy = 0 9. (2x + y)dx + (x — 2y)dy = 0 


10. (2xy + 3)dx + (x? — 1)dy = 0 
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(e* 
. (t/y)dy + (1 + Iny)dt = 0 


. (ye? 
. (1/y)dx — (By — x/y?)dy = 0 
! [2x + y? — cos(x + y) |d. ix 


2 z d E 
. X x 
1 + xy? 1 + xy? 


20. 
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. (cos x cos y + 2x)dx — (sin x sin y + 2y)dy = 0 


e*sin y — 3x2)dx + (e*cos y + y~77/3)dy = 0 


'(y — t)dt + (1 + e)dy = 0 


. cos 8 dr — (r sin 0 — e?)d0 = 0 


ay 1/y) dx + (xe? + x/y?)dy =0 


+ | Qxy cos(x + y) e|dy = 0 


2) dy = 0 


ls ty cos) |as 


+ [x cos(xy) — y Bay =0 


In Problems 21-26, solve the initial value problem. 
21. (1/x + 2y?x)dx + (2yx? — cos y)dy = 0 , 


22. 


23. 
24. 
25. 
26. 


27. 


28. 


29. 


x1) = 7 
(ye? — 1/y)dx + (xe?  x/y!)dy =0, 

x1) = 
(e'y + te isi + (te'+ 2)dy 20, y(0) 2 -1 
(e'x + 1)dt + (e! - 1)dx =0, x(1) 91 
(y? sin x)dx + (1/x — y/x)dy 20 , y(ar) = 1 
(tan y — 2)dx + (x sec*y + 1/y)dy =0, 


y(0) =1 


For each of the following equations, find the most 
general function M(x, y) so that the equation is exact. 
(a) M(x, y)dx + (sec?y — x/y)dy = 0 

(b) M(x, y)dx + (sin x cos y — xy — e ?)dy = 0 
For each of the following equations, find the most 
general function N(x, y) so that the equation is exact. 
(a) [y cos(xy) + e*| dx + N(x, y)dy = 0 

(b) (ye — 4x?y + 2)dx + N(x, y)dy = 0 
Consider the equation 


(y? + 2xy)dx — x dy = 0 . 


30. 


31. 


32. 


(a) Show that this equation is not exact. 

(b) Show that multiplying both sides of the equation 
by y? yields a new equation that is exact. 

(c) Use the solution of the resulting exact equation 
to solve the original equation. 

(d) Were any solutions lost in the process? 


Consider the equation 
(5xy + Gy? + Axy?) dx 
+ (2x3 + 3x4y + 3x)y)dy = 0 . 
(a) Show that the equation is not exact. 
(b) Multiply the equation by x"y" and determine 
values for n and m that make the resulting equa- 
tion exact. 


(c) Use the solution of the resulting exact equation 
to solve the original equation. 


Argue that in the proof of Theorem 2 the function g 
can be taken as 


aly) = NS i)dt — ji E i 


which can be expressed as 


| N(x, t)dt — | M(s, y)ds 


Xo 


M(s, Daslar ; 


Ji M(s, yo) ds 


Xo 


This leads ultimately to the representation 
X 


N(x, t)dt + | M(s, yo)ds . 


Xo 


a8  F(xy- | l 


Evaluate this formula directly with xọ = 0, yọ = 0 
to rework 


(a) Example 1. 
(b) Example 2. 
(c) Example 3. 


Orthogonal Trajectories. A geometric problem 
occurring often in engineering is that of finding a 
family of curves (orthogonal trajectories) that inter- 
sects a given family of curves orthogonally at each 
point. For example, we may be given the lines of 
force of an electric field and want to find the equation 


for the equipotential curves. Consider the family of 
curves described by F(x, y) = k, where k is a param- 
eter. Recall from the discussion of equation (2) that 
for each curve in the family, the slope is given by 


dy | OF /OF 
dx | Ox / ðy ` 


(a) Recall that the slope of a curve that is orthogo- 
nal (perpendicular) to a given curve is just the 
negative reciprocal of the slope of the given 
curve. Using this fact, show that the curves 
orthogonal to the family F(x, y) = k satisfy the 
differential equation 


aF aF 7 
‘ay ax = ax ay =0. 


(b) Using the preceding differential equation, show 
that the orthogonal trajectories to the family of 
circles x? + y? — k are just straight lines 
through the origin (see Figure 2.10). 


Figure 2.10 Orthogonal trajectories for 
concentric circles are lines through the center 


(c) Show that the orthogonal trajectories to the 
family of hyperbolas xy = k are the hyper- 
bolas x? — y? = k (see Figure 2.11). 


33. 


34. 


35. 


36. 
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Figure 2.11 Families of orthogonal hyperbolas 


Use the method in Problem 32 to find the orthogo- 
nal trajectories for each of the given families of 
curves, where k is a parameter. 


(a) 232 + y? - Kk 


(b) y = kx 
(©) ye? 
(d) y? = kx 


[Hint: First express the family in the form F(x, y) = k.] 


Use the method described in Problem 32 to show 
that the orthogonal trajectories to the family of 
curves x? + y? = kx, k a parameter, satisfy 


(2yx P)dx + (x? - 1)dy = 0. 


Find the orthogonal trajectories by solving the above 
equation. Sketch the family of curves, along with 
their orthogonal trajectories. [Hint: Try multiplying 


the equation by x" y" as in Problem 30.] 


Using condition (5), show that the right-hand side of 
(10) is independent of x by showing that its partial 
derivative with respect to x is zero. [Hint: Since the 
partial derivatives of M are continuous, Leibniz's 
theorem allows you to interchange the operations of 
integration and differentiation.] 


Verify that F(x, y) as defined by (9) and (10) satisfies 
conditions (4). 
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2b SPECIAL INTEGRATING FACTORS 


If we take the standard form for the linear differential equation of Section 2.3, 


A + Play = QU). 


and rewrite it in differential form by multiplying through by dx, we obtain 
[ P(x)y = Q(x) ] dx +dy=0. 


This form is certainly not exact, but it becomes exact upon multiplication by the integrating 
factor w(x) = eI" 94 We have 


[u(x)P(x)y — w(x)Q(x) ]dx + u(x)dy = 0 


as the form, and the compatibility condition is precisely the identity u(x)P(x) = w'(x) (see 
Problem 20). 
This leads us to generalize the notion of an integrating factor. 


Integrating Factor 
Definition 3. If the equation 
(1) M(x, y)dx + M(x, y)dy = 0 


is not exact, but the equation 


(2) u(x, y)M(x, y)dx + u(x, y)N(x, y)dy = 0, 


which results from multiplying equation (1) by the function u(x, y), is exact, then u(x, y) 
is called an integrating factor’ of the equation (1). 


Example 1 Show that u(x, y) = xy’ is an integrating factor for 
(3) (2y — 6x)dx + (3x — 42y )dy =0. 
Use this integrating factor to solve the equation. 
Solution We leave it to you to show that (3) is not exact. Multiplying (3) by u(x, y) = xy’, we obtain 
(4) (2xy? — 6x?y?)dx + (32y? — 4x3y)dy =0. 
For this equation we have M = 2xy? — 6x?y? and N = 3x?y? — 4x°y. Because 


aM 
E" (x, y) = Oxy 


2 


2, — N 
12x^y ax œ) I 


equation (4) is exact. Hence, p(x, y) = xy? is indeed an integrating factor of equation (3). 


‘Historical Footnote: A general theory of integrating factors was developed by Alexis Clairaut in 1739. Leonhard 
Euler also studied classes of equations that could be solved using a specific integrating factor. 
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Let's now solve equation (4) using the procedure of Section 2.4. To find F(x, y), we begin 
by integrating M with respect to x: 


F(x, y) = | (2x? — 6x^y?)dx + gly) = xy? — 2xy? + gy) . 
When we take the partial derivative with respect to y and substitute for N, we find 


ae y) = N(x, y) 


Sey — Ax?y + g'(y) = 3x?y? — Ax?y . 


Thus, g'(y) = 0, so we can take g( y) = 0. Hence, F(x, y) = x?y? — 2x5y?, and the solution to 
equation (4) is given implicitly by 


ry = 2x°y? =C. 


Although equations (3) and (4) have essentially the same solutions, it is possible to lose or 
gain solutions when multiplying by u(x, y). In this case y = 0 is a solution of equation (4) but 
not of equation (3). The extraneous solution arises because, when we multiply (3) by u = xy? 
to obtain (4), we are actually multiplying both sides of (3) by zero if y = 0. This gives us 
y = 0 as a solution to (4), but it is not a solution to (3). 9 


Generally speaking, when using integrating factors, you should check whether any solu- 
tions to u(x, y) = 0 are in fact solutions to the original differential equation. 


How do we find an integrating factor? If u(x, y) is an integrating factor of (1) with contin- 
uous first partial derivatives, then testing (2) for exactness, we must have 


ð m 
ay MG, y)] = ac Lele, JMC y)] . 
By use of the product rule, this reduces to the equation 


à ð 
y” E (ax a) l 


oy "Ar Ox Oy 


(5) 


But solving the partial differential equation (5) for u is usually more difficult than solving the 
original equation (1). There are, however, two important exceptions. 

Let's assume that equation (1) has an integrating factor that depends only on x; that is, 
u = p(x). In this case equation (5) reduces to the separable equation 


dy (serm - en 
= Ta 


dx N 


(6) 


where (0M/8y — dN/dx)/N is (presumably) just a function of x. In a similar fashion, if equa- 
tion (1) has an integrating factor that depends only on y, then equation (5) reduces to the 
separable equation 


du  (8N/8x — dM/ay 
a x T 
where (dN/dx — 0M/8y)/M is just a function of y. 


(7) 
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We can reverse the above argument. In particular, if (3M/ðy — 9N/0x)/N is a function that 
depends only on x, then we can solve the separable equation (6) to obtain the integrating factor 


za ea ets t) 


for equation (1). We summarize these observations in the following theorem. 


Special Integrating Factors 


Theorem 3. If (0M/8y — dN/dx)/N is continuous and depends only on x, then 


8 w(x) = expl | (um nya 


is an integrating factor for equation (1). 
If (8N/dx — dM/dy)/M is continuous and depends only on y, then 


9 ply) = ap | (A a | 


is an integrating factor for equation (1). 


Theorem 3 suggests the following procedure. 


Method for Finding Special Integrating Factors 


If M dx + N dy = 0 is neither separable nor linear, compute 0M/dy and dN/dx. If 
dM/dy = oN/àx, then the equation is exact. If it is not exact, consider 


dM/dy — aN/àx 


(10) N 


If (10) is a function of just x, then an integrating factor is given by formula (8). If not, 
consider 


dN/ox — oM/ay 
7 ; 


(11) 


If (11) is a function of just y, then an integrating factor is given by formula (9). 


Example2 Solve 
42) (2x2 + y)dx + (Xy - dy 2 0. 


Solution A quick inspection shows that equation (12) is neither separable nor linear. We also note that 


1 y - 1) - 02, 


oM _ 
dy 
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Because (12) is not exact, we compute 


1 — (2xy — 1) 


aM/dy — oN/àx _ 
N xly-x 


2(0 2) — -2 
—x(1 — xy) x 


We obtain a function of only x, so an integrating factor for (12) is given by formula (8). That is, 


p(x) = sv (| 2a) x RM 


When we multiply (12) by u = x ?, we get the exact equation 


(2 + yx ?)dx + (y — x )dy 


=0. 


Solving this equation, we ultimately derive the implicit solution 


5 


(13) x-y! +=. 


Notice that the solution x = 0 was lost in multiplying by = x ?. Hence, (13) and x = 0 are 


solutions to equation (12). € 


There are many differential equations that are not covered by Theorem 3 but for which an 
integrating factor nevertheless exists. The major difficulty, however, is in finding an explicit 
formula for these integrating factors, which in general will depend on both x and y. 


BESGA 1 


In Problems 1-6, identify the equation as separable, lin- 
ear, exact, or having an integrating factor that is a func- 
tion of either x alone or y alone. 


1. (2x + yx7!)dx + (xy — 1)dy = 0 

. (2y? + 2y°)dx + (3y2x + 2xy)dy = 0 
. (2x + y)dx + (x — 2y)dy = 0 

. (y? + 2xy)dx — x dy = 0 

. (sin x + 4y)dx + x dy = 0 

6. (2y?x — y)dx + xdy = 0 


In Problems 7—12, solve the equation. 
7. (2xy)dx + (y? — 3x7)dy = 0 
8. (332 + y)dx + (xy — x)dy = 0 

9. (xt — x + y)dx ^ xdy = 0 

10. (2y? + 2y + 4x*)dx + (2xy + x)dy = 0 

11. (y? + 2xy)dx — x? dy = 0 

12. (2xy? + 1)dx + (3x’y? — y )ay = 0 


In Problems 13 and 14, find an integrating factor of the 
form x" y" and solve the equation. 

13. (2? — 6xy)dx + (3xy — 4x7)dy = 0 

14. (12  5xy)dx + (6xy ! + 3x2)dy = 0 


15. (a) Show that if (@N/dx — aM/dy)/(xM — yN) 
depends only on the product xy, that is, 


dN/dx — aM /ay 
xM — yN 
then the equation M(x, y)dx + N(x, y)dy = 0 
has an integrating factor of the form u(xy). Give 
the general formula for u(xy). 
(b) Use your answer to part (a) to find an implicit 
solution to 


(By + 2xy)dx + (x + 2x?)y dy = 0 , 


= H(xy) , 


satisfying the initial condition y(1) = 1. 


16. (a) Prove that Mdx + Ndy = 0 has an integrating 
factor that depends only on the sum x + y if and 
only if the expression 


dN/ax — dM/ay 
M-N 
depends only on x + y. 


(b) Use part (a) to solve the 
(3 + y + xy)dx + (3 + x + xy)dy = 0. 


equation 
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17. 


18. 


19. 
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(a) Find a condition on M and N that is necessary 
and sufficient for Mdx + Ndy = 0 to have an 
integrating factor that depends only on the 
product x?y. 

(b) Use part (a) to solve the equation 
(2x + 2y + 2xy + 4x°y*) dx 

+ (2x + x4 + 2ydy =0. 

If xM(x, y) + yN(x, y) = 0, find the solution to the 

equation M(x, y)dx + N(x, y)dy = 0. 

Fluid Flow. The streamlines associated with a cer- 

tain fluid flow are represented by the family of curves 

y=x-—1+ke™. The velocity potentials of the 
flow are just the orthogonal trajectories of this family. 


20. 


(a) Use the method described in Problem 32 of 
Exercises 2.4 to show that the velocity potentials 
satisfy dx + (x — y)dy = 0. 

[Hint: First express the family y = x — 1 + ke * in 

the form F(x, y) = k.] 

(b) Find the velocity potentials by solving the equa- 
tion obtained in part (a). 

Verify that when the linear differential equation 

[P(x)y — Q(x)] dx + dy =0 is multiplied by u(x) = 

e Pdr, the result is exact. 


2.6 SUBSTITUTIONS AND TRANSFORMATIONS 


When the equation 


M(x, y)dx + N(x, y)dy = 0 


is not a separable, exact, or linear equation, it may still be possible to transform it into one that 
we know how to solve. This was in fact our approach in Section 2.5, where we used an 
integrating factor to transform our original equation into an exact equation. 

In this section we study four types of equations that can be transformed into either a sepa- 
rable or linear equation by means of a suitable substitution or transformation. 


Substitution Procedure 


(a) Identify the type of equation and determine the appropriate substitution or 


transformation. 


(b) Rewrite the original equation in terms of new variables. 


(c) Solve the transformed equation. 


(d) Express the solution in terms of the original variables. 


Homogeneous Equations 


Homogeneous Equation 


Definition 4. If the right-hand side of the equation 


dy 


(1) 


2 = Alay) 


can be expressed as a function of the ratio y/x alone, then we say the equation 


is homogeneous. 
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For example, the equation 
(2) (x — y)dx + xdy =0 
can be written in the form 


dy y—-x y 
dx x x 


I 


Since we have expressed (y — x)/x as a function of the ratio y/x | that is, (y — x)/x = G(y/x), 
where G(v) :— v — LT, then equation (2) is homogeneous. 
The equation 
(3) (x — 2y + 1)dx + (x — y)dy = 0 
can be written in the form 
dy x-—2y-l1 1 -O(yfx) + (1/x) 
dx y-x (y/x) - 1 
Here the right-hand side cannot be expressed as a function of y/x alone because of the term 1/x 
in the numerator. Hence, equation (3) is not homogeneous. 


One test for the homogeneity of equation (1) is to replace x by tx and y by ty. Then (1) is 
homogeneous if and only if 


fx, ty) = f(s y) 


for all t # 0 [see Problem 43(a)]. 
To solve a homogeneous equation, we make a rather obvious substitution. Let 


g 
ll 


Our homogeneous equation now has the form 


a 


Q3 


G(v) , 


and all we need is to express dy/dx in terms of x and v. Since v = y/x, then y = vx. Keeping in 
mind that both v and y are functions of x, we use the product rule for differentiation to deduce 
from y = vx that 


dv 
= 8 xs 


dx dx 
We then substitute the above expression for dy/dx into equation (4) to obtain 
(5) p= G(v) . 


The new equation (5) is separable, and we can obtain its implicit solution from 


[age [te 


All that remains to do is to express the solution in terms of the original variables x and y. 
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Example 1 


Solution 


Example 2 


Solution 


Solve 
(6) (xy + y? +x dx — x? dy 2 0. 


A check will show that equation (6) is not separable, exact, or linear. If we express (6) in the 
derivative form 


d Lyle 2 
T. E Ra Prey. 
dx x x X 


then we see that the right-hand side of (7) is a function of just y/x. Thus, equation (6) is homo- 
geneous. 

Now let v = y/x and recall that dy/dx = v + x(dv/dx). With these substitutions, equation 
(7) becomes 


T AT 
dx 


The above equation is separable, and, on separating the variables and integrating, we obtain 


| = aw (tax, 
vt) x 


arctan v = In|x| + C . 


Hence, 
v = tan(In|x| + C) . 

Finally, we substitute y/x for v and solve for y to get 
y = xtan(In|x| + C) 


as an explicit solution to equation (6). Also note that x = 0 is a solution. € 


Equations of the Form dy/dx = G(ax + by) 


When the right-hand side of the equation dy/dx — f(x, y) can be expressed as a function of the 
combination ax + by, where a and b are constants, that is, 


dy _ 
m5 G(ax + by) , 


then the substitution 
z-— ax + by 
transforms the equation into a separable one. The method is illustrated in the next example. 


Solve 


dy _ cd 
(8) Pad NS 1*(x-y-2)!. 


The right-hand side can be expressed as a function of x — y, that is, 


y-x-1lt(x-y*2)!--(x-y-1-*[(x-y) +2], 
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so let z = x — y. To solve for dy/dx, we differentiate z = x — y with respect to x to obtain 
dz/dx = 1 — dy/dx, and so dy/dx = 1 — dz/dx. Substituting into (8) yields 


Sag por eet aes 1 
ye z-1-(z42)!, 

or 
dz _ _ -1 
“~=(¢+2)-—(¢+2)!. 


Solving this separable equation, we obtain 


z+2 
da= Wie, 
je | 


Z nl + 2? — 1| =x+C, 


from which it follows that 
(¢+2P=Ce*+1. 

Finally, replacing z by x — y yields 
(x-y+2"? =Ce*+1 


as an implicit solution to equation (8). € 


Bernoulli Equations 


Bernoulli Equation 


Definition 5. A first-order equation that can be written in the form 


where P(x) and Q(x) are continuous on an interval (a, b) and n is a real number, is called a 


Bernoulli equation.” 


Notice that when n = 0 or 1, equation (9) is also a linear equation and can be solved by the 
method discussed in Section 2.3. For other values of n, the substitution 


transforms the Bernoulli equation into a linear equation, as we now show. 


‘Historical Footnote: This equation was proposed for solution by James Bernoulli in 1695. It was solved by his brother 
John Bernoulli. (James and John were two of eight mathematicians in the Bernoulli family.) In 1696, Gottfried Leibniz 
showed that the Bernoulli equation can be reduced to a linear equation by making the substitution v = y! ™”. 
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Example 3 


Solution 


Dividing equation (9) by y” yields 


nD 
yd 


(10) ; C Py "- Qla) . 


Taking v = y! ^", we find via the chain rule that 


dv E») 
d cU cats 


and so equation (10) becomes 


Because 1/(1 — n) is just a constant, the last equation is indeed linear. 


Solve 


dy EN 4 
a) -5--3. 


This is a Bernoulli equation with n = 3, P(x) = —5, and Q(x) = —5x/2. To transform (11) 
into a linear equation, we first divide by y? to obtain 


dy 2 
-3€ -2. 
Y dx 3 ze 
Next we make the substitution v = y ?. Since dv/dx = —2y ? dy/dx, the transformed equation is 
l dv 5 5 
2de xe 39 
(12) e + 10v = 5x. 


Equation (12) is linear, so we can solve it for v using the method discussed in Section 2.3. 
When we do this, it turns out that 


Not included in the last equation is the solution y = 0 that was lost in the process of dividing 
(11) by y?. € 


Equations with Linear Coefficients 


We have used various substitutions for y to transform the original equation into a new equation 
that we could solve. In some cases we must transform both x and y into new variables, say, u and 
v. This is the situation for equations with linear coefficients—that is, equations of the form 


(13) (ax + biy + ci)dx + (apx + bay + c3)dy 2 0 , 


Example 4 


Solution 
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where the a;’s, bps, and c;’s are constants. We leave it as an exercise to show that when 
aiba = ab, equation (13) can be put in the form dy/dx = G(ax + by), which we solved via 
the substitution z = ax + by. 

Before considering the general case when a,b, # azb}, let's first look at the special situa- 
tion when c; = c» = 0. Equation (13) then becomes 


(a,x + biy)dx + (a,x + boy) dy =0, 
which can be rewritten in the form 


dy — axtby — a + by(y/x) 
dx dox + bzy ay + by y/x) ` 


This equation is homogeneous, so we can solve it using the method discussed earlier in this 
section. 

The above discussion suggests the following procedure for solving (13). If ab) # ab}, 
then we seek a translation of axes of the form 


x=u+h and y=urtk, 


where h and k are constants, that will change ajx + biy + c, into aju + bv and change 
ax + byy + cy into apu + bav. Some elementary algebra shows that such a transformation 
exists if the system of equations 


aht+bk+c,=0, 


(14) ah aj bk alk Cz; = 0 


has a solution. This is ensured by the assumption a,b # a5b;, which is geometrically equiva- 
lent to assuming that the two lines described by the system (14) intersect. Now if (h, k) satisfies 
(14), then the substitutions x = u + h and y = v + k transform equation (13) into the homo- 
geneous equation 


dv | autbyv at bi(v/u) 
du anu + bv a; + by(vfu) ' 


(45) 


which we know how to solve. 


Solve 


(16) (—3x + y + 6)dx + (x - y + 2)dy - 0. 


Since a,b) = (—3)(1) # (1)(1) = apb}, we will use the translation of axes x =u + h, 
y = v + k, where h and k satisfy the system 


—3h+k+6=0, 
ht+k+2=0. 
Solving the above system for h and k gives h = 1,k = —3. Hence, we let x = u+ 1 and 


y = v — 3. Because dy = dv and dx = du, substituting in equation (16) for x and y yields 
(—3u + v)du + (u + v)dv = 0 
dv 7 3 — (v/v) 


du 1+ (v/u) ` 
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The last equation is homogeneous, so we let z = v/u. Then dv/du = z + u(dz/du), and, sub- 


stituting for v/u, we obtain 


Separating variables gives 


+ 
|= 1 rm 
go le = 3 


jn |z? + 2z 


from which it follows that 
z2t27-3-2 Cu. 


When we substitute back in for z, u, and v, we find 
(v/u)? + 2(v/u) - 3 = Cu? , 


v? + 2uv — 3u =C, 


(y+3P +2= I(y+3)=3e@—-1P=c., 


This last equation gives an implicit solution to (16). 9 


2.6 EXERC SS 1 L1 1 


In Problems 1-8, identify (do not solve) the equation as 
homogeneous, Bernoulli, linear coefficients, or of the 
form y' = G(ax + by). 


1. 2tx dx + (? — x?)dt = 0 

2. (y — 4x — 1)? dx - dy = 0 

3. dy/dx + y/x = xy? 

4. (t+ x + 2)dx + (3t — x — 6)dt = 0 


5. 0 dy — y dó = V/8y do 

6. (ye ?* + y)dx — e ?* dy = 0 
7. cos(x + y)dy = sin(x + y)dx 
8. (y? — 0?)40 + 20? y dy = 0 


Use the method discussed under “Homogeneous Equa- 
tions” to solve Problems 9-16. 


9. (xy + y)dx — x? dy = 0 
10. (3x? — y*)dx + (xy — xy ))ay = 0 
11. (y? — xy)dx + x? dy = 0 


12. (x? + y?)dx + 2xy dy =0 


dx xX +tVP +x 


dd dt Ix 
i dy  0sec(y/0) + y 
dé 0 


dy x-y? ič dy y(Iny — nx +1) 
dx — 3xy o dx x 


Use the method discussed under “Equations of the Form 
dy/dx = G(ax + by) " to solve Problems 17-20. 


17. dy/dx = Vx -*y —1 18. dy/dx=(x+y+2)* 
19. dy/dx = (x — y +5) 20. dy/dx = sin(x — y) 


Use the method discussed under "Bernoulli Equations" 
to solve Problems 21-28. 


dy Y 22 
21L. ou y 
dy — 42x13 
22. 976€» 
d 2 
eee y 
dx x 
d 
24. B > 7 5( 2 
x 
25 dx | to -X-290 26 dy | = gu 
` dt t "ax d 
2 d 
gp ero P um 28. Z + yet y - 


Use the method discussed under "Equations with Linear 
Coefficients" to solve Problems 29—32. 


29. 


30 
31 
32 


(—3x + y — 1)dx + (x + y + 3)dy = 0 
(x + y — 1)dx + (y — x — 5)dy = 0 
(2x — y)dx + (Ax + y — 3)dy = 0 

(2x + y + 4)dx + (x — 2y - 2)dy = 0 


In Problems 33—40, solve the equation given in: 


33. 
35. 
37. 
39. 


41. 


42. 


43. 


44. 


45. 


Problem 1. 34. Problem 2. 
Problem 3. 36. Problem 4. 
Problem 5. 38. Problem 6. 
Problem 7. 40. Problem 8. 


Use the substitution v = x — y + 2 to solve equa- 

tion (8). 

Use the substitution y — vx? to solve 
d 2 
of = = + cos(y/x?) . 

(a) Show that the equation dy/dx = f(x, y) is 
homogeneous if and only if f(tx, ty) = f(x, y). 
[Hint: Let t — 1/x.] 

(b) A function H(x, y) is called homogeneous of 
order n if H(tx, ty) = t"H(x, y). Show that the 
equation 
M(x, y)dx + N(x, y)dy = 0 
is homogeneous if M(x, y) and N(x, y) are both 
homogeneous of the same order. 

Show that equation (13) reduces to an equation of 

the form 
i = G(ax + by) , 

when a,b, = abı. [Hint: If a,b = abı, then 

a/a; = b/b; = k, so that a5 = ka, and b, = kb, .] 

Coupled Equations. 

tions of the form 


In analyzing coupled equa- 


Ta 
d ut Oy, 
dx _ 
ie 


Section 2.6 Substitutions and Transformations 


46. 


47. 
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where a, b, a, and B are constants, we may wish to 
determine the relationship between x and y rather 
than the individual solutions x(t), y(t). For this 
purpose, divide the first equation by the second to 
obtain 


dy | ax + by 


s dx ox y^ 


This new equation is homogeneous, so we can solve 
it via the substitution v — y/x. We refer to the solu- 
tions of (17) as integral curves. Determine the inte- 
gral curves for the system 


dy 

Pia nm 
dx 

d XY 


Magnetic Field Lines. As described in Problem 
20 of Exercises 1.3, the magnetic field lines of a 
dipole satisfy 


Solve this equation and sketch several of these lines. 


Riccati Equation. An equation of the form 
dy Š 
as Z = P(e)? + Oley  R() 


is called a generalized Riccati equation.’ 

(a) If one solution— say, u(x)—of (18) is known, 
show that the substitution y = u + 1/v reduces 
(18) to a linear equation in v. 

(b) Given that u(x) — x is a solution to 

3 


dy, ka 
dx x*(y xP I. 


use the result of part (a) to find all the other solu- 
tions to this equation. (The particular solution 
u(x) — x can be found by inspection or by using 
a Taylor series method; see Section 8.1.) 


‘Historical Footnote: Count Jacopo Riccati studied a particular case of this equation in 1724 during his investigation of 
curves whose radii of curvature depend only on the variable y and not the variable x. 
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Chapter Summary 


In this chapter we have discussed various types of first-order differential equations. The most 
important were the separable, linear, and exact equations. Their principal features and method 
of solution are outlined below. 


Separable Equations: dy/dx — g(x)p(y). Separate the variables and integrate. 


Linear Equations: dy/dx + P(x)y = Q(x). The integrating factor u = exp [S P(x) dx| reduces 
the equation to d(uy)/dx = uQ, so that wy = f uQ dx + C. 


Exact Equations: dF(x, y) = 0. Solutions are given implicitly by F(x, y) = C. If aM/ay = 
9N/àx, then M dx + N dy = 0 is exact and F is given by 


F= [nace an. where £9) -x-2 [uas 


or 


F= [nay + ht), where i)-u-2 na. 


When an equation is not separable, linear, or exact, it may be possible to find an integrat- 
ing factor or perform a substitution that will enable us to solve the equation. 


Special Integrating Factors: uM dx + uN dy = 0 is exact. If (3M/ðy — dN/ax)/N depends 
only on x, then 


menl ea 


is an integrating factor. If (3M/əx — dM/dy)/M depends only on y, then 


T epl | (ss Pay 


is an integrating factor. 


Homogeneous Equations: dy/dx = G(y/x). Let v = y/x. Then dy/dx = v + x(dv/dx), 
and the transformed equation in the variables v and x is separable. 


Equations of the Form: dy/dx = G(ax + by). Letz = ax + by. Then dz/dx = a + b(dy/dx), 
and the transformed equation in the variables z and x is separable. 


Bernoulli Equations: dy/dx + P(x)y = Q(x)y". For n #0 or 1, let v = y! ^". Then 
dv/dx = (1 — n)y "(dy/dx), and the transformed equation in the variables v and x is linear. 


Linear Coefficients: (a,x + by + c,)dx + (ax + bzy + c;)dy =0. For aib # ab}, let 
x=u+handy = v + k, where h and k satisfy 

ah+bk+c=0, 

ah t bktc20. 


Then the transformed equation in the variables u and v is homogeneous. 


REVIEW PROBLEMS 


In Problems 1-30, solve the equation. 


dy ey dy " 
DE eem Alcx AY = 32x 
3. (x? — 2y ?)dy + (2xy — 3x7)dx = 0 

d 3 
4. LN ? = x? 4x +3 

dx x 
5. [sin(xy) + xy cos(xy)] dx + [1 + x?cos(xy)] dy = 0 
6. 2xy? dx — (1 — x?)dy = 0 
7. Py dt + tty dy = 0 

dy Y aaz 
8 m vU 2x^y 


9. (x? + y?)dx + 3xy dy = 0 
10. [1 (1 x? + 2xy 4 y?) |] dx 
| [y (1 + x? 4 2xy + y?) !]dy = 0 


—14 2 
11. di 1 + cos?(t — x) 
12. (y? + 4e*y)dx + (2e* + 3y°)dy = 0 
d 
13. 2 — 2 = ysin 2x 
dx x 
dx xX 2, 
14. a ge 2 
dy 
15. =2 2x —yt3 
dx i 
dy : 
16. — + ytanx + sinx = 0 
dx 
dy mE 
17. do T 2y =.) 
dy j 
18.07 (2x + y — 1) 


19. (x? — 3y?)dx + 2xy dy = 0 


20. 


21. ( 2x — l)dx + (x + y — 4)dy = 0 
22. (2x — 2y — 8)dx + (x ^ 3y — 6)dy = 0 
23. (y — x)dx + (x + y)dy = 0 


30. 


` dx 
. (3x — y — 5)dx + (x ^y + 1)dy = 0 
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f ( y/x + cos x)dx t (V'x/y + sin y)dy =0 
. y(x — y — 2)dx + x(y — x + 4)dy = 0 


dy 


+xy=0 


dy x-y-—1 


"dx xtyt5 
; (Axy? — 9y? + Axy?) dx 


+ (3x2? — 6xy + 2x2y)dy = 0 


In Problems 31—40, solve the initial value problem. 


31. 


32. 


33. 


34. 


35. 
36. 


37. 
38. 


39. 


40. 
41. 


(x3 —y dx xdy-0, y(1) = 3 


dy [x y E 


(t+x+3)dt+dx=0, x(0)=1 

d 2 

Z Z = osz, ym) = 2 

(2? + 4x2)dx — xy dy =0, y(1) = -2 
[2 cos(2x + y) — x7] dx 

+[cos(2x + y) + e’]dy=0, y(1) =0 
(2x — y)dx +(x + y —3)dy=0, y(0) = 2 


Vydx+(2+4)dy=0, y(0)=4 


Express the solution to the following initial value 
problem using a definite integral: 


dy 1 
dt 1+? 


=y, y(2)=3. 


Then use your expression and numerical integration 
to estimate y(3) to four decimal places. 
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TECHNICAL WRITING EXERCISES 


1. An instructor at Ivey U. asserted: "All you need to 
know about first-order differential equations is how 


to solve those that are exact.” Give arguments that 


support and arguments that refute the instructor's 
claim. 

2. What properties do solutions to linear equations 
have that are not shared by solutions to either sepa- 
rable or exact equations? Give some specific exam- 
ples to support your conclusions. 


Chapter2 First-Order Differential Equations 


. Consider the differential equation 


dy 

— = + be“, O)=c, 
Acer. — y(0) = 

where a, b, and c are constants. Describe what hap- 
pens to the asymptotic behavior as x — +00 of the 
solution when the constants a, 5, and c are varied. 
Illustrate with figures and/or graphs. 
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A Oil Spill in a Canal 


In 1973 an oil barge collided with a bridge in the Mississippi River, leaking oil into the water at a 
rate estimated at 50 gallons per minute. In 1989 the Exxon Valdez spilled an estimated 
11,000,000 gallons of oil into Prudhoe Bay in 6 hours", and in 2010 the Deepwater Horizon well 
leaked into the Gulf of Mexico at a rate estimated to be 15,000 barrels per day" (1 barrel = 
42 gallons). In this project you are going to use differential equations to analyze a simplified 
model of the dissipation of heavy crude oil spilled at a rate of S ft*/sec into a flowing body of 
water. The flow region is a canal, namely a straight channel of rectangular cross section, w feet 
wide by d feet deep, having a constant flow rate of v ft/sec; the oil is presumed to float in a thin 
layer of thickness s (feet) on top of the water, without mixing. 

In Figure 2.12, the oil that passes through the cross-section window in a short time At occu- 
pies a box of dimensions s by w by vAt. To make the analysis easier, presume that the canal is 
conceptually partitioned into cells of length L ft. each, and that within each particular cell the oil 
instantaneously disperses and forms a uniform layer of thickness s,(f) in cell i (cell 1 starts at the 
point of the spill). So, at time t, the ith cell contains s,(t)wL ft? of oil. Oil flows out of cell i at a 
rate equal to s,(t)wv ft/sec, and it flows into cell i at the rate s;.. (1) wv; it flows into the first cell 
at S ft?/sec. 


Figure 2.12 Oil leak in a canal. 


"Cutler J. Cleveland (Lead Author); C Michael Hogan and Peter Saundry (Topic Editor). 2010. *Deepwater Horizon 
oil spill." In: Encyclopedia of Earth, ed. Cutler J. Cleveland (Washington, D.C.: Environmental Information Coalition, 
National Council for Science and the Environment). 


Cutler J. Cleveland (Contributing Author); National Oceanic and Atmospheric Administration (Content source); 
Peter Saundry (Topic Editor). 2010. “Exxon Valdez oil spill.” In: Encyclopedia of Earth, ed. Cutler J. Cleveland 
(Washington, D.C.: Environmental Information Coalition, National Council for Science and the Environment). 
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(a) Formulate a system of differential equations and initial conditions for the oil thickness 
in the first three cells. Take S = 50 gallons/min, which was roughly the spillage rate for 
the Mississippi River incident, and take w — 200 ft, d — 25 ft, and v — 1 mi/hr (which 
are reasonable estimates for the Mississippi River’). Take L = 1000 ft. 

(b) Solve for s(t). [Caution: Make sure your units are consistent. ] 

(c) If the spillage lasts for T seconds, what is the maximum oil layer thickness in cell 1? 

(d) Solve for s(t). What is the maximum oil layer thickness in cell 2? 

(e) Probably the least tenable simplification in this analysis lies in regarding the layer 
thickness as uniform over distances of length L. Reevaluate your answer to part (c) with 
L reduced to 500 ft. By what fraction does the answer change? 


B Differential Equations in Clinical Medicine 


Courtesy of Philip Crooke, Vanderbilt University 


In medicine, mechanical ventilation is a procedure that assists or replaces spontaneous breath- 
ing for critically ill patients, using a medical device called a ventilator. Some people attribute the 
first mechanical ventilation to Andreas Vesalius in 1555. Negative pressure ventilators (iron 
lungs) came into use in the 1940s—1950s in response to poliomyelitis (polio) epidemics. Philip 
Drinker and Louis Shaw are credited with its invention. Modern ventilators use positive pressure 
to inflate the lungs of the patient. In the ICU (intensive care unit), common indications for the ini- 
tiation of mechanical ventilation are acute respiratory failure, acute exacerbation of chronic 
obstructive pulmonary disease, coma, and neuromuscular disorders. The goals of mechanical 
ventilation are to provide oxygen to the lungs and to remove carbon dioxide. 

In this project, we model the mechanical process performed by the ventilator. We make the 
following assumptions about this process of filling the lungs with air and then letting them deflate 
to some rest volume (see Figure 2.13). 


(i) The length (in seconds) of each breath is fixed (fot) and is set by the clinician, with 
each breath being identical to the previous breath. 

(ii) Each breath is divided into two parts: inspiration (air flowing into the patient) and 
expiration (air flowing out of the patient). We assume that inspiration takes place over 
the interval [0, t;] and expiration over the time interval [f;, tot]. The time f; is called the 
inspiratory time. 


Papp during 
inspiration 
airway-resistance 
pressure drop, P, 


lung elastic 

pressure, P,, 
and residual 
pressure, Pex 


Figure 2.13 Lung ventilation pressures 


*http://www.nps.gov/miss/riverfacts.htm 
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(iii) During inspiration the ventilator applies a constant pressure Papp to the patient's air- 
way, and during expiration this pressure is zero, relative to atmospheric pressure. This 
is called pressure-controlled ventilation. 

(iv) We assume that the pulmonary system (lung) is modeled by a single compartment. 
Hence, the action of the ventilator is similar to inflating a balloon and then releasing 
the pressure. 

(v) Atthe airway there is a pressure balance: 

(1) P; + Pit Pag = Piwa 
where P, denotes pressure losses due to resistance to flow into and out of the lung, P, is 
the elastic pressure due to changes in volume of the lung, Pex is a residual pressure that 
remains in the lung at the completion of a breath, and P,,, denotes the pressure applied to 
the airway. (Pay = Papp during inspiration and P4,, = 0 during expiration.) The residual 
pressure P, is called the end-expiratory pressure. 

(vi) Let V(t) denote the volume of the lung at time t, with V;(t), 0 = t = t;, denoting its 
volume during inspiration and V, (t), t; = t = fon its volume during expiration. We 
assume that V;(0) = V,(t4) = 0. The number V;(t;) = Vy is called the tidal volume of 
the breath. 

(vii) We assume that the resistive pressure P, is proportional to the flows into and out of the 
lung such that P, = R(dV/dt), and we assume that the proportionality constant R is 
the same for inspiration and expiration. 

(viii) Furthermore, we assume that the elastic pressure is proportional to the instantaneous 
volume of the lung. That is, P, = (1/C)V, where the constant C is called the compliance 
of the lung. 


Using the pressure equation in (1) together with the above assumptions, a mathematical 
model for the instantaneous volume in the single compartment lung is given by the following pair 
of first-order linear differential equations: 


à a) ly ae 0z:- 
(2) dt t C i? ex app ^ StSt, 


3 n( 25) + (Ly, +P =0 <t< 
(3) dt y C e | ex > fi = t= hot - 


The initial conditions, as indicated in assumption (vi), are V;(0) = 0 and V,(t;) = Vit) = Vr. 
The constant P,, is not known a priori but is determined from the end condition on the expiratory 
volume: V,(t) = 0. This will make each breath identical to the previous breath. To obtain a for- 
mula for P.,, complete the following steps. 


(a) Solve equation (2) for V;(t) with the initial condition V;(0) = 0. 
(b) Solve equation (3) for V, (f) with the initial condition V,(t)) = Vr. 
(c) Using the fact that V;(t;) = Vr, show that 


(e RC _ 1) P. 


ga RC — 1 


app 


Pa 


E (d) For R = 10 cm (H5O)/L/sec, C = 0.02 L/cm (H20), Papp = 20 cm (H20), t; = 1 sec and 
trot = 3 sec, plot the graphs of V;(t) and V,(f) over the interval [0, tot]. Compute Pex for 
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(e) 


C 


these parameters. 
The mean alveolar pressure is the average pressure in the lung during inspiration and is 
given by the formula 


Vit 
Poa hf (Yat n. 
ti Jay C i 


Compute this quantity using your expression for V;(f) in part (a). 


Torricelli's Law of Fluid Flow 


Courtesy of Randall K. Campbell-Wright 


How long does it take for water to drain through a hole in the bottom of a tank? Consider the tank 
pictured in Figure 2.14, which drains through a small, round hole. Torricelli's law’ states that 
when the surface of the water is at a height h, the water drains with the velocity it would have if it 
fell freely from a height h (ignoring various forms of friction). 


(a) 


(b) 


(c) 


Show that the standard gravity differential equation 
uo 
dr? 
leads to the conclusion that an object that falls from a height A(0) will land with a velocity 
of —V 2gh(0). 
Let A(h) be the cross-sectional area of the water in the tank at height h and a the area of 
the drain hole. The rate at which water is flowing out of the tank at time t can be 
expressed as the cross-sectional area at height / times the rate at which the height of the 
water is changing. Alternatively, the rate at which water flows out of the hole can be 
expressed as the area of the hole times the velocity of the draining water. Set these two 
equal to each other and insert Torricelli's law to derive the differential equation 


Bü. ug ec. 


dt 


The conical tank of Figure 2.14 has a radius of 30 cm when it is filled to an initial depth 
of 50 cm. A small round hole at the bottom has a diameter of 1 cm. Determine A(/) and 
a and then solve the differential equation in (4), thus deriving a formula relating time 
and the height of the water in this tank. 


TE 


50 cm 


Figure 2.14 Conical tank 


‘Historical Footnote: Evangelista Torricelli (1608-1647) invented the barometer and worked on computing the value 
of the acceleration of gravity as well as observing this principle of fluid flow. 
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(d) Use your solution to (c) to predict how long it will take for the tank to drain entirely. 

(e) Which would drain faster, the tank pictured or an upside-down conical tank of the same 
dimensions draining through a hole of the same size (1-cm diameter)? How long would 
it take to drain the upside-down tank? 

(f) Find a water tank and time how long it takes to drain. (You may be able to borrow a 
"separatory funnel" from your chemistry department or use a large water cooler.) The 
tank should be large enough to take several minutes to drain, and the drain hole should 
be large enough to allow water to flow freely. The top of the tank should be open (so 
that the water will not *glug"). Repeat steps (c) and (d) for your tank and compare the 
prediction of Torricelli's law to your experimental results. 


D The Snowplow Problem 


To apply the techniques discussed in this chapter to real-world problems, it is necessary to trans- 
late these problems into questions that can be answered mathematically. The process of reformu- 
lating a real-world problem as a mathematical one often requires making certain simplifying 
assumptions. To illustrate this, consider the following snowplow problem: 


One morning it began to snow very hard and continued snowing steadily throughout the 
day. A snowplow set out at 9:00 A.M. to clear a road, clearing 2 mi by 11:00 A.M. and an 
additional mile by 1:00 P.M. At what time did it start snowing? 


To solve this problem, you can make two physical assumptions concerning the rate at which 
it is snowing and the rate at which the snowplow can clear the road. Because it is snowing 
steadily, it is reasonable to assume it is snowing at a constant rate. From the data given (and from 
our experience), the deeper the snow, the slower the snowplow moves. With this in mind, assume 
that the rate (in mph) at which a snowplow can clear a road is inversely proportional to the depth 
of the snow. 


E TwoSnowplows 


Courtesy of Alar Toomre, Massachusetts Institute of Technology 


One day it began to snow exactly at noon at a heavy and steady rate. A snowplow left its garage at 
1:00 P.M., and another one followed in its tracks at 2:00 P.M. (see Figure 2.15 on page 84). 


(a) At what time did the second snowplow crash into the first? 'To answer this question, 
assume as in Project D that the rate (in mph) at which a snowplow can clear the road is 
inversely proportional to the depth of the snow (and hence to the time elapsed since the 
road was clear of snow). [Hint: Begin by writing differential equations for x(t) and y(t), 
the distances traveled by the first and second snowplows, respectively, at ¢ hours past 
noon. To solve the differential equation involving y, let t rather than y be the dependent 
variable!] 

(b) Could the crash have been avoided by dispatching the second snowplow at 3:00 P.M. 
instead? 
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E NE Sh — QN 


0 y(t) X(t) Miles from garage 


Figure 2.15 Method of successive snowplows 


F Clairaut Equations and Singular Solutions 
An equation of the form 


ig 
© y-xg + fldy/dx) , 


where the continuously differentiable function f(t) is evaluated at t = dy/dx, is called a Clairaut 

equation.’ Interest in these equations is due to the fact that (5) has a one-parameter family of 

solutions that consist of straight lines. Further, the envelope of this family—that is, the curve whose 

tangent lines are given by the family—is also a solution to (5) and is called the singular solution. 
To solve a Clairaut equation: 


(a) Differentiate equation (5) with respect to x and simplify to show that 


d? 
© [k + f'(dy/a)] = -0. where  fü)-If0. 


(b) From (6), conclude that dy/dx = c or f'(dy/dx) = —x. Assume that dy/dx = c and 
substitute back into (5) to obtain the family of straight-line solutions 


y= + fle). 


(c 


— 


Show that another solution to (5) is given parametrically by 


x= —f'(p), 
y 7 f(p) — pf(p) . 


where the parameter p — dy/dx. This solution is the singular solution. 

(d) Use the above method to find the family of straight-line solutions and the singular solu- 
tion to the equation 

aa[ 9 rope 

Y Nae dx] ` 
Here f(t) = 217. Sketch several of the straight-line solutions along with the singular 
solution on the same coordinate system. Observe that the straight-line solutions are all 
tangent to the singular solution. 


Repeat part (d) for the equation 


(e 


— 


x(dyldx) — y(dyldx - 2-0. 


“Historical Footnote: These equations were studied by Alexis Clairaut in 1734. 
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G Multiple Solutions of a First-Order Initial 
Value Problem 


Courtesy of Bruce W. Atkinson, Samford University 


The initial value problem (IVP), 


d 
1 Z=”,  yQ)=0, 
which was discussed in Example 9 and Problem 29 of Section 1.2, is an example of an IVP that 
has more than one solution. The goal of this project is to find all the solutions to (7) on 
(—oo, +00). It turns out that there are infinitely many! These solutions can be obtained by con- 
catenating the three functions (x — a) for x < a, the constant 0 fora = x = b, and (x — b)? for 
x > b, where a = 2 = b, as can be seen by completing the following steps: 


(a) Show that if y = f(x) is a solution to the differential equation dy/dx = 3y?? that is not 
zero on an open interval /, then on this interval f(x) must be of the form 
f(x) = (x — cy for some constant c not in Z. 

(b) Prove that if y = f(x) is a solution to the differential equation dy/dx = 3y?? on 
(—oo, +00) and f(a) = f(b) = 0, where a < b, then f(x) = 0 fora S$ x x b. [Hint: 
Consider the sign of f’.] 

(c ) Now let y = g(x) be a solution to the IVP (7) on (—co, +00). Of course g(2) = 0. If g 
vanishes at some point x > 2, then let b be the largest of such points; otherwise, set 
b = 2. Similarly, if g vanishes at some point x < 2, then let a be the smallest (furthest 
to the left) of such points; otherwise, set a = 2. Here we allow b = +00 anda = —oo. 
(Because g is a continuous function, it can be proved that there always exist such largest 
and smallest points.) Using the results of parts (a) and (b) prove that if both a and b are 
finite, then g has the following form: 


(x—ay ifx<a 
g(x) = 40 ifa«cxzb. 
(x—by ifx>b 


What is the form of g if b = +oo? Ifa — —oo? Ifboth b = +coo anda = —oo? 


(d) Verify directly that the above concatenated function g is indeed a solution to the IVP (7) 
for all choices of a and b with a = 2 = b. Also sketch the graph of several of the solu- 
tion function g in part (c) for various values of a and b, including infinite values. 


We have analyzed here a first-order IVP that not only fails to have a unique solution but has a 
solution set consisting of a doubly infinite family of functions (with a and b as the two parameters). 


H Utility Functions and Risk Aversion 


Courtesy of James E. Foster, George Washington University 


Would you rather have $5 with certainty or a gamble involving a 5096 chance of receiving $1 and 
a 5096 chance of receiving $11? The gamble has a higher expected value ($6); however, it also 
has a greater level of risk. Economists model the behavior of consumers or other agents facing 
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risky decisions with the help of a (von Neumann-Morgenstern) utility function u and the criterion 
of expected utility. 

Rather than using expected values of the dollar payoffs, the payoffs are first transformed into 
utility levels and then weighted by probabilities to obtain expected utility. Following the sugges- 
tion of Daniel Bernoulli, we might set u(x) = In x and then compare In 5 = 0.8047 to [0.5 In 1 + 
0.5 In 11] = 0.1969, which would result in the sure thing being chosen in this case rather than the 
gamble. This utility function is strictly concave, which corresponds to the agent being risk averse, 
or wanting to avoid gambles (unless of course the extra risk is sufficiently compensated by a high 
enough increase in the mean or expected payoff). 

Alternatively, the utility function might be u(x) = x°, which is strictly convex and corre- 
sponds to the agent being risk loving. This agent would surely select the above gamble. The case 
of u(x) = x occurs when the agent is risk neutral and would select according to the expected 
value of the payoff. It is normally assumed that u'(x) > 0 at all payoff levels, x; in other words, 
higher payoffs are desirable. 

In addition to knowing if an agent is risk averse or risk loving, economists are often inter- 
ested in knowing how risk averse (or risk loving) an agent is. Clearly this has something to do 
with the second derivative of the utility function. The measure of relative risk aversion of an 
agent with utility function u(x) and payoff x is defined as r(x) = —u"(x)x/u'(x). Normally, r(x) is 
a function of the payoff level. However, economists often find it convenient to restrict considera- 
tion to utility functions for which r(x) is constant, say, r(x) = s for all x. It is easily shown that 
each of u(x) = In x, u(x) = x?, and u(x) = x exhibits constant relative risk aversion (with levels 
s = 1,s = —1, and s = 0, respectively). A question naturally arises: What is the set of all utility 
functions that have constant relative risk aversion? 


(a) State the second-order differential equation defined by the above question. 

(b) Convert this into a separable first-order differential equation for u'(x), solve, and use the 
solution to determine the possible forms that u'(x) can take. 

(c) Integrate to obtain the set of all constant relative risk-aversion utility functions. This 
class is used extensively throughout economics. 

(d) An alternative measure of risk aversion is a(x) = u"(x)/u'(x), the measure of absolute 
risk aversion. Find the set of all utility functions exhibiting constant absolute risk 
aversion. 

(e) Which functions u(x) are both constant absolute and constant relative risk-aversion 
utility functions? 


For further reading, see, for example, the economics text Microeconomic Theory, by 
A. Mas-Colell, M. Whinston, and J. Green (Oxford University Press, Oxford, 1995). 


I Designing a Solar Collector 


You want to design a solar collector that will concentrate the sun's rays at a point. By symmetry 
this surface will have a shape that is a surface of revolution obtained by revolving a curve about 
an axis. Without loss of generality, you can assume that this axis is the x-axis and the rays parallel 
to this axis are focused at the origin (see Figure 2.16). To derive the equation for the curve, 
proceed as follows: 


(a) The law of reflection says that the angles y and 6 are equal. Use this and results from 
geometry to show that B = 2a. 
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(b) From calculus recall that dy/dx = tan a. Use this, the fact that y/x = tan B, and the 
double angle formula to show that 


y | 2dyldx 

X pex 

(c) Now show that the curve satisfies the differential equation 

dy -x+Vxr+y 

dx y 

(d) Solve equation (8). [Hint: See Section 2.6.] 

(e) Describe the solutions and identify the type of collector obtained. 


(8) 


unknown curve 


sun rays 


tangent line E S 


>X 


Figure 2.16 Curve that generates a solar collector 


Asymptotic Behavior of Solutions to 
Linear Equations 


To illustrate how the asymptotic behavior of the forcing term Q(x) affects the solution to a linear 
equation, consider the equation 


where the constant a is positive and Q(x) is continuous on [0, oo). 


(a) Show that the general solution to equation (9) can be written in the form 


x 


6) = wae #8) e e | noto. 


Xo 


where x is a nonnegative constant. 


(b) If |Q(x)| < k for x = xo, where k and x are nonnegative constants, show that 


WOLE Ix(xg)]e + En —e ^9]  foxzx. 
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(c) Let z(x) satisfy the same equation as (9) but with forcing function Q(x). That is, 
dz A 
FE + az = Q(x) , 


where Q(x) is continuous on [ 0, oo). Show that if 
|O(x)- Q()| SK — fox = x, 
then 


Iz) = »G9I = felso) — xG)le 779 + x [impr fox = xy. 
(d) Now show that if Q(x) — B. as x — oo, then any solution y(x) of equation (9) satisfies 
y(x)  B/a as x — oo. [Hint: Take O(x) = B and z(x) = B/a in part (c).] 


(e) As an application of part (d), suppose a brine solution containing q(t) kg of salt per liter 
at time / runs into a tank of water at a fixed rate and that the mixture, kept uniform by 
stirring, flows out at the same rate. Given that g(t) — B as t > oo, use the result of part 


(d) to determine the limiting concentration of the salt in the tank as t — oo (see Exer- 
cises 2.3, Problem 35). 


CHAPTER 3 
Mathematical Models and 


Numerical Methods Involving 
First-Order Equations 


3.1 MATHEMATICAL MODELING 


Adopting the Babylonian practices of careful measurement and detailed observations, the 
ancient Greeks sought to comprehend nature by logical analysis. Aristotle's convincing 
arguments that the world was not flat, but spherical, led the intellectuals of that day to ponder 
the question: What is the circumference of Earth? And it was astonishing that Eratosthenes 
managed to obtain a fairly accurate answer to this problem without having to set foot beyond 
the ancient city of Alexandria. His method involved certain assumptions and simplifications: 
Earth is a perfect sphere, the Sun's rays travel parallel paths, the city of Syene was 5000 stadia 
due south of Alexandria, and so on. With these idealizations Eratosthenes created a mathemati- 
cal context in which the principles of geometry could be applied." 

Today, as scientists seek to further our understanding of nature and as engineers seek, 
on a more pragmatic level, to find answers to technical problems, the technique of repre- 
senting our “real world" in mathematical terms has become an invaluable tool. This process 
of mimicking reality by using the language of mathematics is known as mathematical 
modeling. 

Formulating problems in mathematical terms has several benefits. First, it requires that we 
clearly state our premises. Real-world problems are often complex, involving several different 
and possibly interrelated processes. Before mathematical treatment can proceed, one must 
determine which variables are significant and which can be ignored. Often, for the relevant 
variables, relationships are postulated in the form of laws, formulas, theories, and the like. 
These assumptions constitute the idealizations of the model. 

Mathematics contains a wealth of theorems and techniques for making logical deductions 
and manipulating equations. Hence, it provides a context in which analysis can take place free 
of any preconceived notions of the outcome. It is also of great practical importance that mathe- 
matics provides a format for obtaining numerical answers via a computer. 

The process of building an effective mathematical model takes skill, imagination, and 
objective evaluation. Certainly an exposure to several existing models that illustrate various 
aspects of modeling can lead to a better feel for the process. Several excellent books and 
articles are devoted exclusively to the subject." In this chapter we concentrate on examples of 


*For further reading, see, for example, The Mapmakers, by John Noble Wilford (Vintage Books, New York, 1982), 
Chapter 2. 

See, for example, A First Course in Mathematical Modeling, 4th ed., by F. T. Giordano, W. P. Fox, S. B. Horton, 
and M. D. Weir (Brooks/Cole, Pacific Grove, California, 2009) or Concepts of Mathematical Modeling, by W. J. 
Meyer (Dover Publications, Mineola, New York, 2004). 
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models that involve first-order differential equations. In studying these and in building your 
own models, the following broad outline of the process may be helpful. 


Formulate the Problem 


Here you must pose the problem in such a way that it can be “answered” mathematically. This 
requires an understanding of the problem area as well as the mathematics. At this stage you 
may need to confer with experts in that area and read the relevant literature. 


Develop the Model 


There are two things to be done here. First, you must decide which variables are important and 
which are not. The former are then classified as independent variables or dependent variables. 
The unimportant variables are those that have very little or no effect on the process. (For exam- 
ple, in studying the motion of a falling body, its color is usually of little interest.) The indepen- 
dent variables are those whose effect is significant and that will serve as input for the model." 
For the falling body, its shape, mass, initial position, initial velocity, and time from release are 
possible independent variables. The dependent variables are those that are affected by the inde- 
pendent variables and that are important to solving the problem. Again, for a falling body, its 
velocity, location, and time of impact are all possible dependent variables. 

Second, you must determine or specify the relationships (for example, a differential equa- 
tion) that exist among the relevant variables. This requires a good background in the area and 
insight into the problem. You may begin with a crude model and then, based upon testing, 
refine the model as needed. For example, you might begin by ignoring any friction acting on 
the falling body. Then, if it is necessary to obtain a more acceptable answer, try to take into 
account any frictional forces that may affect the motion. 


Test the Model 


Before attempting to “verify” a model by comparing its output with experimental data, the 
following questions should be considered: 


Are the assumptions reasonable? 


Are the equations dimensionally consistent? (For example, we don't want to add 
units of force to units of velocity.) 


Is the model internally consistent in the sense that equations do not contradict one 
another? 


Do the relevant equations have solutions? 

Are the solutions unique? 

How difficult is it to obtain the solutions? 

Do the solutions provide an answer for the problem being studied? 


When possible, try to validate the model by comparing its predictions with any experimental 
data. Begin with rather simple predictions that involve little computation or analysis. Then, as the 


"In the mathematical formulation of the model, certain of the independent variables may be called parameters. 
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model is refined, check to see that the accuracy of the model's predictions is acceptable to you. In 
some cases validation is impossible or socially, politically, economically, or morally unreason- 
able. For example, how does one validate a model that predicts when our Sun will die out? 

Each time the model is used to predict the outcome of a process and hence solve a prob- 
lem, it provides a test of the model that may lead to further refinements or simplifications. In 
many cases a model is simplified to give a quicker or less expensive answer—provided, of 
course, that sufficient accuracy is maintained. 

One should always keep in mind that a model is not reality but only a representation of 
reality. The more refined models may provide an understanding of the underlying processes of 
nature. For this reason applied mathematicians strive for better, more refined models. Still, the 
real test of a model is its ability to find an acceptable answer for the posed problem. 

In this chapter we discuss various models that involve differential equations. Section 3.2, 
Compartmental Analysis, studies mixing problems and population models. Sections 3.3 
through 3.5 are physics-based and examine heating and cooling, Newtonian mechanics, and 
electrical circuits. Finally Sections 3.6 and 3.7 introduce some numerical methods for solving 
first-order initial value problems. This will enable us to consider more realistic models that 
cannot be solved using the methods of Chapter 2. 


3.2 COMPARTMENTAL ANALYSIS 


Many complicated processes can be broken down into distinct stages and the entire system 
modeled by describing the interactions between the various stages. Such systems are called 
compartmental and are graphically depicted by block diagrams. In this section we study the 
basic unit of these systems, a single compartment, and analyze some simple processes that can 
be handled by such a model. 

The basic one-compartment system consists of a function x(t) that represents the amount of 
a substance in the compartment at time f, an input rate at which the substance enters the com- 
partment, and an output rate at which the substance leaves the compartment (see Figure 3.1). 

Because the derivative of x with respect to ¢ can be interpreted as the rate of change in the 
amount of the substance in the compartment with respect to time, the one-compartment system 
suggests 


(1) a = input rate — output rate 


as a mathematical model for the process. 


Input Output 
pu x(t) — EP 
rate rate 


Figure 3.1 Schematic representation of a one-compartment system 


Mixing Problems 


A problem for which the one-compartment system provides a useful representation is the mix- 
ing of fluids in a tank. Let x(t) represent the amount of a substance in a tank (compartment) at 
time ¢. To use the compartmental analysis model, we must be able to determine the rates at 
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which this substance enters and leaves the tank. In mixing problems one is often given the rate 
at which a fluid containing the substance flows into the tank, along with the concentration of 
the substance in that fluid. Hence, multiplying the flow rate (volume/time) by the concentration 


(amount/volume) yields the input rate (amount/time). 


The output rate of the substance is usually more difficult to determine. If we are given the 
exit rate of the mixture of fluids in the tank, then how do we determine the concentration of the 
substance in the mixture? One simplifying assumption that we might make is that the concen- 
tration is kept uniform in the mixture. Then we can compute the concentration of the substance 
in the mixture by dividing the amount x(t) by the volume of the mixture in the tank at time f. 
Multiplying this concentration by the exit rate of the mixture then gives the desired output rate 


of the substance. This model is used in Examples 1 and 2. 


Solution We can view the tank as a compartment containing salt. If we let x(t) denote the mass of salt in 
the tank at time f, we can determine the concentration of salt in the tank by dividing x(t) by the 
volume of fluid in the tank at time t. We use the mathematical model described by equation (1) 


to solve for x(t). 


First we must determine the rate at which salt enters the tank. We are given that brine flows 
into the tank at a rate of 6 L/min. Since the concentration is 0.1 kg/L, we conclude that the 


input rate of salt into the tank is 


(2) (6 L/min)(0.1 kg/L) — 0.6 kg/min . 


We must now determine the output rate of salt from the tank. The brine solution in the 
tank is kept well stirred, so let's assume that the concentration of salt in the tank is uniform. 
That is, the concentration of salt in any part of the tank at time f is just x(t) divided by the vol- 
ume of fluid in the tank. Because the tank initially contains 1000 L and the rate of flow into 
the tank is the same as the rate of flow out, the volume is a constant 1000 L. Hence, the output 


rate of salt is 


x(t) 3x(t) 


1000 ien. ~ 500 


(3) (6 min) kg/min . 


The tank initially contained pure water, so we set x(0) — 0. Substituting the rates in (2) 


and (3) into equation (1) then gives the initial value problem 


(4) 


as a mathematical model for the mixing problem. 


6 L/min 
0.1 kg/L ^ 


Figure 3.2 Mixing problem with equal flow rates 


Consider a large tank holding 1000 L of pure water into which a brine solution of salt begins to 
flow at a constant rate of 6 L/min. The solution inside the tank is kept well stirred and is flowing 
out of the tank at a rate of 6 L/min. If the concentration of salt in the brine entering the tank is O.1 
kg/L, determine when the concentration of salt in the tank will reach 0.05 kg/L (see Figure 3.2). 


Example 2 


Solution 
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The equation in (4) is separable (and linear) and easy to solve. Using the initial condition 
x(0) — Oto evaluate the arbitrary constant, we obtain 


(5 x() = 100(1 — e735) | 


Thus, the concentration of salt in the tank at time f is 


x(t) 


1000 


= 0.1(1 — 636) kg/L . 


To determine when the concentration of salt is 0.05 kg/L, we set the right-hand side equal to 
0.05 and solve for t. This gives 


01i 279/0599) = 005 or a = 05 , 


and hence 


; — 5001n2 


3 = 115.52 min . 


Consequently the concentration of salt in the tank will be 0.05 kg/L after 115.52 min. € 


From equation (5), we observe that the mass of salt in the tank steadily increases and has 
the limiting value 


lim x(r) = lim 100(1 — e~¥#5) = 100 kg . 


Thus, the limiting concentration of salt in the tank is 0.1 kg/L, which is the same as the con- 
centration of salt in the brine flowing into the tank. This certainly agrees with our expectations! 

It might be interesting to see what would happen to the concentration if the flow rate into 
the tank is greater than the flow rate out. 


For the mixing problem described in Example 1, assume now that the brine leaves the tank at a 
rate of 5 L/min instead of 6 L/min, with all else being the same (see Figure 3.3). Determine the 
concentration of salt in the tank as a function of time. 


The difference between the rate of flow into the tank and the rate of flow out is 6 — 5 = 
1 L/min, so the volume of fluid in the tank after t minutes is (1000 + f) L. Hence, the rate at 
which salt leaves the tank is 


(5 L/min) AO ei | = poten 
MH?) T000 + z “S 1000 + z “8 ™ > 
6 L/min 
0.1 kg/L 


Figure 3.3 Mixing problem with unequal flow rates 
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Using this in place of (3) for the output rate gives the initial value problem 


dx 5x 
©  4796-1o4;: "O 


as a mathematical model for the mixing problem. 
The differential equation in (6) is linear, so we can use the procedure outlined on page 48 to 
solve for x(t). The integrating factor is w(t) = (1000 + r)°. Thus, 


£ f (1000 + fx] = 0.6(1000 + A’ 
(1000 + rx = 0.1(1000 + 1)° + c 
x(t) = 0.1(1000 + t) + c(1000 + 4)™5 . 


Using the initial condition x(0) = 0, we find c = —0.1(1000)6, and thus the solution to (6) is 


x(t) = 0.1[(1000 + £) — (1000)*(1000 + A=] . 
Hence, the concentration of salt in the tank at time t is 


x(t) 


1000 + t 


(7) = 0.1[1 — (1000)°(1000 + ?) $] kg/L . € 


As in Example 1, the concentration given by (7) approaches 0.1 kg/L as t — oo. How- 
ever, in Example 2 the volume of fluid in the tank becomes unbounded, and when the tank 
begins to overflow, the model in (6) is no longer appropriate. 


Population Models 


How does one predict the growth of a population? If we are interested in a single population, 
we can think of the species as being contained in a compartment (a petri dish, an island, a 
country, etc.) and study the growth process as a one-compartment system. 

Let p(t) be the population at time t. While the population is always an integer, it is usually 
large enough so that very little error is introduced in assuming that p(t) is a continuous function. 
We now need to determine the growth (input) rate and the death (output) rate for the population. 

Let's consider a population of bacteria that reproduce by simple cell division. In our 
model, we assume that the growth rate is proportional to the population present. This assump- 
tion is consistent with observations of bacterial growth. As long as there are sufficient space 
and ample food supply for the bacteria, we can also assume that the death rate is zero. 
(Remember that in cell division, the parent cell does not die, but becomes two new cells.) 
Hence, a mathematical model for a population of bacteria is 


dp 
(8) qu kp —-P(0) = p. 


where kı > 0 is the proportionality constant for the growth rate and pg is the population at time 
t = 0. For human populations the assumption that the death rate is zero is certainly wrong! 
However, if we assume that people die only of natural causes, we might expect the death rate 
also to be proportional to the size of the population. That is, we revise (8) to read 


dp 


(9) qy 7 iP ~ kop = (ki — l)p = kp , 


Example 3 


Solution 
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where k :— k; — ky and k, is the proportionality constant for the death rate. Let's assume that 
kı > ky so that k > 0. This gives the mathematical model 


(10) =k, 0) = po; 


which is called the Malthusian, or exponential, law of population growth. This equation is 


separable, and solving the initial value problem for p(t) gives 


(11) — p()-pe". 


To test the Malthusian model, let's apply it to the demographic history of the United 
States. 


In 1790 the population of the United States was 3.93 million, and in 1890 it was 62.98 million. 
Using the Malthusian model, estimate the U.S. population as a function of time. 


If we set t = 0 to be the year 1790, then by formula (11) we have 
(12)  p()- (3.93)e", 


where p(t) is the population in millions. One way to obtain a value for k would be to make the 
model fit the data for some specific year, such as 1890 (t = 100 years). We have 
p(100) = 62.98 = (3.93)e!™ . 


Solving for k yields 


"T 1n(62.98) — In(3.93) 
100 


= 0.027742 . 


Substituting this value in equation (12), we find 
(13) p(t) = (3.93) e (0.027742) E 


In Table 3.1 on page 96 we list the U.S. population as given by the U.S. Bureau of the 
Census and the population predicted by the Malthusian model using equation (13). From Table 
3.1 we see that the predictions based on the Malthusian model are in reasonable agreement 
with the census data until about 1900. After 1900 the predicted population is too large, and the 
Malthusian model is unacceptable. 

We remark that a Malthusian model can be generated using the census data for any two 
different years. We selected 1790 and 1890 for purposes of comparison with the logistic model 
that we now describe. 

The Malthusian model considered only death by natural causes. What about premature 
deaths due to malnutrition, inadequate medical supplies, communicable diseases, violent 
crimes, etc.? These factors involve a competition within the population, so we might assume 


‘Historical Footnote: Thomas R. Malthus (1766-1834) was a British economist who studied population models. 


The choice of the year 1890 is purely arbitrary, of course; a more democratic (and better) way of extracting 
parameters from data is described after Example 4. 
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V:i A Comparison of the Malthusian and Logistic Models with U.S. Census 
Data (Population is given in Millions) 

Malthusian Logistic 1 dp Logistic 
Year U.S. Census (Example 3) (Example 4) p dt (Least Squares) 
1790 3.93 3.93 3,03 4.11 
1800 5.31 5:19 5.30 0.0312 5.42 
1810 7.24 6.84 7.13 0.0299 7.14 
1820 9.64 9.03 9.58 0.0292 9.39 
1830 12.87 11.92 12.82 0.0289 12.33 
1840 1707 15.73 17.07 0.0302 16.14 
1850 23.19 20.76 22.60 0.0310 21.05 
1860 31.44 27.40 29.70 0.0265 27.33 
1870 39.82 36.16 38.66 0.0235 35.28 
1880 50.19 47.72 49.71 0.0231 45.21 
1890 62.98 62.98 62.98 0.0207 57.41 
1900 76.21 83.12 78.42 0.0192 7211 
1910 92.23 109.69 95.73 0.0162 89.37 
1920 106.02 144.76 114.34 0.0146 109.10 
1930 123.20 191.05 133.48 0.0106 130.92 
1940 132.16 252.13 152.26 0.0106 154.20 
1950 151.33 333.74 169.90 0.0156 178.12 
1960 179.32 439.12 185.76 0.0145 201.75 
1970 203.30 579.52 199.50 0.0116 224.21 
1980 226.54 764.80 211.00 0.0100 244.79 
1990 248.71 1009.33 220.38 0.0110 263.01 
2000 281.42 1332.03 227.84 0.0107 278.68 
2010 308.75 1757.91 233.68 291.80 
2020 ? 2319.95 238.17 302.56 


that another component of the death rate is proportional to the number of two-party interactions. 
There are p(p — 1)/2such possible interactions for a population of size p. Thus, if we combine 
the birth rate (8) with the death rate and rearrange constants, we get the logistic model 


dp _ plp- 1) 
dt kip k3 2 


or 


d 
(14) x = —Ap(p - pı), pi0)=p, 


where A = k3/2 and p, = (2kı/k3) + 1. 


Equation (14) has two equilibrium (constant) solutions: p(t) = p; and p(t) = 0. The non- 
equilibrium solutions can be found by separating variables and using the integral table on the 
inside front cover: 


Example 4 


Solution 
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p p 
Á A 
bh c 
Pı Pı 
Po 
=> t >t 
(a) O0«po«p (b Po>P; 


Figure 3.4 The logistic curves 


If p(t) = poat t = 0, and c4 = 1 — p;/po, then solving for p(t), we find 


Pı PoP1 
15 t) = = " 
as Pte 1c 9^ — pip, — poe" 
The function p(t) given in (15) is called the logistic function, and graphs of logistic curves 
are displayed in Figure 3.4.' Note that for A > 0 and pọ > 0, the limit population as t — oo, 
is Pı- 
Let's test the logistic model on the population growth of the United States. 


Taking the 1790 population of 3.93 million as the initial population and given the 1840 and 
1890 populations of 17.07 and 62.98 million, respectively, use the logistic model to estimate 
the population at time f. 


With t = 0 corresponding to the year 1790, we know that py = 3.93. We must now determine 
the parameters A, p; in equation (15). For this purpose, we use the given facts that p(50) — 
17.07 and p(100) — 62.98; that is, 


16) 1707 SEM 
3.93 + (p, — 3.93)e AP: " 
3.93 
17 «62.98 = id 


3.93 + (p, — 3.93)e 7100P: ` 


Equations (16) and (17) are two nonlinear equations in the two unknowns A, pı. To solve such 
a system, we would usually resort to a numerical approximation scheme such as Newton's 
method. However, for the case at hand, it is possible to find the solutions directly because the 
data are given at times f, and f, with f, = 2f, (see Problem 12). Carrying out the algebra 
described in Problem 12, we ultimately find that 


(48) pı ~ 251.7812. and A = 0.0001210 . 
Thus, the logistic model for the given data is 


989.50 
3.93 + (247.85)e (0050463) ` 


a9  p()- 


"Historical Footnote: The logistic model for population growth was first developed by P. F. Verhulst around 1840. 
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The population data predicted by (19) are displayed in column 4 of Table 3.1. As you can 
see, these predictions are in better agreement with the census data than the Malthusian model 
is. And, of course, the agreement is perfect in the years 1790, 1840, and 1890. However, the 
choice of these particular years for estimating the parameters po, A, and p, is quite arbitrary, 
and we would expect that a more robust model would use all of the data, in some way, for the 


estimation. One way to implement this idea is the following. 


Observe from equation (14) that the logistic model predicts a linear relationship between 


(dp/dt)/p and p: 


with Ap; as the intercept and —A as the slope. In column five of Table 3.1, we list values of 


(dp/dt)/p, which are estimated from centered differences according to 


1 p(t-- 10) — p(t — 10) 
p(t) 20 


Pi) = 


PM p(t) dt 


(see Problem 16). In Figure 3.5 these estimated values of (dp/dt)/p are plotted against p in 
what is called a scatter diagram. The linear relationship predicted by the logistic model sug- 
gests that we approximate the plot by a straight line. A standard technique for doing this is 
the so-called least-squares linear fit, which is discussed in Appendix E. This yields the 


straight line 


1 dp 
— —- = 0.0280960 — 0.00008231p , 
p dt 


which is also depicted in Figure 3.5. Now with A = 0.00008231 and p, = (0.0280960/A) ~ 


341.4, we can solve equation (15) for po: 


p(t)pye ^?" 
pi — p(t)[1 — em] 


(1) po= 


> p (millions) 


+ + + + + + 
0 50 100 150 200 250 300 


Figure 3.5 Scatter data and straight line fit 
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By averaging the right-hand side of (21) over all the data, we obtain the estimate po ~ 4.107. 
Finally, the insertion of these estimates for the parameters in equation (15) leads to the predic- 


tions listed in column six of Table 3.1. 


Note that this model yields p, ~ 341.4 million as the limit on the future population of the 


United States. 


PESA MM 


1. A brine solution of salt flows at a constant rate of 


8 L/min into a large tank that initially held 100 L of 
brine solution in which was dissolved 0.5 kg of salt. 
The solution inside the tank is kept well stirred and 
flows out of the tank at the same rate. If the con- 
centration of salt in the brine entering the tank is 
0.05 kg/L, determine the mass of salt in the tank 
after t min. When will the concentration of salt in the 
tank reach 0.02 kg/L? 


. A brine solution of salt flows at a constant rate of 
6 L/min into a large tank that initially held 50 L of 
brine solution in which was dissolved 0.5 kg of salt. 
The solution inside the tank is kept well stirred and 
flows out of the tank at the same rate. If the concen- 
tration of salt in the brine entering the tank is 
0.05 kg/L, determine the mass of salt in the tank 
after t min. When will the concentration of salt in the 
tank reach 0.03 kg/L? 

. A nitric acid solution flows at a constant rate of 
6 L/min into a large tank that initially held 200 L of 
a 0.5% nitric acid solution. The solution inside the 
tank is kept well stirred and flows out of the tank at a 
rate of 8 L/min. If the solution entering the tank is 
20% nitric acid, determine the volume of nitric acid 
in the tank after t min. When will the percentage of 
nitric acid in the tank reach 1096? 

. A brine solution of salt flows at a constant rate of 
4 L/min into a large tank that initially held 100 L of 
pure water. The solution inside the tank is kept well 
stirred and flows out of the tank at a rate of 3 L/min. 
If the concentration of salt in the brine entering the 
tank is 0.2 kg/L, determine the mass of salt in the 
tank after f min. When will the concentration of salt 
in the tank reach 0.1 kg/L? 


. A swimming pool whose volume is 10,000 gal con- 
tains water that is 0.01% chlorine. Starting at t = 0, 
city water containing 0.00196 chlorine is pumped 
into the pool at a rate of 5 gal/min. The pool water 
flows out at the same rate. What is the percentage of 


10. 


chlorine in the pool after 1 h? When will the pool 
water be 0.00246 chlorine? 


. The air in a small room 12 ft by 8 ft by 8 ft is 396 


carbon monoxide. Starting at t = 0, fresh air con- 
taining no carbon monoxide is blown into the room 
at a rate of 100 ft/min. If air in the room flows out 
through a vent at the same rate, when will the air in 
the room be 0.0196 carbon monoxide? 


. Beginning at time ¢ = 0, fresh water is pumped at 


the rate of 3 gal/min into a 60-gal tank initially filled 
with brine. The resulting less-and-less salty mixture 
overflows at the same rate into a second 60-gal tank 
that initially contained only pure water, and from 
there it eventually spills onto the ground. Assuming 
perfect mixing in both tanks, when will the water in 
the second tank taste saltiest? And exactly how salty 
will it then be, compared with the original brine? 


. A tank initially contains so lb of salt dissolved in 


200 gal of water, where sọ is some positive number. 
Starting at time t = 0, water containing 0.5 Ib of salt 
per gallon enters the tank at a rate of 4 gal/min, and 
the well-stirred solution leaves the tank at the same 
rate. Letting c(t) be the concentration of salt in the 
tank at time ft, show that the limiting concentration— 
that is, lim; ,4,c(t) —is 0.5 Ib/gal. 


. In. 1990 the Department of Natural Resources 


released 1000 splake (a crossbreed of fish) into a 
lake. In 1997 the population of splake in the lake 
was estimated to be 3000. Using the Malthusian law 
for population growth, estimate the population of 
splake in the lake in the year 2020. 

Use a sketch of the phase line (see Group Project C, 
Chapter 1) to argue that any solution to the mixing 
problem model 


dx 


pn a,b0, 


= a — bx ; 


approaches the equilibrium solution x(t) = a/b as t 
approaches + oo; that is, a/b is a sink. 
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11. Use a sketch of the phase line (see Group Project C, 17. (a) For the U.S. census data, use the forward differ- 


12. 


13. 


14. 


15. 


16. 


Chapter 1) to argue that any solution to the logistic 
model 


dp 
—- = (a-bp)p: p(t) = po. 
dt 


where a, b, and py are positive constants, approaches 
the equilibrium solution p(t) = a/b as t approaches 
TOO; 

For the logistic curve (15), assume p, = p(t,) and 
Dy = p(ty) are given with t, = 2t, (t, > 0). Show 
that 


" k — 2pop, + 2d 
i a? 


pa — PoPo 
1 = 
oo in| PU z| l 
Pita Po( Po = Pa) 


[Hint: Equate the expressions (21) for pp at times t, and 
ty Set x = exp(—Ap,t,) and x? = exp (—Apyt,) 
and solve for x. Insert into one of the earlier expres- 
sions and solve for p,.] 


In Problem 9, suppose we have the additional infor- 
mation that the population of splake in 2004 was 
estimated to be 5000. Use a logistic model to esti- 
mate the population of splake in the year 2020. What 
is the predicted limiting population? [Hint: Use the 
formulas in Problem 12.] 

In 1980 the population of alligators on the Kennedy 
Space Center grounds was estimated to be 1500. In 
2006 the population had grown to an estimated 
6000. Using the Malthusian law for population 
growth, estimate the alligator population on the 
Kennedy Space Center grounds in the year 2020. 

In Problem 14, suppose we have the additional infor- 
mation that the population of alligators on the 
grounds of the Kennedy Space Center in 1993 was 
estimated to be 4100. Use a logistic model to esti- 
mate the population of alligators in the year 2020. 
What is the predicted limiting population? [Hint: 
Use the formulas in Problem 12.] 


Show that for a differentiable function p(t), we have 


i p(t + h)-p(t—- n) _ (a 

"n 2h P : 
which is the basis of the centered difference approx- 
imation used in (20). 


18. 


19. 


20. 


21. 


ence approximation to the derivative, that is, 
1 dp,, — ] p(t + 10) — p(t) 

p(t) dt B p(t) 10 

to recompute column 5 of Table 3.1. 


(b) Using the data from part (a), determine the con- 
stants A, p; in the least-squares fit 


, 


d A A 
pd P P 
(see Appendix E). 


(c) With the values for A and p, found in part (b), 
determine py by averaging formula (21) over the 
data. 

(d) Substitute A, p;, and po as determined above into 
the logistic formula (15) and calculate the popu- 
lations predicted for each of the years listed in 
Table 3.1. 

(e) Compare this model with that of the centered 
difference-based model in column 6 of Table 3.1. 


Using the U.S. census data in Table 3.1 for 1900, 
1920, and 1940 to determine parameters in the 
logistic equation model, what populations does the 
model predict for 2000 and 2010? Compare your 
answers with the census data for those years. 

The initial mass of a certain species of fish is 7 million 
tons. The mass of fish, if left alone, would increase 
at a rate proportional to the mass, with a proportion- 
ality constant of 2/yr. However, commercial fishing 
removes fish mass at a constant rate of 15 million 
tons per year. When will all the fish be gone? If the 
fishing rate is changed so that the mass of fish 
remains constant, what should that rate be? 

From theoretical considerations, it is known that 
light from a certain star should reach Earth with 
intensity Jọ. However, the path taken by the light 
from the star to Earth passes through a dust cloud, 
with absorption coefficient 0.1/light-year. The light 
reaching Earth has intensity 1/2 Ip. How thick is the 
dust cloud? (The rate of change of light intensity 
with respect to thickness is proportional to the inten- 
sity. One light-year is the distance traveled by light 
during 1 yr.) 

A snowball melts in such a way that the rate of 
change in its volume is proportional to its surface 
area. If the snowball was initially 4 in. in diameter 
and after 30 min its diameter is 3 in., when will its 
diameter be 2 in.? Mathematically speaking, when 
will the snowball disappear? 


22. 


Suppose the snowball in Problem 21 melts so that 
the rate of change in its diameter is proportional to 
its surface area. Using the same given data, deter- 
mine when its diameter will be 2 in. Mathematically 
speaking, when will the snowball disappear? 


In Problems 23—27, assume that the rate of decay of a 
radioactive substance is proportional to the amount of 
the substance present. The half-life of a radioactive sub- 
stance is the time it takes for one-half of the substance to 
disintegrate. 


23. 


24. 


25. 


If initially there are 50 g of a radioactive substance and 
after 3 days there are only 10 g remaining, what per- 
centage of the original amount remains after 4 days? 
If initially there are 300 g of a radioactive substance 
and after 5 yr there are 200 g remaining, how much 
time must elapse before only 10 g remain? 

Carbon dating is often used to determine the age of 
a fossil. For example, a humanoid skull was found in 
a cave in South Africa along with the remains of a 
campfire. Archaeologists believe the age of the skull 
to be the same age as the campfire. It is determined 
that only 2% of the original amount of carbon-14 
remains in the burnt wood of the campfire. Estimate 
the age of the skull if the half-life of carbon-14 is 
about 5600 years. 


Section 3.8 Heating and Cooling of Buildings 101 


26. 


27. 


To see how sensitive the technique of carbon 

dating of Problem 25 is, 

(a) Redo Problem 25 assuming the half-life of 
carbon-14 is 5550 yr. 

(b) Redo Problem 25 assuming 3% of the 
original mass remains. 

(c) If each of the figures in parts (a) and (b) 
represents a 196 error in measuring the two 
parameters of half-life and percent of mass 
remaining, to which parameter is the model 
more sensitive? 


The only undiscovered isotopes of the two 
unknown elements hohum and inertium (sym- 
bols Hh and It) are radioactive. Hohum decays 
into inertium with a decay constant of 2/yr, and 
inertium decays into the nonradioactive isotope 
of bunkum (symbol Bu) with a decay constant of 
1/yr. An initial mass of 1 kg of hohum is put into 
a nonradiaoctive container, with no other source 
of hohum, inertium, or bunkum. How much of 
each of the three elements is in the container 
after t yr? (The decay constant is the constant 
of proportionality in the statement that the 
rate of loss of mass of the element at any time 
is proportional to the mass of the element at 
that time.) 


3.3 HEATING AND COOLING OF BUILDINGS 


Our goal is to formulate a mathematical model that describes the 24-hr temperature profile 
inside a building as a function of the outside temperature, the heat generated inside the build- 
ing, and the furnace heating or air conditioner cooling. From this model we would like to 
answer the following three questions: 


(a) How long does it take to change the building temperature substantially? 


(b) How does the building temperature vary during spring and fall when there is no 
furnace heating or air conditioning? 


(c) How does the building temperature vary in summer when there is air conditioning or 
in the winter when there is furnace heating? 


A natural approach to modeling the temperature inside a building is to use compartmental 
analysis. Let T(t) represent the temperature inside the building at time t and view the building 
as a single compartment. Then the rate of change in the temperature is determined by all the 
factors that generate or dissipate heat. 

We will consider three main factors that affect the temperature inside the building. First is 
the heat produced by people, lights, and machines inside the building. This causes a rate of 
increase in temperature that we will denote by H(t). Second is the heating (or cooling) supplied 
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by the furnace (or air conditioner). This rate of increase (or decrease) in temperature will be 
represented by U(t). In general, the additional heating rate H(t) and the furnace (or air condi- 
tioner) rate U(t) are described in terms of energy per unit time (such as British thermal units 
per hour). However, by multiplying by the heat capacity of the building (in units of degrees 
temperature change per unit heat energy), we can express the two quantities H(t) and U(t) in 
terms of temperature per unit time. 

The third factor is the effect of the outside temperature M(t) on the temperature inside the 
building. Experimental evidence has shown that this factor can be modeled using Newton's 
law of cooling. This law states that the rate of change in the temperature T(t) is proportional to 
the difference between the outside temperature M(t) and the inside temperature T(t). That is, 
the rate of change in the building temperature due to M(t) is 


K[M(t) — Tà] . 


The positive constant K depends on the physical properties of the building, such as the number 
of doors and windows and the type of insulation, but K does not depend on M, T, or t. Hence, 
when the outside temperature is greater than the inside temperature, M(t) — T(t) > 0 and there 
is an increase in the building temperature due to M(t). On the other hand, when the outside 
temperature is less than the inside temperature, then M(t) — T(t) < 0 and the building temper- 
ature decreases. 

Summarizing, we find 


dT _ 


(1) uw K|M(t) — T(0] + H(t) + U(t) , 


where the additional heating rate H(t) is always nonnegative and U(t) is positive for furnace 
heating and negative for air conditioner cooling. A more detailed model of the temperature 
dynamics of the building could involve more variables to represent different temperatures in 
different rooms or zones. Such an approach would use compartmental analysis, with the rooms 
as different compartments (see Problems 35-37, Exercises 5.2). 

Because equation (1) is linear, it can be solved using the method discussed in Section 2.3. 
Rewriting (1) in the standard form 


Q Fiy + POT) = o0. 


where 
P():-K, 
(3) Q(t) = KM(t) + H(t) + U(t) , 


we find that the integrating factor is 


p(t) = exe( | kat) =e. 


To solve (2), multiply each side by e% and integrate: 


et) + ke() = eF'Q() , 


eT) = [eroa +C. 


Example 1 


Solution 
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Solving for T(t) gives 


(4) Tí) e, | eFQ(t)dt + Ce * 


- en | e" KM() + H(i) + U(o)dt + c 


Suppose at the end of the day (at time tọ), when people leave the building, the outside tempera- 
ture stays constant at Mo, the additional heating rate H inside the building is zero, and the 
furnace/air conditioner rate U is zero. Determine T(t), given the initial condition T(t) = To. 


With M = Mo, H = 0, and U = 0, equation (4) becomes 


—Kt 


T(t =e 


— 


=e F[Mye* + C] 


| eK KM, dt + C 


= Mo F Qe . 


Setting f = fy and using the initial value Tọ of the temperature, we find that the constant C is 
(Ty — Mo)exp(Kto). Hence, 


(5) T(t) = My + (Ty - Moe K-9 . e 


When Mj < To, the solution in (5) decreases exponentially from the initial temperature To 
to the final temperature Mp. To determine a measure of the time it takes for the temperature to 
change “substantially,” consider the simple linear equation dA/dt = —«A, whose solutions 
have the form A(t) = A(0)e ". Now, as t — +00, the function A(t) either decays exponen- 
tially (a > 0) or grows exponentially (a < 0). In either case the time it takes for A(t) to 
change from A(0) to A(0)/e ( = 0.368 A(0)) is just 1/a because 


A) = A(0)e 70%) = A(0) 


e 


The quantity 1/|a|, which is independent of A(0), is called the time constant for the equation. 
For linear equations of the more general form dA/dt = —«A + g(t), we again refer to 1/|a| as 
the time constant. 

Returning to Example 1, we see that the temperature T(t) satisfies the equations 


Zi = — KT(t) + KM, a = -K|T() —- Mo] . 


for M, a constant. In either case, the time constant is just 1/K, which represents the time it takes 
for the temperature difference T — Mo to change from Ty — Mo to (To — Mo)/e. We also call 1/K 
the time constant for the building (without heating or air conditioning). A typical value for the 
time constant of a building is 2 to 4 hr, but the time constant can be much shorter if windows are 
open or if there is a fan circulating air. Or it can be much longer if the building is well insulated. 

In the context of Example 1, we can use the notion of time constant to answer our initial 
question (a): The building temperature changes exponentially with a time constant of 1/K. An 
answer to question (b) about the temperature inside the building during spring and fall is given 
in the next example. 
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Example 2 


Solution 


Find the building temperature T(t) if the additional heating rate H(t) is equal to the constant Ho, 
there is no heating or cooling (u (t) = 0), and the outside temperature M varies as a sine wave over 
a 24-hr period, with its minimum at t = O (midnight) and its maximum at t = 12 (noon). That is, 


M(t) = My — B cos ot , 


where B is a positive constant, Mọ is the average outside temperature, and œ = 27/24 = 
7/12 radians/hr. (This could be the situation during the spring or fall when there is neither 
furnace heating nor air conditioning.) 


The function Q(t) in (3) is now 

Q(t) = K(My — B cos wt) + Hy . 
Setting By = Mq + Ho/K,we can rewrite Q as 
(6) Q(t) = K(By — B cos ot) , 


where KB, represents the daily average value of Q(t); that is, 


1 24 
KB, = ul. O(t)dt . 


When the forcing function Q(t) in (6) is substituted into the expression for the temperature in 
equation (4), the result (after using integration by parts) is 


(7) T(t) = e7“ | | eK(KBy — KB cos wt)dt + C 
= By — BF(t) + Ce F , 


where 


. Cos wt + (w/K)sin wt 
1+ (eJ KP l 


F(t): 


The constant C is chosen so that at midnight (t = 0), the value of the temperature T is equal to 
some initial temperature Tọ. Thus, 


B 
1 + (w/K) ' 


C = Ty — By + BF(0) = Ty — By + 


Notice that the third term in solution (7) involving the constant C tends to zero exponentially. 
The constant term Bj in (7) is equal to Mọ + Ho/K and represents the daily average temperature 
inside the building (neglecting the exponential term). When there is no additional heating rate 
inside the building (Hy = 0), this average temperature is equal to the average outside temperature 
Mbp. The term BF(t) in (7) represents the sinusoidal variation of temperature inside the building 
responding to the outside temperature variation. Since F(t) can be written in the form 


(8) F(t) = [1  (o/KP] '? cos(wt — ) , 


where tan ¢ = w/K (see Problem 16), the sinusoidal variation inside the building lags behind 
the outside variation by $/« hours. Further, the magnitude of the variation inside the building is 
slightly less, by a factor of [ 1+ (w/K)* | x >| than the outside variation. The angular frequency 


Example 3 


Solution 
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Figure 3.6 Temperature variation inside and outside an unheated building 


of variation w is 277/24 radians/hr (which is about 1/4). Typical values for the dimensionless 
ratio w/K lie between 1/2 and 1. For this range, the lag between inside and outside temperature 
is approximately 1.8 to 3 hr and the magnitude of the inside variation is between 89% and 71% 
of the variation outside. Figure 3.6 shows the 24-hr sinusoidal variation of the outside tempera- 
ture for a typical moderate day as well as the temperature variations inside the building for a 
dimensionless ratio w/K of unity, which corresponds to a time constant 1/K of approximately 
4 hr. In sketching the latter curve, we have assumed that the exponential term has died out. 


Suppose, in the building of Example 2, a simple thermostat is installed that is used to compare 
the actual temperature inside the building with a desired temperature Tp. If the actual tempera- 
ture is below the desired temperature, the furnace supplies heating; otherwise, it is turned off. 
If the actual temperature is above the desired temperature, the air conditioner supplies cooling; 
otherwise, it is off. (In practice, there is some dead zone around the desired temperature in 
which the temperature difference is not sufficient to activate the thermostat, but that is to be 
ignored here.) Assuming that the amount of heating or cooling supplied is proportional to the 
difference in temperature—that is, 


U(t) = Ky| Tp — T(t)] . 
where Ky is the (positive) proportionality constant—find T(t). 


If the proportional control U(f) is substituted directly into the differential equation (1) for the 
building temperature, we get 

dT(t) 
9) — -g TEKMO - 1(0] + A) + Kul TM - 1()] . 
A comparison of equation (9) with the first-order linear differential equation (2) shows that for 
this example the quantity P is equal to K + Ky and the quantity Q(t) representing the forcing 
function includes the desired temperature Tp. That is, 


P-K-Ky, 
Q(t) = KM(t) + H(t) + KyTp . 
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When the additional heating rate is a constant Hp and the outside temperature M varies as a 
sine wave over a 24-hr period in the same way as it did in Example 2, the forcing function is 


Q(t) = K(My — B cos wt) + Ho + KyTp . 


The function Q(t) has a constant term and a cosine term just as in equation (6). This equiva- 
lence becomes more apparent after substituting 


(10) Q(t) = K, (By — Bi cos ot) , 


where 
20 (T7 = 
077704 12” Ky: K+ Kp, 
o KyTp + KMo + Ho "E BK 
(11) By ~~ Ki > Bi vun Ki ^ 


The expressions for the constant P and the forcing function Q(t) of equation (10) are the 
same as the expressions in Example 2, except that the constants K, Bo, and B are replaced, 
respectively, by the constants K;, B», and B,. Hence, the solution to the differential equation (9) 
will be the same as the temperature solution in Example 2, except that the three constant terms 
are changed. Thus, 


(12) T(t) = B) — By\F\(t) + Cexp(—Kit) , 
where 


__ cos wt + (w/K;)sin ot 
Tek C 


The constant C is chosen so that at time t = 0 the value of the temperature T equals Tọ. Thus, 
C=T) — B, + BF (0). @ 


In the above example, the time constant for equation (9) is 1/P = 1/K,, where K, = 
K + Ky. Here 1/K, is referred to as the time constant for the building with heating and 
air conditioning. For a typical heating and cooling system, Kr is somewhat less than 2; for 
a typical building, the constant K is between 1/2 and 1/4. Hence, the sum gives a value for 
K, of about 2, and the time constant for the building with heating and air conditioning is 
about 1/2 hr. 

When the heating or cooling is turned on, it takes about 30 min for the exponential term in 
(12) to die off. If we neglect this exponential term, the average temperature inside the building 
is By. Since K, is much larger than K and Hp is small, it follows from (11) that B is roughly Tp, 
the desired temperature. In other words, after a certain period of time, the temperature inside 
the building is roughly Tp, with a small sinusoidal variation. (The outside average Mọ and 
inside heating rate Hp have only a small effect.) Thus, to save energy, the heating or cooling 
system may be left off during the night. When it is turned on in the morning, it will take 
roughly 30 min for the inside of the building to attain the desired temperature. These observa- 
tions provide an answer to question (c), regarding the temperature inside the building during 
summer and winter, that was posed at the beginning of this section. 
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The assumption made in Example 3 that the amount of heating or cooling is U(t) = 
K ul Lyco T(t) | may not always be suitable. We have used it here and in the exercises to illustrate 
the use of the time constant. More adventuresome readers may want to experiment with other 
models for U(t), especially if they have available the numerical techniques discussed in Sections 3.6 
and 3.7. Group Project E, page 148, addresses temperature regulation with fixed-rate controllers. 
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1. A cup of hot coffee initially at 95°C cools to 80°C in 


5 min while sitting in a room of temperature 21°C. 
Using just Newton's law of cooling, determine when 
the temperature of the coffee will be a nice 50°C. 

. A cold beer initially at 35?F warms up to 40?F in 
3 min while sitting in a room of temperature 70?F. 
How warm will the beer be if left out for 20 min? 

. A white wine at room temperature 70°F is chilled in 
ice (32°F). If it takes 15 min for the wine to chill to 
60°F, how long will it take for the wine to reach 56°F? 


. A red wine is brought up from the wine cellar, which 
is a cool 10°C, and left to breathe in a room of tem- 
perature 23°C. If it takes 10 min for the wine to 
reach 15?C, when will the temperature of the wine 
reach 18°C? 

. It was noon on a cold December day in Tampa: 16°C. 
Detective Taylor arrived at the crime scene to find the 
sergeant leaning over the body. The sergeant said 
there were several suspects. If they knew the exact 
time of death, then they could narrow the list. Detec- 
tive Taylor took out a thermometer and measured the 
temperature of the body: 34.5°C. He then left for 
lunch. Upon returning at 1:00 P.M., he found the body 
temperature to be 33.7°C. When did the murder 
occur? [Hint: Normal body temperature is 37?C.] 

. On a mild Saturday morning while people are work- 
ing inside, the furnace keeps the temperature inside 
the building at 21°C. At noon the furnace is turned 
off, and the people go home. The temperature outside 
is a constant 12°C for the rest of the afternoon. If the 
time constant for the building is 3 hr, when will the 
temperature inside the building reach 16°C? If some 
windows are left open and the time constant drops to 
2 hr, when will the temperature inside reach 16°C? 


. On a hot Saturday morning while people are work- 
ing inside, the air conditioner keeps the temperature 
inside the building at 24°C. At noon the air condi- 
tioner is turned off, and the people go home. The 
temperature outside is a constant 35°C for the rest of 


10. 


11. 


the afternoon. If the time constant for the building is 
4 hr, what will be the temperature inside the building 
at 2:00 P.M.? At 6:00 P.M.? When will the tempera- 
ture inside the building reach 27°C? 


. A garage with no heating or cooling has a time con- 


stant of 2 hr. If the outside temperature varies as a 
sine wave with a minimum of 50°F at 2:00 A.M. and 
a maximum of 80°F at 2:00 P.M., determine the times 
at which the building reaches its lowest temperature 
and its highest temperature, assuming the exponen- 
tial term has died off. 


. A warehouse is being built that will have neither 


heating nor cooling. Depending on the amount of 
insulation, the time constant for the building may 
range from 1 to 5 hr. To illustrate the effect insulation 
will have on the temperature inside the warehouse, 
assume the outside temperature varies as a sine wave, 
with a minimum of 16?C at 2:00 A.M. and a maxi- 
mum of 32°C at 2:00 P.M. Assuming the exponential 
term (which involves the initial temperature Tọ) has 
died off, what is the lowest temperature inside the 
building if the time constant is 1 hr? If it is 5 hr? 
What is the highest temperature inside the building if 
the time constant is 1 hr? If it is 5 hr? 


Early Monday morning, the temperature in the lec- 
ture hall has fallen to 40?F, the same as the tempera- 
ture outside. At 7:00 A.M., the janitor turns on the 
furnace with the thermostat set at 70°F. The time 
constant for the building is 1/K — 2 hr and that for 
the building along with its heating system is 1/K, = 
1/2 hr. Assuming that the outside temperature 
remains constant, what will be the temperature 
inside the lecture hall at 8:00 A.M.? When will the 
temperature inside the hall reach 65?F? 


During the summer the temperature inside a van 
reaches 55°C, while that outside is a constant 35°C. 
When the driver gets into the van, she turns on the 
air conditioner with the thermostat set at 16°C. If the 
time constant for the van is 1/K — 2 hr and that for 
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the van with its air conditioning system is 1/K, — 
1/3 hr, when will the temperature inside the van 
reach 27°C? 


Two friends sit down to talk and enjoy a cup of coffee. 
When the coffee is served, the impatient friend imme- 
diately adds a teaspoon of cream to his coffee. The 
relaxed friend waits 5 min before adding a teaspoon 
of cream (which has been kept at a constant tempera- 
ture). The two now begin to drink their coffee. Who 
has the hotter coffee? Assume that the cream is cooler 
than the air and use Newton's law of cooling. 


A solar hot-water-heating system consists of a hot- 
water tank and a solar panel. The tank is well insu- 
lated and has a time constant of 64 hr. The solar 
panel generates 2000 Btu/hr during the day, and the 
tank has a heat capacity of 2?F per thousand Btu. If 
the water in the tank is initially 110°F and the room 
temperature outside the tank is 80°F, what will be the 
temperature in the tank after 12 hr of sunlight? 


In Problem 13, if a larger tank with a heat capacity 
of 1°F per thousand Btu and a time constant of 72 hr 


15. 


16. 


is used instead (with all other factors being the 
same), what will be the temperature in the tank after 
12 hr? 


Stefan's law of radiation states that the rate of 
change of temperature of a body at T degrees Kelvin 
in a medium at M degrees Kelvin is proportional to 
M* — T^. That is, 


aT — 4. T4 
qu k(M* — T?) , 

where k is a positive constant. Solve this equation using 
separation of variables. Explain why Newton's law and 
Stefan’s law are nearly the same when T is close to M 


and M is constant. [ Hint: Factor M^ — T 

Show that C; cos wt + C, sin œt can be written in 
the form A cos(wt — p), where A = VC? + C$ 
and tan $ = C5/C,. [Hint: Use a standard trigono- 
metric identity with C, = A cos $, C; = Asin $.] 
Use this fact to verify the alternate representation (8) 
of F(t) discussed in Example 2. 


3.4 NEWTONIAN MECHANICS 


Mechanics is the study of the motion of objects and the effect of forces acting on those 
objects. It is the foundation of several branches of physics and engineering. Newtonian, or 
classical, mechanics deals with the motion of ordinary objects—that is, objects that are large 
compared to an atom and slow moving compared with the speed of light. A model for 
Newtonian mechanics can be based on Newton's laws of motion:' 


1. When a body is subject to no resultant external force, it moves with a constant velocity. 


2. When a body is subject to one or more external forces, the time rate of change of the 
body's momentum is equal to the vector sum of the external forces acting on it. 


3. When one body interacts with a second body, the force of the first body on the 
second is equal in magnitude, but opposite in direction, to the force of the second 
body on the first. 


Experimental results for more than two centuries verify that these laws are extremely use- 
ful for studying the motion of ordinary objects in an inertial reference frame— that is, a refer- 
ence frame in which an undisturbed body moves with a constant velocity. It is Newton's 
second law, which applies only to inertial reference frames, that enables us to formulate the 
equations of motion for a moving body. We can express Newton's second law by 


dp 
A F(t, X, v) i 


‘For a discussion of Newton's laws of motion, see Sears and Zemansky's University Physics, 12th ed., by H. D. Young, 
R. A. Freedman, J. R. Sandin, and A. L. Ford (Pearson Addison Wesley, San Francisco, 2008). 
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where F(t, x, v) is the resultant force on the body at time f, location x, and velocity v, and p(t) 
is the momentum of the body at time t. The momentum is the product of the mass of the body 
and its velocity—that is, 


p(t) = mw() 
—so we can express Newton’s second law as 
dv _ " 
(1) m m ma — F(t, Xs v) ; 


where a = dv/dtis the acceleration of the body at time t. 

Typically one substitutes v = dx/dt for the velocity in (1) and obtains a second-order 
differential equation in the dependent variable x. However, in the present section, we will 
focus on situations where the force F does not depend on x. This enables us to regard (1) as a 
first-order equation 


(2) ne = F(t, v) 
in v(t). 


To apply Newton’s laws of motion to a problem in mechanics, the following general 
procedure may be useful. 


Procedure for Newtonian Models 


(a) Determine all relevant forces acting on the object being studied. It is helpful to draw 
a simple diagram of the object that depicts these forces. 
(b) Choose an appropriate axis or coordinate system in which to represent the motion of 


the object and the forces acting on it. Keep in mind that this coordinate system must 
be an inertial reference frame. 

(c) Apply Newton’s second law as expressed in equation (2) to determine the equations 
of motion for the object. 


In this section we express Newton’s second law in either of two systems of units: the U.S. 
Customary System or the meter-kilogram-second (MKS) system. The various units in these 
systems are summarized in Table 3.2, along with approximate values for the gravitational 
acceleration (on the surface of Earth). 


WEA Mechanical Units in the U.S. Customary and MKS Systems 


U.S. Customary 
Unit System MKS System 
Distance foot (ft) meter (m) 
Mass slug kilogram (kg) 
Time second (sec) second (sec) 
Force pound (lb) newton (N) 
g (Earth) 32 ft/sec? 9.81 m/sec? 
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Example 1 


Solution 


91-0 
zl F,--bw(f) 
9t 


F, =mg 


Figure 3.7 Forces on a falling object 


An object of mass m is given an initial downward velocity vg and allowed to fall under the 
influence of gravity. Assuming the gravitational force is constant and the force due to air 
resistance is proportional to the velocity of the object, determine the equation of motion for 
this object. 


Two forces are acting on the object: a constant force due to the downward pull of gravity and a 
force due to air resistance that is proportional to the velocity of the object and acts in 
opposition to the motion of the object. Hence, the motion of the object will take place along a 
vertical axis. On this axis we choose the origin to be the point where the object was initially 
dropped and let x(t) denote the distance the object has fallen in time f (see Figure 3.7). 

The forces acting on the object along this axis can be expressed as follows. The force due 
to gravity is 

F 1— mg , 

where g is the acceleration due to gravity at Earth's surface (see Table 3.2). The force due to air 
resistance is 


F. = —bw(t) R 
where b(>0) is the proportionality constant* and the negative sign is present because air resis- 


tance acts in opposition to the motion of the object. Hence, the net force acting on the object 
(see Figure 3.7) is 


(3) F = F, + F, = mg — bw). 


We now apply Newton’s second law by substituting (3) into (2) to obtain 


A = ie bv . 


dt 
Since the initial velocity of the object is vo, a model for the velocity of the falling body is 
expressed by the initial value problem 

dv 


(4) my 7 mg — bv , v(0) = vp, 


where g and b are positive constants. 
The model (4) is the same as the one we obtained in Section 2.1. Using separation of 
variables or the method of Section 2.3 for linear equations, we get 


(5) v(t) = - + (v - nct , 


"The units of b are Ib-sec/ft in the U.S. system, and N-sec/m in the MKS system. 
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Since we have taken x = 0 when ¢ = 0, we can determine the equation of motion of the 
object by integrating v = dx/dt with respect to t. Thus, from (5) we obtain 


E | mg m M8 \ | — btm 
x(t) [a b t b (v » )e 303 


and setting x = 0 when ¢ = 0, we find 


Hence, the equation of motion is 


= mg m - mg - —bt/m 
(6) x) = "E, (us Ja e™m), ẹ 

In Figure 3.8, we have sketched the graphs of the velocity and the position as functions of t. 
Observe that the velocity v(t) approaches the horizontal asymptote v = mg/b as t — +00 and 
that the position x(t) asymptotically approaches the line 


mg mig à m 
a v 
b B b’ 


x= 


as t—> +00. The value mg/b of the horizontal asymptote for v(t) is called the limiting, or 
terminal, velocity of the object, and, in fact, v = mg/b = constant is a solution of (4). Since 
the two forces are in balance, this is called an “equilibrium” solution. 

Notice that the terminal velocity depends on the mass but not the initial velocity of the 
object; the velocity of every free-falling body approaches the limiting value mg/b. Heavier objects 
do, in the presence of friction, ultimately fall faster than lighter ones, but for a given object the 
terminal velocity is the same whether it initially is tossed upward or downward, or simply 
dropped from rest. 

Now that we have obtained the equation of motion for a falling object with air resistance 
proportional to v, we can answer a variety of questions. 


mg 


v(t) 


vo 


Position 


Velocity 


Figure 3.8 Graphs of the position and velocity of a falling object when vg < mg/b 
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Example 2 


Solution 


Example 3 


Solution 


An object of mass 3 kg is released from rest 500 m above the ground and allowed to fall under 
the influence of gravity. Assume the gravitational force is constant, with g — 9.81 m/sec?, and 
the force due to air resistance is proportional to the velocity of the object! with proportionality 
constant b = 3 N-sec/m. Determine when the object will strike the ground. 


We can use the model discussed in Example 1 with vp = 0, m = 3, b = 3, and g = 9.81. From (6), 
the equation of motion in this case is 


(3)(9.81)  (3¥(9.81) 
t 
3 (3 


x(t) = (1 — e7305) = (9.81) — (9.81)(1 — e) . 


Because the object is released 500 m above the ground, we can determine when the object 
strikes the ground by setting x(t) = 500 and solving for t. Thus, we put 


500 = (9.81)r — 9.81 + (9.81)e* 
or 


_; _ 509.81 


du. 9.81 


= 51.97 , 


where we have rounded the computations to two decimal places. Unfortunately, this equation 
cannot be solved explicitly for t. We might try to approximate ¢ using Newton’s approximation 
method (see Appendix B), but in this case, it is not necessary. Since e ' will be very small for t 
near 51.97 (e ?!97 ~ 1077), we simply ignore the term e™ and obtain as our approximation 
t = 51.97 sec. @ 


A parachutist whose mass is 75 kg drops from a helicopter hovering 4000 m above the ground 
and falls toward the earth under the influence of gravity. Assume the gravitational force is 
constant. Assume also that the force due to air resistance is proportional to the velocity of the 
parachutist, with the proportionality constant b, = 15 N-sec/m when the chute is closed and 
with constant b; — 105 N-sec/m when the chute is open. If the chute does not open until 1 
min after the parachutist leaves the helicopter, after how many seconds will she hit the 
ground? 


We are interested only in when the parachutist will hit the ground, not where. Thus, we con- 
sider only the vertical component of her descent. For this, we need to use two equations: one 
to describe the motion before the chute opens and the other to apply after it opens. Before the 
chute opens, the model is the same as in Example 1 with vy = 0, m = 75 kg, b = b, = 
15 N-sec/m, and g — 9.81 m/sec’. If we let x,(t) be the distance the parachutist has fallen in 
t sec and let v, = dx,/dt, then substituting into equations (5) and (6), we have 


ns VD (1 — etsi) 


= (49.05)(1 — e 9?) , 


"The effects of more sophisticated air resistance models (such as a quadratic drag law) are analyzed numerically in 
Exercises 3.6, Problem 20. 
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xy) 


Vl / Chute opens 
x. x4(0) = 0 at x, (60) 


T=0 o 


Y 


Figure 3.9 The fall of the parachutist 


and 


(75 (9.81) — (75) (9.81) -Qsfrsy 
x(t) = 15 t (15) (1 e / ») 


= 49.05: — 245.25(1 — e 9? , 


Hence, after 1 min, when ft = 60, the parachutist is falling at the rate 
vi(60) = (49.05)(1 — ¢~°)) = 49.05 m/sec , 


and has fallen 


xi(60) = (49.05)(60) — (245.25)(1 — e°) = 2697.75 m . 


(In these and other computations for this problem, we round our answers to two decimal places.) 

Now when the chute opens, the parachutist is 4000 — 2697.75 or 1302.25 m above the 
ground and traveling at a velocity of 49.05 m/sec. To determine the equation of motion after 
the chute opens, let x;(T) denote the position of the parachutist T sec after the chute opens (so 
that T = t — 60), taking x4(0) = 0 at x,(60) (see Figure 3.9). Further assume that the initial 
velocity of the parachutist after the chute opens is the same as the final velocity before it 
opens—that is, x5(0) = x1(60) = 49.05 m/sec. Because the forces acting on the parachutist 
are the same as those acting on the object in Example 1, we can again use equations (5) and 
(6). With vg = 49.05, m = 75, b = b, = 105, and g = 9.81, we find from (6) that 

(75)9.81)... 75 (75)(9.81) (1 — etes) 


XT) = — os T + 19g 49.05 105 


= 7.01T + 30.03(1 — e7!47) , 


To determine when the parachutist will hit the ground, we set x;(T) = 1302.25, the height 
the parachutist was above the ground when her parachute opened. This gives 


7.01T + 30.03 — 30.03e ! ^" = 1302.25 
(7) T —428e ^" —18149 =0. 


Again we cannot solve (7) explicitly for T. However, observe that e ! ^" is very small for T 


near 181.49, so we ignore the exponential term and obtain T — 181.49. Hence, the parachutist 
will strike the ground 181.49 sec after the parachute opens, or 241.49 sec after dropping from 
the helicopter. 9 
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In the computation for T in equation (7), we found that the exponential e ^" was negligi- 


ble. Consequently, ignoring the corresponding exponential term in equation (5), we see that the 
parachutist's velocity at impact is 


mg — (75)(9.81) _ 
7 105 7.01 m/sec , 


which is the limiting velocity for her fall with the chute open. 


In some situations the resistive drag force on an object is proportional to a power of |v| 
other than |. Then when the velocity is positive, Newton’s second law for a falling object gen- 


where m and g have their usual interpretation and b (>0) and the exponent r are experimental 
constants. [More generally, the drag force would be written as —b|v|'sign(v).] Express the 


Example 4 
eralizes to 
dv " 
(8) m di mg — bv” , 
solution to (8) for the case r — 2. 
Solution 


The (positive) equilibrium solution, with the forces in balance, is v = vo = V mg/b. Other- 
wise, we write (8) as v' = b(vj — v?)/m, a separable equation that we can solve using partial 


fractions or the integral tables on the inside front cover: 


dv 1 vo + V b 
| 2 3 In Ep 
Uo — v 2vo Uo) — UV m 
vo t v 
0 = cze? b/m f 
Ug — UV 


and after some algebra, 


c3 — eg win 


C3 ES eg wbt/n d 


vU = Vvo 


Here c4 = c; sign| (vo + v)/(v9 — v) | is determined by the initial conditions. Again we see 
that v approaches the terminal velocity vo as t => œ. 9 
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Unless otherwise stated, in the following problems we 
assume that the gravitational force is constant with g — 
9.81 m/sec? in the MKS system and g — 32 ft/sec? in the 
U.S. Customary System. 

1. An object of mass 5 kg is released from rest 1000 m 
above the ground and allowed to fall under the influ- 
ence of gravity. Assuming the force due to air resis- 
tance is proportional to the velocity of the object 
with proportionality constant b — 50 N-sec/m, deter- 
mine the equation of motion of the object. When will 
the object strike the ground? 


2. 


EU 3. 


A 400-Ib object is released from rest 500 ft above 
the ground and allowed to fall under the influence of 
gravity. Assuming that the force in pounds due to air 
resistance is — 10v, where v is the velocity of the 
object in ft/sec, determine the equation of motion 
of the object. When will the object hit the ground? 


If the object in Problem 1 has a mass of 500 kg 
instead of 5 kg, when will it strike the ground? [Hint: 
Here the exponential term is too large to ignore. Use 
Newton's method to approximate the time t when the 
object strikes the ground (see Appendix B).] 


. If the object in Problem 2 is released from rest 30 ft 


above the ground instead of 500 ft, when will it 
strike the ground? [Hint: Use Newton's method to 
solve for t.] 


. An object of mass 5 kg is given an initial downward 


velocity of 50 m/sec and then allowed to fall under 
the influence of gravity. Assume that the force in 
newtons due to air resistance is — 10v, where v is the 
velocity of the object in m/sec. Determine the equa- 
tion of motion of the object. If the object is initially 
500 m above the ground, determine when the object 
will strike the ground. 


. An object of mass 8 kg is given an upward initial 


velocity of 20 m/sec and then allowed to fall under 
the influence of gravity. Assume that the force in 
newtons due to air resistance is — 16v, where v is the 
velocity of the object in m/sec. Determine the equa- 
tion of motion of the object. If the object is initially 
100 m above the ground, determine when the object 
will strike the ground. 


. A parachutist whose mass is 75 kg drops from a heli- 


copter hovering 2000 m above the ground and falls 
toward the ground under the influence of gravity. 
Assume that the force due to air resistance is propor- 
tional to the velocity of the parachutist, with the 
proportionality constant b; = 30 N-sec/m when the 
chute is closed and b) = 90 N-sec/m when the chute 
is open. If the chute does not open until the velocity 
of the parachutist reaches 20 m/sec, after how many 
seconds will she reach the ground? 


. A parachutist whose mass is 100 kg drops from a heli- 


copter hovering 3000 m above the ground and falls 
under the influence of gravity. Assume that the force 
due to air resistance is proportional to the velocity of 
the parachutist, with the proportionality constant b, = 
20 N-sec/m when the chute is closed and b4 = 100 
N-sec/m when the chute is open. If the chute does 
not open until 30 sec after the parachutist leaves the 
helicopter, after how many seconds will he hit the 
ground? If the chute does not open until 1 min after 
he leaves the helicopter, after how many seconds 
will he hit the ground? 


. An object of mass 100 kg is released from rest from 


a boat into the water and allowed to sink. While 
gravity is pulling the object down, a buoyancy force 
of 1/40 times the weight of the object is pushing 
the object up (weight — mg). If we assume that 
water resistance exerts a force on the object that is 
proportional to the velocity of the object, with 


10. 


11. 


12. 


13. 


14. 


15. 
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proportionality constant 10 N-sec/m, find the equa- 
tion of motion of the object. After how many seconds 
will the velocity of the object be 70 m/sec? 

An object of mass 2 kg is released from rest from a 
platform 30 m above the water and allowed to fall 
under the influence of gravity. After the object 
strikes the water, it begins to sink with gravity 
pulling down and a buoyancy force pushing up. 
Assume that the force of gravity is constant, no 
change in momentum occurs on impact with the 
water, the buoyancy force is 1/2 the weight 
(weight — mg), and the force due to air resistance or 
water resistance is proportional to the velocity, with 
proportionality constant b; = 10 N-sec/m in the air 
and b, = 100 N-sec/m in the water. Find the equa- 
tion of motion of the object. What is the velocity of 
the object | min after it is released? 

In Example 1, we solved for the velocity of the 
object as a function of time (equation (5)). In some 
cases, it is useful to have an expression, independent 
of t, that relates v and x. Find this relation for the 
motion in Example 1. [Hint: Letting v(t) = V(x(t)), 
then dv/dt — (dV/dx)V.] 

A shell of mass 2 kg is shot upward with an initial 
velocity of 200 m/sec. The magnitude of the force on 
the shell due to air resistance is |v|/20. When will 
the shell reach its maximum height above the 
ground? What is the maximum height? 

When the velocity v of an object is very large, the mag- 
nitude of the force due to air resistance is proportional 
to v? with the force acting in opposition to the motion 
of the object. A shell of mass 3 kg is shot upward from 
the ground with an initial velocity of 500 m/sec. If the 
magnitude of the force due to air resistance is (0.1)v?, 
when will the shell reach its maximum height above 
the ground? What is the maximum height? 

An object of mass m is released from rest and falls 
under the influence of gravity. If the magnitude of 
the force due to air resistance is bv", where b and n 
are positive constants, find the limiting velocity of 
the object (assuming this limit exists). [Hint: Argue 
that the existence of a (finite) limiting velocity 
implies that dv/dt > 0 as t — +00.] 


A rotating flywheel is being turned by a motor 
that exerts a constant torque T (see Figure 3.10 on 
page 116). A retarding torque due to friction is pro- 
portional to the angular velocity w. If the moment of 
inertia of the flywheel is Z and its initial angular veloc- 
ity is wọ, find the equation for the angular velocity w 


116 
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Retarding torque 


Figure 3.10 Motor-driven flywheel 


as a function of time. [Hint: Use Newton's second law 
for rotational motion, that is, moment of inertia X 
angular acceleration — sum of the torques.] 


Find the equation for the angular velocity w in 
Problem 15, assuming that the retarding torque is 
proportional to Vw. 

In Problem 16, let J = 50 kg-m? and the retarding 
torque be 5 Vœ N-m. If the motor is turned off with 
the angular velocity at 225 rad/sec, determine how 
long it will take for the flywheel to come to rest. 
When an object slides on a surface, it encounters a 
resistance force called friction. This force has a mag- 
nitude of uN, where u is the coefficient of kinetic 
friction and N is the magnitude of the normal force 
that the surface applies to the object. Suppose an 
object of mass 30 kg is released from the top of an 
inclined plane that is inclined 30? to the horizontal (see 
Figure 3.11). Assume the gravitational force is con- 
stant, air resistance is negligible, and the coefficient of 
kinetic friction u = 0.2. Determine the equation of 
motion for the object as it slides down the plane. If the 
top surface of the plane is 5 m long, what is the veloc- 
ity of the object when it reaches the bottom? 


bs x(0) 20 


Figure 3.11 Forces on an object on an inclined plane 
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An object of mass 60 kg starts from rest at the top 
of a 45? inclined plane. Assume that the coeffi- 
cient of kinetic friction is 0.05 (see Problem 18). 
If the force due to air resistance is proportional to 
the velocity of the object, say, —3v, find the equa- 
tion of motion of the object. How long will it take 
the object to reach the bottom of the inclined 
plane if the incline is 10 m long? 

An object at rest on an inclined plane will not slide 
until the component of the gravitational force 
down the incline is sufficient to overcome the force 
due to static friction. Static friction is governed by 
an experimental law somewhat like that of kinetic 
friction (Problem 18); it has a magnitude of at 
most uN, where u is the coefficient of static fric- 
tion and N is, again, the magnitude of the normal 
force exerted by the surface on the object. If the 
plane is inclined at an angle a, determine the criti- 
cal value ag for which the object will slide if 
æ > dp but will not move fora < ap. 


A sailboat has been running (on a straight course) 
under a light wind at | m/sec. Suddenly the wind 
picks up, blowing hard enough to apply a constant 
force of 600 N to the sailboat. The only other 
force acting on the boat is water resistance that is 
proportional to the velocity of the boat. If the pro- 
portionality constant for water resistance is b = 
100 N-sec/m and the mass of the sailboat is 50 kg, 
find the equation of motion of the sailboat. What 
is the limiting velocity of the sailboat under this 
wind? 

In Problem 21 it is observed that when the velocity 
of the sailboat reaches 5 m/sec, the boat begins to 
rise out of the water and “plane.” When this hap- 
pens, the proportionality constant for the water 
resistance drops to bọ = 60 N-sec/m. Now find the 
equation of motion of the sailboat. What is the lim- 
iting velocity of the sailboat under this wind as it is 
planing? 

Sailboats A and B each have a mass of 60 kg and 
cross the starting line at the same time on the first 
leg of a race. Each has an initial velocity of 2 
m/sec. The wind applies a constant force of 650 N 
to each boat, and the force due to water resistance 
is proportional to the velocity of the boat. For sail- 
boat A the proportionality constants are b, = 80 
N-sec/m before planing when the velocity is less 


24. 


25. 
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than 5 m/sec and b; = 60 N-sec/m when the velocity 
is above 5 m/sec. For sailboat B the proportionality 
constants are b; = 100 N-sec/m before planing 
when the velocity is less than 6 m/sec and b4 = 50 
N-sec/m when the velocity is above 6 m/sec. If the 
first leg of the race is 500 m long, which sailboat 
will be leading at the end of the first leg? 

Rocket Flight. A model rocket having initial mass 
mo kg is launched vertically from the ground. The 
rocket expels gas at a constant rate of o kg/sec and at 
a constant velocity of (9 m/sec relative to the rocket. 
Assume that the magnitude of the gravitational force 
is proportional to the mass with proportionality con- 
stant g. Because the mass is not constant, Newton's 
second law leads to the equation 


(mo ar) Z aß = —g(mo — ot) , 


where v = dx/dt is the velocity of the rocket, x is its 
height above the ground, and mo — at is the mass of 
the rocket at t sec after launch. If the initial velocity 
is zero, solve the above equation to determine the 
velocity of the rocket and its height above ground for 
0x t € m/a. 

Escape Velocity. According to Newton's law of 
gravitation, the attractive force between two 
objects varies inversely as the square of the dis- 
tances between them. That is, F,— GM,Mjfr?, 
where M, and M, are the masses of the objects, r is 
the distance between them (center to center), F, is 
the attractive force, and G is the constant of propor- 
tionality. Consider a projectile of constant mass m 
being fired vertically from Earth (see Figure 3.12). 
Let ¢ represent time and v the velocity of the pro- 
jectile. 
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Earth 


Figure 3.12 Projectile escaping from Earth 


(a) Show that the motion of the projectile, under 
Earth's gravitational force, is governed by the 


equation 
dv _ gR? 
dt rP’ 


where r is the distance between the projectile 
and the center of Earth, R is the radius of Earth, 
M is the mass of Earth, and g = GM/R?. 

(b) Use the fact that dr/dt — v to obtain 


(c) If the projectile leaves Earth's surface with 
velocity vo, show that 


2gR" 
ue © + v2 —2gR . 


(d) Use the result of part (c) to show that the veloc- 
ity of the projectile remains positive if and only 
if vj — 2gR > 0. The velocity v, = V 2gR is 
called the escape velocity of Earth. 


(e) If g = 9.81 m/sec? and R = 6370 km for Earth, 
what is Earth’s escape velocity? 


(f) If the acceleration due to gravity for the Moon is 
gm = g/6 and the radius of the Moon is R,, = 
1738 km, what is the escape velocity of the 
Moon? 


In this section we consider the application of first-order differential equations to simple electri- 
cal circuits consisting of a voltage source (e.g., a battery or a generator), a resistor, and either 
an inductor or a capacitor. These so-called RL and RC circuits are shown in Figure 3.13 on 
page 118. More general circuits will be discussed in Section 5.7. 
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Resistance Resistance 


R 


Voltage Inductance Voltage Capacitance 
source source 


(a) (b) 


Figure 3.13 (a) RL circuit and (b) RC circuit 


The physical principles governing electrical circuits were formulated by G. R. Kirchhoff" 


in 1859. 


1. 


2. 


They are the following: 


Kirchhoff’s current law The algebraic sum of the currents flowing into any 
junction point must be zero. 

Kirchhoff’s voltage law The algebraic sum of the instantaneous changes in 
potential (voltage drops) around any closed loop must be zero. 


Kirchhoff’s current law implies that the same current passes through all elements in each 
circuit of Figure 3.13. 
To apply Kirchhoff’s voltage law, we need to know the voltage drop across each element 
of the circuit. These voltage formulas are stated below (you can consult an introductory 
physics text for further details). 


(a) 


(b) 


(c) 


According to Ohm's law, the voltage drop Ep across a resistor is proportional to the 
current J passing through the resistor: 


Eg —RI. 
The proportionality constant R is called the resistance. 


It can be shown using Faraday's law and Lenz's law that the voltage drop E; across 
an inductor is proportional to the instantaneous rate of change of the current Z: 


The proportionality constant L is called the inductance. 


The voltage drop Ec across a capacitor is proportional to the electrical charge g on 
the capacitor: 


1 


Ec= c4. 


The constant C is called the capacitance. 


The common units and symbols used for electrical circuits are listed in Table 3.3. 


‘Historical Footnote: Gustav Robert Kirchhoff (1824-1887) was a German physicist noted for his research in spectrum 
analysis, optics, and electricity. 


Example 1 


Solution 
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AB Common Units and Symbols Used With Electrical Circuits 
Letter Symbol 
Quantity Representation Units Representation 
Voltage source E volt (V) —Q- Generator 
=] H Battery 
Resistance R ohm (Q) AA- 
Inductance L henry (H) nf T. Tou 
Capacitance C farad (F) -] H 
Charge q coulomb (C) 
Current I ampere (A) 


A voltage source is assumed to add voltage or potential energy to the circuit. If we let E(t) 
denote the voltage supplied to the circuit at time f, then applying Kirchhoff's voltage law to the 
RL circuit in Figure 3.13(a) gives 


(1) E, + Eg = E(t) . 
Substituting into (1) the expressions for E; and Ep gives 


dl E 
(2) Li + RI = E(t) . 


Note that this equation is linear (compare Section 2.3), and upon writing it in standard form we 
obtain the integrating factor 


u(t) = elena = eR 


which leads to the following general solution [see equation (8), Section 2.3, page 47] 
Elt 
o quem fern At 


——dt + K 
L 
For the RL circuit, one is usually given the initial current /(0) as an initial condition. 


An RL circuit with a 1-Q resistor and a 0.01-H inductor is driven by a voltage E(t) = sin 100r 
V. If the initial inductor current is zero, determine the subsequent resistor and inductor voltages 
and the current. 


From equation (3) and the integral tables, we find that the general solution to the linear equa- 
tion (2) is given by 


— 4-100 | „1007 Sin 1007 
Kt) — e (fe OI +) 


e" (100 sin 100r — 100 cos 100r) 
10,000 4- 10,000 


em 100 


_ sin 100¢ — cos 100t 


2 + Ke 05 
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For /(0) = 0, we obtain — 1/2 + K = 0, so K = 1/2 and the current is 
I(t) = 0.5(sin 100t — cos 100f + e 1) . 
The inductor and resistor voltages are then given by 
E(t) = RI(t) = Kè) , 
E,(t) = L— = (0.5)(cos 100r + sin 100r — e!) | @ 
Now we turn to the RC circuit in Figure 3.13(b). Applying Kirchhoff's voltage law yields 


RI * q/C= E(t) . 


The capacitor current, however, is the rate of change of its charge: J = dq/dt. So 


4 gp" n 
(4) dt 


LE 
C 


is the governing differential equation for the RC circuit. The initial condition for a capacitor is 
its charge q at t = 0. 


Example 2 Suppose a capacitor of C farads holds an initial charge of Q coulombs. To alter the charge, a 


constant voltage source of V volts is applied through a resistance of R ohms. Describe the 
capacitor charge for t > 0. 


Solution Since E(t) = Vis constant in equation (4), the latter is both separable and linear, and its general 
solution is easily derived: 


g(t) = CV + Ke , 
The solution meeting the prescribed initial condition is 
g(t) = CV + (Q — CV)e "€ , 
The capacitor charge changes exponentially from Q to CV as time increases. 9 


If we take V = 0 in Example 2, we see that the time constant—that is, the time required for 
the capacitor charge to drop to 1/e times its initial value—is RC. Thus, a capacitor is a leaky 
energy-storage device; even the very high resistivity of the surrounding air can dissipate its 
charge, particularly on a humid day. Capacitors are used in cellular phones to store electrical 
energy from the battery while the phone is in a (more-or-less) idle receiving mode and then 
assist the battery in delivering energy during the transmitting mode. 

The time constant for inductor current in the RL circuit can be gleaned from Example 1 to 
be L/R. An application of the RL circuit is the spark plug of a combustion engine. If a voltage 
source establishes a nonzero current in an inductor and the source is suddenly disconnected, 
the rapid change of current produces a high d//dt and, in accordance with the formula 
Ej = Ldl/dt, the inductor generates a voltage surge sufficient to cause a spark across the 
terminals—thus igniting the gasoline. 

If an inductor and a capacitor both appear in a circuit, the governing differential equation 
will be second order. We'll return to RLC circuits in Section 5.7. 
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EESE å O 0 


1. An RL circuit with a 5-Q resistor and a 0.05-H induc- 


tor carries a current of 1 A at f = 0, at which time a 
voltage source E(t) = 5 cos 120 V is added. Deter- 
mine the subsequent inductor current and voltage. 


. An RC circuit with a 1-Q resistor and a 0.000001-F 
capacitor is driven by a voltage E(t) = sin 100t V. If 
the initial capacitor voltage is zero, determine the sub- 
sequent resistor and capacitor voltages and the current. 


. The pathway for a binary electrical signal between 
gates in an integrated circuit can be modeled as an 
RC circuit, as in Figure 3.13(b); the voltage source 
models the transmitting gate, and the capacitor models 
the receiving gate. Typically, the resistance is 100 Q, 
and the capacitance is very small, say, 10  F 
(1 picofarad, pF). If the capacitor is initially uncharged 
and the transmitting gate changes instantaneously 
from 0 to 5 V, how long will it take for the voltage at 
the receiving gate to reach (say) 3 V? (This is the 
time it takes to transmit a logical “1.”) 


. If the resistance in the RL circuit of Figure 3.13(a) is 
zero, show that the current Z(t) is directly propor- 
tional to the integral of the applied voltage E(t). 
Similarly show that if the resistance in the RC circuit 
of Figure 3.13(b) is zero, the current is directly pro- 
portional to the derivative of the applied voltage. (In 
engineering applications, it is often necessary to 
generate a voltage, rather than a current, which is the 
integral or derivative of another voltage. Group 


Project E shows how this is accomplished using an 
operational amplifier.) 


. The power generated or dissipated by a circuit ele- 


ment equals the voltage across the element times the 
current through the element. Show that the power 
dissipated by a resistor equals /?R, the power associ- 
ated with an inductor equals the derivative of 
(1/2)LI’, and the power associated with a capacitor 
equals the derivative of (1/2) CEZ. 


. Derive a power balance equation for the RL and RC 


circuits. (See Problem 5.) Discuss the significance of 
the signs of the three power terms. 


. An industrial electromagnet can be modeled as an 


RL circuit, while it is being energized with a voltage 
source. If the inductance is 10 H and the wire wind- 
ings contain 3 Q of resistance, how long does it take 
a constant applied voltage to energize the electro- 
magnet to within 90% of its final value (that is, the 
current equals 90% of its asymptotic value)? 


. A 10 -F capacitor (10 nanofarads) is charged to 50 


V and then disconnected. One can model the charge 
leakage of the capacitor with a RC circuit with no 
voltage source and the resistance of the air between 
the capacitor plates. On a cold dry day, the resistance 
of the air gap is 5 X 10! Q; on a humid day, the 
resistance is 7 X 10° Q. How long will it take the 
capacitor voltage to dissipate to half its original 
value on each day? 


3.6 IMPROVED EULER'S METHOD 


Although the analytical techniques presented in Chapter 2 were useful for the variety of math- 
ematical models presented earlier in this chapter, the majority of the differential equations 
encountered in applications cannot be solved either implicitly or explicitly. This is especially 
true of higher-order equations and systems of equations, which we study in later chapters. In 
this section and the next, we discuss methods for obtaining a numerical approximation of the 
solution to an initial value problem for a first-order differential equation. Our goal is to develop 
algorithms that you can use with a calculator or computer." These algorithms also extend natu- 
rally to higher-order equations (see Section 5.3). We describe the rationale behind each method 
but leave the more detailed discussion to texts on numerical analysis." 


tAn applet, maintained on the web at http://alamos.math.arizona.edu/~rychlik/JOde/index.html automates most of the 
differential equation algorithms discussed in this book. 

"See, for example, A First Course in the Numerical Analysis of Differential Equations, 2nd ed., by A. Iserles (Cambridge 
University Press, 2008), or Numerical Analysis, 8th ed., by R. L. Burden and J. D. Faires ( city of Brooks/Cole, 2005) 
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Consider the initial value problem 


(1) y =flx,y), yx)». 


To guarantee that (1) has a unique solution, we assume that f and df/dy are continuous in a rec- 
tangle R ‘= {(x, yka<x<b,c<y< d} containing (xo, yo). It follows from Theorem 1 in 
Chapter 1 that the initial value problem (1) has a unique solution (x) in some interval 
X9 — 6 < x < xo + ô, where 6 is a positive number. Because ô is not known a priori, there is 
no assurance that the solution will exist at a particular point x(#xo), even if x is in the interval 
(a, b). However, if af/dy is continuous and bounded’ on the vertical strip 


S:= (x, yk a < x < b, =œ € y € oo] . 


then it turns out that (1) has a unique solution on the whole interval (a, b). In describing 
numerical methods, we assume that this last condition is satisfied and that f possesses as many 
continuous partial derivatives as needed. 

In Section 1.4 we used the concept of direction fields to motivate a scheme for approxi- 
mating the solution to the initial value problem (1). This scheme, called Euler's method, is 
one of the most basic, so it is worthwhile to discuss its advantages, disadvantages, and possible 
improvements. We begin with a derivation of Euler's method that is somewhat different from 
that presented in Section 1.4. 

Let h > 0 be fixed (A is called the step size) and consider the equally spaced points 


(2) Xn = xo t nh, n=0,1,2,.... 


Our goal is to obtain an approximation to the solution (x) of the initial value problem (1) at 
those points x, that lie in the interval (a, b). Namely, we will describe a method that generates 
values yo, Yj, y» . . . that approximate $(x) at the respective points xo, x}, Xə, . . . ; that is, 


y, = d(x,) , n-—0,1,2,.:55 


Of course, the first “approximant” yo is exact, since yo = (x9) is given. Thus, we must describe 
how to compute y1, yo,.... 

For Euler's method we begin by integrating both sides of equation (1) from x, to x, +, to 
obtain 


4G) - 46) = | ea [^ ri 60)ar. 


Xn Xn 


where we have substituted $(x) for y. Solving for b(x, +), we have 


du) = 4) + | 


Xn 


Xn+1 


F(t, elt) dt . 


Without knowing $(t), we cannot integrate f (r, é(r) . Hence, we must approximate the integral 
in (3). Assuming we have already found y, = (x,), the simplest approach is to approximate the 


area under the function f (t, é(r) by the rectangle with base [£s Kag | and height f (x, (x,)) 
(see Figure 3.14). This gives 


Pn+1) = Plen) + (p41 7 xf Pln) . 


Substituting h for x, ,, — x, and the approximation y, for $(x,), we arrive at the numerical 
scheme 


(4) Yn+1 7 Ya + hf (Xn Yn) , h= 0,1, 2.6005 


which is Euler’s method. 


tA function g(x, y) is bounded on S if there exists a number M such that lg (x, y)| = M for all (x, y) in S. 
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» — 


f(t, et) 


n Xn+1 


Figure 3.14 Approximation by a rectangle 


Starting with the given value yo, we use (4) to compute y, = yo + hf(xo, yo) and then use 
y; to compute y; = y, + Af(xi, yı), and so on. Several examples of Euler's method can be 
found in Section 1.4. 

As discussed in Section 1.4, if we wish to use Euler's method to approximate the solution 
to the initial value problem (1) at a particular value of x, say, x — c, then we must first determine 
a suitable step size h so that xo + Nh = c for some integer N. For example, we can take N = 1 and 
h = c — xg in order to arrive at the approximation after just one step: 


plc) = plxo + h) = yi . 


If, instead, we wish to take 10 steps in Euler's method, we choose h = (c — xọ)/10 and 
ultimately obtain 


elc) = d(xo + 10h) = (x10) = yi0 - 


In general, depending on the size of h, we will get different approximations to (c). It is 
reasonable to expect that as h gets smaller (or, equivalently, as N gets larger), the Euler 
approximations approach the exact value (c). On the other hand, as h gets smaller, the 
number (and cost) of computations increases and hence so do machine errors that arise 
from round-off. Thus, it is important to analyze how the error in the approximation scheme 
varies with h. 

If Euler’s method is used to approximate the solution $(x) = e* to the problem 


© y=y, yO)=1, 
at x = 1, then we obtain approximations to the constant e = (1). It turns out that these 
approximations take a particularly simple form that enables us to compare the error in the 
approximation with the step size h. Indeed, setting f(x, y) = yin (4) yields 

Yn+1 = Yn + hy, = (1 + hyn, n= Os 258564 
Since yo = 1, we get 

y= (1th =1t+h, 

y= (1+ Aly = (1 + A) + hr) = ( + ay, 

y= (1+ hya = (+a tara (itary, 
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Euler's Approximations to e = 2.71828... 
Euler's Approximation Error 
h (1 4 nye e — (1 + h)" Error /h 
1 2.00000 0.71828 0.71828 
107 2.59374 0.12454 1.24539 
10? 2.70481 0.01347 1.34680 
10? 2.71692 0.00136 1.35790 
10+ 2.71815 0.00014 1.35902 
and, in general, 
(6) y= (thn, n=0,1,2,.... 


For the problem in (5) we have xp = 0, so to obtain approximations at x = 1, we must set 
nh = 1. That is, h must be the reciprocal of an integer (h = 1/n). Replacing n by 1/h in 
(6), we see that Euler's method gives the (familiar) approximation (1 + h)! h to the con- 
stant e. In Table 3.4, we list this approximation for h = 1, 1075, 102, 1073, and 1074, 
along with the corresponding errors 


e— (1 +h)”. 


From the second and third columns in Table 3.4, we see that the approximation gains 
roughly one decimal place in accuracy as h decreases by a factor of 10; that is, the error is 
roughly proportional to h. This observation is further confirmed by the entries in the last col- 
umn of Table 3.4. In fact, using methods of calculus (see Exercises 1.4, Problem 13), it can be 


shown that 
7 pu E n e ET m^ e 1.35914 
( ) pee h B m h B 2 oS : 


The general situation is similar: When Euler’s method is used to approximate the solu- 
tion to the initial value problem (1), the error in the approximation is at worst a constant 
times the step size h. Moreover, in view of (7), this is the best one can say. 

Numerical analysts have a convenient notation for describing the convergence behav- 
ior of a numerical scheme. For fixed x we denote by y(x; h) the approximation to the solu- 
tion (x) of (1) obtained via the scheme when using a step size of h. We say that the numer- 
ical scheme converges at x if 


lim y(x; A) = (x) . 


In other words, as the step size h decreases to zero, the approximations for a convergent 
scheme approach the exact value #(x). The rate at which y(x; A) tends to (x) is often 
expressed in terms of a suitable power of h. If the error @(x) — y(x; h) tends to zero like a 
constant times h”, we write 


(x) — y(x; h) = O(h?) 


and say that the method is of order p. Of course, the higher the power p, the faster is the 
rate of convergence as h > 0. 
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As seen from our earlier discussion, the rate of convergence of Euler’s method is O(A); 
that is, Euler's method is of order p — 1. In fact, the limit in (7) shows that for equation (5), the 
error is roughly 1.36/ for small h. This means that to have an error less than 0.01 requires 
h < 0.01/1.36, or n = 1/h > 136 computation steps. Thus Euler's method converges too 
slowly to be of practical use. 

How can we improve Euler's method? To answer this, let's return to the derivation 
expressed in formulas (3) and (4) and analyze the "errors" that were introduced to get the 
approximation. The crucial step in the process was to approximate the integral 


| ui f (t, é(r)dt 


Xn 


by using a rectangle (recall Figure 3.14). This step gives rise to what is called the /ocal trunca- 
tion error in the method. From calculus we know that a better (more accurate) approach to 
approximating the integral is to use a trapezoid—that is, to apply the trapezoidal rule (see 
Figure 3.15). This gives 


MITES 


Xn 


which leads to the numerical scheme 


h 
(8) Yn+1 = Yn a 2 Lf (ns In) f (xs c3 Yn41)] , n= 0, 1, pecsi 


We call equation (8) the trapezoid scheme. It is an example of an implicit method; that is, 
unlike Euler's method, equation (8) gives only an implicit formula for y„+1, since y, +; appears 
as an argument of f. Assuming we have already computed y,, some root-finding technique such 
as Newton's method (see Appendix B) might be needed to compute y, , ;. Despite the inconve- 
nience of working with an implicit method, the trapezoid scheme has two advantages over 
Euler's method. First, it is a method of order p — 2; that is, it converges at a rate that is propor- 
tional to A? and hence is faster than Euler's method. Second, as described in Group Project H, 
the trapezoid scheme has the desirable feature of being stable. 

Can we somehow modify the trapezoid scheme in order to obtain an explicit method? One 
idea is first to get an estimate, say, y; ;, of the value y,, , using Euler’s method and then use 
formula (8) with y, ; replaced by y,;+, on the right-hand side. This two-step process is an 
example of a predictor-corrector method. That is, we predict y, ; using Euler's method and 


»- — 


ft, oD) 


n Xn+1 


Figure 3.15 Approximation by a trapezoid 
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then use that value in (8) to obtain a “more correct" approximation. Setting y,4) = 
y, + hf(x,, Yn) in the right-hand side of (8), we obtain 


h 
(9) Yn+1 7 Yn + 73 Lf ns In) + f(x, + hy yn + hf (Xn Yn)) , n —0,1,..., 
where x, +, = x, + h. This explicit scheme is known as the improved Euler's method. 


Example 1 Compute the improved Euler's method approximation to the solution (x) = e* of 


at x = | using step sizes of h = 1, 1071, 102, 1073, and 107+. 


Solution The starting values are x) = 0 and yọ = 1. Since f(x, y) = y, formula (9) becomes 


h n? 
Yn1 — Yn RE 2 Un + (Yn T hy,)| = Yn T hyn + Yn ; 


that is, 


h2 
(10) Yn+i 7 LEAS Jn. 


Since yọ = 1, we see inductively that 


h2 n 
Yn 7 I+tht5 A n=0,1,2,.... 


To obtain approximations at x = 1, we must have 1 = xo + nh = nh,and so n = 1/h. Hence, 
the improved Euler's approximations to e = (1) are just 


p2\ Wr 
( +h +) ; 


In Table 3.5 we have computed this approximation for the specified values of h, along with the 
corresponding errors 


MARI 
e= Iter 7 


Comparing the entries of this table with those of Table 3.4, we observe that the improved 
Euler’s method converges much more rapidly than the original Euler’s method. In fact, from 
the first few entries in the second and third columns of Table 3.5, it appears that the approxima- 
tion gains two decimal places in accuracy each time h is decreased by a factor of 10. In other 
words, the error is roughly proportional to A? (see the last column of the table and also Problem 4). 
The entries in the last two rows of the table must be regarded with caution. Indeed, when 
h= 10° orh = 1074, the true error is so small that our calculator rounded it to zero, to five 
decimal places. The entries in color in the last column may be inaccurate due to the loss of sig- 
nificant figures in the calculator arithmetic. 
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Improved Euler's Approximation to e = 2.71828... 
Approximation 
( h ; ih 
L+h + — 
h 2 Error Error /h? 
1 2.50000 0.21828 0.21828 
107! 2.71408 0.00420 0.42010 
107? 2.71824 0.00004 0.44966 
ig? 2.71828 0.00000 0.45271 


As Example | suggests, the improved Euler's method converges at the rate O(/?), and 
indeed it can be proved that in general this method is of order p — 2. 

A step-by-step outline for a subroutine that implements the improved Euler's method over 
a given interval [xo c] is described below. For programming purposes it is usually more con- 
venient to input the number of steps N in the interval rather than the step size h itself. For an 
interval starting at x = x; and ending at x = c, the relation between A and N is 


(11) Nh-c-—xg. 


(Note that the subroutine includes an option for printing x and y.) Of course, the implementa- 
tion of this algorithm with N steps on the interval [ xo, c] only produces approximations to the 
actual solution at N + 1 equally spaced points. If we wish to use these points to help graph an 
approximate solution over the whole interval [ xo, c], then we must somehow fill in" the gaps 
between these points. A crude method is to simply join the points by straight-line segments 
producing a polygonal line approximation to (x). More sophisticated techniques for prescrib- 
ing the intermediate points are used in professional codes. 


IMPROVED EULER'S METHOD SUBROUTINE 
Purpose To approximate the solution (x) to the initial value problem 
y =f), »x)-». 
for xo SEx £c. 
INPUT Xo. Yo. €. N (number of steps), PRNTR (=1 to print a table) 
Step 1 Set step size h = (c — x9)/N, x = xg y = Yo 
Step 2 For i = 1 to N, do Steps 3-5 
Step 3 Set 
F = f(x. y) 
G — f(x + h, y + hF) 


Step 4 Set 

x=xth 

y =y + h(F + G)/2 
Step 5 If PRNTR = 1, print x, y 
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Example 2 


Now we want to devise a program that will compute $(c) to a desired accuracy. As we 
have seen, the accuracy of the approximation depends on the step size h. Our strategy, then, 
will be to estimate (c) for a given step size and then halve the step size and recompute the 
estimate, halve again, and so on. When two consecutive estimates of (c) differ by less than 
some prescribed tolerance e, we take the final estimate as our approximation to (c). Admit- 
tedly, this does not guarantee that $(c) is known to within e, but it provides a reasonable stop- 
ping procedure in practice.’ The following procedure also contains a safeguard to stop if the 
desired tolerance is not reached after M halvings of h. 


IMPROVED EULER'S METHOD WITH TOLERANCE 


Purpose To approximate the solution to the initial value problem 


y -f(.y). yx)». 
at x = c, with tolerance € 
INPUT Xo Yo. €. E , 


M (maximum number of halvings of step size) 
Step 1 Set z = yo, PRNTR = 0 
Step 2 For m = 0 to M, do Steps 3-7" 


Step 3 Set N = 2” 

Step 4 Call IMPROVED EULER’S METHOD SUBROUTINE 
Step 5 Print h, y 

Step 6 If |y — z| < e, go to Step 10 

Step 7 Setz=y 


Step 8 Print “#(c) is approximately"; y; “but may not be within the tolerance”; e 

Step 9 Go to Step 11 

Step 10 Print “#(c) is approximately"; y; “with tolerance"; € 

Step 11 STOP 

OUTPUT Approximations of the solution to the initial value problem at x = c using 2" 
steps 


If one desires a stopping procedure that simulates the relative error 


approximation — true value 


true value 


then replace Step 6 by 


z 
Step 6'. If [E <e, goto Step 10. 
Use the improved Euler’s method with tolerance to approximate the solution to the initial value 
problem 
(12) y =x+2y, y(0) = 0.25 , 


at x = 2. For a tolerance of e = 0.001, use a stopping procedure based on the absolute error. 


Professional codes monitor accuracy much more carefully and vary step size in an adaptive fashion for this purpose. 
+ 


t 
t 


To save time, one can start with m = K < M rather than with m = 0. 
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Solution The starting values are xo = 0, yọ = 0.25. Because we are computing the approximations for 
c = 2, the initial value for h is 


h=(2-0)2°=2. 


For equation (12), we have f(x, y) = x + 2y,so the numbers F and G in the subroutine are 


F=xt+2y, 

G = (x + h) + 2(y + AF) =x + 2y + h(1 + 2x + 4y) , 
and we find 

x=xth, 


2 
y =y + S(F+G)=yt F(x + ay) +E + 2x + 4y) . 


Thus, with x) = 0, yọ = 0.25, and h = 2, we get for the first approximation 


y = 0.25 + (0+ 1) + 2(1 + 1) = 525. 


To describe the further outputs of the algorithm, we use the notation y(2; A) for the approx- 
imation obtained with step size h. Thus, y(2; 2) = 5.25, and we find from the algorithm 


ds 1) = 11.25000 — y(2; 275) = 25.98132 
y(2; 27!) = 18281235 (2,279) = 26.03172 
y(2; 27?) = 23.06067  y(2; 277) = 26.04468 
y(2; 27?) = 25.12012  y(2;2 5) = 26.04797 
y(2; 274) = 25.79127  y(2; 27°) = 26.04880 


Since |y(2; 27°) — y(2; 278)| = 0.00083, which is less than & = 0.001, we stop. 


The exact solution of (12) is (x) = sle Mlxy- 3) , SO we have determined that 


(2) = (e -— 5) = 26.04880 . € 


In the next section, we discuss methods with higher rates of convergence than either 
Euler's or the improved Euler's methods. 


BESGA å O = 


In many of the following problems, it will be essential to at x = 1, then the approximation with step size h is 
have a calculator or computer available. You may use a (1 + sh) ih, 
software package! or write a program for solving initial 
value problems using the improved Euler's method algo- 
rithms on pages 127 and 128. (Remember, all trigono- 


2. Show that when Euler's method is used to approxi- 
mate the solution of the initial value problem 


; 1 
metric calculations are done in radians.) yr Tay, y(0) SU 
1. Show that when Euler's method is used to approxi- at x = 2, then the approximation with step size h is 
mate the solution of the initial value problem nv 
3 d 
y =5y, umi, ( J 


"An applet, maintained on the web at http://alamos.math.arizona.edu/~rychlik/JOde/index.html automates most of the differential equation algo- 
rithms discussed in this book. 
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Show that when the trapezoid scheme given in for- 
mula (8) is used to approximate the solution 
(x) = e*of 

y=y, »0-1, 


at x = 1, then we get 
_ flr ape — 
Yn+1 = 1 — hf2 Yn > N=UVU,1,4,..-, 


which leads to the approximation 


1 + h/2N Vh 
1 — h/2 
for the constant e. Compute this approximation for 


h = 1,10 !, 10 ?, 10 2, and 10 ^ and compare your 
results with those in Tables 3.4 and 3.5. 


. In Example 1 the improved Euler's method approxi- 


mation to e with step size / was shown to be 


n2\ 1h 
(i +h+ 3 s 


First prove that the error:- e — (1 + h + h2/2)1/ 
approaches zero as h — 0. Then use L' Hópital's rule 
to show that 

error e 


im = G 7 045305 . 


Compare this constant with the entries in the last 
column of Table 3.5. 


. Show that when the improved Euler's method is used 


to approximate the solution of the initial value problem 
y -4y, 
at x = 1/2, then the approximation with step size h is 


iü + 4h + 8n2)!/ 09. 


. Since the integral y(x) = Jo f(t)dt with variable 


upper limit satisfies (for continuous f) the initial 
value problem 


y =f), »(0-0, 
any numerical scheme that is used to approximate 
the solution at x = 1 will give an approximation to 
the definite integral 


MICE 


0 
Derive a formula for this approximation of the inte- 
gral using 


10. 


11. 


12. 


13. 


(a) Euler's method. 
(b) the trapezoid scheme. 
(c) the improved Euler's method. 


. Use the improved Euler's method subroutine with 


step size h = 0.1 to approximate the solution to the 
initial value problem 


yeseyu 0)59; 
at the points x — 1.1, 1.2, 1.3, 1.4, and 1.5. (Thus, 
input N — 5.) Compare these approximations with 


those obtained using Euler's method (see Exercises 
1.4, Problem 5). 


. Use the improved Euler's method subroutine with 


step size h = 0.2 to approximate the solution to the 

initial value problem 

ral 
X 


yX1)21, 


at the points x — 1.2, 1.4, 1.6, and 1.8. (Thus, input 
N — 4.) Compare these approximations with those 
obtained using Euler's method (see Exercises 1.4, 
Problem 6). 


y [y* +y), 


. Use the improved Euler's method subroutine with 


step size h = 0.2 to approximate the solution to 


»(0) 20, 
at the points x = 0, 0.2, 0.4, . . . , 2.0. Use your an- 
swers to make a rough sketch of the solution on [0, 2]. 


y! =x + 3cos(xy) , 


Use the improved Euler's method subroutine with 
step size h = 0.1 to approximate the solution to 


y(0) =1, 
at the points x = 0, 0.1, 0.2,..., 1.0. Use your an- 
swers to make a rough sketch of the solution on [0, 1]. 


y= 4 cos(x + y) : 


Use the improved Euler's method with tolerance to 
approximate the solution to 


dx _ , 
pom 1 + tsin(tx) , 


at t = 1. For a tolerance of e = 0.01, use a stopping 
procedure based on the absolute error. 


x(0) =0, 


Use the improved Euler’s method with tolerance to 
approximate the solution to 


y0)=0, 
at x = m. For a tolerance of e = 0.01, use a stop- 
ping procedure based on the absolute error. 


y^l-siny, 


Use the improved Euler's method with tolerance to 
approximate the solution to 

yel-yty, 30-29, 
at x = 1. For a tolerance of e = 0.003, use a stop- 
ping procedure based on the absolute error. 


14. 


15. 


16. 


17. 


18. 


By experimenting with the improved Euler's method 
subroutine, find the maximum value over the interval 
[0, 2] of the solution to the initial value problem 


»(0) 22. 
Where does this maximum value occur? Give answers 
to two decimal places. 


y = sin(x + y), 


The solution to the initial value problem 


dy _ a 
a 06t»*2) : 


crosses the x-axis at a point in the interval [0, 1.4]. 
By experimenting with the improved Euler’s method 
subroutine, determine this point to two decimal 
places. 


The solution to the initial value problem 


d 
a * Z -xy, y) 
has a vertical asymptote (“blows up") at some point 
in the interval [1, 2]. By experimenting with the 
improved Euler’s method subroutine, determine this 
point to two decimal places. 

Use Euler's method (4) with h = 0.1 to approximate 
the solution to the initial value problem 


y = —20y , 


on the interval 0 = x = 1 (that is, atx = 0,0.1,..., 
1.0). Compare your answers with the actual solution 
y = e 7° What went wrong? Next, try the step size 
h = 0.025 and also h = 0.2. What conclusions can 
you draw concerning the choice of step size? 


Local versus Global Error. In deriving formula 
(4) for Euler’s method, a rectangle was used to 
approximate the area under a curve (see Figure 
3.14). With g(t) =f (t, $(1)), this approximation can 
be written as 


| sheeted. 


Xn 


where h =xXnp41 © Xn. 

(a) Show that if g has a continuous derivative that is 
bounded in absolute value by B, then the rectan- 
gle approximation has error O(h?); that is, for 
some constant M, 


|[ ata nete) 


Xn 


< Mh’. 


This is called the local truncation error of the 
scheme. [Hint: Write 


[U eoa- n) =| 


x, Xn 


Xn+1 


lel) — &(x,)]at . 


n 


19. 


20. 
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Next, using the mean value theorem, show that 
le(t) — g(x,)| = B|t — x,|. Then integrate to 
obtain the error bound (B/2)h*.] 

(b) In applying Euler's method, local truncation 
errors occur in each step of the process and are 
propagated throughout the further computations. 
Show that the sum of the local truncation errors 
in part (a) that arise after n steps is O(A). This is 
the global error which is the same as the 
convergence rate of Euler's method. 

Building Temperature. In Section 3.3 we mod- 

eled the temperature inside a building by the initial 

value problem 


a» — P= KM) - r0] + H() + UL) 
T(ty) = To , 


where M is the temperature outside the building, T is 
the temperature inside the building, H is the addi- 
tional heating rate, U is the furnace heating or air 
conditioner cooling rate, K is a positive constant, 
and Tọ is the initial temperature at time fy. In a 
typical model, tọ = 0 (midnight), Ty = 65°F, H(t) = 
0.1, U(t) = 1.5|70 — T(t)], and 
M(t) = 75 — 20 cos(at/12) . 

The constant K is usually between 1/4 and 1/2, 
depending on such things as insulation. To study the 
effect of insulating this building, consider the typical 
building described above and use the improved 
Euler’s method subroutine with h = 2/3 to approxi- 
mate the solution to (13) on the interval 0 < t S 24 
(1 day) for K — 0.2, 0.4, and 0.6. 

Falling Body. In Example 1 of Section 3.4, we 
modeled the velocity of a falling body by the initial 
value problem 


dv _ _ 
my 7 mg bv, 


under the assumption that the force due to air 
resistance is — bv. However, in certain cases the force 
due to air resistance behaves more like — bv”, where 
r (>1) is some constant. This leads to the model 


v(0) =w, 


v(0) = v . 


mo = mg — bv' , 
To study the effect of changing the parameter r in 
(14), take m = 1, g = 9.81, b = 2, and v, = 0. Then 
use the improved Euler’s method subroutine with 
h = 0.2 to approximate the solution to (14) on the 
interval 0 = t = 5 for r = 1.0, 1.5, and 2.0. What is 
the relationship between these solutions and the 
constant solution v(t) = (9.81/2)!/" ? 


(14) 
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HIGHER-ORDER NUMERICAL METHODS: 
3./ TAYLOR AND RUNGE-KUTTA 


In Sections 1.4 and 3.6, we discussed a simple numerical procedure, Euler’s method, for 
obtaining a numerical approximation of the solution (x) to the initial value problem 


(1) y 2fGy). xx)». 


Euler's method is easy to implement because it involves only linear approximations to the 
solution f(x). But it suffers from slow convergence, being a method of order 1; that is, the error 
is O(A). Even the improved Euler’s method discussed in Section 3.6 has order of only 2. In this 
section we present numerical methods that have faster rates of convergence. These include 
Taylor methods, which are natural extensions of the Euler procedure, and Runge-Kutta 
methods, which are the more popular schemes for solving initial value problems because they 
have fast rates of convergence and are easy to program. 

As in the previous section, we assume that f and df/dy are continuous and bounded on the 
vertical strip {(x, yia<x<b,-w<y< oo} and that f possesses as many continuous 
partial derivatives as needed. 

To derive the Taylor methods, let $,(x) be the exact solution of the related initial value 
problem 


(2) Pn = fin Pn) ? $,(x,) = Yn j 


The Taylor series for $, (x) about the point x, is 


2 
n(x) m PnlXn) + hd, (Xn) + — UED na 


where h = x — x,. Since ġ, satisfies (2), we can write this series in the form 


h? 
(3) n(x) = y. Taf iy Yn) + are) DELE 


Observe that the recursive formula for y„+ı in Euler’s method is obtained by truncating the 
Taylor series after the linear term. For a better approximation, we will use more terms in the 
Taylor series. This requires that we express the higher-order derivatives of the solution in terms 
of the function f(x, y). 

If y satisfies y' = f(x, y), we can compute y" by using the chain rule: 


à à 
(4) y" = 2 y) + as y)» 


0 0 
2 6.5) + Zeng) 


fox, y) . 


In a similar fashion, define f3, f4, . . . , that correspond to the expressions y" (x), y (x), etc. If 
we truncate the expansion in (3) after the h? term, then, with the above notation, the recursive 
formulas for the Taylor method of order p are 


(5) Xn+1 = Xn +h , 


h? hP 
(6) Yn+1 — Yn T hf (Xn Yn) F ai fae Yn) mut pi owe In) $ 


Example 1 


Solution 
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As before, y, ^ (x,), where (x) is the solution to the initial value problem (1). It can be 
shown! that the Taylor method of order p has the rate of convergence O(/?). 


Determine the recursive formulas for the Taylor method of order 2 for the initial value problem 
0 y sim), »(0-m. 


We must compute f;(x, y) as defined in (4). Since f(x, y) = sin(xy), 
af af 


ag 9) = yeostay) ,.— y 0») = x cosh) . 
Substituting into (4), we have 
_ of af 
fils y) = ace y) + gy oe wifey) 


= y cos(xy) + 2 sin(2xy) , 


and the recursive formulas (5) and (6) become 


Xn+1 — Xn +h , 


2 


. X . 
Yee = Yn + hsin(x y) + 7 | Yn cos(xuy,) + 7 sin(2xnYn) | » 


where xp = 0, yo = sr are the starting values. 9 


The convergence rate, O(h”), of the pth-order Taylor method raises an interesting 
question: If we could somehow let p go to infinity, would we obtain exact solutions for 
the interval [xo Xo Tt np This possibility is explored in depth in Chapter 8. Of course, a 
practical difficulty in employing high-order Taylor methods is the tedious computation of 
the partial derivatives needed to determine f, (typically these computations grow exponen- 
tially with p). One way to circumvent this difficulty is to use one of the Runge-Kutta 
methods. ' 

Observe that the general Taylor method has the form 


(8) Ynt+1 © Yn ur hF(x,, Yn; h) $ 


where the choice of F depends on p. In particular [compare (6)], for 
p=1,  F=T(xy;h)= f(x,y), 
h| of 


ð 
O  p=2, Fc) mf.) * 5 Fy) + Za) 


The idea behind the Runge-Kutta method of order 2 is to choose F in (8) of the form 
(10) F = K,(x,y;h) = f(x + ah, y + Bhf(x, y) ; 


"See Introduction to Numerical Analysis by J. Stoer and R. Bulirsch (Springer-Verlag, New York, 2002). 
™ Historical Footnote: These methods were developed by C. Runge in 1895 and W. Kutta in 1901. 
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where the constants o, f are to be selected so that (8) has the rate of convergence O(/?). The 
advantage here is that K, is computed by two evaluations of the original function f(x, y) and 
does not involve the derivatives of f(x, y). 


To ensure O(h?) convergence, we compare this new scheme with the Taylor method of 
order 2 and require 


T>(x, y; h) — Kx, y; h) = O(h?), as n0. 


That is, we choose a, B so that the Taylor expansions for T, and K, agree through terms of 
order h. For (x, y) fixed, when we expand K, = K>(h)as given in (10) about h = 0, we find 


a1) K(h)= K,(0) + e (0)h + O(h?) 


= f(x,y) + h + O(h?) , 


ð ð 
2 (5) + B2 Gs A059) 


where the expression in brackets for dK, /dh, evaluated at h = 0, follows from the chain rule. 
Comparing (11) with (9), we see that for T; and K to agree through terms of order h, we must 
have a = B = 1/2. Thus, 


K,(x, y; h) ZG i - | e) 


The Runge-Kutta method we have derived is called the midpoint method and it has the 
recursive formulas 


(12) Xn+1 = Xn th , 


h h 
(13) Ynti 7 Ya t hf (s * Pu Yn + my * 


By construction, the midpoint method has the same rate of convergence as the Taylor method 
of order 2; that is, O(/?). This is the same rate as the improved Euler’s method. 

In a similar fashion, one can work with the Taylor method of order 4 and, after some 
elaborate calculations, obtain the classical fourth-order Runge-Kutta method. The recursive 
formulas for this method are 


Xnt+1 = Xn th , 


(14) 1 
Yasi = Ya + nu E 2k; + 2k; iz k4) , 


where 


ky = hf (Xn Yn) , 


h k, 
ky = hf\ Xn ty In + , 


h k 
ks = hf\ Xn + 55 Yn ty , 


k4 = hf (Xn + hy y, + ky). 
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The classical fourth-order Runge-Kutta method is one of the more popular methods because 
its rate of convergence is O(h*) and it is easy to program. Typically, it produces very accurate 
approximations even when the number of iterations is reasonably small. However, as the num- 
ber of iterations becomes large, other types of errors may creep in. 

Program outlines for the fourth-order Runge-Kutta method are given below. Just as with 
the algorithms for the improved Eulers method, the first program (the Runge-Kutta 
subroutine) is useful for approximating the solution over an interval [ xo, c] and takes the 
number of steps in the interval as input. As in Section 3.6, the number of steps N is related to 
the step size / and the interval [xo c] by 


Nh =c- xo. 


The subroutine has the option to print out a table of values of x and y. The second algo- 
rithm (Runge-Kutta with tolerance) on page 136 is used to approximate, for a given toler- 
ance, the solution at an inputted value x — c. This algorithm? automatically halves the step 
sizes successively until the two approximations y(c; A) and y(c; h/2) differ by less than the 
prescribed tolerance e. For a stopping procedure based on the relative error, Step 6 of the 
algorithm should be replaced by 


=z 
Step 6' If Po < e, go to Step 10 . 


CLASSICAL FOURTH-ORDER RUNGE-KUTTA SUBROUTINE 
Purpose To approximate the solution to the initial value problem 
y = f(x,y), y(Xo) = Yo 
for xo Sx Sc 
INPUT Xo Yo, C, N (number of steps), PRNTR (=1 to print a table) 
Step 1 Set step size h = (c — xo)/N, x = xg, y = yo 
Step 2 For i = 1 to N, do Steps 3-5 
Step 3 Set 
kı = hf(x. y) 
ky =h + + k 
Z f x Ph y 2 
= D dT y» + 2 
k4 = hf(x + h, y + ky) 
Step 4 Set 
x=xt+h 
y=yt HO + 2k, + 2k, + ky) 
Step 5 If PRNTR = 1, print x, y 


"Note that the form of the algorithm on page 136 is the same as that for the improved Euler's method on page 128 except 
for Step 4, where the Runge-Kutta subroutine is called. More sophisticated stopping procedures are used in production- 
grade codes. 
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CLASSICAL FOURTH-ORDER RUNGE-KUTTA ALGORITHM WITH TOLERANCE 


Purpose To approximate the solution to the initial value problem 


y = fly), — xx) = yo 
at x = c, with tolerance € 
INPUT Xo, Yo. €. €, M (maximum number of iterations) 


Step 1 Set z = yp, PRNTR = 0 
Step 2 For m = 0 to M, do Steps 3-7 (or, to save time, start with m > 0) 


Step 3 Set N = 2” 

Step 4 Call FOURTH-ORDER RUNGE-KUTTA SUBROUTINE 
Step 5 Print h, y 

Step 6 If |z — y| € &,go to Step 10 

Step 7 Setz — y 


Step 8 Print “(c) is approximately"; y; “but may not be within the tolerance"; € 

Step 9 Go to Step 11 

Step 10 Print "$(c) is approximately"; y; “with tolerance"; € 

Step 11 STOP 

OUTPUT Approximations of the solution to the initial value problem at x = c, 
using 2” steps. 


Example 2 Use the classical fourth-order Runge-Kutta algorithm to approximate the solution $(x) of the 
initial value problem 


y=y, yO=1, 


at x = 1 with a tolerance of 0.001. 


Solution The inputs are xj = 0, yọ = 1, c = 1, s = 0.001, and M = 25 (say). Since f(x, y) = y, the 
formulas in Step 3 of the subroutine become 


kı ky 
k-hy, k=hlyt+ >}, h-h»t5]. h-h»tk. 
The initial value for N in this algorithm is N — 1, so 
h=(1-O0)//1=1. 


Thus, in Step 3 of the subroutine, we compute 


k XD, ky = (1)(1 + 0.5) = 1.5, 
ky = (1)(1 + 0.75) = 1.75,  ką= (1)(1 + 175) = 2.75 , 


and, in Step 4 of the subroutine, we get for the first approximation 


< 
| 


= Yo + HC t 2k. t 2k3 + k4) 


1+ al + 2(1.5) + 2(1.75) + 2.75] 


2.70833 , 


Example 3 


Solution 
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where we have rounded to five decimal places. Because 


Iz — y| = |yo — y| = |1 — 2.70833| = 1.70833 > e , 


we start over and reset N = 2, h = 0.5. 
Doing Steps 3 and 4 for i — 1 and 2, we ultimately obtain (for i — 2) the approximation 


y = 2.71735 . 
Since |z — y| = |2.70833 — 2.71735| = 0.00902 > g, we again start over and reset N = 4, 
h = 0.25. This leads to the approximation 
y = 2.71821 , 
so that 
|z — y| = |2.71735 — 2.71821] = 0.00086 , 
which is less than e = 0.001. Hence (1) = e ~ 2.71821. € 
In Example 2 we were able to obtain a better approximation for (1) = e with h = 0.25 
than we obtained in Section 3.6 using Euler’s method with A = 0.001 (see Table 3.4, page 124) 


and roughly the same accuracy as we obtained in Section 3.6 using the improved Euler’s 
method with h = 0.01 (see Table 3.5, page 127). 


Use the fourth-order Runge-Kutta subroutine to approximate the solution (x) of the initial 
value problem 


a5 y =y, yO)=1, 


on the interval 0 = x = 2using N = 8 steps (i.e., h = 0.25). 


Here the starting values are xy = 0 and yo = 1. Since f(x, y) = y? the formulas in Step 3 of the 
subroutine are 


2 ki \? 
ki = hyf, b -hyt- " 


V 2 
kk=hly +>) > ky = h(y + k3} . 


From the output, we find 


x=0.25 y= 1.33322 , 
x=050 y= 1.99884 , 
x=0.75 y= 3.97238 , 
x=1.00 y = 32.82820 , 
x=125 y= 4.09664 x 10!! , 
x= 1.50 y = overflow . 


What happened? Fortunately, the equation in (15) is separable, and, solving for $(x), we obtain 
(x) = (1 — x)™!. It is now obvious where the problem lies: The true solution (x) is not defined 
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Example 4 


Solution 


at x = 1. If we had been more cautious, we would have realized that df/ay = 2yis not bounded for 
all y. Hence, the existence of a unique solution is not guaranteed for all x between 0 and 2, and in 
this case, the method does not give meaningful approximations for x near (or greater than) 1. 9 


Use the fourth-order Runge-Kutta algorithm to approximate the solution f(x) of the initial 
value problem 


y-2x-y, »y(0-1, 
at x — 2 with a tolerance of 0.0001. 


This time we check to see whether ðf/ðy is bounded. Here ðf/ðy = —2y, which is certainly 
unbounded in any vertical strip. However, let's consider the qualitative behavior of the solution 
(x). The solution curve starts at (0, 1), where $'(0) = 0 — 1 < 0, so (x)begins decreasing 
and continues to decrease until it crosses the curve y = Vx. After crossing this curve, (x) 
begins to increase, since $'(x) = x — d? (x) > 0. As A(x) increases, it remains below the 
curve y = Vx. This is because if the solution were to get “close” to the curve y = Vx, then the 
derivative of (x) would approach zero, so that overtaking the function Vx is impossible. 
Therefore, although the existence-uniqueness theorem does not guarantee a solution, we 
are inclined to try the algorithm anyway. The above argument shows that f(x) probably exists 
for x > 0, so we feel reasonably sure the fourth-order Runge-Kutta method will give a good 
approximation of the true solution $(x). Proceeding with the algorithm, we use the starting val- 
ues xj = 0 and yo = 1. Since f(x, y) = x — y?,the formulas in Step 3 of the subroutine become 


ki —h(x— y), b= a(x n) ( a) 
hoch («2-6«3/]. k4 = h[(x + h) - (y + Y]. 


In Table 3.6, we give the approximations y(2; 27™+!) for @(2) for m = 0, 1, 2, 3, and 4. The 
algorithm stops at m — 4, since 

|y(2; 0.125) — y(2; 0.25)| = 0.00000 . 
Hence, o(2) ~ 1.25132 with a tolerance of 0.0001. € 


11:8 2: Classical Fourth-Order Runge-Kutta Approximation 
for (2) 


Approximation 
m h for (2) ly; h) — y(2; 2h)| 
0 2.0 — 8.33333 
1 1.0 1.27504 9.60837 
2 0.5 1.25170 0.02334 
3 0.25 1.25132 0.00038 
4 0.125 1.25132 0.00000 
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BESGA 80 1] 


As in Exercises 3.6, for some problems you will find it 9. Use the fourth-order Runge-Kutta subroutine with 
essential to have a calculator or computer available. For h — 0.25 to approximate the solution to the initial 


Problems 1—17, note whether or not df/dy is bounded. 


1. Determine the recursive formulas for the Taylor 


method of order 2 for the initial value problem 


y= cos(x + y) ; y(0) =m. 


2. Determine the recursive formulas for the Taylor 


method of order 2 for the initial value problem 


y-2xx-y, »y(0-2-1. 


3. Determine the recursive formulas for the Taylor 


method of order 4 for the initial value problem 


10. 


value problem 

»(0)-1, 

at x = 1. Compare this approximation with the one ob- 
tained in Problem 5 using the Taylor method of order 4. 


y-7^xt*l-y, 


Use the fourth-order Runge-Kutta algorithm to 
approximate the solution to the initial value problem 


yX1)21, 


at x = 2. For a tolerance of e = 0.001, use a stop- 


y=1-x, 


y 2x-y »(0) — 0. ping procedure based on the absolute error. 
4. Determine the recursive formulas for the Taylor 11. The solution to the initial value problem 
method of order 4 for the initial value problem ,_ 2 j =g 
y =x +y, »(0-0. Aat D ou. 


5. Use the Taylor methods of orders 2 and 4 with h = 0.25 
to approximate the solution to the initial value problem 
»(0)-1, 
at x = 1. Compare these approximations to the 12 
actual solution y = x + e "evaluated at x = 1. 
6. Use the Taylor methods of orders 2 and 4 with h = 0.25 
to approximate the solution to the initial value problem 
y-21-y. y0)=0, y= y, y1) = -1. 
at x = 1. Compare these approximations to the " 
actual solution y = 1 — e "evaluated at x = 1. 


crosses the x-axis at a point in the interval [1,2]. By 
; experimenting with the fourth-order Runge-Kutta 
y=x+1l-y, subroutine, determine this point to two decimal places. 
. By experimenting with the fourth-order Runge-Kutta 

subroutine, find the maximum value over the interval 


[ l, 2] of the solution to the initial value problem 


Where does this maximum occur? Give your 


7. Use the fourth-order Runge-Kutta subroutine with answers to two decimal places. 


h = 0.25 to approximate the solution to the initial 13. The solution to the initial value problem 
value problem 
, dy 2 ; 2 
y =2y-6, y(0)=1, 273 2ey te^ +e, y(0) = 3 


at x = 1. (Thus, input N = 4.) Compare this approx- 
imation to the actual solution y = 3 — 2e? evalu- 
ated at x — 1. 


has a vertical asymptote (“blows up") at some point 
in the interval [0, 2]. By experimenting with the 
fourth-order Runge-Kutta subroutine, determine this 


8. Use the fourth-order Runge-Kutta subroutine with í : 
point to two decimal places. 


h — 0.25 to approximate the solution to the initial 
value problem 14. Use the fourth-order Runge-Kutta algorithm to 


y21-y, »(0) 2 0 , approximate the solution to the initial value problem 


at x = 1. Compare this approximation with the one 
obtained in Problem 6 using the Taylor method of 
order 4. 


y =ycosx, 


at x = m. For a tolerance of e = 0.01, use a stop- 
ping procedure based on the absolute error. 


*An applet, maintained on the web at http://alamos.math.arizona.edu/~rychlik/JOde/index.html automates most of the differential equation algo- 
rithms discussed in this book. 
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15. 


16. 


17. 


18. 


19. 
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Use the fourth-order Runge-Kutta subroutine with 
h — 0.1 to approximate the solution to 


»(0) =0, 


at the points x = 0, 0.1, 0.2, . . . , 3.0. Use your answers 
to make a rough sketch of the solution on [0, 3 |. 


y! = cos(Sy) — x , 


Use the fourth-order Runge-Kutta subroutine with 
h = 0.1 to approximate the solution to 

y(0) =0, 

at the points x = 0, 0.1, 0.2,..., 4.0. Use your an- 
swers to make a rough sketch of the solution on [0, 4]. 


y! = 3 cos(y — 5x) , 


The Taylor method of order 2 can be used to approx- 

imate the solution to the initial value problem 
yy. ei. 

at x = 1. Show that the approximation y, obtained 

by using the Taylor method of order 2 with the step 

size 1/n is given by the formula 


»- (riu , n=1,2,.... 
n n 


The solution to the initial value problem is y = e", 
so y, is an approximation to the constant e. 

If the Taylor method of order p is used in Problem 17, 
show that 


1 1 1 pU Y 21 
LILLEL | treed ‘ i 
" ( n 2m 6m 1) 
n=1,2,.... 
Fluid Flow. In the study of the nonisothermal flow 


of a Newtonian fluid between parallel plates, the 
equation 
2 
£y tx =0, 
dx? 
was encountered. By a series of substitutions, this 
equation can be transformed into the first-order 
equation 


dv — [u 
du A» 


x20, 


20. 


Use the fourth-order Runge-Kutta algorithm to 
approximate v(3) if v(u) satisfies v(2) = 0.1. For a 
tolerance of e = 0.0001, use a stopping procedure 
based on the relative error. 

Chemical Reactions. The reaction between nitrous 
oxide and oxygen to form nitrogen dioxide is given 
by the balanced chemical equation 2NO + O, = 
2NO,. At high temperatures the dependence of the 
rate of this reaction on the concentrations of NO, O;, 
and NO, is complicated. However, at 25°C the rate at 
which NO, is formed obeys the law of mass action 
and is given by the rate equation 


where x(t) denotes the concentration of NO; at time 
t, k is the rate constant, œ is the initial concentration 
of NO, and f is the initial concentration of O;. At 
25°C, the constant k is 7.13 X 10? (liter)?/(mole)*(sec- 
ond). Let a = 0.0010 mole/L, B = 0.0041 mole/L, 
and x(0) = 0 mole/L. Use the fourth-order Runge- 
Kutta algorithm to approximate x(10). For a toler- 
ance of e = 0.000001, use a stopping procedure 
based on the relative error. 

Transmission Lines. In the study of the electric 
field that is induced by two nearby transmission 
lines, an equation of the form 


arises. Let f(x) = 5x + 2 and g(x) = x”. If z(0) = 
1, use the fourth-order Runge-Kutta algorithm to 
approximate z(1). For a tolerance of e = 0.0001, 
use a stopping procedure based on the absolute 
error. 
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A Dynamics of HIV Infection 


Courtesy of Glenn Webb, Vanderbilt University 


The dynamics of HIV (human immunodeficiency virus) infection within a human host involve 
the interaction of the HIV virions and CD4+ T lymphocytes. CD4+ T lymphocytes are long- 
lived white blood cells that play a major role in the defense of the human body against microbial 
invaders. HIV targets these very cells. When HIV first appeared as a new and major health threat, 
it was recognized that the disease typically exhibited a lengthy gradual progression lasting 10 or 
more years. It was widely believed that the dynamics of HIV destruction of CD4+ T-cell popula- 
tion involved a very low rate of infection and a very slow turnover of virus and infected cells. In 
1995 differential equation models of HIV-CD4+ T-cell interaction revealed that the turnover rate 
for the infected CD4+ T cells was very much faster than this (about 2 days)—a scientific break- 
through reported simultaneously in the papers of D. D. Ho et al., "Rapid Turnover of Plasma Viri- 
ons and CD4 Lymphocytes in HIV-1 Infection,” Nature 1995; and of G. M. Shaw et al., “Viral 
Dynamics in Human Immunodeficiency Virus Type I Infection,” Nature 1995. 

Underlying the models in these papers is the knowledge that within a person infected with 
HIV, the virus spends part of its existence free and part inside an infected CD4+ T cell. The time 
spent free was known to be very short—on the order of 30 minutes. The time spent inside an 
invaded CD4+ T cell was believed to be very long—on the order of years. When a cell was 
invaded, a virion (a complete viral particle, consisting of RNA surrounded by a protein shell) 
took over the cell's DNA and used it to replicate its own RNA, thereby creating new virions; then 
it budded, or burst the cell, to release multiple virus particles. 

The differential equations of the model are similar to those for compartmental analysis dis- 
cussed in Section 3.2. They involve compartments and parameters. The compartments of the 
model are 


T(t) = the population of uninfected CD4+ T cells at time f . 
I(t) = the population of infected CD4+ T cells at time f . 
V (t) = the population of virus at time t . 
The parameters (followed by their units) of the model are 
A(cells - day!) = constant input source of uninfected cells per day (the human body 
produces these cells daily in the thymus) . 


ó(day !) = normal loss rate constant of uninfected cells (1/8 = the average lifespan of 
an uninfected cell in days) . 


B(virions ! - day!) = infection rate constant of uninfected cells per infected cell (the 
rate is of mass action form, i.e., BV(t) T(t) . 


u(day !) = loss rate constant of infected cells (1/4 = the average lifespan of an 
infected cell in days) . 

y(day~') = loss rate constant of free virus (1/y = the average lifespan of a free virion 
in days) . 

N(virions + cell!) = number of virions produced per day per infected cell (the burst 
number of an infected cell) . 
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HIV CD4- T cells 
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Figure 3.16 Compartmental views of virus, uninfected T cells, and infected T cells 


The independent variable of the model is time ¢ in days and the dependent variables of the 
model are T(t), I(t), and V(t). The equations are as follows (see Figure 3.16). 


ir) = A - sr) - gv) 


~~ 


Source Normalloss [Infection rate 


Time change 


ZA) = gv) - a) 


Gain from infection Loss rate 


Time change 
d 


Sv) = Nu -= yO) 
Viral production Decay rate 


Time change 


As mentioned above, the average lifespan of a free virion, 1/y, is approximately 30 minutes, 
which means y 7 48 day™!. On the other hand, it was thought that 1/u, the average length of 
time an infected CD4+ T cell lasts before bursting to produce new virions, should be several 
years, implying that u must be quite small (on the order of 10 ? day !). However, when drugs to 
treat HIV infection first became available in the mid-1990s, researchers were able to deduce a 
surprisingly different value from patient data and the differential equation models. By completing 
the following steps, you will be able to determine a better approximation to 1/ in the manner 
utilized by Ho et al. 

To incorporate the effect of treatment in the differential equations model, set B = 0; that is, 
assume the action of the drug completely inhibits the infection process. This is a reasonable 
approximation and it simplifies the analysis. 


(a) With the assumption of treatment, what are the reduced forms of the differential equa- 
tions for T(t), I(t), and V(t)? 

(b) Solve these reduced equations for T(t), I(t), and V(t), with the initial conditions 
T(0) = Tp, 1(0) = Jp, and V(0) = Vo. 

(c) Argue from your formula for V(t), that the graph of V(t) on a log scale (i.e., the graph of 
log V) over an extended period of time (say, several weeks) will tend toward a graph of 
a straight line whose slope is either —y (the negative reciprocal of the average lifespan 
of a free virus) or — u (the negative reciprocal of the average lifespan of an infected 
CD4- T cell), according to whether y or u is smaller. 
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Figure 3.17 Viral load decrease in three HIV patients 


(d) For patients who undergo therapy, it is possible to measure the viral load V and to deter- 
mine the rate at which their viral load declines. In Ho et al., the data in Figure 3.17 
were presented for the decrease (on a logarithmic scale) in viral loads of three patients. 
Using these data and part (c), explain why it follows that — u must be the approximate 
slope of the nearly linear curve for log V and thereby deduce the revised estimate for 
the average time an infected cell lasts between being invaded and bursting. 

(e) Check out the recent literature of mathematical models of HIV dynamics in infected 
hosts (try a Google Scholar search) and find out how the estimate of the lifespan of 
infected CD4+ T cells has been improved using more refined ordinary differential 
equation models. (Other models have been used to estimate the lifespan of the free 
virus. Also, models have been developed to track the long-term effects of patients 
undergoing therapy, optimal ways to schedule treatment, and the problems that arise 
when drug resistance develops.) 


The dynamics of HIV-1 replication in patients receiving anti-retroviral therapy is a subject of contin- 
uing investigation and mathematical modeling. It is well known that therapy does not eliminate the 
virus in patients, and it is necessary to continue treatment indefinitely. The reasons are complex and 
connected to the presence of viral reservoirs, which allow the virus population to restore if treatment 
is discontinued. Further investigations of this subject may be found in the following references: 


Quantifying residual HIV-1 replication in patients receiving combination anti-retroviral ther- 
apy. Zhang LQ, Ramratnam B, Tenner-Racz K, He YX, Vesanen M, Lewin S, Talal A, Racz P, 
Perelson AS, Korber BT, Markowitz M, and Ho DD. New England Journal of Medicine 
340:1605-1613, 1999. 


The decay of the latent reservoir of replication-competent HIV-1 is inversely correlated with the 
extent of residual viral replication during prolonged anti-retroviral therapy. Ramratnam B, Mittler JE, 
Zhang LQ, Boden D, Hurley A, Fang F, Macken CA, Perelson AS, Markowitz M, and Ho DD. 
Nature Medicine 6:82—85, 2000. 
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B Aquaculture 


Aquaculture is the art of cultivating the plants and animals indigenous to water. In the example 
considered here, it is assumed that a batch of catfish are raised in a pond. We are interested in 
determining the best time for harvesting the fish so that the cost per pound for raising the fish is 
minimized. 

A differential equation describing the growth of fish may be expressed as 

dW e 

(4) uu RAMS 
where W(t) is the weight of the fish at time t and K and a are empirically determined growth con- 
stants. The functional form of this relationship is similar to that of the growth models for other 
species. Modeling the growth rate or metabolic rate by a term like W“ is a common assumption. 
Biologists often refer to equation (1) as the allometric equation. It can be supported by plausi- 
bility arguments such as growth rate depending on the surface area of the gut (which varies like 
w? 3) or depending on the volume of the animal (which varies like W). 


(a) Solve equation (1) whena # 1. 

(b) The solution obtained in part (a) grows large without bound, but in practice there is 
some limiting maximum weight Wmax for the fish. This limiting weight may be included 
in the differential equation describing growth by inserting a dimensionless variable S 
that can range between 0 and 1 and involves an empirically determined parameter u. 
Namely, we now assume that 

dW a 
(2) AT KW?S , 
where S:= 1 — (W/Wmax)“. When u = 1 — o, equation (2) has a closed form solu- 
tion. Solve equation (2) when K = 10, a = 3/4, m = 1/4, Wmax = 81 (ounces), and 
W(0) — 1 (ounce). The constants are given for t measured in months. 

(c) The differential equation describing the total cost in dollars C(t) of raising a fish for t 
months has one constant term K; that specifies the cost per month (due to costs such as 
interest, depreciation, and labor) and a second constant K, that multiplies the growth 
rate (because the amount of food consumed by the fish is approximately proportional to 
the growth rate). That is, 


dC_, ,, dW 
dt Kit K 


(3) 


Solve equation (3) when K, = 0.4, K) = 0.1, C(0) = 1.1 (dollars), and W(t) is as deter- 
mined in part (b). 

(d) Sketch the curve obtained in part (b) that represents the weight of the fish as a function 
of time. Next, sketch the curve obtained in part (c) that represents the total cost of rais- 
ing the fish as a function of time. 

(e) To determine the optimal time for harvesting the fish, sketch the ratio C(t)/W(t). This 
ratio represents the total cost per ounce as a function of time. When this ratio reaches its 
minimum—that is, when the total cost per ounce is at its lowest—it is the optimal time 
to harvest the fish. Determine this optimal time to the nearest month. 
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C Curve of Pursuit 


An interesting geometric model arises when one tries to determine the path of a pursuer chasing 
its prey. This path is called a curve of pursuit. These problems were analyzed using methods of 
calculus circa 1730 (more than two centuries after Leonardo da Vinci had considered them). The 
simplest problem is to find the curve along which a vessel moves in pursuing another vessel that 
flees along a straight line, assuming the speeds of the two vessels are constant. 

Let's assume that vessel A, traveling at a speed a, is pursuing vessel B, which is traveling at 
a speed f. In addition, assume that vessel A begins (at time f = 0) at the origin and pursues vessel 
B, which begins at the point (1, 0) and travels up the line x = 1. After t hours, vessel A is located 
at the point P = (x, y), and vessel B is located at the point Q = (1, Bt) (see Figure 3.18). The 
goal is to describe the locus of points P; that is, to find y as a function of x. 


(a) Vessel A is pursuing vessel B, so at time f, vessel A must be heading right at vessel B. 
That is, the tangent line to the curve of pursuit at P must pass through the point Q (see 
Figure 3.18). For this to be true, show that 


dy y-fRt 


e) dx x-1 


(b) We know the speed at which vessel A is traveling, so we know that the distance it 
travels in time f is at. This distance is also the length of the pursuit curve from (0, 0) to 
(x, y). Using the arc length formula from calculus, show that 


(5) at = |. V1-c [y (u) |? du ; 


Solving for t in equations (4) and (5), conclude that 


y. we = o/a =i |. 1+ [y (Wf du . 


(c) Differentiating both sides of (6) with respect to x, derive the first-order equation 
d 
" f V1 +w? , 


(x — 1) d 
where w = dy/dx. 


> X 


(1, 0) 


Figure 3.18 The path of vessel A as it pursues vessel B 
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(d) Using separation of variables and the initial conditions x = 0 and w = dy/dx = 0 when 
t = 0, show that 


Baw = SEC- a) Ae (cr. 


(e) Fora > B —that is, the pursuing vessel A travels faster than the pursued vessel B— 
use equation (7) and the initial conditions x = 0 and y = 0 when t = 0, to derive the 
curve of pursuit 


i -zb8- Ge d 
2| 1+ B/a 1 — B/a o^-g' 
(f) Find the location where vessel A intercepts vessel B if o > p. 
(g) Show that if a = B, then the curve of pursuit is given by 


y= iia 3-31 dati 3}. 


Will vessel A ever reach vessel B? 


(7) 


y= 


D Aircraft Guidance in a Crosswind 


Courtesy of T. L. Pearson, Professor of Mathematics, Acadia University (Retired), 
Nova Scotia, Canada 


An aircraft flying under the guidance of a nondirectional beacon (a fixed radio transmitter, abbre- 
viated NDB) moves so that its longitudinal axis always points toward the beacon (see Figure 3.19). 
A pilot sets out toward an NDB from a point at which the wind is at right angles to the initial 
direction of the aircraft; the wind maintains this direction. Assume that the wind speed and the 
speed of the aircraft through the air (its “airspeed”) remain constant. (Keep in mind that the latter 
is different from the aircraft’s speed with respect to the ground.) 


(a) Locate the flight in the xy-plane, placing the start of the trip at (2, 0) and the destination 
at (0, 0). Set up the differential equation describing the aircraft’s path over the ground. 
[ Hint: dy/dx = (dy/dt)/(dx/dt).] 

(b) Make an appropriate substitution and solve this equation. [Hint: See Section 2.6.] 


y 
A 


Figure 3.19 Guided aircraft 
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(c) Use the fact that x = 2 and y = 0 at t = 0 to determine the appropriate value of the 
arbitrary constant in the solution set. 
(d) Solve to get y explicitly in terms of x. Write your solution in terms of a hyperbolic function. 
L3 (e) Let y be the ratio of windspeed to airspeed. Using a software package, graph the 
solutions for the cases y = 0.1, 0.3, 0.5, and 0.7 all on the same set of axes. Interpret 
these graphs. 
(f) Discuss the (terrifying!) cases y = 1 and y > 1. 


E Feedback and the Op Amp 


The operational amplifier (op amp) depicted in Figure 3.20(a) is a nonlinear device. Thanks to 
internal power sources, concatenated transistors, etc., it delivers a huge negative voltage at the 
output terminal O whenever the voltage at its inverting terminal (—) exceeds that at its noninvert- 
ing terminal (+), and a huge positive voltage when the situation is reversed. One could express 
Ey ^ G(Ej — En) with a large gain G (sometimes 1000 or more), but the approximation 
would be too unreliable for many applications. Engineers have come up with a way to tame this 
unruly device by employing negative feedback, as illustrated in Figure 3.20(b). By connecting the 
output to the inverting input terminal, the op amp acts like a policeman, preventing any unbalance 
between the inverting and noninverting input voltages. With such a connection, then, the inverting 
and noninverting voltages are maintained at the same value: 0 V (electrical ground), for the situa- 
tion depicted. 

Furthermore, the input terminals of the op amp do not draw any current; whatever current 
is fed to the inverting terminal is immediately redirected to the feedback path. As a result the 
current drawn from the indicated source E(t) is governed by the equivalent circuit shown in 
Figure 3.20(c): 


R 
C 
E(t) Eon 
“OV 
(a) (b) 
Cc I uM. R 
E(t) 
= OV ~~ Eou 
(c) (d) 


Figure 3.20 Op amp differentiator 
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E(t) E 


out 


Figure 3.21 Op amp integrator 


and this current / flows through the resistor R in Figure 3.20(d), causing a voltage drop from 0 to 
—RI. In other words, the output voltage E, = —RI = —RC(dE/dt) is a scaled and inverted 
replica of the derivative of the source voltage. The circuit is an op amp differentiator. 


(a) Mimic this analysis to show that the circuit in Figure 3.21 is an op amp integrator 
with 


Ey -xc| sou ; 


up to a constant that depends on the initial charge on the capacitor. 

(b) Design op amp integrators and differentiators using negative feedback but with induc- 
tors instead of capacitors. (In most situations, capacitors are less expensive than induc- 
tors, so the previous designs are preferred.) 


F Bang-Bang Controls 


In Example 3 of Section 3.3 (page 105), it was assumed that the amount of heating or cooling 
supplied by a furnace or air conditioner is proportional to the difference between the actual tem- 
perature and the desired temperature; recall the equation 


U(t) = Ky| Tp — T(t)] . 
In many homes the heating/cooling mechanisms deliver a constant rate of heat flow, say, 


= Rie € Tt) I5. 
u(t) = a , if T() < Tp 


(with K, < 0). 


(a) Modify the differential equation (9) in Example 3 on page 105 so that it describes the 
temperature of a home employing this “bang-bang” control law. 

(b) Suppose the initial temperature T(0) is greater than Tp. Modify the constants in the 
solution (12), page 106, so that the formula is valid as long as T(t) > Tp. 

(c) If the initial temperature T(0) is less than Tp, what values should the constants in (12) 
take to make the formula valid for T(t) « Tp? 

(d) How does one piece the solutions in (b) and (c) to obtain a complete time description of 
the temperature T(t)? 
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G Market Equilibrium: Stability 
and Time Paths 


Courtesy of James E. Foster, George Washington University 


A perfectly competitive market is made up of many buyers and sellers of an economic product, 
each of whom has no control over the market price. In this model, the overall quantity demanded 
by the buyers of the product is taken to be a function of the price of the product (among other 
things) called the demand function. Similarly, the overall quantity supplied by the sellers of the 
product is a function of the price of the product (among other things) called the supply function. 
A market is in equilibrium at a price where the quantity demanded is just equal to the quantity 


supplied. 
The linear model assumes that the demand and supply functions have the form gy = dy — dip 
and q, = —So + sp, respectively, where p is the market price of the product, qq is the associated 


quantity demanded, q, is the associated quantity supplied, and do, d;, So, and s, are all positive 
constants. The functional forms ensure that the “laws” of downward sloping demand and upward 
sloping supply are being satisfied. It is easy to show that the equilibrium price is p* — 
(dy + so)/(d, + 51), 

Economists typically assume that markets are in equilibrium and justify this assumption with 
the help of stability arguments. For example, consider the simple price adjustment equation 


where A > 0 is a constant indicating the speed of adjustments. This follows the intuitive require- 
ment that price rises when demand exceeds supply and falls when supply exceeds demand. The 
market equilibrium is said to be globally stable if, for every initial price level p(0), the price 
adjustment path p(t) satisfies p(t) — p* ast — oo. 


(a) Find the price adjustment path: Substitute the expressions for gq and gq, into the price 
adjustment equation and show that the solution to the resulting differential equation is 
p(t) = [p(0) — p* ]e* + p*, where c = —A(d, + sj). 

(b) Is the market equilibrium globally stable? 


Now consider a model that takes into account the expectations of agents. Let the market 
demand and supply functions over time t = 0 be given by 


qalt) = dy — dip(t) + dap'(t) and q,(t) = —5so + sip(t) — sop'(t) , 


respectively, where p(t) is the market price of the product, g,(t) is the associated quantity 
demanded, q,(t) is the associated quantity supplied, and do, dj, d», so, s;, and s; are all positive 
constants. The functional forms ensure that, when faced with an increasing price, demanders will 
tend to purchase more (before prices rise further) while suppliers will tend to offer less (to take 
advantage of the higher prices in the future). Now given the above stability argument, we restrict 
consideration to market clearing time paths p(t) satisfying q,(t) = q,(t), for all t = 0, and 
explore the evolution of price over time. We say that the market is in dynamic equilibrium if 
p'(t) = 0 for all f. It is easy to show that the dynamic equilibrium in this model is given by 
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p(t) = p* for all t, where p* is the market equilibrium price defined above. However, many other 
market clearing time paths are possible. 


(c) Find a market clearing time path: Equate q,(t) and q,(t) and solve the resulting differen- 
tial equation p(t) in terms of its initial value py = p(0). 

(d) Is it true that for any market clearing time path we must have p(t) — p* as t — oo? 

(e) If the price p(t) of a product is $5 at t = 0 months and demand and supply functions 
are modeled as q,({t) = 30 — 2p(t) + 4p'(t) and q,(t) = —20 + p(t) — 6p'(t), what 
will be the price after 10 months? As t becomes very large? What is happening to p’(t) 
and how are the expectations of demanders and suppliers evolving? 


For further reading, see, for example, Mathematical Economics, 2nd ed. by Akira Takayama 
(Cambridge University Press, Cambridge, 1985), Chapter 3; and Fundamental Methods of 
Mathematical Economics, 4th ed. by Alpha Chiang, and Kevin Wainwright (McGraw-Hill/Irvin, 
Boston, 2008), Chapter 14. 


H Stability of Numerical Methods 


(9 Numerical methods are often tested on simple initial value problems of the form 
(8) y *Ay-0, y(0)21, (A — constant) , 


which has the solution @(x) = e~**. Notice that for each A > 0 the solution (x) tends to zero 
as x — -- co. Thus, a desirable property for any numerical scheme that generates approximations 
yo: Vis Yo Y3, - - . to f(x) at the points 0, h, 2h, 3h, . . . is that, for A > O, 


(9) y,—0 as noo. 
For single-step linear methods, property (9) is called absolute stability. 


(a) Show that for x, = nh, Euler's method, when applied to the initial value problem (8), 
yields the approximations 


y, = (1 — Ah)", n=0,1,2,..., 


and deduce that this method is absolutely stable only when 0 < AA < 2. (This means 
that for a given A > 0, we must choose the step size h sufficiently small in order for 
property (9) to hold.) Further show that for h > 2/A, the error y, — (x,,) grows large 
exponentially! 

(b) Show that for x, = nh the trapezoid scheme of Section 3.6, applied to problem (8), 
yields the approximations 


(A = MD er 
uoc "LE 


and deduce that this scheme is absolutely stable for all A > 0, h > 0. 
(c) Show that the improved Euler's method applied to problem (8) is absolutely stable for 
0 «€ Ah «€ 2. 


Multistep Methods. When multistep numerical methods are used, instability problems may 
arise that cannot be circumvented by simply choosing a sufficiently small step size h. This is 
because multistep methods yield “extraneous solutions,’ which may dominate the calculations. 
To see what can happen, consider the two-step method 


(10) Ya*1 7 Ya-1 + 2hf(x, Yn) . n1,2,..., 
for the equation y' — f(x, y). 


Group Projects for Chapter 3 151 


(d) Show that for the initial value problem 
aD  y'-2y-0, (0-21, 
the recurrence formula (10), with x, = nh, becomes 
(12) Yn+1 + 4hy, — Ya-1 = 0 . 
Equation (12), which is called a difference equation, can be solved by using the following 


approach. We postulate a solution of the form y, = r”, where r is a constant to be determined. 
(e) Show that substituting y, = r"in (12) leads to the “characteristic equation” 


r? +4hr-1=0, 
which has roots 


r= —2h* V1-c- 4h? and r,— —2h - V1 + 4h’. 


By analogy with the theory for second-order differential equations, it can be shown that 
a general solution of (12) is 
Yn = cr + cr > 
where c; and c, are arbitrary constants. Thus, the general solution to the difference 
equation (12) has two independent constants, whereas the differential equation in (11) 
has only one, namely, (x) = ce ?*. 
(f) Show that for each h > 0, 
lim rj =O but lim |r| 2 oo . 
n—oo n—»oo 
Hence, the term r? behaves like the solution (x,,) = e 
extraneous solution r5 grows large without bound. 
Applying the scheme of (10) to the initial value problem (11) requires two starting values 
yo Yı- The exact values are yy = 1, y, = e 7". However, regardless of the choice of starting 
values and the size of h, the term cr4 will eventually dominate the full solution to the recur- 
rence equation as x, increases. Illustrate this instability taking yy = 1, y, = e^ ^, and using 
a calculator or computer to compute y», Y3, . . . , Y100 from the recurrence formula (12) for 
h = 0.5 and h = 0.05. (Note: Even if initial conditions are chosen so that c; = 0, round- 
off error will inevitably "excite" the extraneous dominant solution.) 


~?% as n — oo. However, the 


— 


(g 


I Period Doubling and Chaos 


L3 In the study of dynamical systems, the phenomena of period doubling and chaos are observed. 
These phenomena can be seen when one uses a numerical scheme to approximate the solution to 
an initial value problem for a nonlinear differential equation such as the following logistic model 
for population growth: 

dp 
(13) 4.-10(1-p). = p(0) = 0.1. 
(See Section 3.2.) 
(a) Solve the initial value problem (13) and show that p(t) approaches 1 as t—> +00. 
(b) Show that using Euler’s method (see Sections 1.4 and 3.6) with step size h to approxi- 
mate the solution to (13) gives 


04) pas = (1 + 10h)p, — (10h)pa , — po = 0.1. 


(c) For h = 0.18, 0.23, 0.25, and 0.3, show that the first 40 iterations of (14) appear to 
(1) converge to 1 when h = 0.18, (ii) jump between 1.18 and 0.69 when h = 0.23, 
Gii) jump between 1.23, 0.54, 1.16, and 0.70 when h = 0.25, and (iv) display no 
discernible pattern when A — 0.3. 
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Figure 3.22 Period doubling to chaos 


The transitions from convergence to jumping between two numbers, then four numbers, and 
so on, are called period doubling. The phenomenon displayed when h = 0.3 is referred to as 
chaos. This transition from period doubling to chaos as h increases is frequently observed in 
dynamical systems. 

The transition to chaos is nicely illustrated in the bifurcation diagram (see Figure 3.22). This dia- 
gram is generated for equation (14) as follows. Beginning at ^ — 0.18, compute the sequence {pn} 
using (14) and, starting at n = 201, plot the next 30 values—that is, poi, P202; - . . » P230- Next, incre- 
ment h by 0.001 to 0.181 and repeat. Continue this process until A = 0.30. Notice how the figure splits 
from one branch to two, then four, and then finally gives way to chaos. 

Our concern is with the instabilities of the numerical procedure when h is not chosen small 
enough. Fortunately, the instability observed for Euler’s method—the period doubling and 
chaos—was immediately recognized because we know that this type of behavior is not expected of 
a solution to the logistic equation. Consequently, if we had tried Euler’s method with h = 0.23, 
0.25, or 0.3 to solve (13) numerically, we would have realized that h was not chosen small enough. 

The situation for the classical fourth-order Runge-Kutta method (see Section 3.7) is more 
troublesome. It may happen that for a certain choice of h period doubling occurs, but it is also 
possible that for other choices of h the numerical solution actually converges to a limiting value 
that is not the limiting value for any solution to the logistic equation in (13). 


(d) Approximate the solution to (13) by computing the first 60 iterations of the classical 
fourth-order Runge—Kutta method using the step size h = 0.3. (Thus, for the subroutine 
on page 144, input N = 60 and c = 60(0.3) = 18.) Repeat with h = 0.325 and h = 
0.35. Which values of h (if any) do you feel are giving the “correct” approximation to 
the solution? Why? 


A further discussion of chaos appears in Section 5.8. 


CHAPTER 4 


Linear Second-Order Equations 


INTRODUCTION: 
4.1 THE MASS-SPRING OSCILLATOR 


A damped mass-spring oscillator consists of a mass m attached to a spring fixed at 
one end, as shown in Figure 4.1. Devise a differential equation that governs the 


motion of this oscillator, taking into account the forces acting on it due to the 
spring elasticity, damping friction, and possible external influences. 


Mc 


+ 
As 
y 


Equilibrium 
point 


Figure 4.1 Damped mass-spring oscillator 


Newton’s second law—force equals mass times acceleration (F = ma)—is without a doubt 
the most commonly encountered differential equation in practice. It is an ordinary differential 
equation of the second order since acceleration is the second derivative of position (y) with 
respect to time (a = d?y/dr?). 

When the second law is applied to a mass-spring oscillator, the resulting motions are com- 
mon experiences of everyday life, and we can exploit our familiarity with these vibrations to 
obtain a qualitative description of the solutions of more general second-order equations. 

We begin by referring to Figure 4.1, which depicts the mass-spring oscillator. When the 
spring is unstretched and the inertial mass rn is still, the system is at equilibrium; we measure 
the coordinate y of the mass by its displacement from the equilibrium position. When the mass 
m is displaced from equilibrium, the spring is stretched or compressed and it exerts a force that 
resists the displacement. For most springs this force is directly proportional to the displace- 
ment y and is thus given by 


(1) F spring = —ky , 

where the positive constant k is known as the stiffness and the negative sign reflects the oppos- 
ing nature of the force. Hooke's law, as equation (1) is commonly known, is only valid for 
sufficiently small displacements; if the spring is compressed so strongly that the coils press 
against each other, the opposing force obviously becomes much stronger. 
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Example 1 


Solution 


(a) (b) (c) 


Figure 4.2 (a) Sinusoidal oscillation, (b) stiffer spring, and (c) heavier mass 


Practically all mechanical systems also experience friction, and for vibrational motion this 
force is usually modeled accurately by a term proportional to velocity: 


(2) Friction = —b—-= —by' , 


where b (Z0) is the damping coefficient and the negative sign has the same significance as in 
equation (1). 

The other forces on the oscillator are usually regarded as external to the system. Although 
they may be gravitational, electrical, or magnetic, commonly the most important external forces 
are transmitted to the mass by shaking the supports holding the system. For the moment we 
lump all the external forces into a single, known function F,.;(t). Newton's law then provides the 
differential equation for the mass-spring oscillator: 


my" = —ky — by! + Fat) 
or 


(3) my" + by’ + ky = Pa : 


What do mass-spring motions look like? From our everyday experience with weak auto 
suspensions, musical gongs, and bowls of jelly, we expect that when there is no friction 
(b — 0) or external force, the (idealized) motions would be perpetual vibrations like the ones 
depicted in Figure 4.2. These vibrations resemble sinusoidal functions, with their amplitude 
depending on the initial displacement and velocity. The frequency of the oscillations increases 
for stiffer springs but decreases for heavier masses. 

In Section 4.3 we will show how to find these solutions. Example 1 demonstrates a quick 
calculation that confirms our intuitive predictions. 


Verify that if b = 0 and F..;(t) = 0, equation (3) has a solution of the form y(t) = cos wt and 
that the angular frequency w increases with k and decreases with m. 


Under the conditions stated, equation (3) simplifies to 


(4) my" +ky=0. 


2 


The second derivative of y(t) is —w*coswrt, and if we insert it into (4), we find 


2 


my" + ky = —mo*cosot + kcosot , 


which is indeed zero if œ = V k/m. This œ increases with k and decreases with m, as 
predicted. € 


Example 2 


Solution 


Example 3 


Solution 
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(a) (b) 


Figure 4.3 (a) Low damping and (b) high damping 


When damping is present, the oscillations die out, and the motions resemble Figure 4.3. In 
Figure 4.3(a) the graph displays a damped oscillation; damping has slowed the frequency, and 
the amplitude appears to diminish exponentially with time. In Figure 4.3(b) the damping is so 
dominant that it has prevented the system from oscillating at all. Devices that are supposed to 
vibrate, like tuning forks or crystal oscillators, behave like Figure 4.3(a), and the damping effect 
is usually regarded as an undesirable loss mechanism. Good automotive suspension systems, on 
the other hand, behave like Figure 4.3(b); they exploit damping to suppress the oscillations. 

The procedures for solving (unforced) mass-spring systems with damping are also 
described in Section 4.3, but as Examples 2 and 3 below show, the calculations are more com- 
plex. Example 2 has a relatively low damping coefficient (b — 6) and illustrates the solutions 
for the “underdamped” case in Figure 4.3(a). In Example 3 the damping is more severe 
(b = 10), and the solution is “overdamped” as in Figure 4.3(b). 


Verify that the exponentially damped sinusoid given by y(t) = e ?'cos4t is a solution to equa- 
tion (3) if Fx, = 0, m = 1, k = 25, and b = 6. 
The derivatives of y are 
y'(t) = —3e ?'cos4t — 4e "'sin4t , 
y" (t) = 9e^?'cos 4t + 12e ?'sin4t + 12e ?'sin4t — 16e ?'cos 4t 
= —Te ?'cos 4t + 24e 'sin4t , 
and insertion into (3) gives 
my" + by’ + ky = (Dy" + 6y' + 25y 
= —7e ?' cos 4t + 24e 'sin4t + 6(—3e ~" cos 4t — 4e~*’ sin 2) 
+ 25e 'cos4t 
=0.¢ 


Verify that the simple exponential function y(t) = e^? 


Fe = 0,m = 1, k = 25, and b = 10. 


is a solution to equation (3) if 


The derivatives of y are y'(r) = —5e ?', y" (t) = 25e ?' and insertion into (3) produces 
my" + by’ + ky = (1)y"  10y' + 25y = 25e ?' + 10(-5e ?) + 25e? = 0. e 


Now if a mass-spring system is driven by an external force that is sinusoidal at the angular 
frequency o, our experiences indicate that although the initial response of the system may be 
somewhat erratic, eventually it will respond in “sync” with the driver and oscillate at the same 
frequency, as illustrated in Figure 4.4 on page 156. 
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Example 4 


Solution 


ext 


(a) (b) 


Figure 4.4 (a) Driving force and (b) response 


Common examples of systems vibrating in synchronization with their drivers are sound 
system speakers, cyclists bicycling over railroad tracks, electronic amplifier circuits, and ocean 
tides (driven by the periodic pull of the moon). However, there is more to the story than is 
revealed above. Systems can be enormously sensitive to the particular frequency w at which 
they are driven. Thus, accurately tuned musical notes can shatter fine crystal, wind-induced 
vibrations at the right (wrong?) frequency can bring down a bridge, and a dripping faucet can 
cause inordinate headaches. These “resonance” responses (for which the responses have maxi- 
mum amplitudes) may be quite destructive, and structural engineers have to be very careful to 
ensure that their products will not resonate with any of the vibrations likely to occur in the 
operating environment. Radio engineers, on the other hand, do want their receivers to resonate 
selectively to the desired broadcasting channel. 

The calculation of these forced solutions is the subject of Sections 4.4 and 4.5. The next 
example illustrates some of the features of synchronous response and resonance. 


Find the synchronous response of the mass-spring oscillator with m = 1, b = 1, k = 25 to the 
force sin Or. 

We seek solutions of the differential equation 

(5) y" + y' + 25y = sin Ot 

that are sinusoids in sync with sin Qr; so let's try the form y(t) = Acos Qf + Bsin Qt. Since 


y' = —OA sin Ot + OBcos Or , 
y" = —Q?A cos Qt — O?B sin Qt , 
we can simply insert these forms into equation (5), collect terms, and match coefficients to 
obtain a solution: 
sinQt = y" + y' + 25y 
—(Y^A cos Ot — (PB sin Ot+ [ -—QAsin Qt + OB cos Qr] 
--25[A cos Of + B sin Of] 
[-0?B — QA + 25B] sin Ot + [-O?A + OB + 25A] cos Ot , 


SO 


-QA + (-0? + 25)B - 1 
(-0? -25A - 0B- 0. 
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Figure 4.5 Vibration amplitudes around resonance 


We find 


he -Q j= -Q + 25 
Q + (Q2 — 25) ’ Q? + (Q2 — 25} ` 


Figure 4.5 displays A and B as functions of the driving frequency Q. A resonance clearly 
occurs around Q ~ 5. € 


In most of this chapter, we are going to restrict our attention to differential equations of the 
form 
(0 ay" + by’ + cy= f(t) , 
where y(t) [or y(x), or x(t), etc.] is the unknown function that we seek; a, b, and c are constants; 
and f(t) [or f(x)] is a known function. The proper nomenclature for (6) is the linear, second- 
order ordinary differential equation with constant coefficients. In Sections 4.7 and 4.8, we will 
generalize our focus to equations with nonconstant coefficients, as well as to nonlinear equa- 
tions. However, (6) is an excellent starting point because we are able to obtain explicit solu- 
tions and observe, in concrete form, the theoretical properties that are predicted for more gen- 
eral equations. For motivation of the mathematical procedures and theory for solving (6), we 
will consistently compare it with the mass—spring paradigm: 


[inertia] X y" + [damping] X y' + [stiffness] x y = Fou - 


MESCE MM 


1. Verify that for b = 0 and F(t) = 0, equation (3) (a) If y(r) is a solution, so is cy(?), for any constant c. 
has a solution of the form (b) If y,(t) and y(t) are solutions, so is their sum 
y(t) = cosot, where o = V k/m . yilt) + yad). 


3. Show that if Folt) = 0,m = 1,k = 9, and b = 6, 
then equation (3) has the “critically damped” solu- 
tions y,(t) = e^? and y>(t) = te ?'. What is the limit 
of these solutions as t — oo? 


2. If Folt) = 0, equation (3) becomes 
my" + by’ +ky=0. 
For this equation, verify the following: 
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4. Verify that y = sin 3f + 2 cos 3t is a solution to the 


initial value problem 
2y” 18 20; yO)=2, y(0-23. 
Find the maximum of |y(t)| for ^oo < t < oo. 


. Verify that the exponentially damped sinusoid 
y(t) = e ?'sin (V3 t) is a solution to equation (3) if 
F.,(t) = 0,m = 1, b = 6, and k = 12. What is the 
limit of this solution as t — oo? 

. An external force F(t) = 2 cos 2t is applied to a 
mass-spring system with m = 1, b = 0, and k = 4, 
which is initially at rest; ie., y(0) = 0, y'(0) = 0. 
Verify that y(t) = j t sin 2t gives the motion of this 
spring. What will eventually (as t increases) happen 
to the spring? 


In Problems 7—9, find a synchronous solution of the form 
A cos Qt + B sin Qt to the given forced oscillator equa- 
tion using the method of Example 4 to solve for A and B. 


7. y" + 2y' + 4y = 5sin3t, O = 3 
8. y" + 2y' + 5y = —50 sin 54, Q = 5 
9. y" + 2y' + 4y = 6cos2t + 8sin2t, Q =2 


10. Undamped oscillators that are driven at resonance 


.42 


have unusual (and nonphysical) solutions. 


(a) 


(b) 
(c) 


(d) 


(e) 


To investigate this, find the synchronous solu- 
tion A cos Of + B sin Qt to the generic forced 
oscillator equation 

(7) my" + by' + ky = cos Qt . 

Sketch graphs of the coefficients A and B, as 
functions of Q, for m = 1, b = 0.1, and k = 25. 
Now set b — 0 in your formulas for A and B and 
resketch the graphs in part (b), with m — 1, and 
k — 25. What happens at €) — 5? Notice that the 
amplitudes of the synchronous solutions grow 
without bound as Q approaches 5. 

Show directly, by substituting the form A cos Of + 
B sin Qt into equation (7), that when b = 0 there 
are no synchronous solutions if Q = V k/m. 
Verify that (2m) !t sin Ot solves equation (7) 
when b = 0 and Q = V k/m. Notice that this 
nonsynchronous solution grows in time, without 
bound. 


Clearly one cannot neglect damping in analyz- 
ing an oscillator forced at resonance, because 


otherwise the solutions, as shown in part (e), are 
nonphysical. This behavior will be studied later 
in this chapter. 


HOMOGENEOUS LINEAR EQUATIONS: 
THE GENERAL SOLUTION 


We begin our study of the linear second-order constant-coefficient differential equation 
Q0) — ay" + by & cy — f(t) (a #0) 

with the special case where the function f(t) is zero: 

(2) ay" + by +cy=0. 


This case arises when we consider mass-spring oscillators vibrating freely—that is, without 
external forces applied. Equation (2) is called the homogeneous form of equation (1); f(t) is the 
“nonhomogeneity” in (1). (This nomenclature is not related to the way we used the term for 
first-order equations in Section 2.6.) 

A look at equation (2) tells us that a solution of (2) must have the property that its second 
derivative is expressible as a linear combination of its first and zeroth derivatives.’ This sug- 
gests that we try to find a solution of the form y = e”, since derivatives of e" are just constants 
times e". If we substitute y = e” into (2), we obtain 


ar?e" + bre" + ce" =0, 


e"(ar? + br - c) 20. 


"The zeroth derivative of a function is the function itself. 


Example 1 


Solution 
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Because e"' is never zero, we can divide by it to obtain 
(3) ar?-br*c-0. 


Consequently, y — e" is a solution to (2) if and only if r satisfies equation (3). Equation (3) is 
called the auxiliary equation (also known as the characteristic equation) associated with the 
homogeneous equation (2). 

Now the auxiliary equation is just a quadratic, and its roots are 


_ —b+ VP? — 4ac =b — Vb — 4ac 


aa and r = » 


ri 


When the discriminant, p- 4ac, is positive, the roots r; and rz are real and distinct. If 
b? — 4ac = 0, the roots are real and equal. And when b? — 4ac < 0, the roots are complex 
conjugate numbers. We consider the first two cases in this section; the complex case is deferred 
to Section 4.3. 


Find a pair of solutions to 

(4) y'-5y-6y-20. 

The auxiliary equation associated with (4) is 
r’ +5r-6=(r-1(r+6)=0, 


which has the roots r, = 1, r; = —6. Thus, e' and e Ü are solutions. @ 


Notice that the identically zero function, y(t) = 0, is always a solution to (2). Further- 
more, when we have a pair of solutions y;(t) and y(t) to this equation, as in Example 1, we can 
construct an infinite number of other solutions by forming linear combinations: 


(5) y(t) = cyy,(t) + e») 


for any choice of the constants c, and c». The fact that (5) is a solution to (2) can be seen by 
direct substitution and rearrangement: 


ay" + by' + cy = alcyy; + eay3)" + Bley, + coy2)’ + c(ciy + coy) 
= aleyyt + cry) + blery, + coy) + e(ciy, + c22) 
= clay] + by, + cy) + enlays + by + cyz) 
=0+0. 


The two “degrees of freedom" c, and c; in the combination (5) suggest that solutions to 
the differential equation (2) can be found meeting additional conditions, such as the initial con- 
ditions for the first-order equations in Chapter 1. But the presence of c; and c; leads one to 
anticipate that two such conditions, rather than just one, can be imposed. This is consistent 
with the mass-spring interpretation of equation (2), since predicting the motion of a mechani- 
cal system requires knowledge not only of the forces but also of the initial position y(0) and 
velocity y'(0) of the mass. A typical initial value problem for these second-order equations is 
given in the following example. 
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Example 2 


Solution 


Solve the initial value problem 


(6) y'*2y -y-20; y(0)=0, y(O)=-1. 


We will first find a pair of solutions as in the previous example. Then we will adjust the con- 
stants c, and c; in (5) to obtain a solution that matches the initial conditions on y(0) and y’ (0). 
The auxiliary equation is 


Dt2r-1-0. 
Using the quadratic formula, we find that the roots of this equation are 


n2-14V2 and m=-1- V2. 


Consequently, the given differential equation has solutions of the form 
(7) y(t) = ce 1*2) + cel 1- V2) : 
To find the specific solution that satisfies the initial conditions given in (6), we first differenti- 
ate y as given in (7), then plug y and y' into the initial conditions of (6). This gives 

y(0) = eue? + oe , 

y'(0) = (-1 + V2)cie? + (-1 — V2)cr€° ; 
or 

O=c +a, 

-1 = (71 + V2)a + (-1- V2)a . 

Solving this system yields c, = -V2/4 and c; = V/A. Thus, 


y(t) =- V2 cov) + V2 3-9) 


is the desired solution. 9 


To gain more insight into the significance of the two-parameter solution form (5), we need 
to look at some of the properties of the second-order equation (2). First of all, there is an 
existence-and-uniqueness theorem for solutions to (2); it is somewhat like the corresponding 
Theorem 1 in Section 1.2 for first-order equations but updated to reflect the fact that two initial 
conditions are appropriate for second-order equations. As motivation for the theorem, suppose 
the differential equation (2) were really easy, with b = 0 and c = 0. Then y" = 0 would 
merely say that the graph of y(t) is simply a straight line, so it is uniquely determined by spec- 
ifying a point on the line, 


(8) y(to) = Yo . 
and the slope of the line, 
(9) y'o) =Y. 


Theorem 1 states that conditions (8) and (9) suffice to determine the solution uniquely for the 
more general equation (2). 
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Existence and Uniqueness: Homogeneous Case 


Theorem 1. For any real numbers a(#0), b, c, to, %, and Y}, there exists a unique solu- 
tion to the initial value problem 


(10) ay + by' y — 031 y(t) = Yo, y'(m) =% - 


The solution is valid for all t in (—oo, +00). 


Note in particular that if a solution y(t) and its derivative vanish simultaneously at a point 
to (i.e., Yo = Y, = 0), then y(t) must be the identically zero solution. 

In this section and the next, we will construct explicit solutions to (10), so the question of 
existence of a solution is not really an issue. It is extremely valuable to know, however, that the 
solution is unique. The proof of uniqueness is rather different from anything else in this chapter, 
so we defer it to Chapter 13.” 

Now we want to use this theorem to show that, given two solutions y,(t) and y(t) to equa- 
tion (2), we can always find values of c, and c; so that cyy,(t) + czy2(t) meets specified initial 
conditions in (10) and therefore is the (unique) solution to the initial value problem. But we 
need to be a little more precise; if, for example, y(t) is simply the identically zero solution, 
then cyy,(t) + cay2(t) = ciyi(t) actually has only one constant and cannot be expected to sat- 
isfy two conditions. Furthermore, if y(t) is simply a constant multiple of y,(t)—say, 
yo(t) = Ky, (t)—then again c,y,(t) + coyo(t) = (c, + Keo)y,(t) = Cy;(t) actually has only one 
constant. The condition we need is linear independence. 


Linear Independence of Two Functions 


Definition 1. A pair of functions y,(t) and y,(t) is said to be linearly independent on 
the interval J if and only if neither of them is a constant multiple of the other on all 

of I." We say that y; and y» are linearly dependent on J if one of them is a constant 
multiple of the other on all of Z. 


Representation of Solutions to Initial Value Problem 


Theorem 2. If y;() and y;(t) are any two solutions to the differential equation (2) that 
are linearly independent on (—oo, oo), then unique constants c, and c; can always be 
found so that c,y;(t) + coy»(t) satisfies the initial value problem (10) on (—oo, oo). 


The proof of Theorem 2 will be easy once we establish the following technical lemma. 


‘All references to Chapters 11—13 refer to the expanded text Fundamentals of Differential Equations and Boundary 
Value Problems, 6th ed. 
‘This definition will be generalized to three or more functions in Problem 35 and Chapter 6. 
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A Condition for Linear Dependence of Solutions 


Lemma 1. For any real numbers a ( 0), b, and c, if y,(t) and y(t) are any two solu- 
tions to the differential equation (2) on (—oo, oo) and if the equality 


aD yy (r)y3(7) — »(9)»(1) = 0 


holds at any point 7, then y; and y; are linearly dependent on (—oo, oo). (The expres- 
sion on the left-hand side of (11) is called the Wronskian of y; and y at the point 7; see 
Problem 34.) 


Proof of Lemma 1. Case 1. If y,(7) # 0, then let x equal y;(7)/y,(7) and consider the 
solution to (2) given by y(t) = xy,(t). It satisfies the same "initial conditions" at t = 7 as does 


y(t): (r) (x) 
YAT ; MAP, ] 
y(r) =~ M »x()-»(0): yl) = = yil) = yar) , 
yı(7) yı(7) 
where the last equality follows from (11). By uniqueness, y;(r) must be the same function as 
Ky, (t) on I. 


Case 2. If y(r) = 0 but yi(r) # 0, then (11) implies y,(7) = 0. Let k = y(7)/yj(7). 
Then the solution to (2) given by y(t) = «y,(t) (again) satisfies the same “initial conditions” at 
t = 7 as does y(t): 


By uniqueness, then, y;(t) = «y,(t) on Z. 

Case 3. If y(t) = yt(7) = 0, then y,(¢) is a solution to the differential equation (2) satis- 
fying the initial conditions y,(t) = y1() = 0; but y(t) = 0 is the unique solution to this initial 
value problem. Thus, y,(t) = 0 [ and is a constant multiple of y(t) ]. * 


Proof of Theorem 2. We already know that y(t) = cyy,(t) + c2y2(t) is a solution to (2); 
we must show that c; and c; can be chosen so that 


y(t) = ei(to) + eavo(to) = Yo 
and 
y'(to) = eyi(to) + c2y2(to) = Yi. 
But simple algebra shows these equations have the solution’ 
ge Yoys(to) — Yiye(to) sad) a= Yiyi (to) — Yoyi (to) 
yi (to)va(%) — yi(to)y2(to) ^ yi (to)ya(to) — yi (to)ya(to) 


as long as the denominator is nonzero, and the technical lemma assures us that this condition 
is met. @ 


Now we can honestly say that if y, and y; are linearly independent solutions to (2) on 
(—oo, +00), then (5) is a general solution, since any solution ye(t) of (2) can be expressed in 
this form; simply pick c, and c» so that cjy; + c? y» matches the value and the derivative of y, 
at any point. By uniqueness, cjy, + Czy and y, have to be the same function. See Figure 4.6 
on page 163. 

How do we find a general solution for the differential equation (2)? We already know the 


"To solve for c}, for example, multiply the first equation by y}(to) and the second by y(t) and subtract. 
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C 
(Can't both be 
solutions) 


y(t) 


Slope y’ (to) 


Figure 4.6 y(to), y' (to) determine a unique solution 


answer if the roots of the auxiliary equation (3) are real and distinct because clearly y,(t) = e” 
is not a constant multiple of yo(t) = e if rj # r. 


DISTINCT REAL ROOTS 


If the auxiliary equation (3) has distinct real roots r; and r», then both y,(t) = e" and 
y2(t) = e” are solutions to (2) and y(t) = cje"! + c;e"' is a general solution. 


When the roots of the auxiliary equation are equal, we only get one nontrivial solution, 
yı = e”. To satisfy two initial conditions, y(fy) and y'(t9), then, we will need a second, linearly 
independent solution. The following rule is the key to finding a second solution. 


REPEATED ROOT 
If the auxiliary equation (3) has a repeated root r, then both y;(t) = e” and y(t) = te” 
are solutions to (2), and y(t) = cje" + cote” is a general solution. 


We illustrate this result before giving its proof. 
Example 3 Find a solution to the initial value problem 
a2 y'*4y *t4y-0; y(O)=1, y(0)=3. 


Solution The auxiliary equation for (12) is 


P+4rt+4=(r+2P=0. 


Because r = —2 is a double root, the rule says that (12) has solutions y; = e ?' and y; = te”. 
Let's confirm that y;(t) is a solution: 

yt) = te , 

yX(r) =e 7 — ue”, 

yale) = —2e-% — 2e ?' + Ate ?' = —4e? + Ate , 


y3 + 4y5 + Ay; = —4e ? + Ate ?' + 4(e ? — 2te ?) + Ate ? = 0. 
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Example 4 


Solution 


Further observe that e~” and te ?' are linearly independent since neither is a constant multiple 


of the other on (—oo, oo). Finally, we insert the general solution y(t) = c,e ?' + cote~~! into 
the initial conditions, 


y(0) = cj? + c0)? 2 1 , 
y'(0) = —2c,e° + c? — 2e(0)? = 3 , 


2 


and solve to find c; = 1, c; = 5. Thus y = e ? + Ste ?' is the desired solution. € 


Why is it that y,(t) = te" is a solution to the differential equation (2) when r is a double 
root (and not otherwise)? In later chapters we will see a theoretical justification of this rule in 
very general circumstances; for present purposes, though, simply note what happens if we 
substitute y» into the differential equation (2): 


y(t) = te" , 

yali) = e" + rte" , 

y5(t) = re" + re" + Pte" = 2re" + Pte" , 

ays + by5 + cy, = [ 2ar + ble” +4 [ar? Eja c]te" l 


Now if r is a root of the auxiliary equation (3), the expression in the second brackets is zero. 
However, if r is a double root, the expression in the first brackets is zero also: 


D ri Vb — 4ac _ —b + (0) © 
2a 2a : 


hence, 2ar + b = 0 for a double root. In such a case, then, y» is a solution. 

The method we have described for solving homogeneous linear second-order equations 
with constant coefficients applies to any order (even first-order) homogeneous linear equations 
with constant coefficients. We give a detailed treatment of such higher-order equations in 
Chapter 6. For now, we will be content to illustrate the method by means of an example. We 
remark briefly that a homogeneous linear nth-order equation has a general solution of the form 


y(t) = eyi(t) + e»t) + +++ + e). 


where the individual solutions y;(t) are “linearly independent.” By this we mean that no y; is 
expressible as a linear combination of the others; see Problem 35. 


Find a general solution to 
(14) y" + 3y" =y —-3y=0. 


If we try to find solutions of the form y = e", then, as with second-order equations, we are led 
to finding roots of the auxiliary equation 


G5 rP+3ř-r-3=0. 
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We observe that r — 1 is a root of the above equation, and dividing the polynomial on the 
left-hand side of (15) by r — 1 leads to the factorization 


(r- i + 4r + 3) = (r- I(r + I(r + 3) =O. 


Hence, the roots of the auxiliary equation are 1, —1, and —3, and so three solutions of (14) are 
e',e', and e ~’. The linear independence of these three exponential functions is proved in 
Problem 40. A general solution to (14) is then 


46 y(t) = cié + oe’ +oae*.¢ 


So far we have seen only exponential solutions to the linear second-order constant coeffi- 
cient equation. You may wonder where the vibratory solutions that govern mass-spring oscilla- 
tors are. In the next section, it will be seen that they arise when the solutions to the auxiliary 
equation are complex. 


4.2 LXEnCISS NN 


In Problems 1—12, find a general solution to the given 
differential equation. 

1. y" + 6y' + 9y 20 2. 2y" + Ty’ — 4y =0 
.y"—y —2y=0 4. y" + 5y' + 6y = 0 
. y" — 5y! + by = 0 6. y" + 8y' + loy = 0 
. 6" cy —2y -0 8.z" tz —z-0 
.4y" — 4y' +y 20 10. y” -y' - lly =0 
11. 4w" + 20w’ + 25w = 0 

12. 3y" + Illy’ — 7y =0 


Sn nm U 


In Problems 13-20, solve the given initial value problem. 

13. y" + 2, — 8y=0; y(0023, y'(0) = -12 

14. y” x y' 20; y(0)=2, y'(0)=1 

15. y" - 4 - 520 ; y(-1 53, y'(-1) =9 

16. y" - 4y € 3y 20; y(0)=1, y'(0) = 1/3 

17. z" — 27 —22 20 ; z(0) 20, z (0-3 
y 
y 
y 


18. y" — 6! + 9¥=0; y(0) 22 , y'(0) = 25/3 
19. y” -2y' cy 20; y(0)=1 , y'(0)=-3 
20. y" — 4! c4y 20 ; y(1)=1, y(1-1 


21. First-Order Constant-Coefficient Equations. 
(a) Substituting y — e", find the auxiliary equation 
for the first-order linear equation 
ay’ + by=0, 
where a and b are constants with a # 0. 
(b) Use the result of part (a) to find the general 
solution. 


In Problems 22-25, use the method described in Problem 
21 to find a general solution to the given equation. 


22. 3y’ — Ty 2 0 23. Sy’ + 4y 2 0 
24. 3z' + 1lz =0 25. 6w' — 13w =0 


26. Boundary Value Problems. When the values of a 
solution to a differential equation are specified at 
two different points, these conditions are called 
boundary conditions. (In contrast, initial conditions 
specify the values of a function and its derivative at 
the same point.) The purpose of this exercise is to 
show that for boundary value problems there is no 
existence-uniqueness theorem that is analogous to 
Theorem 1. Given that every solution to 
a) y"+y=0 
is of the form 

y(t) = cy cost + c sint , 
where c, and c, are arbitrary constants, show that 


(a) There is a unique solution to (17) that satisfies the 
boundary conditions y(0) = 2 and y(7/2) = 0. 

(b) There is no solution to (17) that satisfies y(0) = 2 
and y(7) = 0. 

(c) There are infinitely many solutions to (17) that 
satisfy y(0) = 2 and y(r) = —2. 


In Problems 27—32, use Definition 1 to determine 
whether the functions y, and y» are linearly dependent 
on the interval (0, 1). 

27. y,(t) = cos tsint , y(t) = sin 2t 


28. yilt) =e" , y(t) =e ™ 
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29. 
30. 


31. : 


32. 


33. 


34. 


35. 
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yi(t) = te” , yo(t) = e” 3» 
y(t) = Pcos(Int) , y(t) = Psin(In:) 

y,(t) = tan?t — sec^t , y(t) = 3 

yi(t) =0 , y(t) =e 


Explain why two functions are linearly dependent on 
an interval / if and only if there exist constants c, 
and c5, not both zero, such that 


eyi() + c(t) = 0 
Wronskian. For any two differentiable functions 
y, and y», the function 


for all tin . 


Q8) Why ye] = yty — yi yale) 
is called the Wronskian' of y, and yz. This function 37. 
plays a crucial role in proof of Theorem 2. 38 


(a) Show that W[ yi y;] can be conveniently 


39 
expressed as the 2 X 2 determinant 
() yal) M 
MI 2 
Wi ynya = |, F 41. 
Env ie) ys 
(b) Let yı(t), y(t) be a pair of solutions to the ho- 42 


mogeneous equation ay" + by’ + cy = 0 (with 
a + 0) on an open interval 7. Prove that y,(t) and 
y2(t) are linearly independent on 7 if and only if 
their Wronskian is never zero on 7. [Hint: This is 
just a reformulation of Lemma 1.] 

(c) Show that if y;(1) and y;(t) are any two differen- 
tiable functions that are linearly dependent on /, 
then their Wronskian is identically zero on 7. 

Linear Dependence of Three Functions. Three 

functions y,(t), y(t), and y3(t) are said to be linearly 

dependent on an interval / if, on J, at least one of 
these functions is a linear combination of the 
remaining two [e.g., if y,(t) = c,y(t) + c;ys(1)]. 

Equivalently (compare Problem 33), y,, y;, and y; 

are linearly dependent on / if there exist constants 

Cı, C, and C3, not all zero, such that 

Ciyi(t) + Cayo (t) + Cay (t) = 0. for all tin. 

Otherwise, we say that these functions are linearly 

independent on /. 

For each of the following, determine whether the 
given three functions are linearly dependent or lin- 

early independent on ( —oo, oo): 


(a) X() 21, »()9t, yest. 


(b) 

© yilt) = 3, y(t) = 5sin?t , y,(t) = cos?t 
xn. yim, y(t) = Pe. 

(d) y(t) =e, yA =e, y3(t) = cosht 


44. 


45. 


46. 


Using the definition in Problem 35, prove that if 
ri, m, and r3 are distinct real numbers, then the func- 
^' and e™ are linearly independent on 
(—oo, oo) . [Hint: Assume to the contrary that, say, 


e"! = cue"! + ce” for all t. Divide by e"' to get 
gU mt 


tions e", e 


= c, + c3e 57 and then differentiate to 
deduce that e"! ^?! and e* ^^ are linearly depen- 
dent, which is a contradiction. (Why?)] 


In Problems 37-41, find three linearly independent solu- 
tions (see Problem 35) of the given third-order differen- 
tial equation and write a general solution as an arbitrary 
linear combination of these. 


y" +y” at 6y' ab 4y =0 


m 6y” y! } 6y ERN 0 
; z" 2z" 4z' 8z E 0 
y" — Ty" + Ty’ + 15y = 0 
y" 3y" Ay’ 12y =. 0 
. (True or False): If fi, f2, f; are three functions defined 


on (—oo, oo) that are pairwise linearly independent 
on (—oo, oo), then fi, f2, fs form a linearly indepen- 
dent set on (—oo, oo). Justify your answer. 


. Solve the initial value problem: 


y"-y-20; »(0-2, 
y EX. POS 
Solve the initial value problem: 
y" 2y" y! } 2y = 0 : 


WO) = 10) e 3... r 9. 
By using Newton's method or some other numerical 
procedure to approximate the roots of the auxiliary 
equation, find general solutions to the following 
equations: 

(a) 3y" + 18y" + 13y' — 19y 20 . 
(b) 5" + 5y 20. 

(c) y — 3y" — 5y" + 15y" + 4y' 


One way to define hyperbolic functions is by means 
of differential equations. Consider the equation 
y'— y =0. The hyperbolic cosine, cosh t, is 
defined as the solution of this equation subject to 
the initial values: y(0) = 1 and y'(0) = 0. The 
hyperbolic sine, sinh t, is defined as the solution of 
this equation subject to the initial values: y(0) = 0 
and y'(0) = 1. 
(a) Solve these initial value problems to derive 
explicit formulas for cosh f, and sinh f. Also 


12y20. 


“Historical Footnote: The Wronskian was named after the Polish mathematician H. Wronski (1778-1863). 
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show that d cosh f = sinh ¢ and s sinh t = two boots are expressed 1 the Dem a — and 


dt dt a + p, show that a general solution of the equation 
cosh t. ay" + by’ +cy =0 is y = cje” cosh(Br) + 
(b) Prove that a general solution of the equation cae™ sinh(Br). 
y" — y = Oisgiven by y = c, cosh t + c, sinh f. (d) Use the result of part (c) to solve the initial value 
(c) Suppose a, b, and c are given constants for which problem: y" + y' — 6y = 0, y(0) = 2, y'(0) = 
ar? + br + c = 0 has two distinct real roots. If the -172. 


4.3 AUXILIARY EQUATIONS WITH COMPLEX ROOTS 


The simple harmonic equation y" + y = 0, so called because of its relation to the fundamental 
vibration of a musical tone, has as solutions y,(t) = cos t and y(t) = sin t. Notice, however, 
that the auxiliary equation associated with the harmonic equation is 7? + 1 = 0, which has 
imaginary roots r = +i, where i denotes V/—1.! In the previous section, we expressed the 
solutions to a linear second-order equation with constant coefficients in terms of exponential 
functions. It would appear, then, that one might be able to attribute a meaning to the forms e^ 
and e" and that these “functions” should be related to cos t and sin t. This matchup is accom- 
plished by Euler's formula, which is discussed in this section. 
When P? — 4ac « 0, the roots of the auxiliary equation 


(1) a? +br+c=0 
associated with the homogeneous equation 
(2) ay" + by' +cy =0 


are the complex conjugate numbers 
r =a+iß and r =a- ip (i= V/-1) , 


where a, B are the real numbers 


(3) a — —— and B= 
a 

As in the previous section, we would like to assert that the functions e” and e"' are solutions to 

the equation (2). This is in fact the case, but before we can proceed, we need to address some 

fundamental questions. For example, if r, = a + if is a complex number, what do we mean by 

the expression ele tib)? Tf we assume that the law of exponents applies to complex numbers, then 


(4) elatip)t ET gat Br = ete IB : 


We now need only clarify the meaning of e/P', 
For this purpose, let's assume that the Maclaurin series for e* is the same for complex 


numbers z as it is for real numbers. Observing that i? = — 1, then for 0 real we have 
(i9? (ig 
ið — i = m 
e? — | + (i8) + gp beh dee 
2 93 4 g5 
Squie a a a IE an 


21 3! 4 $5 


ll 
A 
— 
| 
ES 
+ 
a 
+ 
fey 
+ 
ES 
| 

w 

=] O 
+ 

aS 
+ 

My 


‘Electrical engineers frequently use the symbol j to denote V —1. 
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Example 1 


Solution 


Now recall the Maclaurin series for cos 0 and sin 0: 


e? ot 
co0—l-y + ay + XEM 
8$ 5 
sinü 06-3 + zt 


Recognizing these expansions in the proposed series for e, we make the identification 
(5) e? = cos 0 - isin , 


which is known as Euler's formula.’ 
When Euler's formula (with 0 = Gr) is used in equation (4), we find 


(6) e «*iB! = e%(cos Br + isin Bt) , 


which expresses the complex function e\**'8)' in terms of familiar real functions. Having made 


sense out of ele tiB)t we can now show (see Problem 30) that 
(7) Sela = (a E iB)e'« * iB) : 


and, with the choices of o and f as given in (3), the complex function e\*+ 18)" is indeed a solu- 


tion to equation (2), as is ee iB , and a general solution is given by 
(8) y(t) = ce tib) + cela - iB 
= cje" (cos Bt + i sin Bt) + cse" (cos Bt — isin Bt) . 


Example | shows that in general the constants c, and c» that go into (8), for a specific ini- 
tial value problem, are complex. 


Use the general solution (8) to solve the initial value problem 
y" + 2y'+2y=0;  y(0)=0, y'(0)=2. 


The auxiliary equation is r? + 2r + 2 = 0, which has roots 


—24+V4-8 , 
r= = -] +i. 


2 
Hence, with a = —1, B = 1, a general solution is given by 


y(t) = cye "(cos t + isin t) + ce "(cost — i sin t) . 
For initial conditions we have 
y(0) = c;e (cos 0 + isin 0) + c;e*(cosO — isin0) = c +o. 20, 
y'(0) = —c,e°(cos 0 + i sin 0) + c,e°(—sin 0 + i cos 0) 
—cye"(cos 0 — i sin 0) + cre°(—sin 0 — i cos 0) 
=(-1+ ije, + (—1 - i)e; 
=2. 
As a result, cj = —i, c; = i, and y(t) = —ie "(cost + isin t) + ie ‘(cost — i sin t), or sim- 
ply 2e ‘sint. 9 


‘Historical Footnote: This formula first appeared in Leonhard Euler's monumental two-volume Introduction in 
Analysin Infinitorum (1748). 
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The final form of the answer to Example 1 suggests that we should seek an alternative pair 
of solutions to the differential equation (2) that don't require complex arithmetic, and we now 
turn to that task. 

In general, if z(t) is a complex-valued function of the real variable t, we can write z(t) = 
u(t) + iv(t), where u(t) and v(t) are real-valued functions. The derivatives of z(t) are then given by 


dz du , „dv d'; _ du, dv 


With the following lemma, we show that the complex-valued solution gti gives rise to two 
linearly independent real-valued solutions. 


Heal Solutions Derived from Complex Solutions 


Lemma 2. Let z(t) = u(t) + iv(r) be a solution to equation (2), where a, b, and c 


are real numbers. Then, the real part w(t) and the imaginary part v(t) are real-valued 
solutions of (2).' 


Proof. By assumption, az" + bz’ + cz = 0, and hence 
alu” + iv") + b(u' + iv') + clu + iv) 20, 
(au" + bu' + cu) + ilav" + bv' + cv) =0. 


But a complex number is zero if and only if its real and imaginary parts are both zero. Thus, we 
must have 


au" + bu' + cu=0 and av" +bv'+cv=0, 


which means that both u(t)and v(t) are real-valued solutions of (2). € 


When we apply Lemma 2 to the solution 
e «*iB! = e?! cos Br + ie sin Bt , 


we obtain the following. 


COMPLEX CONJUGATE ROOTS 


If the auxiliary equation has complex conjugate roots a + if, then two linearly 
independent solutions to (2) are 


e“cos Bt and  e"sin Bt , 
and a general solution is 
(9) y(t) = cye™ cos Bt + cze% sin Bt , 


where c; and c» are arbitrary constants. 


"It will be clear from the proof that this property holds for any linear homogeneous differential equation having 
real-valued coefficients. 


170 


Chapter 4 


Example 2 


Solution 


Example 3 


Solution 


Linear Second-Order Equations 


In the preceding discussion, we glossed over some important details concerning com- 
plex numbers and complex-valued functions. In particular, further analysis is required to jus- 
tify the use of the law of exponents, Euler's formula, and even the fact that the derivative of 
e" is re" when r is a complex constant.’ If you feel uneasy about our conclusions, we 
encourage you to substitute the expression in (9) into equation (2) to verify that it is, indeed, 
a solution. 

You may also be wondering what would have happened if we had worked with the 
function e^ ‘8 instead of e**/9". We leave it as an exercise to verify that ee iB gives rise 
to the same general solution (9). Indeed, the sum of these two complex solutions, divided 
by two, gives the first real-valued solution, while their difference, divided by 2i, gives 
the second. 


Find a general solution to 

(10) y” + 2y' +4y=0. 

The auxiliary equation is 
r+2rt+4=0, 


which has roots 


SER EI EMEN pees. 


2 


p= 
Hence, witha = —1, — V3, a general solution for (10) is 
y(t) = cie 'cos(V3 1) + cse "sin( V3 ‘ .* 


When the auxiliary equation has complex conjugate roots, the (real) solutions oscillate 
between positive and negative values. This type of behavior is observed in vibrating springs. 


In Section 4.1 we discussed the mechanics of the mass-spring oscillator (Figure 4.1, page 153), 
and we saw how Newton’s second law implies that the position y(t) of the mass m is governed 
by the second-order differential equation 


(11) my" (t) + by'(t) + k(t) 20, 
where the terms are physically identified as 
[inertia }y” + [damping ]y’ + [stiffness]y = 0 . 


Determine the equation of motion for a spring system when m = 36 kg, b = 12 kg/sec (which 
is equivalent to 12 N-sec/m), k = 37 kg/sec?, y(0) = 0.7 m, and y'(0) = 0.1 m/sec. Also find 
y(10), the displacement after 10 sec. 


The equation of motion is given by y(t), the solution of the initial value problem for the speci- 
fied values of m, b, k, y(0), and y'(0). That is, we seek the solution to 


(12 36y" + 12y' -37y-20; (0-207, y(0-201. 
The auxiliary equation for (12) is 


36) + 12r +37 =0, 


"For a detailed treatment of these topics see, for example, Fundamentals of Complex Analysis, 3rd ed., by E. B. Saff 
and A. D. Snider (Prentice Hall, Upper Saddle River, New Jersey, 2003). 
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which has roots 


„T12 + V144 - 4(36)(87) _ -12 + 12V1 -37  1,, 


72 72 6 


Hence, with a = —1/6, B = 1, the displacement y(t) can be expressed in the form 
13)  y() = ce cost + ce sin t . 


We can find c, and c; by substituting y(t) and y'(t) into the initial conditions given in (12). 
Differentiating (13), we get a formula for y' (t): 


y'(t) = (-à + ejes: + (^ = 2 )e-hsn: ; 


Substituting into the initial conditions now results in the system 


€i = 0.7 E 
C1 
6 


Upon solving, we find c, = 0.7 and c; = 1.3/6. With these values, the equation of motion 
becomes 


*tc,-70.1 . 


y(t) = 0.7e~ cos t + I3 sin t, 
and 


y(10) = 0.7e cos 10 + Lesin 10 ~ —0.13 m. € 


From Example 3 we see that any second-order constant-coefficient differential equation 
ay" + by' + cy = 0 can be interpreted as describing a mass-spring system with mass a, 
damping coefficient b, spring stiffness c, and displacement y, if these constants make sense 
physically; that is, if a is positive and b and c are nonnegative. From the discussion in 
Section 4.1, then, we expect on physical grounds to see damped oscillatory solutions in such 
a case. This is consistent with the display in equation (9). With a = m and c = k, the exponen- 
tial decay rate a equals —b/(2m), and the angular frequency B equals V 4mk — b*/(2m), by 
equation (3). 

It is a little surprising, then, that the solutions to the equation y" + 4y' + 4y = 0 do not 
oscillate; the general solution was shown in Example 3 of Section 4.2 (page 163) to be 
cje ?' + cote ?', The physical significance of this is simply that when the damping coefficient 
b is too high, the resulting friction prevents the mass from oscillating. Rather than overshoot 
the spring's equilibrium point, it merely settles in lazily. This could happen if a light mass on a 
weak spring were submerged in a viscous fluid. 

From the above formula for the oscillation frequency 8, we can see that the oscillations 
will not occur for b > V 4mk. This overdamping phenomenon is discussed in more detail in 
Section 4.9. 

It is extremely enlightening to contemplate the predictions of the mass-spring analogy 
when the coefficients b and c in the equation ay" + by’ + cy = O are negative. 
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>< 


Figure 4.7 Solution graph for Example 4 


Example 4 Interpret the equation 


Solution 


Example 5 


Solution 


(14) 36y" — 12y' + 37y = 0 

in terms of the mass-spring system. 

Equation (14) is a minor alteration of equation (12) in Example 3; the auxiliary equation 
36r? — 12r + 37 has roots r = CX + i. Thus, its general solution becomes 

Q5) — y() = eye cost + cet! sin t. 

Comparing equation (14) with the mass-spring model 

(16)  [inertia]y" + [damping |y’ + [stiffness |y = 0 , 

we have to envision a negative damping coefficient b = —12, giving rise to a friction force 
Friction = —by' that imparts energy to the system instead of draining it. The increase in 


energy over time must then reveal itself in oscillations of ever-greater amplitude—precisely in 
accordance with formula (15), for which a typical graph is drawn in Figure 4.7. 9 


Interpret the equation 
(17)  y'*5y — by = 0 
in terms of the mass-spring system. 


Comparing the given equation with (16), we have to envision a spring with a negative stiffness 
k — —6. What does this mean? As the mass is moved away from the spring's equilibrium point, 
the spring repels the mass farther with a force Fspring = —Ky that intensifies as the displacement 
increases. Clearly the spring must "exile" the mass to (plus or minus) infinity, and we expect 
all solutions y(t) to approach +00 as f increases (except for the equilibrium solution y(t) = 0). 


In fact, in Example 1 of Section 4.2, we showed the general solution to equation (17) to be 
(18) cje! + ce  . 
Indeed, if we examine the solutions y(t) that start with a unit displacement y(0) = 1 and 
velocity y'(0) — vo, we find 


6 + J= 
a) y(t) = Pet + Se, 
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» 


Figure 4.8 Solution graphs for Example 5 


and the plots in Figure 4.8, confirm our prediction that all (nonequilibrium) solutions 
diverge —except for the one with vy = —6. 

What is the physical significance of this isolated bounded solution? Evidently, if the mass 
is given an initial inwardly directed velocity of —6, it has barely enough energy to overcome 
the effect of the spring banishing it to +00 but not enough energy to cross the equilibrium 
point (and get pushed to —oo). So it asymptotically approaches the (extremely delicate) 
equilibrium position y = 0. € 


In Section 4.8, we will see that taking further liberties with the mass-spring interpretation 
enables us to predict qualitative features of more complicated equations. 

Throughout this section we have assumed that the coefficients a, b, and c in the differential 
equation were real numbers. If we now allow them to be complex constants, then the roots r;, 
r of the auxiliary equation (1) are, in general, also complex but not necessarily conjugates of 
each other. When r; # m, a general solution to equation (2) still has the form 


y(t) = cie"! + ce"! , 


but c; and c; are now arbitrary complex-valued constants, and we have to resort to the clumsy 
calculations of Example 1. 

We also remark that a complex differential equation can be regarded as a system of two 
real differential equations since we can always work separately with its real and imaginary 
parts. Systems are discussed in Chapters 5 and 9. 


43 EXERC SS MM 


In Problems 1-8, the auxiliary equation for the given dif- In Problems 9-20, find a general solution. 
ferential equation has complex roots. Find a general 9. y" + 4y’+ 8y 20 10. y” — 8y' + 7y =0 
solution. 


ly” +y=0 


3. y" — 10y' - 26y=0 4. z” — 6z + 10z =0 is 


11. z" + 10z' +252=0 — 12. u" +7u=0 
EL ub 13. y" + 2y' +5y=0 — M. y'-2y' + 26y 0 
+ 10y'+4ly=0 16. y'—-3y'—- 11y 20 


y 
y 

5. y" — 4y' c Ty -0 6. w" + 4w' c 6w —0 17. y" - y + y =0 18. 2y"”+13y’—7y =0 
y 


7. Ay" + Ay' + 6y=0 8. 4y" — Ay' - 26y = 0 19. 


mo y" d 3y' — 5y =0 20. y" — y" T 2y =0 
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In P. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 


28. 


29. 


30. 


31. 


32. 


33. 
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roblems 2 1—27, solve the given initial value problem. 
y" +2y'+2y=0; y(0)=2, y(0-21 
y'*2y *17y 20; yO)=1, y(O=-1 
w" — 4w' t 2w 20; w(0-0, w(0-1 
y" + 9y 20; X021, y(0-1 
y'-2y *2y20;  )y(m-e*, y(m-0 
y'-2y +y=0; x09-1,. y(0)=-2 
y"— 4y" t Ty'—6y=0; y(0)=1, y(0)=0, 
»"(0) = 
To see the effect of changing the parameter b in the 


initial value problem 

y'tby*4y20; yO)=1, y(0-0, 
solve the problem for b — 5, 4, and 2 and sketch the 
solutions. 


Find a general solution to the following higher-order 


equations. 
pO y” c +y +3y=0 
(b) y” + 2y" + Sy’ — 26y = 0 


(c) y" + 13y” + 36 = 0 
Using the representation for e'^*/8' in (6), verify the 
differentiation formula (7). 

Using the mass-spring analogy, predict the behavior 
as t — +00 of the solution to the given initial value 
problem. Then confirm your prediction by actually 
solving the problem. 

(a) y" + 1620; y(0)=2, y'(0)=0 
(b) y” + 100y'+y=0; yO)=1, yO) 


(d) y"+ 2y’'-3y=0; y(0-2-2, y(0- 
(9 y'-y'-6y-0; y(0)=1, y(0)=1 


Vibrating Spring without Damping. A vibrating 
spring without damping can be modeled by the initial 
value problem (11) in Example 3 by taking b = 0. 
(a) If m = 10 kg, k = 250 kg/sec?, y(0) = 0.3 m, 
and y'(0) = —0.1 m/sec, find the equation of 
motion for this undamped vibrating spring. 

(b) When the equation of motion is of the form 
displayed in (9), the motion is said to be oscil- 
latory with frequency 8/27. Find the fre- 
quency of oscillation for the spring system of 
part (a). 

Vibrating Spring with Damping. Using the model 

for a vibrating spring with damping discussed in 

Example 3: 

(a) Find the equation of motion for the vibrating spring 
with damping if m — 10 kg, b — 60 kg/sec, 


34. 


35. 


k = 250 kg/sec?, y(0) = 0.3 m, and y'(0) = 
—0.1 m/sec. 

(b) Find the frequency of oscillation for the spring 
system of part (a). [Hint: See the definition of 
frequency given in Problem 32(b).] 

(c) Compare the results of Problems 32 and 33 and 
determine what effect the damping has on the 
frequency of oscillation. What other effects does 
it have on the solution? 


RLC Series Circuit. In the study of an electrical 
circuit consisting of a resistor, capacitor, inductor, and 
an electromotive force (see Figure 4.9), we are led to 
an initial value problem of the form 


dl q _ : 
(20) Li + RI + G = El) ; 

q(0) 7 qo , 

1(0) =h , 


where L is the inductance in henrys, R is the resis- 
tance in ohms, C is the capacitance in farads, E(t) is 
the electromotive force in volts, q(t) is the charge in 
coulombs on the capacitor at time t, and J = dq/dt is 
the current in amperes. Find the current at time t if 
the charge on the capacitor is initially zero, the initial 
current is zero, L = 10H, R = 200, C = (6260)! 
F, and E(t) = 100 V. [Hint: Differentiate both sides 
of the differential equation in (20) to obtain a homo- 
geneous linear second-order equation for /(t). Then 
use (20) to determine dI/dt at t = 0.] 


R 


EQ) q(t) C 


Wo 
L 


Figure 4.9 RLC series circuit 


Swinging Door. The motion of a swinging door 
with an adjustment screw that controls the amount of 
friction on the hinges is governed by the initial value 
problem 

I0" + b0' -k9 20 ; O0)=%, 90'(0)— vg, 
where 0 is the angle that the door is open, Z is the 
moment of inertia of the door about its hinges, b > 0 is 
a damping constant that varies with the amount of fric- 
tion on the door, k > 0 is the spring constant associated 
with the swinging door, 6 is the initial angle that the 
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door is opened, and vo is the initial angular velocity 
imparted to the door (see Figure 4.10). If Z and k are 
fixed, determine for which values of b the door will not 
continually swing back and forth when closing. 


36. 
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Figure 4.10 Top view of swinging door 


Although the real general solution form (9) is conve- 
nient, it is also possible to use the form 


Q1) dye@*8t + delet 

to solve initial value problems, as illustrated in 

Example 1. The coefficients d; and d» are complex 

constants. 

(a) Use the form (21) to solve Problem 21. Verify 
that your form is equivalent to the one derived 
using (9). 


37. 


38. 
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(b) Show that, in general, d; and d; in (21) must be 
complex conjugates in order that the solution be 
real. 


The auxiliary equations for the following differential 

equations have repeated complex roots. Adapt the 

"repeated root" procedure of Section 4.2 to find their 

general solutions: 

(a) y" -2y* cy - 0. 

(b) y" + 4y" + 12y" + 16y' + 16y — 0. [Hint: 
The auxiliary equation is (r? + 2r + 4)? = 0.] 


Prove the sum of angle formula for the sine function 

by following these steps. Fix x. 

(a) Let f(t):= sin (x + f). Show that F") + f(t) = 0, 
f(0) = sin x, and f'(0) = cos x. 

(b) Use the auxiliary equation technique to solve the 
initial value problem y" + y = 0, y(0) = sin x, 
and y'(0) = cos x. 

(c) By uniqueness, the solution in part (b) is the 
same as f(t) from part (a). Write this equality; 
this should be the standard sum of angle formula 
for sin (x + t). 


NONHOMOGENEOUS EQUATIONS: THE 
METHOD OF UNDETERMINED COEFFICIENTS 


In this section we employ “judicious guessing" to derive a simple procedure for finding a solu- 
tion to a nonhomogeneous linear equation with constant coefficients 


(1) ay" + by’ + cy = f(t) , 


when the nonhomogeneity f(t) is a single term of a special type. Our experience in Section 4.3 
indicates that (1) will have an infinite number of solutions. For the moment we are content to 
find one, particular, solution. To motivate the procedure, let's first look at a few instructive 


examples. 
Example] Find a particular solution to 
(2) y" + 3y' + 2y = 3t. 
Solution 


We need to find a function y(f) such that the combination y" + 3y' + 2y is a linear function of 


t—namely, 3t. Now what kind of function y “ends up" as a linear function after having its 
zeroth, first, and second derivatives combined? One immediate answer is: another linear func- 
tion. So we might try y,(t) = At and attempt to match up yf + 3y! + 2y, with 3r. 

Perhaps you can see that this won't work: y, = At, y; = A and y = 0 gives us 


yi + 3y + 2y, = 3A + 2At , 
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Example 2 


Solution 


Example 3 


Solution 


and for this to equal 3t, we require both that A = 0 and A = 3/2. We'll have better luck if we 
append a constant term to the trial function: y(t) = At + B. Then y? = A, yh = 0, and 


yj + 3y, + 2y; = 3A + 2(At + B) = 2At + (3A + 2B) , 


which successfully matches up with 3ż if 2A = 3 and 3A + 2B = 0. Solving this system gives 
A = 3/2 and B = —9/4. Thus, the function 


IM 
»() = 5t 4 


is a solution to (2). 9 


Example 1 suggests the following method for finding a particular solution to the equation 
ay" + by' + cy = Ct", m = 0, 1,2,...; 
namely, we guess a solution of the form 
p(t) = Auf" + 77 + Ait + Ao , 


with undetermined coefficients A;, and match the corresponding powers of t in ay" + by’ + cy 
with Ct”.’ This procedure involves solving m + 1 linear equations in the m + 1 unknowns 
Ao, Aj, -.., Aj, and hopefully they have a solution. The technique is called the method of 
undetermined coefficients. Note that, as Example | demonstrates, we must retain all the pow- 
ers 1", $71... 11. 1? in the trial solution even though they are not present in the nonhomo- 


geneity f(t). 


Find a particular solution to 

(3) y" + 3y' + 2y = 10e? . 

We guess y,(t) = Ae* because then Yp and y, will retain the same exponential form: 
yn + 3yp + 2y, = 9Ae* + 3(3Ae?) + 2(Ae*™) = 20Ae™ | 


Setting 20Ae* = 10e* and solving for A gives A = 1/2; hence, 


e 
y,(t) = 2 


is a solution to (3). 9 


Find a particular solution to 
(4) y” + 3y’ + 2y = sint. 
Our initial action might be to guess y(t) = A sin t, but this will fail because the derivatives 


introduce cosine terms: 
yi t+ 3y, + 2y, = —Asint + 3A cost + 2A sin t = Asint + 3A cost , 


"In this case the coefficient of £ in ay" + by’ + cy will be zero for k + m and C for k = m. 
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Example 4 


Solution 


and matching this with sin t would require that A equal both | and 0. So we include the cosine 
term in the trial solution: 


yp(t) =Asint+ Bcost , 
yh (t) —Acost — Bsint , 
AO = —Asint — Bcost , 
and (4) becomes 
yp (t) + 3y, (t) + 2y,(t) = —Asint — B cost + 3A cos t — 3B sin t 
+ 2A sin t + 2B cos t 
= (A — 3B)sin t + (B + 3A)cost 
= sint. 


The equations A — 3B = 1, B + 3A = O have the solution A = 0.1, B = —0.3. Thus, the 
function 


y,(t) = 0.1 sint — 0.3 cos t 


is a particular solution to (4). € 


More generally, for an equation of the form 
(5) ay" + by! + cy = C sin Bt (or C cos Bt) , 
the method of undetermined coefficients suggests that we guess 
(6) yp(t) = A cos Bt + B sin Bt 
and solve (5) for the unknowns A and B. 


If we compare equation (5) with the mass-spring system equation 
(7) [ inertia | x y" + [ damping | Xy + [stiffness | X y= Fat > 


we can interpret (5) as describing a damped oscillator, shaken with a sinusoidal force. Accord- 
ing to our discussion in Section 4.1, then, we would expect the mass ultimately to respond by 
moving in synchronization with the forcing sinusoid. In other words, the form (6) is suggested 
by physical, as well as mathematical, experience. A complete description of forced oscillators 
will be given in Section 4.10. 


Find a particular solution to 
(8) y” + 4y = 5e! . 
Our experience with Example 1 suggests that we take a trial solution of the form y,(t) = 
(At? + Bt + C)e', to match the nonhomogeneity in (8). We find 

y, = (At? + Bt + Che’ , 

y, = (2At + Bye’ + (At? + Bt + C)e , 

y, = 2Ae! + 2QAt + Bye’ + (At? + Bt + Che’ , 

y, + 4y, = e'(2A + 2B + C + 4C) + te'(4A + B + 4B) + te'(A + 44) 
=5re . 
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Matching like terms yields A = 1, B = —4/5, and C = —2/25. A solution is given by 


y,(t) = G — i — ze .* 


As our examples illustrate, when the nonhomogeneous term f(t) is an exponential, a sine, a 
cosine function, or a nonnegative integer power of t times any of these, the function f(t) itself 
suggests the form of a particular solution. However, certain situations thwart the straightforward 
application of the method of undetermined coefficients. Consider, for example, the equation 


(9) y" +y =5. 


Example 1 suggests that we guess y,(t) = A, a zero-degree polynomial. But substitution into 
(9) proves futile: 

(A + (A! 2025. 
The problem arises because any constant function, such as y;(t) = A, is a solution to the corre- 
sponding homogeneous equation y" + y' = 0, and the undetermined coefficient A gets lost 


upon substitution into the equation. We would encounter the same situation if we tried to find a 
solution to 


(10) y" — 6y' + 9y = e 


of the form y, = Ae”, because e" solves the associated homogeneous equation and 


[Ae*]” — 6[Ae*]’ + 9[Ae*] 20 # e? . 

The "trick" for refining the method of undetermined coefficients in these situations smacks 
of the same logic as in Section 4.2, when a method was prescribed for finding second solutions 
to homogeneous equations with double roots. Basically, we append an extra factor of t to the 
trial solution suggested by the basic procedure. In other words, to solve (9) we try yp(t) = At 
instead of A: 

(9) 3X3 — XQ. — 352—953 
joy 0 DA eS. 
A=5, yp(t) = 5t . 

Similarly, to solve (10) we try y, = Ate” instead of Ae". The trick won't work this time, 
because the characteristic equation of (10) has a double root and, consequently, Ate" also 
solves the homogeneous equation: 

[Are |" — e[Ate*]' + 9[Ate*] = 0 # e. 


But if we append another factor of t, y, — Afe”, we succeed in finding a particular 
solution:' 


y, = Ale”, yp = 2Ate?' + 3AP e”, y^, = 2Ae™ + 12Ate + 9A e? , 
yy — 6y; + 9y, = (2Ae* + 12Ate* + 9Ar?8?) — 6(2Ate* + 3Ar?e?") + 9(Ar7e*) 
= 2Ae"! = el 
so A = 1/2 and y,(t) = t?e?'/2. 


"Indeed, the solution f° to the equation y" = 2, computed by simple integration, can also be derived by appending two 
factors of t to the solution y = 1 of the associated homogeneous equation. 
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To see why this strategy resolves the problem and to generalize it, recall the form of the 
original differential equation (1), ay" + by’ + cy = f(t). Its associated auxiliary equation is 


D sar? +br+c=0, 
and if r is a double root, then 
(12) 2ar - b — 0 


holds also [equation (13), Section 4.2, page 164]. 

Now suppose the nonhomogeneity f(t) has the form Cte", and we seek to match this f(r) 
by substituting y,(t) = (A,t" + A, t"! + +++ + Ajt Age" into (1), with the power n to 
be determined. For simplicity we merely list the leading terms in y,, yp, and yp: 

Yp = Ast"e" + A, at" le" + A, 5t" 7e" + (lower-order terms) 
Yp = A,rt"e" + A,nt" le" + Ae + A,—1(n — pt 
+ A, art" e" + (Lo.t.) , 
yp A,r^t"e" + 2A,nrt" le" + A,n(n — D ms d 
+ A, 7t" le" + 2A, ;r(n — 1)t" 2e" A, ort" ?e" + (Lot) . 
Then the left-hand member of (1) becomes 
(13) ayp + by, + Yp 
= A,(ar? + br + c)t"e" + [A,n(2ar + b) + A, (ar? + br + c) |r” te" 
+ [A,n(n — 1)a + A, i(n — 1)(2ar + b) + A,-2(ar? + br + c)]t" ?e" 
+ (Lot), 
and we observe the following: 


Case 1. If r is not a root of the auxiliary equation, the leading term in (13) is 
A,(ar? + br + c)t"e" , and to match f(t) = Ct"e" we must take n = m: 


yp(t) = (Ast toc + Ayt + Ao)e" : 
Case 2. If ris a simple root of the auxiliary equation, (11) holds and the leading term in 
(13) is A,n(2ar + b)t"~'e™, and to match f(t) = Ct"e" we must take n = m + 1: 
yp(t) = (Amit! + Amt” qp e op Ait + Ao)e" ` 


However, now the final term Age" can be dropped, since it solves the associated homogeneous 
equation, so we can factor out f and for simplicity renumber the coefficients to write 


Yp(t) = ((Aut" + + + At + Ape” , 
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Case 3. Ifrisa double root of the auxiliary equation, (11) and (12) hold and the leading 
term in (13) is A,n(n — 1)at" 2e", and to match f(t) = Ct"e" we must take n = m + 2: 


y,(t) = (Amt "t? + Ante shee ep Aj? + At + Ao)e" > 
but again we drop the solutions to the associated homogeneous equation and renumber to write 
y,(t) = P (Ant ap eio Ait T Ao)e" 3 


We summarize with the following rule. 


Method of Undetermined Coefficients 
To find a particular solution to the differential equation 
ay" + by’ + cy = Cte” , 
where m is a nonnegative integer, use the form 
14) y,(t) =t (Amt + +++ + At Age" , 
with 
(i) s = Oif ris not a root of the associated auxiliary equation; 


(ii) s = 1 if ris a simple root of the associated auxiliary equation; and 
(iii) s — 2 if ris a double root of the associated auxiliary equation. 


To find a particular solution to the differential equation 


Ct"e"'cos Bt 
ay" + by’ + cy = or 

Ct"e"'sin Bt 
for B # 0, use the form 
Q5) y(t) = C(Aut" + +++ + At + Aoje” cos Br 

+ ¢5(B,t™ + © + Bit + Bole“ sin Bt , 

with 
(iv) s = Oif o + if is not a root of the associated auxiliary equation; and 
(v) s= lif a + iB is a root of the associated auxiliary equation. 


[The (cos, sin) formulation (15) is easily derived from the exponential formulation (14) by 
putting r = o + if and employing Euler's formula, as in Section 4.3.] 


Remark 1. The nonhomogeneity Ct” corresponds to the case when r = 0. 


Remark 2. The rigorous justification of the method of undetermined coefficients [including 
the analysis of the terms we dropped in (13)] will be presented in a more general context in 
Chapter 6. 


Example 5 Find the form for a particular solution to 
16  y"-2y — 3y = f(t), 
where f(t) equals 
(a) 7cos3t (b) 2te'sint — (c) t?cosmt — (d)5e " — (e3tr' — (f) Pe 
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Solution 


Example 6 


Solution 


Example 7 


Solution 


The auxiliary equation for the homogeneous equation corresponding to (16), r? + 2r — 3 = 0, 
has roots r; = 1 and r) = —3. Notice that the functions in (a), (b), and (c) are associated with 
complex roots (because of the trigonometric factors). These are clearly different from r, and ro, 
so the solution forms correspond to (15) with s — 0: 


(a) yy(t) = Acos3t + Bsin3t 
(b) y,(t) = (Ait + AoJe' cos t + (Bit + Bo)e' sint 
(c) y,(t) = (Ar + Ajt + Ap)cos mt + (Bot? + Byt + Bo)sin vt 


For the nonhomogeneity in (d) we appeal to (ii) and take y,(t) = Ate~* since —3 is a sim- 


ple root of the auxiliary equation. Similarly, for (e) we take yp(t) = {(A;t + Ape! and for (f) 
we take y,(t) = (Axt? + Ait + Ag)e’. € 


Find the form of a particular solution to 


y" -2y t+y=fi(t) , 
for the same set of nonhomogeneities f(t) as in Example 5. 


Now the auxiliary equation for the corresponding homogeneous equation is r? — 2r + 1 = 
(r — 1? = 0, with the double root r = 1. This root is not linked with any of the nonhomo- 
geneities (a) through (d), so the same trial forms should be used for (a), (b), and (c) as in the 
previous example, and y(t) = Ae ?' will work for (d). 

Since r = 1 is a double root, we have s = 2 in (14) and the trial forms for (e) and (f) have 
to be changed to 


(e) y(t) = (A, + Aye! 
(f) y(t) = (As? + Ait + Age 


respectively, in accordance with (iii). 9 


Find the form of a particular solution to 
y" — 2y' + 2y = Ste’ cost . 


Now the auxiliary equation for the corresponding homogeneous equation is r? — 2r + 2 = 0, 
and it has complex roots r; = 1 + i, ra = 1 — i. Since the nonhomogeneity involves e“ cos Bt 
with a = B = 1; thatis,a + i = 1 + i-r; the solution takes the form 


yp(t) = t(Ayt + Ape’ cos t + t(Byt + Boje sint . € 


The nonhomogeneity tan f in an equation like y" + y' + y = tan t is not one of the forms 
for which the method of undetermined coefficients can be used; the derivatives of the “trial 
solution” y(t) = A tan t, for example, get complicated, and it is not clear what additional terms 
need to be added to obtain a true solution. In Section 4.6 we discuss a different procedure that 
can handle such nonhomogeneous terms. Keep in mind that the method of undetermined 
coefficients applies only to nonhomogeneities that are polynomials, exponentials, sines or 
cosines, or products of these functions. The superposition principle in Section 4.5 shows how 
the method can be extended to the sums of such nonhomogeneities. Also, it provides the key to 
assembling a general solution to (1) that can accommodate initial value problems, which we 
have avoided so far in our examples. 


182 Chapter4 Linear Second-Order Equations 


44 LXEnCI å O = 


In Problems 1—8, decide whether or not the method of 
undetermined coefficients can be applied to find a partic- 
ular solution of the given equation. 


1.»"-2y —-y-2rt le 

. Sy" — 3y’ + 2y = P cos 4t 

» 2y"(x) — 6y'(x) + y(x) = (sinx)/e** 
eX + 5x’ —3x—3 

. 2w” (x) — 3e (x) = 4x sin?x + 4x cos?x 
. y" (0) + 3y'(0) — y(8) = sec 0 

. ty” — y! + 2y = sin 3t 

. 8z'(x) — 2z(x) = 3x!09e^r cos 25x 


oo 10 Un RR WW 


In Problems 9—26, find a particular solution to the differ- 
ential equation. 


9. y" + 2y’ - y = 10 10. y" + 3y = —9 


11. y"(x) + y(x) = 27 12. 2x’ + x = 37? 
13. y" — y! + 9y = 3 sin 3t 14. 2z" + z = 9e? 
d? d 
15. us 4 6y = xe” 16. 0"(t) — O(t) = tsin t 


dx? dx 
17. y” — 2y' + y = 8e! 18. y" + 4y = 8 sin 2t 
19. 4y" + lly’ — 3y = —2te ~’ 
20. y" + 4y = 16t sin 2t 
21. x"(t) — 4x'(t) + 4x(t) = te” 


.45 


) — (0 = € 
24. y"(x) + y(x) = 4x cos x 
25. y" + 2y' + 4y = 11le* cos 3t 
26. y" + 2y' + 2y = Mte ' cost 


In Problems 27—32, determine the form of a particular 
solution for the differential equation. (Do not evaluate 
coefficients.) 

27. y" + 9y = 423 sin 3t 
28. y" + 3y' — Ty = te! 
29. y" — 6y! + 9y = 51%e* 


y 28. y" + 3y! — Ty = t^e! 
y 
D 

30. y" — 2y' + y = Te' cost 
y 
y 


31. y" + 2y' + 2y = 8Pe 'sint 
32. y" — y! — 12y = 2t6e * 


In Problems 33—36, use the method of undetermined 
coefficients to find a particular solution to the given 
higher-order equation. 

33. y” —y" +y = sint 

34. 2y" + 3y" + y! 
35. y" + y" —2y = te! 
36. y® — 3y" — 8y = sint 


t 


4y =e 


THE SUPERPOSITION PRINCIPLE AND 
UNDETERMINED COEFFICIENTS REVISITED 


The next theorem describes the superposition principle, a very simple observation which 
nonetheless endows the solution set for our equations with a powerful structure. It extends the 
applicability of the method of undetermined coefficients and enables us to solve initial value 
problems for nonhomogeneous differential equations. 


Superposition Principle 


Theorem 3. Let y, be a solution to the differential equation 


ay" + by' + cy = fi(t) , 


and y» be a solution to 


ay" + by' + cy = fe (t) . 


Then for any constants kı and k, the function kıyı + k» y» is a solution to the differential 


equation 


ay" + by! + cy =k fi(t) + fot) . 


Example 1 


Solution 
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Proof. This is straightforward; by substituting and rearranging we find 
a(kiyy Kaya)" + b(kiyı + kayo)’ + c(ayi + kay») 
= ki(ayt + byi + cy) + kalay’ + by5 + cys) 
= fi) + ef) . e 


Find a particular solution to 

(1) y" + 3y' + 2y = 3t + 10e” and 

(2) y" + 3y! + 2y = —9t + 20e? . 

In Example 1, Section 4.4, we found that y,(t) = 31/2 — 9/4 was a solution to y" + 3y’ + 
2y = 3t, and in Example 2 we found that y,(t) = e*/2 solved y" + 3y' + 2y = 10e*. By 
superposition, then, y, + y; = 31/2 — 9/4 + e*/2 solves equation (1). 


The right-hand member of (2) equals minus three times (3f) plus two times (10e*). There- 
fore, this same combination of y, and y» will solve (2): 


y(t) = —3y, + 2y, = —3(3t/2 — 9/4) + 2(e74/2) = —9t/2 + 27/4 + e*  ẹ 

If we take a particular solution y, to a nonhomogeneous equation like 
3) ay" + by’ + cy = f(t) 
and add it to a general solution c;y, + coy» of the homogeneous equation associated with (3), 
(4) ay" + by’ +cy=0, 
the sum 
(5) y(t) = yp(t) + eit) + cyst) 
is again, according to the superposition principle, a solution to (3): 


aly, + cry, + c2)" + bly, + cyi + c2)! + clyp + cyi + c2) 
=f(t)+0+0=f(t). 


Since (5) contains two parameters, one would suspect that c, and c; can be chosen to make it 
satisfy arbitrary initial conditions. It is easy to verify that this is indeed the case. 


Existence and Uniqueness: Nonhomogeneous Case 


Theorem 4. For any real numbers a( # 0), b, c, ty, Yo, and Y,, suppose Y(t) is a partic- 
ular solution to (3) in an interval / containing tọ and that y,(t) and y,(t) are linearly 
independent solutions to the associated homogeneous equation (4) in 7. Then there 
exists a unique solution in / to the initial value problem 


(6) ay" + by +cy=f(t), y(t) = Yo. y (t) - Yi, 


and it is given by (5), for the appropriate choice of the constants c4, c». 


Proof. We have already seen that the superposition principle implies that (5) solves the dif- 
ferential equation. To satisfy the initial conditions in (6) we need to choose the constants so that 


lena + cry; (to)  eovs(to) = Yo , 
(7) ] i , 
yp (to) + eto) + cry5(to) = Yi. 
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Example 2 


Solution 


But as in the proof of Theorem 2 in Section 4.2, simple algebra shows that the choice 


[Yo — Yplto) Lyo(to) — [Y1 — v? (t9) ]y2(to) 


T x 


"E yilto)yo(to) — yi(to)y2(to) and 
_ [Y x (to )]xi(t) — [ Yo — yp (to) ]yi(to) 
T yil(to)y5 (to) — y1(to)y2(to) 


solves (7) unless the denominator is zero; Lemma 1, Section 4.2, assures us that it is not. 
Why is the solution unique? If y,(t) were another solution to (6), then the difference 


Yalt) := y,(t) + eva (t) + cay2(t) — y(t) would satisfy 
m l ayy + byn + yu = f(t) - f( =0, 
yn(t) = Yo- Yo20, yn(t)- Yi -Yi-0. 


But the initial value problem (8) admits the identically zero solution, and Theorem 1 in Section 
4.2 applies since the differential equation in (8) is homogeneous. D (8) has only 
the identically zero solution. Thus, yy = 0 and yj = yp + cyyy + cay». 


These deliberations entitle us to say that y = y, + ciy; + czy is a general solution to the 
nonhomogeneous equation (3), since any solution Yglt) can be expressed in this form. (Proof: 
As in Section 4.2, we simply pick c, and c» so that y, + c1yı + c2y2 matches the value and the 
derivative of y, at any point; by uniqueness, y, + cjy; + c5y» and y, have to be the same 
function.) 

Given that y,(t) = t? is a particular solution to 

y" -y= ES 1 ; 
find a general solution and a solution satisfying y(0) = 1, y'(0) = 0. 
The corresponding homogeneous equation, 

y"-y=0, 


has the associated auxiliary equation r° — 1 = 0. Because r = +1 are the roots of this equa- 
tion, a general solution to the homogeneous equation is cye’ + cze". Combining this with the 
particular solution yp(t) = t? of the nonhomogeneous equation, we find that a general solution is 


y(t) = ? + ce’ + ce. 
To meet the initial conditions, set 


y(0) = + ce + oe°=1, 
y'(0) =2X0+ cel- ce =0, 


which yields c, = cy = 2 The answer is 


y(t) = 0? + je t+e")=f + cosht. @ 
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Example 3 A mass-spring system is driven by a sinusoidal external force (5 sin t + 5 cos t). The mass 


Solution 


equals 1, the spring constant equals 2, and the damping coefficient equals 2 (in appropriate 
units), so the deliberations of Section 4.1 imply that the motion is governed by the differential 
equation 


(9) y" + 2y' + 2y = Ssint + 5cost. 


If the mass is initially located at y(0) = 1, with a velocity y'(0) = 2, find its equation of 
motion. 


The associated homogeneous equation y" + 2y' + 2y = 0 was studied in Example 1, Section 
4.3; the roots of the auxiliary equation were found to be —1 — i, leading to a general solution 
cje ‘cost + ce ‘sint. 

The method of undetermined coefficients dictates that we try to find a particular solution 
of the form A sin t + B cos t for the first nonhomogeneity 5 sin t: 


(10) Yp Asint + Bcost, yp =Acost— Bsint , yp —Asint — Bcost ; 
y, + 2y, + 2y, = (-A — 2B + 2A)sint + (—B + 2A + 2B)cost = Ssint . 


Matching coefficients requires A = 1, B = —2 and so y, = sint — 2 cost. 

The second nonhomogeneity 5 cos f calls for the identical form for y, and leads to 
(—A — 2B + 2A)sin t + (-B + 2A + 2B)cost = 5cost, or A—2,B = 1. Hence Yp 
2sint + cost. 

By the superposition principle, a general solution to (9) is given by the sum 


y = ce 'cost + coe ' sint + sint — 2 cost + 2 sint + cost 
= c,e ! cost + coe “sint + 3 sint — cost. 


The initial conditions are 


y(0) = 1 = ce" cos0 + ce sin0 + 3sin0— cosO0=c, —1, 
y’(0) = 2 = c| —e™ cost — e sin t|,=0 + co| -e * sin t + e™ cos t],-9 
+ 3cos 0 + sinO 
—-—c t3, 


requiring c; = 2, c; = 1, and thus 


(11) y(t) = 2e ‘cost + e™ sint + 3sint — cost. € 


The solution (11) exemplifies the features of forced, damped oscillations that we antici- 
pated in Section 4.1. There is a sinusoidal component (3 sint t — cos £) that is synchronous with 
the driving force (5 sin t + 5 cos t), and a component (2e~‘ cos t + e sin t) that dies out. 
When the system is “pumped” sinusoidally, the response is a synchronous sinusoidal oscilla- 
tion, after an initial transient that depends on the initial conditions; the synchronous response is 
the particular solution supplied by the method of undetermined coefficients, and the transient is 
the solution to the associated homogeneous equation. This interpretation will be discussed in 
detail in Sections 4.9 and 4.10. 

You may have observed that, since the two undetermined-coefficient forms in the last 
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example were identical and were destined to be added together, we could have used the form 
(10) to match both nonhomogeneities at the same time, deriving the condition 


Yp t Yp t 2y, = (—A — 2B + 2A)sint + (—B + 2A + 2B)cost = 5 sint + 5cost , 
with solution y, = 3 sin — cos t. The next example illustrates this "streamlined" procedure. 


Example 4 Find a particular solution to 
(12) y" — y = Bte + 2e! . 


Solution A general solution to the associated homogeneous equation is easily seen to be cje' + coe ' 
Thus, a particular solution for matching the nonhomogeneity 8te' has the form t(A,t + Ao)e’, 
whereas matching 2e' requires the form Agre'. Therefore, we can match both with the first form: 


ES (Ai + Age! = (Au? + Agte! 
y, = (Ai? + Agte!  (2Ait Age! = [Ai? + (2A; + Ao)t + Ao le 
y, = 4s + (2A, + Ao) Je’ + |Ai? + (2A; + Ao)t + Age’ 

= [A + (44, + Ag)t + (2A; + 2A) Je’ 


> 


Thus 
Yp i Yp = [4Ait F (24, T 2A9) Je’ 
= Bte! + 2e! , 
which yields Ay = 2, Ag = —1, and so y, = (20? — te’. € 


We generalize this procedure by modifying the method of undetermined coefficients as 
follows. 


Method of Undetermined Coefficients (Revisited) 
To find a particular solution to the differential equation 
ay" + by! + cy =P,,(t)e” , 
where P,,,(t) is a polynomial of degree m, use the form 
(13) y») =t (Ant + © + At + Ape" ; 


if ris not a root of the associated auxiliary equation, take s = 0; if r is a simple root of 
the associated auxiliary equation, take s = 1; and if ris a double root of the associated 
auxiliary equation, take s = 2. 

To find a particular solution to the differential equation 


ay" + by! + cy = P,,(t)e“ cos Bt + Q,(t)e" sin Bt, B #0, 


where P,,,(t) is a polynomial of degree m and Q,,(t) is a polynomial of degree n, use the 
form 


(14) yp(t) = 0°(Ayt* os, #2 sp At T Aple” COS Bt 
+ ral tifa a a a Bit + Be sin Bt j 


where k is the larger of m and n. If a + iB is not a root of the associated auxiliary equa- 
tion, take s = 0; if a + iB is a root of the associated auxiliary equation, take s = 1. 
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Example 5 Write down the form of a particular solution to the equation 


y" + 2y' + 2y = 5e™ sin t + 5e * cost . 


Solution The roots of the associated homogeneous equation y" + 2y' + 2y = 0 were identified in 


Example 6 


Solution 


Example 3 as —1 + i. Application of (14) dictates the form 
y,(t) = t(Agt? + Ast + A,t + Age ' cost + (B4? + Be + Bit + Bye! sint .@ 


The method of undetermined coefficients applies to higher-order linear differential 
equations with constant coefficients. Details will be provided in Chapter 6, but the following 
example should be clear. 


Write down the form of a particular solution to the equation 
y" + 2y" + y' = 5e “sint + 3 + Tte”. 


The auxiliary equation for the associated homogeneous is r? + 2r? + r = r(r + 1)? = 0, with 
a double root r = —1 and a single root r = 0. Term by term, the nonhomogeneities call for the 


forms 

Age 'cost + Boe 'sint (for 5e™ sint) , 
tA  (for3), 
Ü(As + Age" — (for7te ') . 


(If —1 were a triple root, we would need t?(A,t + Aj)e ' for 7te~'.) Of course, we have to 
rename the coefficients, so the general form is 


y,(t) = Ae ‘cost + Be 'sint + tC + (Dt + Ee ' . € 


DS o 1  L 


1. Given that y,(f) = (1/4)sin2t is a solution to 
y" + 2y' + 4y = cos 2t and that y,(t) = t/4 — 1/8 
is a solution to y" + 2y' + 4y = t , use the super- 


=t, yt) = —t 
5. y" + 5y’ + 6y = 6x? + 10x + 2.4 


12e* , 


position principle to find solutions to the following: 


(a) y" + 2y' + 4y =t+ cos2r. 
(b) y" + 2y' + 4y = 2t — 3cos2t . 
(c) y" + 2y' + 4y = 11t — 12cos2t . 


2. Given that y,(t) = cos t is a solution to 
y'—y' +y= sint 
and y,(t) = e?'/3 is a solution to 
y'-—y Ty , 
use the superposition principle to find solutions to 
the following differential equations: 


(a) y" -y' +y=5sint. 
(b) y" — y + y = sint — 3e”. 
(0) y' - y' +y 2 Asint + 18e? . 


In Problems 3-8, a nonhomogeneous equation and a 
particular solution are given. Find a general solution for 
the equation. 


3. y” +y =1, yp(t) =t 


6.0" —8' -20-1—2t, @(t)=t-1 
7. y" = 2y + 2tanx , 


yp(x) = tan x 
8. y” = 2y' — y + 2e* , 2d 


y(x) = xe 


In Problems 9-16 decide whether the method of undeter- 
mined coefficients together with superposition can be 
applied to find a particular solution of the given equa- 
tion. Do not solve the equation. 


9, y" - y c y 2 (e! * t? 
10. 3y" + 2y' + 8y =t + 4t 
11. y" — 6y' — 4y = Asin3t — e??? + 1/t 

12. y" +y' * ty- el * 7 

13. 2y" + 3y' — 4y = 2t + sin?t + 3 

14. y" — 2y' + 3y = cosht + sin? f 

15. y" + ey cy 7 3t 

16. 2y" — y' + 6y = te™ sin t — 8t cos 3t + 10° 


te! sint 
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In Problems 17—22, find a general solution to the differ- 
ential equation. 


17.»y"—y-2-1Ht-1 


18. y” — 2y' — 3y = 32 — 5 

19. y"(x) — 3y'(x) + 2y(x) = e* sin x 
20. y"(0) + 4y(0) = sin@ — cos 8 

21. y"(8) + 2y'(0) + 2y(0) = e * cos 0 
22. y" (x) + 6y'(x) + 10y(x) 


= 10x* + 24x? + 2x? — 12x + 18 
In Problems 23-30, find the solution to the initial value 
problem. 
23. ' - y 1, y(0)=0 
24. y"=6t; y(0 23, y(0)=-1 


25. z'(x) + z(x) =2e*; z(0-20, 2'(0)=0 
26. y” +9y 227 ; y(0)=4, y(0-6 
27. y"(x) — y'(x) — 2y(x) = cos x — sin 2x ; 
y(0) = —7/20 , y'(0) = 1/5 
28. y” + y! — 12y = e * e? — 15; 
»x0)-1, (0-23 
29. y"(0) — y(0) = sino — e” ; 
y0)=1, y'(0)=-1 
30. y” -2y t+y=P+1-e'; 
y(0) =0, y(0-2 


In Problems 31-36, determine the form of a particular 
solution for the differential equation. Do not solve. 


31. y" + y = sint + tcost + 10 
32. y" y- e% } te? } te” 
33. — x! — 2x = é cos t — P + cos? t 


ai 

34. y" + 5y! + 6y = 
y” 
y" 


sin t — cos 2f 


4y' + 5y = e + tsin3t — cos 3t 


Ay’ Ay = Pet e 


35. 
36. 


In Problems 37-40, find a particular solution to the 
given higher-order equation. 


37. y" 2y" y! 2y — 2:2 + At 9 
38. y — 5y" + 4y = 10 cos t — 20 sint 
39. y" + y" -2y 2 te! +1 

40. y 3y” + 3y” — y' = 6t — 20 


41. Discontinuous Forcing Term. In certain physical 
models, the nonhomogeneous term, or forcing 
term, g(t) in the equation 

ay" + by' + cy = g(t) 
may not be continuous but may have a jump 


42. 


43. 


44. 


discontinuity. If this occurs, we can still obtain a rea- 
sonable solution using the following procedure. Con- 
sider the initial value problem 

y" 2y + Symp 300995; y'(0)=0, 
where 


s 0 ift 32/2 


(a) Find a solution to the initial value problem for 
0<t< 37/2. 

(b) Find a general solution for t > 37/2. 

(c) Now choose the constants in the general solution 
from part (b) so that the solution from part (a) and 
the solution from part (b) agree, together with their 
first derivatives, at £ = 37/2. This gives us a con- 
tinuously differentiable function that satisfies the 
differential equation except at t = 37/2. 


Forced Vibrations. As discussed in Section 4.1, a 
vibrating spring with damping that is under external 
force can be modeled by 


(15) my" + by' + ky = g(t) ; 


where m > 0 is the mass of the spring system, b > 0 
is the damping constant, k > 0 is the spring constant, 
g(t) is the force on the system at time f, and y(f) is 
the displacement from the equilibrium of the spring 
system at time t. Assume b? < 4mk. 


(a) Determine the form of the equation of motion for 
the spring system when g(t) = sin Br by finding 
a general solution to equation (15). 

(b) Discuss the long-term behavior of this system. 
[Hint: Consider what happens to the general 
solution obtained in part (a) as t — +00.] 


A mass-spring system is driven by a sinusoidal exter- 
nal force g(t) = 5 sin t. The mass equals 1, the spring 
constant equals 3, and the damping coefficient equals 
4. If the mass is initially located at y(0) = 1/2 and at 
rest, i.e., y' (0) = 0, find its equation of motion. 


A mass-spring system is driven by the external force 
g(t) = 2 sin 3t + 10 cos 3r. The mass equals 1, the 
spring constant equals 5, and the damping coeffi- 
cient equals 2. If the mass is initially located at 
y(0) = —1, with initial velocity y'(0) = 5, find its 
equation of motion. 


45. Speed Bumps. 


y(t) 
d DE 0026 
Speed 
k — y 
cos(rx/L) 
e > 
x--L/2 x=L/2 


Figure 4.11 Speed bump 


Often bumps like the one depicted 
in Figure 4.11 are built into roads to discourage 
speeding. The figure suggests that a crude model of 
the vertical motion y(t) of a car encountering the 
speed bump with the speed V is given by 


y(t) = 0 


my" + ky = 


fort = —L/(2V) , 
F, cos (a Vt/L) for |t| < iid 
0 fort = L/(2V). 


(The absence of a damping term indicates that the 

car's shock absorbers are not functioning.) 

(a) Taking m = k = 1,L = s, and Fo = 1 in appro- 
priate units, solve this initial value problem. 
Thereby show that the formula for the oscillatory 
motion after the car has traversed the speed bump 
is y(t) = Asint, where the constant A depends on 
the speed V. 
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(J (b) Plot the amplitude |A| of the solution y(t) found 


46. 


47. 


48. 


in part (a) versus the car’s speed V. From the 
graph, estimate the speed that produces the most 
violent shaking of the vehicle. 


Show that the boundary value problem 

y" + dy =sint; y(0)=0, ym) =1, 
has a solution if and only if A # +1, +2, +3,... 
Find the solution(s) to 

y" + 9y = 27cos6t 
(if it exists) satisfying the boundary conditions 


(a) y(0)=-1, y(m/623. 

(b) yO) = -1, y(7/3)=5. 

© y(0)— —1, yon) = -1 . 

All that is known concerning a mysterious sec- 


ond-order constant-coefficient differential equation 

y' + py’ + qy = g(t) is that Ê + 1 + æ cos t, 

Ê +1 +é sint, and + 1 + e cost + é sin t are 

solutions. 

(a) Determine two linearly independent solutions to 
the corresponding homogeneous equation. 

(b) Find a suitable choice of p, q, and g(t) that 
enables these solutions. 


4.6 VARIATION OF PARAMETERS 


We have seen that the method of undetermined coefficients is a simple procedure for determin- 
ing a particular solution when the equation has constant coefficients and the nonhomogene- 
ous term is of a special type. Here we present a more general method, called variation of 
parameters,’ for finding a particular solution. 

Consider the nonhomogeneous linear second-order equation 


(1) ay" + by’ + cy = f(t) 


and let bi), y,(t)} be two linearly independent solutions for the corresponding homogeneous 
equation 


ay" + by’ +cy=0. 
Then we know that a general solution to this homogeneous equation is given by 


(2) Yalt) = ei(t) + cay2lt) , 


where c; and c; are constants. To find a particular solution to the nonhomogeneous equation, 


“Historical Footnote: The method of variation of parameters was invented by Joseph Lagrange in 1774 


190 


Chapter4 Linear Second-Order Equations 


the strategy of variation of parameters is to replace the constants in (2) by functions of t. That 
is, we seek a solution of (1) of the form' 


(3) Yt) = vi(t)yy(t) + v(t)ys(t) . 

Because we have introduced two unknown functions, vi(t) and v,(t), it is reasonable to 
expect that we can impose two equations (requirements) on these functions. Naturally, one of 
these equations should come from (1). Let's therefore plug yp(t) given by (3) into (1). To 
accomplish this, we must first compute y(t) and yp). From (3) we obtain 


yp = (viy + vya) + (vi yi + voy?) . 


To simplify the computation and to avoid second-order derivatives for the unknowns v}, v; in 
the expression for yj, we impose the requirement 


(4) viy + vy — 0. 
Thus, the formula for y; becomes 


(5) Yp = wyi t vy% , 


(6) yp = viyp + VY] + vaya + voy, . 


Now, substituting yp, Yp, and yj, as given in (3), (5), and (6), into (1), we find 


(7) f ay, + byp + oy 


a(viy, + vy",  v5y5 + vyh) + blviyi + vay) + clviyi + vya) 
= a(viyi + v5y) + vilay", + byi + cy) + volay’, + bys + cy;) 
= a(viyl + v5y)) +0+0 


since y, and y, are solutions to the homogeneous equation. Thus, (7) reduces to 


f . 


(8) viyi + voy) = 7 

To summarize, if we can find v, and v; that satisfy both (4) and (8), that is, 
ywi tyv5-70, 

(9) 


^v! + -— 
J1Ui mn a 


then y, given by (3) will be a particular solution to (1). To determine v, and v», we first solve 
the linear system (9) for v; and v5 . Algebraic manipulation or Cramer's rule (see Appendix D) 
immediately gives 


HOMO) 
aly, (t)y3(t) — yy] ' 


vilt) = ; : and v5(t) = 


"In Exercises 2.3, Problem 36, we developed this approach for first-order linear equations. Because of the similarity of 
equations (2) and (3), this technique is sometimes known as “variation of constants.” 


Example 1 


Solution 
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where the bracketed expression in the denominator (the Wronskian) is never zero because of 
Lemma 1, Section 4.2. Upon integrating these equations, we finally obtain 


fva) ! 
a» d= DDOE ™ "0 7 agio s 


Let's review this procedure. 


Method of Variation of Parameters 
To determine a particular solution to ay" + by’ + cy =f: 


(a) Find two linearly independent solutions {y, (2), y,(r)} to the corresponding homoge- 
neous equation and take 


yp(t) = vi(t)yi(2) + valeye) . 
(b) Determine v,(t) and v(t) by solving the system in (9) for vj(t) and v4(t) and 
integrating. 
(c) Substitute v, (t) and v;() into the expression for yy (t) to obtain a particular solution. 


Of course, in step (b) one could use the formulas in (10), but v;(f) and v(t) are so easy to 
derive that you are advised not to memorize them. 


Find a general solution on (— 7/2, 7/2) to 
2 


Wi. leyni 
— = tan " 
a? ^ 


Observe that two independent solutions to the homogeneous equation y" + y = 0 are cos t and 
sin f. We now set 


(12) y,(t) = v,(t)cos t + v(t) sin f 
and, referring to (9), solve the system 
(cos tjui (t) + (sin t)v5(t) 2 0 , 
(—sin t)vi(t) + (cos t)vS(t) = tant , 
for vi (t) and v}(t). This gives 
vilt) = —tant sint , 
v(t) = tant cost = sint . 


Integrating, we obtain 


_ ] = sin?t 
(13) vi(t) -| tan t sin t dt = -| $052 dt 


1 — cos?t 

= | dt = | (cost — sec t)dt 
cos f 

sint — In|sec t + tant] + C, , 


(14) v(t) = [sna = —cost + C5. 
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Example 2 


Solution 


We need only one particular solution, so we take both C, and C; to be zero for simplicity. 
Then, substituting vj(t) and v;(r) in (12), we obtain 


yp(t) = (sint — In|sec t + tan r|)cost — cost sint , 
which simplifies to 
y,(t) = —(cos t) In|sec t + tan t| . 
We may drop the absolute value symbols because sec t + tan t = (1 + sin 1)/cos t > 0 for 
—m[2 < t € m[2. 
Recall that a general solution to a nonhomogeneous equation is given by the sum of a gen- 


eral solution to the homogeneous equation and a particular solution. Consequently, a general 
solution to equation (11) on the interval (—77/2, 7/2) is 


(15) y(t) = c, cos t + cz sint — (cos f) In (sect + tant). € 


Note that in the above example the constants C, and C; appearing in (13) and (14) were 
chosen to be zero. If we had retained these arbitrary constants, the ultimate effect would be just 
to add C, cos t + C; sin f to (15), which is clearly redundant. 


Find a particular solution on (—7/2, 7/2) to 


5 


d'y 
(16) zu "3T RBET M is 


With f(t) = tan t + 3t — 1, the variation of parameters procedure will lead to a solution. But it 
is simpler in this case to consider separately the equations 


(17) d ones 
US y an y 
dt? 

*y 
(18) E Ty- 3t — 1 


and then use the superposition principle (Theorem 3, page 182). 


In Example 1 we found that 
y,(t) = —(cost) In(sec t + tan f) 


is a particular solution for equation (17). For equation (18) the method of undetermined coeffi- 
cients can be applied. On seeking a solution to (18) of the form y,(t) = At + B, we quickly obtain 


y(t) 231-1. 
Finally, we apply the superposition principle to get 


Yp(t) = yalt) + y(t) 
—(cos t) In (sec t + tan t) + 3t — 1 


as a particular solution for equation (16). 9 


Note that we could not have solved Example 1 by the method of undetermined coeffi- 
cients; the nonhomogeneity tan f is unsuitable. In Section 4.7 we'll see that another important 
advantage of the method of variation of parameters is its applicability to equations whose coef- 
ficients are functions of f. 
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4.6 EXERCISES MEN 


In Problems 1-8, find a general solution to the differential 16. y" + 5y' + 6y = 1877 


equation using the method of variation of parameters. 


17. I» + 2y = tan 2t Eg 


1. y” + y = sect 2. 
2. y" + 4y = tan 2t 18. y" — 6y' + 9y = te" 
3. y" + 2y' cy - e 
4. y" - 2y ty =r le! 19. Express the solution to the initial value problem 
" 1 

5. y" + 9y = sec*(3t) y'-yec. X) =0 ,y(1)= -2, 

. y" (0) + E 
6. y "(@) hu (6) edd using definite integrals. Using numerical integration 
7. y" +4y' +4y=e ng (Appendix C) to approximate the integrals, find an 
8. y” + 4y = csc'(27) approximation for y(2) to two decimal places. 


In Problems 9 and 10, find a particular solution first by 
undetermined coefficients, and then by variation of para- 
meters. Which method was quicker? 


9, y" —-y 22t t 4 


10. 2x"(r) — 2x'(t) 


In Problems 11—18, find a general solution to the differ- 


20. Use the method of variation of parameters to show that 


t 
y(t) = cı cost + c sint + PE sin(t — s) ds 
0 


is a general solution to the differential equation 


ential equation. 


11. 
12. 
13. 
14. 
15. 


x(t) = 2e" y" deg JD. 

where f(t) is a continuous function on (—oo, oo). 
[Hint: Use the trigonometric identity sin(t — s) = 
sin f cos s — sin s cos f .] 


" 2 
Moe andi " [£ 21. Suppose y satisfies the equation y" + 10y' + 25y = 
y +y=tant+e”-— l e" subject to y(0) = 1 and y'(0) = —5. Estimate 
v" + 4v = sec (2t) y(0.2) to within —0.0001 by numerically approxi- 
y" (80)  y(0) = sec? 0 mating the integrals in the variation of parameters 
y" +y=3sect- +1 formula. 


4.7 VARIABLE-COEFFICIENT EQUATIONS 


The techniques of Sections 4.2 and 4.3 have explicitly demonstrated that solutions to a linear 
homogeneous constant-coefficient differential equation, 


(1) ay" + by' +cy=0, 


are defined and satisfy the equation over the whole interval (—oo, +00). After all, such solu- 
tions are combinations of exponentials, sinusoids, and polynomials. 

The variation of parameters formula of Section 4.6 extended this to nonhomogeneous 
constant-coefficient problems, 


(2) ay" + by + cy —f(t) , 


yielding solutions valid over all intervals where f(t) is continuous (ensuring that the integrals in 
(10) of Section 4.6 containing f(t) exist and are differentiable). We could hardly hope for more; 
indeed, it is debatable what meaning the differential equation (2) would have at a point where 
f(t) is undefined, or discontinuous. 
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Example 1 


Solution 


Therefore, when we move to the realm of equations with variable coefficients of the form 
(3) aD" + ay’ + ay = fo , 


the most we can expect is that there are solutions that are valid over intervals where all four 
"governing" functions— a»(t), a,(f), ag(t), and f(t)—are continuous. Fortunately, this expecta- 
tion is fulfilled except for an important technical requirement—namely, that the coefficient 
function a5(f) must be nonzero over the interval.’ 

Typically, one divides by the nonzero coefficient a(t) and expresses the theorem for the 
equation in standard form [see (4), below] as follows. 


Existence and Uniqueness of Solutions 


Theorem 5. Suppose p(t), q(t), and g(t) are continuous on an interval (a, b) that con- 
tains the point ty. Then, for any choice of the initial values Yọ and Yj, there exists a 


unique solution y(t) on the same interval (a, b) to the initial value problem 


(4) yA * p(Dy'() + q(Qy( 2g) ; — yt) Yo, |) y(t-Y. 


Determine the largest interval for which Theorem 5 ensures the existence and uniqueness of a 
solution to the initial value problem 


d'y d 
(5) i53 4 Viv = lees yxD23, y(D-2-s5. 
d? dt 


The data p(t), g(t), and g(f) in the standard form of the equation, 


d?y 1 dy, Wt Int 
qu Ligen ES 
dt? t—3)dt (t-23) (t — 3) 


yt py tg = 


are simultaneously continuous in the intervals 0 < t < 3 and 3 < t < oo. The former con- 
tains the point £j = 1, where the initial conditions are specified, so Theorem 5 guarantees (5) 
has a unique solution in O0 < f < 3. € 


Theorem 5, embracing existence and uniqueness for the variable-coefficient case, is difficult 
to prove because we can't construct explicit solutions in the general case. So the proof is deferred 
to Chapter 13." However, it is instructive to examine a special case that we can solve explicitly. 


Cauchy-Euler, or Equidimensional, Equations 


Definition 2. A linear second-order equation that can be expressed in the form 


(6) at’y"(t) + bty'(t) + cy =f , 


where a, b, and c are constants, is called a Cauchy—Euler, or equidimensional, 
equation. 


"Indeed, the whole nature of the equation—reduction from second-order to first-order—changes at points where a(t) 
is zero. 


‘All references to Chapters 11-13 refer to the expanded text Fundamentals of Differential Equations and Boundary 
Value Problems, 6th ed. 


Example 2 


Solution 
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For example, the differential equation 
32y" + 1lty’ — 3y = sint 
is a Cauchy—Euler equation, whereas 
2y" — 3ty' + lly 23t— 1 


is not because the coefficient of y" is 2, which is not a constant times /?. 

The nomenclature equidimensional comes about because if y has the dimensions of, 
say, meters and t has dimensions of time, then each term 1?y", ty’, and y has the same dimen- 
sions (meters). The coefficient of y" (£) in (6) is at’, and it is zero at t = 0; equivalently, the 
standard form 


naby d fO 
y + at Y + pos B 2 


at 


has discontinuous coefficients at t = 0. Therefore, we can expect the solutions to be valid only 
for t > 0 or t < 0. Discontinuities in f, of course, will impose further restrictions. 


To solve a homogeneous Cauchy—Euler equation, for t > 0, we exploit the equidimensional 


feature by looking for solutions of the form y = t”, because then ty", ty’, and y each have the 


form (constant) X t”: 


y=t', parm eut, ry" = tr D? 2 r(r DE, 


and substitution into the homogeneous form of (6) (that is, with g = 0) yields a simple 
quadratic equation for r: 


ar(r — 1)" + brt" + ct = [ar? t(b—ar-cjt-0, or 
(7) ar’ + (b-ar+c=0, 
which we call the associated characteristic equation. 
Find two linearly independent solutions to the equation 

3y" + llty-3y=0, t>0. 


Inserting y = t” yields, according to (7), 


3r? + (11 — 3)r —3 = 3r? + 8-3 =0, 
whose roots r = 1/3 and r = —3 produce the independent solutions 


yOo=02, y=? (fort >0). 


Clearly, the substitution y = t" into a homogeneous equidimensional equation has the 
same simplifying effect as the insertion of y — e" into the homogeneous constant-coefficient 
equation in Section 4.2. That means we will have to deal with the same encumbrances: 


1. What to do when the roots of (7) are complex 
2. What to do when the roots of (7) are equal 


Int 


If r is complex, r = a + iB, we can interpret t**"8 by using the identity t = e"! and 


invoking Euler’s formula [equation (5), Section 4.3]: 


tib = 72718 = teeiPlnt — t^ Lcos( Inr) + isin(BInf)] . 
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Example 3 


Solution 


Then we simplify as in Section 4.3 by taking the real and imaginary parts to form independent 
solutions: 


(8) yi7t*cosBInt) , y; —t"sin(BInt) . 


If r is a double root of the characteristic equation (7), then independent solutions of the 
Cauchy-Euler equation on (0, oo) are given by 


(9) y7t', y,7t'lnt. 


This can be verified by direct substitution into the differential equation. Alternatively, the 
second, linearly independent, solution can be obtained by reduction of order, a procedure to 
be discussed shortly in Theorem 8. Furthermore, Problem 23 demonstrates that the substitu- 
tion t = e* changes the homogeneous Cauchy-Euler equation into a homogeneous constant- 
coefficient equation, and the formats (8) and (9) then follow from our earlier deliberations. 

We remark that if a homogeneous Cauchy—Euler equation is to be solved for t < 0, then 
one simply introduces the change of variable t = —7, where 7 > 0. The reader should verify 
via the chain rule that the identical characteristic equation (7) arises when 7^ = (—1)' is substi- 
tuted in the equation. Thus the solutions take the same form as (8), (9), but with t replaced by 
—t; for example, if r is a double root of (7), we get (—1)' and (—1)' In(—1) as two linearly inde- 
pendent solutions on ( —oo, 0). 


Find a pair of linearly independent solutions to the following Cauchy—Euler equations for t > 0. 


(a) ty" + 5ty' + 5y 20 (b) ty" + ty’ 20 


For part (a), the characteristic equation becomes r+4r+5=0 , with the roots r = —2 +1, 
and (8) produces the real solutions i cos(In f) and ‘fe sin(In f). 

For part (b), the characteristic equation becomes simply r? — 0 with the double root r — 0, 
and (9) yields the solutions t? = | and In f. @ 


In Chapter 8 we will see how one can obtain power series expansions for solutions to 
variable-coefficient equations when the coefficients are analytic functions. But, as we said, there 
is no procedure for explicitly solving the general case. Nonetheless, thanks to the existence/ 
uniqueness result of Theorem 5, most of the other theorems and concepts of the preceding sec- 
tions are easily extended to the variable-coefficient case, with the proviso that they apply only 
over intervals in which the governing functions p(t), q(t), g(t) are continuous. Thus we have the 
following analog of Lemma 1, page 162. 


A Condition for Linear Dependence of Solutions 


Lemma 3. If y,(#) and y,(¢) are any two solutions to the homogeneous differential 
equation 


(40) . »jy"() + py’ + q(0y(0 = 0 


on an interval J where the functions p(f) and q(t) are continuous and if the Wronskian? 


yi) yo(t) 
yi) yy) 


is zero at any point t of I, then y; and y» are linearly dependent on J. 


Wy. 210 = yi(0yz (0 — yi Oy2 = 


"The determinant representation of the Wronskian was introduced in Problem 34, Section 4.2. 
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As in the constant-coefficient case, the Wronskian of two solutions is either identically 
Zero or never zero on J, with the latter implying linear independence on 7. 

Precisely as in the proof for the constant-coefficient case, it can be verified that any linear 
combination c;y, + cy, of solutions y, and y, to (10) is also a solution. 


Representation of Solutions to Initial Value Problems 


Theorem 6. If y,(t) and y(t) are any two solutions to the homogeneous differential 
equation (10) that are linearly independent on an interval J containing tọ, then unique 
constants c, and c» can always be found so that ciyi(f) + coy»(t) satisfies the initial 
conditions y (t9) = Yo, y'(t9) = Y; for any Yo and Yj. 


As in the constant-coefficient case, yp = cy; + coy» is called a general solution to (10) 
on Jif y,, y2 are linearly independent solutions on J. 
For the nonhomogeneous equation 


GQ) = y"O + pOy'O + q@yO = sO, 


a general solution on / is given by y = y, + y;, where y, = ciy; + Czy is a general solu- 
tion to the corresponding homogeneous equation (10) on / and y, is a particular solution 
to (11) on 7. In other words, the solution to the initial value problem stated in Theorem 5 must 
be of this form for a suitable choice of the constants c;, c2. This follows, just as before, from a 
straightforward extension of the superposition principle for variable-coefficient equations 
described in Problem 30. 

If linearly independent solutions to the homogeneous equation (10) are known, then y, can 
be determined for (11) by the variation of parameters method. 


Variation of Parameters 


Theorem 7. If y; and y, are two linearly independent solutions to the homogeneous 
equation (10) on an interval J where p(t), q(t), and g(t) are continuous, then a particular 
solution to (11) is given by y, = viy; + voy», where v, and v; are determined up to a 
constant by the pair of equations 


ywi t yjvj70, 
ym tyv-82, 
which have the solution 


NE - {sone 
(12) v(t) = PE dt , v(t) Weni t. 


Note the formulation (12) presumes that the differential equation has been put into 
standard form [that is, divided by a»(1)]. 


The proofs of the constant-coefficient versions of these theorems in Sections 4.2 and 4.5 
did not make use of the constant-coefficient property, so one can prove them in the general case 
by literally copying those proofs but interpreting the coefficients as variables. Unfortunately, 
however, there is no construction analogous to the method of undetermined coefficients for the 
variable-coefficient case. 
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What does all this mean? The only stumbling block for our completely solving nonhomo- 
geneous initial value problems for equations with variable coefficients, 


y'-p(Dy'*tq(y-^g(0; Y=., »y(p-M. 


is the lack of an explicit procedure for constructing independent solutions to the associated 
homogeneous equation (10). If we had y; and y, as described in the variation of parameters 
formula, we could implement (12) to find y,, formulate the general solution of (11) as 
Yp + Cy, + coy», and (with the assurance that the Wronskian is nonzero) fit the constants to 
the initial conditions. But with the exception of the Cauchy—Euler equation and the ponderous 
power series machinery of Chapter 8, we are stymied at the outset; there is no general proce- 
dure for finding y; and yp. 

Ironically, we only need one nontrivial solution to the associated homogeneous equation, 
thanks to a procedure known as reduction of order that constructs a second, linearly indepen- 
dent solution y; from a known one y;. So one might well feel that the following theorem rubs 
salt into the wound. 


Reduction of Order 


Theorem 8. Let y,(¢) be a solution, not identically zero, to the homogeneous differential 
equation (10) in an interval J (see page 196). Then 


e Sp@at 


(13) yx) = yO ae 


is a second, linearly independent solution. 


This remarkable formula can be confirmed directly, but the following derivation shows 
how the procedure got its name. 


Proof of Theorem 8. Our strategy is similar to that used in the derivation of the variation 
of parameters formula, Section 4.6. Bearing in mind that cy, is a solution of (10) for any con- 
stant c, we replace c by a function v(t) and propose the trial solution y(t) = v(t)y;(t), spawning 
the formulas 


yy = vy tvy, yy = vy" t2vyt t vy, . 
Substituting these expressions into the differential equation (10) yields 
(vy! + 2v'y! + v'yi) + pyi + vy) + ai = 0, 
or, on regrouping, 
04). (y + py! + gi + yi" + Qv! + pv = 0. 


The group in front of the undifferentiated v(t) is simply a copy of the left-hand member of the 
original differential equation (10), so it is zero. Thus (14) reduces to 


Q5 yyw" + Qy' + pn)v' = 0, 
which is actually a first-order equation in the variable w = v’: 


46)  yw'- (2y! + pyw 7 0 . 


"This is hardly a surprise; if v were constant, vy would be a solution with v’ = v" = 0 in (14). 


Example 4 


Solution 


Example 5 


Solution 
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Indeed, (16) is separable and can be solved immediately using the procedure of 
Section 2.2. Problem 50 carries out the details of this procedure to complete the derivation 
of (13). € 


Given that y,(t) = t is a solution to 
a) y -iy*3y-0 
y P a > 
use the reduction of order procedure to determine a second linearly independent solution for 


t>0. 


Rather than implementing the formula (13), let’s apply the strategy used to derive it. We set 
yo(t) = v(t)y,(t) = v(t)t and substitute y/' = v't + v, y?" = v"t + 2v' into (17) to find 


(18) v"t 4 2y' — Hi + y) + Ly = y't + (2v! - v) 2 v't- y =0. 
t 


As promised, (18) is a separable first-order equation in v', simplifying to (v')'/(v') = —1/t 
with a solution v' = 1/t, or v = Int (taking integration constants to be zero). Therefore, a sec- 
ond solution to (17) is y = vt = t Int. 


Of course (17) is a Cauchy-Euler equation for which (7) has equal roots: 
ar? *(b—a)rt*c-2r-2r*1-2(r-1* 20 ; 
and y» is precisely the form for the independent solution predicted by (9). 9 


The following equation arises in the mathematical modeling of reverse osmosis.' 
(19  (sini)y" — 2(cost)y’ — (sin ty 2-0, Oct. 
Find a general solution. 


As we indicated above, the tricky part is to find a single nontrivial solution. Inspection of (19) 
suggests that y = sin f or y = cos t, combined with a little luck with trigonometric identities, 
might be solutions. In fact, trial and error shows that the cosine function works: 


n 


yı = cost, y = —sint , yi" = —cost , 


(sin f) y," — 2(cos fy,’ — (sin Ay, = (sin f) (—cos f) — 2(cos D)(—sin f) — (sin A (cos A 2 0 . 


Unfortunately, the sine function fails (try it). 

So we use reduction of order to construct a second, independent solution. Setting 
yo(t) = v(t)y, (1) = v(t)cos t and computing y;' = v'cos t — vsin t, y2” = v” cos t — 2v' sin t — 
vcos f, we substitute into (19) to derive 


(sin f)| v" cos t — 2v'sin t — vcos t] — 2(cos f)[v' cos t — vsin t] — (sin r)|vcos t] 
= y” (sin t)(cos t) — 2v'(si? t + cos*t)=0 , 
which is equivalent to the separated first-order equation 


(v^ 2 sect 


(v') | (sin t(cos f) tant ` 


"Reverse osmosis is a process used to fortify the alcoholic content of wine, among other applications. 
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Taking integration constants to be zero yields In v' = 2 In(tan t) or v' = tant, and 


v = tant — t. Therefore, a second solution to (19) is y; = (tan t 


f)cos t = sint — tcos t. 


We conclude that a general solution is c,cos t + c» (sin t — t cos t). € 


In this section we have seen that the theory for variable-coefficient equations differs only 
slightly from the constant-coefficient case (in that solution domains are restricted to intervals), 
but explicit solutions can be hard to come by. In the next section, we will supplement our expo- 
sition by describing some nonrigorous procedures that sometimes can be used to predict quali- 


tative features of the solutions. 


4.7 EXERCISUS MN 


In Problems 1 through 4, use Theorem 5 to discuss the 
existence and uniqueness of a solution to the differential 
equation that satisfies the initial conditions y(1) = Yo, 
y'(1) = Y, where Yo and Y, are real constants. 


1. (t — 3)” + 2t - y 2 P 
2. (1 + By" + ty’ - y = tant 
3. iy" + y = cost 

4. ey" — +y=Int 


t= 3 


In Problems 5 through 8, determine whether Theorem 5 
applies. If it does, then discuss what conclusions can be 
drawn. If it does not, explain why. 


5. t?2" +t? +z=cost; z(0:-1, z(0)=0 
6. y" e3 Pats y(0)=1, y(0)=-1 
7. y" t ty, - Dy 20 ; 

8. (1 — Dy" + ty’ -2y = sint ; 

(0)=1 , y'(0) = 


In Problems 9 through 14, find a general solution to the 
given Cauchy—Euler equation for t > 0. 


d? d 
4d y l _@=0 
dt? dt 
10. £y" (t) + 7ty'(t) — 7y(t) = 0 
dw | 6dw , 4 


11. p dci w= 0 
2 

12. 2l X rug 
di? dt 


13. 9r?y" (t) + 15ty'(t) + y(t) = 0 
14. t°y" (t) — 3ty' (t) + 4y(t) = 0 


In Problems 15 through 18, find a general solution 
fort < 0. 


15. y'() - Fy) + yO = 0 
16. t?y"(t) — 3ty' (t) + 6y(t) = 
17. t’y"(t) + 9ty'(t) + 17y(t) = 0 
18. :2y"(t) + 3ty'(t) + 5y() = 0 


In Problems 19 and 20, solve the given initial value prob- 
lem for the Cauchy—Euler equation. 


19. °y" (t) — 4ty' (t) + 4y(t) = 0 ; 
yi)=-2, »y()0-2-1uü 

20. ty" (t) + Tty'(t) + Sy(t) = 0 ; 
xX12-1, y(1)=13 


In Problems 21 and 22, devise a modification of the 
method for Cauchy—Euler equations to find a general 
solution to the given equation. 
21. (t — 2)*y"(¢) — 7(t — 2)y'(0) + y(t) = 0 , 
t>2 
22. (t + 1y"(r) + 10(¢ + 1)y’(t) + 14y(t) 20 , 
t> =l 
23. To justify the solution formulas (8) and (9), perform 
the following analysis. 

(a) Show that if the substitution t = e* is made in 
the function y(t) and x is regarded as the new 
independent variable in Y(x) :— y(e*), the chain 
rule implies the following relationships: 

E LE pay  dY dy 
dt dx ' dt? dx? dx ` 


(b) Using part (a), show that if the substitution f — e* 
is made in the Cauchy—Euler differential equation 
(6), the result is a constant-coefficient equation 
for Y(x) = y(e*), namely, 
d^Y dY 


(20) E + (b — a) dx + cY = f(e*) . 


(c) Observe that the auxiliary equation (recall 
Section 4.2) for the homogeneous form of (20) is 
the same as (7) in this section. If the roots of the 
former are complex, linearly independent solu- 
tions of (20) have the form e“* cos Bx and e“* sin 
Bx; if they are equal, linearly independent solu- 
tions of (20) have the form e" and xe™. Express x 
in terms of t to derive the corresponding solution 
forms (8) and (9). 

24. Solve the following Cauchy-Euler equations by 
using the substitution described in Problem 23 to 
change them to constant coefficient equations, find- 
ing their general solutions by the methods of the pre- 
ceding sections, and restoring the original indepen- 
dent variable t. 

(a) ^y" + ty! - 9y =0 

(b) y” + 3ty’ + 10y 20 

(c) zy" + 3' cy o tt 

(d) £y" + ty’ + 9y = —tan(31n i) 


-1 


25. Let y; and y; be two functions defined on (—oo, oo). 
(a) True or False: If y, and y, are linearly depen- 
dent on the interval [a, b], then y, and y; 
are linearly dependent on the smaller interval 

le d] C [a,b]. 
(b) True or False: If y, and y, are linearly dependent 
on the interval [a, b] , then y, and y, are linearly 
dependent on the larger interval [C ; D] J [a, b). 


26. Let y,(t) = t? and y,(t) = ||. Are y, and y; lin- 
early independent on the following intervals? 
(a) [0.00) | (b (-o9,0] — (€ (~o9, co) 
(d) Compute the Wronskian Wl», y;] (2) on the 

interval (—oo, oo). 

27. Consider the linear equation 

ty" — 3ty’ + 3y 20, 

for—-oo«t«oo. 

(a) Verify that y(t) = t and y;(t) = £ are two solu- 
tions to (21) on (—oo, oo). Furthermore, show 
that yı (to)y2(to) — yi(to)ye(to) # 0 for t = 1. 


‘Historical footnote: Niels Abel derived this identity in 1827. 


(21) 
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28. 


29. 


30. 


31. 


32. 


(b) Prove that y,(t) and y,(t) are linearly indepen- 
dent on (—oo, oo). 

(c) Verify that the function y3(t) = |r|? is also a 

solution to (21) on (—oo, oo). 

Prove that there is no choice of constants c}, 

c, such that y4(t) = c,y,(t) + coy2(t) for all t 

in (—oo, 00). [Hint: Argue that the contrary 

assumption leads to a contradiction.] 

From parts (c) and (d), we see that there is at 

least one solution to (21) on (—oo, oo) that is 

not expressible as a linear combination of the 

solutions y,(f),y,(t). Does this provide a 

counterexample to the theory in this section? 

Explain. 

Let y,(f) = t? and y,(t) = 2t|t|. Are y, and y; lin- 

early independent on the interval: 

(a) [0, œ)? (b) (—00, 0]? | (9 (700, 09)? 

(d) Compute the Wronskian Wlyi. y» ] (2) on the 
interval (—oo, oo). 


(d 


<~ 


(e 


— 


Prove that if y, and y, are linearly independent solu- 
tions of y" + py’ + qy = 0 on (a, b), then they can- 
not both be zero at the same point fy in (a, b). 


Superposition Principle. Let y; be a solution to 
y"(t) + ply (À + aldy) = e) 
on the interval / and let y, be a solution to 
y"(t) + p()y'(r) + aldy) = ex) 
on the same interval. Show that for any constants k; 
and ky, the function kıy; + k,y, is a solution on J to 


y" (t)  p(n)y'(r) + ayl) = kigi(t) fox) . 
Determine whether the following functions can be 
Wronskians on —1 < f < 1 for a pair of solutions 
to some equation y" + py’ + qy = 0 (with p and q 
continuous). 

(a) w(t) = 6e* (b) w(t) = à? 

© w(t) = (t + 1)! (d) w(t) =0 

By completing the following steps, prove that the 
Wronskian of any two solutions y;, y; to the equa- 
tion y" + py’ + qy = 0on (a, b) is given by Abel's 
formula' 


t 


Wins] = C expt- | p)ar , 


to and tin (a, b) , j 

where the constant C depends on y, and y». 

(a) Show that the Wronskian W satisfies the equa- 
tion W' + pW = 0. 
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(b) Solve the separable equation in part (a). 

(c) How does Abel's formula clarify the fact that the 
Wronskian is either identically zero or never zero 
on (a, b)? 

33. Use Abel’s formula (Problem 32) to determine (up to 
a constant multiple) the Wronskian of two solutions 
on (0, oo) to 

ty" + (t— Dy’ + 3y=0. 

34. All that is known concerning a mysterious differen- 
tial equation y" + p(t)y’ + q(t)y = g(t) is that the 
functions f, t”, and f? are solutions. 


(a) Determine two linearly independent solutions 
to the corresponding homogeneous differential 
equation. 

(b) Find the solution to the original equation satisfy- 
ing the initial conditions y(2) = 2, y'(2) = 5. 

(c) What is p(t)? [Hint: Use Abel’s formula for the 
Wronskian, Problem 32.] 


35. Given that 1 + f, 1 + 2t, and 1 + 32? are solutions to 
the differential equation y" + p(t)y’ + q(t)y = g(t), 
find the solution to this equation that satisfies 
y(1) = 2, y' (1) = 0. 

36. Verify that the given functions y; and y; are linearly 
independent solutions of the following differential 
equation and find the solution that satisfies the given 
initial conditions. 

a E a + 2y=0; 
si 2:42; 


In Problems 37 through 40, use variation of parameters 
to find a general solution to the differential equation 
given that the functions y, and y, are linearly independent 
solutions to the corresponding homogeneous equation for 
t > 0. Remember to put the equation in standard form. 


37. ty" -(t+ Dy’ +y=?? 


y=e, yy7t-1 

38. ty" — 4t -6y 2 D +1; 
yar, yet 

39. ty" + (5t — Dy’ — 5y = Pe ; 
y75t—1, ym 

40. ty" + (1 — 20y' + (t — Dy = te’; 
y=e, yo =e Int 


In Problems 41 through 43, find general solutions to the 
nonhomogeneous Cauchy—Euler equations using varia- 
tion of parameters. 


41. t?z" + tz' + 9z = —tan(3 In f) 


42. Dy" + 3ty c y» (c! 


43. t?z" etedi » 
In f 


44. The Bessel equation of order one-half 
ey eu (e Duo , t>0 
has two linearly independent solutions, 
y 9 t^ "?cost, yy0) =f sint. 


Find a general solution to the nonhomogeneous 
equation 


ty" + ty! 4 (e th are. £20, 


In Problems 45 through 48, a differential equation and a 
non-trivial solution f are given. Find a second linearly 
independent solution using reduction of order. 


45. ty" - 2t -4y 20, 1:20; fr! 
46. ty" + 6ty’ +6y=0, t>0; f(0-2r? 
47. tx" —(t+ Dx t+x=0, t>0; f=e 
48. ty" + (1 —20y' +t -Dy=0, 120; 


fÀ = e 


49. In quantum mechanics, the study of the Schrödinger 
equation for the case of a harmonic oscillator leads 
to a consideration of Hermite’s equation, 


y' — 2ty' + Ay 20, 
where X is a parameter. Use the reduction of order 
formula to obtain an integral representation of a 


second linearly independent solution to Hermite's 
equation for the given value of X and corresponding 


solution f(t). 
(@QA=4, f(=1- 2? 
(b)A=6, f(t) = 3t- 277 


50. Complete the proof of Theorem 8 by solving equa- 
tion (16). 

51. The reduction of order procedure can be used more 
generally to reduce a homogeneous linear nth-order 
equation to a homogeneous linear (n — 1)th-order 
equation. For the equation 


ty" ty l y 
which has f(f) = e' as a solution, use the substitu- 
tion y(t) = v(t) f(t) to reduce this third-order equa- 
tion to a homogeneous linear second-order equation 
in the variable w = v’. 


, 


y=0, 


52. 


53. 
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The equation 

y” +d- Ay" +y yeu 
has f(t) = t as a solution. Use the substitution y(t) = 
v(t) f(t) to reduce this third-order equation to a 
homogeneous linear second-order equation in the 
variable w = v'. 


Isolated Zeros. Let (1) be a solution to y" + 
py’ + qy = 0 on (a, b), where p, q are continuous 
on (a, b). By completing the following steps, prove 
that if œ is not identically zero, then its zeros in (a, b) 
are isolated, i.e., if (to) = 0, then there exists a 
8 > Osuch that (4) + 0 for0 < |t — tol < 6. 
(a) Suppose (to) = 0 and assume to the contrary 
that for each n = 1,2, ..., the function o has a 
zero at t,, where 0 < [ro — t| < 1/n. Show 
that this implies $'(t9) = 0. [Hint: Consider the 
difference quotient for ¢ at tọ.] 


(b) With the assumptions of part (a), we have 
(to) = $'(ty) = 0. Conclude from this that œ 
must be identically zero, which is a contradic- 
tion. Hence, there is some integer no such that 
p(t) is not zero forO < |t — ty] < Ino. 


54. The reduction of order formula (13) can also be 


derived from Abels’ identity (Problem 32). Let f(t) 
be a nontrivial solution to (10) and y(t) a second lin- 
early independent solution. Show that 


(2) _ Wify] 
f P 


and then use Abel's identity for the Wronskian 
WI[f, y] to obtain the reduction of order formula. 


QUALITATIVE CONSIDERATIONS FOR 
VARIABLE-COEFFICIENT AND NONLINEAR 
4.8 EQUATIONS 


There are no techniques for obtaining explicit, closed-form solutions to second-order linear 
differential equations with variable coefficients (with certain exceptions) or for nonlinear equa- 
tions. In general, we will have to settle for numerical solutions or power series expansions. So 
it would be helpful to be able to derive, with simple calculations, some nonrigorous, qualitative 
conclusions about the behavior of the solutions before we launch the heavy computational 
machinery. In this section we first display a few examples that illustrate the profound differ- 
ences that can occur when the equations have variable coefficients or are nonlinear. Then we 
show how the mass-spring analogy, discussed in Section 4.1, can be exploited to predict some 
of the attributes of solutions of these more complicated equations. 

To begin our discussion we display a linear constant-coefficient, a linear variable-coefficient, 


and two nonlinear equations. 


(a) The equation 


(1) 3y" + 2y' + 4y =0 


is linear, homogeneous with constant coefficients. We know everything about such 
equations; the solutions are, at worst, polynomials times exponentials times sinusoids 
in t, and unique solutions can be found to match any prescribed data y(a), y' (a) at 
any instant t = a. It has the superposition property: If y,(t) and y(t) are solutions, so 


is y(t) = cyy,(t) + cay2(t). 
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(b) The equation 
(2) (1 — 2)" — 2ty' + 2y 20 


also has the superposition property (Problem 30, Exercises 4.7). It is a linear 
variable-coefficient equation and is a special case of Legendre’s equation 

(1 — t?)y” — 2ty' + Ay = 0, which arises in the analysis of wave and diffusion 
phenomena in spherical coordinates. 


(c) The equations 
(3) y" "- 6y? =0 ] 
© — »'-2ayh^ = 0 


do not share the superposition property because of the square and the cube root of y 
terms (e.g., the quadratic term y? does not reduce to y? + y2). They are nonlinear? 
equations. 


The Legendre equation (2) has one simple solution, y,(t) = t, as can easily be verified by 
mental calculation. A second, linearly independent, solution for —1 < f < 1 can be derived 
by the reduction of order procedure of Section 4.7. Traditionally, the second solution is taken 
to be 


(5) vot) = int) - 1. 


Notice in particular the behavior near t = +1; none of the solutions of our constant-coefficient 
equations ever diverged at a finite point! 

We would have anticipated troublesome behavior for (2) at t = +1 if we had rewritten it in 
standard form as 


(6) y" 


since Theorem 5, page 194, only promises existence and uniqueness between these points. 

As we have noted, there are no general solution procedures for solving nonlinear equa- 
tions. However, the following lemma is very useful in some situations such as equations (3), 
(4). It has an extremely significant physical interpretation, which we will explore in Project D 
of Chapter 5; for now we will merely tantalize the reader by giving it a suggestive name. 


The Energy Integral Lemma 
Lemma 4. Let y(t) be a solution to the differential equation 


(7) y" 2 f(y) , 


where f(y) is a continuous function that does not depend on y' or the independent 
variable t. Let F(y) be an indefinite integral of f(y), that is, 


f(y) = FO) : 


"Although the quadratic y? renders equation (3) nonlinear, the occurrence of 1? in (2) does not spoil its linearity (in y). 
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Example 1 


Solution 


Then the quantity 


& — Bl) = Sy"? - r0) 


1s constant; 1.e., 


(9) 220 =Ü; 


Proof. This is immediate; we insert (8), differentiate, and apply the differential equation (7): 


“ E(t) = ayp rs) 


-lzy » _ dE D 
309^ 9 y 

= y[»" — f(»)] 

=0.¢ 


As aresult, an equation of the form (7) can be reduced to 


ao 50? -FO)=K, 

for some constant K, which is equivalent to the separable first-order equation 
dy 
—— = + 
a7 *V2FO) + KJ 


having the implicit two-parameter solution (Section 2.2) 
d 
+ | y tc 
V2[F(y) + K] 


We will use formula (11) to illustrate some startling features of nonlinear equations. 


(11) t= 


Apply the energy integral lemma to explore the solutions of the nonlinear equation y" = 6y?, 
given in (3). 


Since 65? = 4, 0»). the solution form (11) becomes 
d 
cts | = Fë 

V2[2y3 + K] 

For simplicity we take the plus sign and focus attention on solutions with K = 0. Then we find 
p= ly dy — -y 2 + c, or 

a») yA =(=)? , 

for any value of the constant c. 

Clearly, this equation is an enigma; solutions can blow up at t = 1,1 = 2,t = m, or 
anywhere—and there is no clue in equation (3) as to why this should happen! Moreover, we 
have found an infinite family of pairwise linearly independent solutions (rather than the 
expected two). Yet we still cannot assemble, out of these, a solution matching (say) 
y(0) = 1, y'(0) = 3; all our solutions (12) have y'(0) = 2y (0). and the absence of a super- 
position principle voids the use of linear combinations c,y,(t) + c2y2(t). € 


f= 
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Example2 Apply the energy integral lemma to explore the solutions of the nonlinear equation 


y" = 24y"/3, given in (4). 


Solution Since 24y! = Easy), formula (11) gives 


Example 3 


Solution 


Jož 
vV2ļi8y + K] 


Again we take the plus sign and focus attention on solutions with K = 0. Then we find 
t= y'/2 + c. In particular, y,(t) = 8f is a solution, and it satisfies the initial conditions 
y(0) = 0, y'(0) = 0. But note that y(t) = 0 is also a solution to (4), and it satisfies the same 
initial conditions! Hence, the uniqueness feature, guaranteed for linear equations by Theorem 5 
of Section 4.7, can fail in the nonlinear case. 9 


t= Fe 


So these examples have demonstrated violations of the existence and uniqueness proper- 
ties (as well as “finiteness”) that we have come to expect from the constant-coefficient case. It 
should not be surprising, then, that the solution techniques for variable-coefficient and nonlin- 
ear second-order equations are more complicated—when, indeed, they exist. Recall, however, 
that in Section 4.3 we saw that our familiarity with the mass—spring oscillator equation 


(13) F4, = [inertia |y" + | damping ]y' + [stiffness |y 
= my" + by’ + ky 


was helpful in picturing the qualitative features of the solutions of other constant-coefficient 
equations. (See Figure 4.1, page 153.) By pushing these analogies further, we can also anticipate 
some of the features of the solutions in the variable-coefficient and nonlinear cases. One of the 
simplest linear second-order differential equations with variable coefficients is 


44)  y'-t-0. 


Using the mass-spring analogy, predict the nature of the solutions to equation (14) for t > 0. 


Comparing (13) with (14), we see that the latter equation describes a mass-spring oscillator where 
the spring stiffness “k” varies in time—in fact, it stiffens as time passes [“k” = t in equation (14)]. 
Physically, then, we would expect to see oscillations whose frequency increases with time, while 
the amplitude of the oscillations diminishes (because the spring gets harder to stretch). The numer- 
ically computed solution in Figure 4.12 displays precisely this behavior. 9 


Figure 4.12 Solution to equation (14) 
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Remark. Schemes for numerically computing solutions to second-order equations will be dis- 
cussed in Section 5.3. If such schemes are available, then why is there a need for the qualitative 
analysis discussed in this section? The answer is that numerical methods provide only approxi- 
mations to solutions of initial value problems, and their accuracy is sometimes difficult to predict 
(especially for nonlinear equations). For example, numerical methods are often ineffective near 
points of discontinuity or over the long time intervals needed to study the asymptotic behavior. 
And this is precisely when qualitative arguments can lend insight into the reasonableness of the 
computed solution. 


Bi(t) 


Ai(t) 


Figure 4.13 Airy functions 


It is easy to verify (Problem 1) that if y(7) is a solution of the Airy equation 
(15) y"-ty=0, 


then y(—r) solves y" + ty = 0, so “Airy functions” exhibit the behavior shown in Figure 4.12 
for negative time. For positive t the Airy equation has a negative stiffness “k? = —t, with magni- 
tude increasing in time. As we observed in Example 5 of Section 4.3, negative stiffness tends to 
reinforce, rather than oppose, displacements, and the solutions y(t) grow rapidly with (positive) 
time. The solution known as the Airy function of the second kind Bi(t), depicted in Figure 4.13, 
behaves exactly as expected. 

In Section 4.3 we also pointed out that mass-spring systems with negative spring stiff- 
ness can have isolated bounded solutions if the initial displacement y(0) and velocity y'(0) are 
precisely selected to counteract the repulsive spring force. The Airy function of the first kind 
Ai(t), also depicted in Figure 4.13, is such a solution for the “Airy spring”; the initial inwardly 
directed velocity is just adequate to overcome the outward push of the stiffening spring, and 
the mass approaches a delicate equilibrium state y(t) = 0. 

Now let’s look at Bessel’s equation. It arises in the analysis of wave or diffusion phenom- 
ena in cylindrical coordinates. The Bessel equation of order n is written 


n 


Fa lwadizit we 
(16) yt «(i nly =O. 


Clearly, there are irregularities at t = 0, analogous to those at t = +1 for the Legendre equation 
(2); we will explore these in depth in Chapter 8. 
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Example 4 


Solution 


Example 5 


Solution 


Example 6 


Solution 


Jip 


>t 


Yin) 


Figure 4.14 Bessel functions 


Apply the mass-spring analogy to predict qualitative features of solutions to Bessel's equation 
for t > 0. 


Comparing (16) with the paradigm (13), we observe that 


66 Lm 


e the inertia “m” = | is fixed at unity; 
e there is positive damping (“b” = 1/t), although it weakens with time; and 


e the stiffness ("&" = 1 — r?/r?) is positive when t > n and tends to 1 as t — + oo. 


Solutions, then, should be expected to oscillate with amplitudes that diminish slowly (due to 
the damping), and the frequency of the oscillations should settle at a constant value (given, ac- 
cording to the procedures of Section 4.3, by V k/m — 1 radian per unit time). The graphs of 
the Bessel functions J, (t) and Y, (t) of the first and second kind of order n = ; exemplify these 
qualitative predictions; see Figure 4.14. The effect of the singularities in the coefficients at t = 
0 is manifested in the graph of Y; pit). * 


Although most Bessel functions have to be computed by power series methods, if the order 
nis a half-integer, then J, (1) and Y, (1) have closed-form expressions. In fact, J pit) = WV 2/(mt) sint 
and Y, pit) = — V 2/(1rt) cos t. You can verify directly that these functions solve equation (16). 


Give a qualitative analysis of the modified Bessel equation of order n: 
n 1 , n? — 
(17) y" + ra ( a =0. 


This equation also exhibits unit mass and positive, diminishing, damping. However, the stiffness 
now converges to negative 1. Accordingly, we expect typical solutions to diverge as t — +00. 
The modified Bessel function of the first kind, 7,(t) of order n = 2 in Figure 4.15 on page 209, 
follows this prediction, whereas the modified Bessel function of the second kind, K,,(t) of order 
n = 2 in Figure 4.15, exhibits the same sort of balance of initial position and velocity as we saw 
for the Airy function Ai(t). Again, the effect of the singularity at t = 0 is evident. € 


Use the mass-spring model to predict qualitative features of the solutions to the nonlinear 
Duffing equation 
08 y tyty ay" + (lt+y)y=0. 


Although equation (18) is nonlinear, it can be matched with the paradigm (13) if we envision 
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Example 7 


Solution 


K,(t) LO 


Figure 4.15 Modified Bessel functions 


unit mass, no damping, and a (positive) stiffness “k? = 1 + y?, which increases as the 
displacement y gets larger. (This increasing-stiffness effect is built into some popular mat- 
tresses for therapeutic reasons.)' Such a spring grows stiffer as the mass moves farther away, 
but it restores to its original value when the mass returns. Thus, high-amplitude excursions 
should oscillate faster than low-amplitude ones, and the sinusoidal shapes in the graphs of y(t) 
should be “pinched in” somewhat at their peaks. These qualitative predictions are demon- 
strated by the numerically computed solutions plotted in Figure 4.16. e 


— 


>t 


Figure 4.16 Solution graphs for the Duffing equation 


The fascinating van der Pol equation 
09) y-ü-yy ty =0 


originated in the study of the electrical oscillations observed in vacuum tubes. 


Predict the behavior of the solutions to equation (19) using the mass-spring model. 


By comparison to the paradigm (13), we observe unit mass and stiffness, positive damping 
[“b” = —(1 — y?)] when |y(r)| > 1, and negative damping when |y(t)| < 1. Friction thus 
dampens large-amplitude motions but energizes small oscillations. The result, then, is that all 
(nonzero) solutions tend to a limit cycle whose friction penalty incurred while |y(t)| > 1 is 
balanced by the negative-friction boost received while |y(t)| < 1. The computer-generated 
Figure 4.17 on page 210 illustrates the convergence to the limit cycle for some solutions to the 
van der Pol equation. € 


"Graphic depictions of oscillations on a therapeutic mattress are best left to one's imagination, the editors say. 
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Example 8 


Solution 


Figure 4.17 Solutions to the van der Pol equation Figure 4.18 A pendulum 


Finally, we consider the motion of the pendulum depicted in Figure 4.18. This motion is 
measured by the angle 0(t) that the pendulum makes with the vertical line through O at time t. 
As the diagram shows, the component of gravity, which exerts a torque on the pendulum and 
thus accelerates the angular velocity d0/dt, is given by —mg sin 0. Consequently, the rotational 


analog of Newton’s second law, torque equals rate of change of angular momentum, dictates 
(see Problem 7) 


(20) mo" = —€mg sind , 


or 


QI) m6" + me sind =0. 


Give a qualitative analysis of the motion of the pendulum. 


If we rewrite (21) as 


a+ eg =0 
and compare with the paradigm (13), we see fixed mass m, no damping, and a stiffness given by 
cs _ mg sin 0 
€ 0 


This stiffness is plotted in Figure 4.19, where we see that small-amplitude motions are driven by 


(55) sin ð 
€ 0 


mg/t 


>~ 6 


Figure 4.19 Pendulum “stiffness” 
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0 True stiffness 
n 0 
Z rad 4 
6 » = rad 


Figure 4.20 Small-amplitude pendulum motion 


>t 


Constant stiffness 


Figure 4.21 Large-amplitude pendulum motion 


a nearly constant spring stiffness of value mg/€, and the considerations of Section 4.3 dictate the 
familiar formula 


EN TENE 
M m £ 


for the angular frequency of the nearly sinusoidal oscillations. See Figure 4.20, which com- 
pares a computer-generated solution to equation (21) to the solution of the constant-stiffness 
equation with the same initial conditions." 

For larger motions, however, the diminishing stiffness distorts the sinusoidal nature of the 
graph of 6(t), and lowers the frequency. This is evident in Figure 4.21. 

Finally, if the motion is so energetic that 0 reaches the value 77, the stiffness changes sign 
and abets the displacement; the pendulum passes the apex and gains speed as it falls, and this 
spinning motion repeats continuously. See Figure 4.22. € 


> Cc 


Figure 4.22 Very-large-amplitude pendulum motion 


"The latter is identified as the linearized equation in Group Project D. 
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The computation of the solutions of the Legendre, Bessel, and Airy equations and the 
analysis of the nonlinear equations of Duffing, van der Pol, and the pendulum have challenged 
many of the great mathematicians of the past. It is gratifying, then, to note that so many of their 
salient features are susceptible to the qualitative reasoning we have used herein. 


4.8 EXERCISES 


1. 


2. 


Show that if y(t) satisfies y" — ty = 0, then y(—1) 
satisfies y" + ty = 0. 

Using the paradigm (13), what are the inertia, damp- 
ing, and stiffness for the equation y" — 6y? = 0? If 
y > 0, what is the sign of the “stiffness constant"? 
Does your answer help explain the runaway behavior 
of the solutions y(t) = 1/(c — t)?? 


. Try to predict the qualitative features of the solution 


to y" — 6y? = 0 that satisfies the initial conditions 
y(0) = —1, y'(0) = —1. Compare with the computer- 
generated Figure 4.23. [Hint: Consider the sign of 
the spring stiffness. ] 


y 


Figure 4.23 Solution for Problem 3 


. Show that the three solutions 1/(1 — t)’, 1/(2 — t}, 


and 1/(3 — t}? to y" — 6y? = 0 are linearly inde- 
pendent on (- 1, 1). (See Problem 35, Exercises 4.2, 
page 166.) 


. (a) Use the energy integral lemma to derive the fam- 


ily of solutions y(t) = 1/(t — c) to the equation 
y" = 2y.. 

(b) For c # 0 show that these solutions are pairwise 
linearly independent for different values of c in 
an appropriate interval around t = 0. 

(c) Show that none of these solutions satisfies the 
initial conditions y(0) = 1, y'(0) = 2. 


6. Use the energy integral lemma to show that 


10. 


. Pendulum Equation. 


motions of the free undamped mass-spring oscil- 
lator my" + ky = 0 obey 


m(y'Y. + ky? = constant . 


To derive the pendulum 

equation (21), complete the following steps. 

(a) The angular momentum of the pendulum mass 
m measured about the support O in Figure 4.18 
on page 210 is given by the product of the “lever 
arm" length £ and the component of the vector 
momentum mv perpendicular to the lever arm. 
Show that this gives 


angular momentum — me : 


(b) The torque produced by gravity equals the prod- 
uct of the lever arm length and the component 
of gravitational (vector) force mg perpendicular 
to the lever arm. Show that this gives 


torque = —£mg sin 0 . 


(c) Now use Newton’s law of rotational motion to 
deduce the pendulum equation (20). 


. Use the energy integral lemma to show that pendu- 


lum motions obey 


0' 2 
( £ cos 0 = constant . 
2 € 


. Use the result of Problem 8 to find the value of 0'(0), 


the initial velocity, that must be imparted to a pendu- 
]um at rest to make it approach (but not cross over) 
the apex of its motion. Take € = g for simplicity. 
Use the result of Problem 8 to prove that if the pendu- 
lum in Figure 4.18 is released from rest at the angle 
o, 0 <a < m, then |6(t)| < a for all t. [Hint: The 
initial conditions are 0(0) = a, 0'(0) = 0; argue that 
the constant in Problem 8 equals —(g/€)cos a.] 
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ea 


Figure 4.24 Solution to the 
Rayleigh equation 


Figure 4.25 Solution to the 
Rayleigh equation 


11. 


12. 


13. 


14. 


15. 


Use the mass-spring analogy to explain the qualita- 
tive nature of the solutions to the Rayleigh equation 


Q) y"-[1-(y'P ly +y =0 
depicted in Figures 4.24 and 4.25. 


Use reduction of order to derive the solution y,(t) in 
equation (5) for Legendre’s equation. 


Figure 4.26 contains graphs of solutions to the 
Duffing, Airy, and van der Pol equations. Try to 
match the solution to the equation. 

Verify that the formulas for the Bessel functions 
J TAGs Y alt) do indeed solve equation (16). 


Use the mass-spring oscillator analogy to decide 
whether all solutions to each of the following differ- 
ential equations are bounded as t > +0. 


(a) y" + Py =0 (b y"— ty =0 

© »' +y =0 (d) y” +y°=0 

(e) y" + (4 + 2 cos t)y = 0 (Mathieu's equation) 
(f) y" - ty +y=0 

(y'—t' -y-0 


. Use the energy integral lemma to show that every 


solution to the Duffing equation (18) is bounded; 
that is, |y(t)| = M for some M. [Hint: First argue 
that y?/2 + y*/4 = K for some K.] 


> íi 


(b) 


(c) 


Figure 4.26 Solution graphs for Problem 13 
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17. Armageddon. Earth revolves around the sun in an d?r GMm 
approximately circular orbit with radius r = a, com- T ai m px 
pleting a revolution in the time T = 27(a*/GM) 1/ a, 
which is one Earth year; here M is the mass of the If this calamity occurred, what fraction of the nor- 
sun and G is the universal gravitational constant. The mal year T would it take for Earth to splash into the 
gravitational force of the sun on Earth is given by sun (i.e., achieve r — 0)? [Hint: Use the energy inte- 
GMm/r, where m is the mass of Earth. Therefore, if gral lemma and the initial conditions r(0) = a, 
Earth “stood still losing its orbital velocity, it r'(0) = 0.] 


would fall on a straight line into the sun in accor- 
dance with Newton's second law: 


A CLOSER LOOK AT FREE MECHANICAL 
4.9 VIBRATIONS 


In this section we return to the mass-spring system depicted in Figure 4.1 (page 153) and 


analyze its motion in more detail. The governing equation is 
d? dy 

(1) Fu [inertia] + [damping] + [stiffness ]y 
d 


my" + by’ + ky. 
Let's focus on the simple case in which b = 0 and F, = 0, the so-called undamped, free 


case. Then equation (1) reduces to 
2 


(2) EY fyi 
m di 2 


and, when divided by m, becomes 


where w = V k/m. The auxiliary equation associated with (3) is r? + œw? = 0, which has 
complex conjugate roots +wi. Hence, a general solution to (3) is 


(4) y(t) = C, cos wt + C, sin wt . 

We can express y(t) in the more convenient form 

© — »()-Asin(ot + $), 

with A = 0, by letting C; = A sin $ and C, = A cos @. That is, 
A sin(wt + $) = A cos ot sind + A sin ot cos $ 


= C cos ot + C; sin ot . 


Solving for A and œ in terms of C, and C5, we find 
C 
(6) A- VCl«Cl and tanó — 6, 
3 


where the quadrant in which ¢ lies is determined by the signs of C, and C;. This is because sin $ 
has the same sign as C; (sin @ = C,/A) and cos $ has the same sign as C; (cos 6 = C;/A). 
For example, if C; > 0 and C, < 0, then ¢ is in Quadrant II. (Note, in particular, that is not 
simply the arctangent of C,/C,, which would lie in Quadrant IV.) 


Example 1 


Solution 


Section 4.9 A Closer Look at Free Mechanical Vibrations 215 


Figure 4.27 Simple harmonic motion of undamped, free vibrations 


It is evident from (5) that, as we predicted in Section 4.1, the motion of a mass in an 
undamped, free system is simply a sine wave, or what is called simple harmonic motion. (See 
Figure 4.27.) The constant A is the amplitude of the motion and ¢ is the phase angle. The 
motion is periodic with period 27/« and natural frequency w/27, where w = V k/m. 
The period is measured in units of time, and the natural frequency has the dimensions of peri- 
ods (or cycles) per unit time. The constant w is the angular frequency for the sine function in 
(5) and has dimensions of radians per unit time. To summarize: 


angular frequency = w = V k/m  (rad/sec) : 
natural frequency = w/27 — (cycles/sec) ] 
period = 2«/« (sec) . 
Observe that the amplitude and phase angle depend on the constants C, and C5, which, in 


turn, are determined by the initial position and initial velocity of the mass. However, the period 
and frequency depend only on k and m and not on the initial conditions. 


A 1/8-kg mass is attached to a spring with stiffness k = 16 N/m, as depicted in Figure 4.1. The 
mass is displaced 1/2 m to the right of the equilibrium point and given an outward velocity (to 


the right) of V2 m/sec. Neglecting any damping or external forces that may be present, deter- 
mine the equation of motion of the mass along with its amplitude, period, and natural 
frequency. How long after release does the mass pass through the equilibrium position? 


Because we have a case of undamped, free vibration, the equation governing the motion is (3). 
Thus, we find the angular frequency to be 


w= -Jik = 8V2 rad /sec : 


Substituting this value for w into (4) gives 
(7) sf) = C; cos(8 V/21) tC sin(8 V21) i 


Now we use the initial conditions, y(0) = 1/2 m and y'(0) = v2 m/sec, to solve for C; and 
C; in (7). That is, 
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and so C, = 1/2 and C; = 1/8. Hence, the equation of motion of the mass is 
1 1 
(8) y(t) = 5 008(8V 21) + 8 sin(8V21) ; 


To express y(t) in the alternative form (5), we set 


S 


A= VCI + ci» Vy + (1/8) = 
€ 12 
[E 


Since both C; and C, are positive, œ is in Quadrant I, so @ = arctan 4 ~ 1.326. Hence, 
9) y(t) = vu sin(8 V2: + 4) . 


Thus, the amplitude A is V17/ 8 m, and the phase angle ¢ is approximately 1.326 rad. The 


period is P = 2m/« = 2«/(8V/2) = V2 [8 sec, and the natural frequency is 1/P = 8/(V2«) 
cycles per sec. 

Finally, to determine when the mass will pass through the equilibrium position, y — 0, we 
must solve the trigonometric equation 


(10) y(t) = vu sin(8 V2: + $) =0 


“3° 


tan d = 


for t. Equation (10) will be satisfied whenever 
nm — g nm — 1.326 


8V2 8V2 ^ 


n an integer. Putting n = 1 in (11) determines the first time t when the mass crosses its equilib- 
rium position: 


4D  8V2t-ó-mmr or t= 


pu =e 
8V2 


In most applications of vibrational analysis, of course, there is some type of frictional or 
damping force affecting the vibrations. This force may be due to a component in the system, 
such as a shock absorber in a car, or to the medium that surrounds the system, such as air or 
some liquid. So we turn to a study of the effects of damping on free vibrations, and equation 
(2) generalizes to 


= 0.16 sec . 9 


a2) a ean 
m—, = =0. 
ean P 


The auxiliary equation associated with (12) is 
(13. om’ + br+k=0, 


and its roots are 


—b + Vb? — Amk b 1 5 
+ — Vb? — 4mk . 
2m 2m P is 


(14) s 


As we found in Sections 4.2 and 4.3, the form of the solution to (12) depends on the nature 
of these roots and, in particular, on the discriminant b? — Amk. 


Section 4.9 A Closer Look at Free Mechanical Vibrations 217 


Underdamped or Oscillatory Motion (b? « 4mk) 


When b? < 4mk, the discriminant b? — 4mk is negative, and there are two complex conjugate 
roots to the auxiliary equation (13). These roots are a + i, where 
5) at zu : Biel ani -p. 
m 2m 
Hence, a general solution to (12) is 


(46)  y(t) = e"(C, cos Bt + C; sin Br) . 


As we did with simple harmonic motion, we can express y(t) in the alternate form 
(17) y(t) = Ae“ sin(Bt + 4) , 


where A = V Cj + C$ and tan $ = C,/C). It is now evident that y(t) is the product of an 
exponential damping factor, 


Ae?" = Ae 2m . 


and a sine factor, sin(Bt + 4), which accounts for the oscillatory motion. Because the sine factor 
varies between —1 and 1 with period 277/6, the solution y(t) varies between —Ae^' and Ae™ with 


quasiperiod P = 27/8 = Ama/ V Amk — D? and quasifrequency 1/P. Moreover, since b and 
m are positive, a = —b/2m is negative, and thus the exponential factor tends to zero as t > +00. 
A graph of a typical solution y(t) is given in Figure 4.28. The system is called underdamped 
because there is not enough damping present (b is too small) to prevent the system from 
oscillating. 

Itis easily seen that as b — 0 the damping factor approaches the constant A and the quasi- 
frequency approaches the natural frequency of the corresponding undamped harmonic motion. 
Figure 4.28 demonstrates that the values of t where the graph of y(t) touches the exponential 
curves +Ae™ are close to (but not exactly) the same values of t at which y(t) attains its relative 
maximum and minimum values (see Problem 13). 


A Ae% 


J Ae% sin(Bt + 0) 


^ Quasiperiod 
|7 Ae% -2n/p 


Figure 4.28 Damped oscillatory motion 
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> 
Se 
>< 


no local one local one local 
max or min max min 


(a) (b) (c) 
Figure 4.29 Overdamped vibrations 


Overdamped Motion (b? > 4mk) 


When b? > 4mk, the discriminant b? — 4mk is positive, and there are two distinct real roots to 
the auxiliary equation (13): 


a8 n= B ecl 4mk, n= 4 > Vb? — 4mk . 
m 


2m 2m 2m 


Hence, a general solution to (12) in this case is 
(19) y(t) = Cie"! + Coe” . 


Obviously, r> is negative. And since b? > b? — 4mk (that is, b > V D? — 4mk), it follows that 
rı is also negative. Therefore, as t —> +00, both of the exponentials in (19) decay and y(t) > 0. 
Moreover, since 


y'(t) = Cine" + Core™ = e" (Cir, + Core™) , 


we see that the derivative is either identically zero (when C; = C»; = 0) or vanishes for at most 
one value of t (when the factor in parentheses is zero). If the trivial solution y(t) = 0 is 
ignored, it follows that y(t) has at most one local maximum or minimum for t > 0. Therefore, 
y(t) does not oscillate. This leaves, qualitatively, only three possibilities for the motion of y(t), 
depending on the initial conditions. These are illustrated in Figure 4.29. This case where 
b? > 4mk is called overdamped motion. 


Critically Damped Motion (b? = 4mk) 


When D? = 4mk, the discriminant b? — 4mk is zero, and the auxiliary equation has the 
repeated root —b/2m. Hence, a general solution to (12) is now 


Q0) y(t) = (Ci + Cote UP? . 


To understand the motion described by y(t) in (20), we first consider the behavior of y(t) 
as t — t oo. By L’ Hópital's rule, 


QD bnnc C; + Cyt . C 
oe ~ ERU RUE B UM. (b/2m)e* 2 B 


Example 2 


Solution 
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(recall that b/2m > 0). Hence, y(t) dies off to zero as t > +00. Next, since 


y) (c LE: Ce t | 
2m 2m 

we see again that a nontrivial solution can have at most one local maximum or minimum for 

t > 0, so motion is nonoscillatory. If b were any smaller, oscillation would occur. Thus, the 

special case where 5? = 4mk is called critically damped motion. Qualitatively, critically 

damped motions are similar to overdamped motions (see Figure 4.29 again). 


Assume that the motion of a mass-spring system with damping is governed by 


dy dy 
22 Eds 432929 0)21, '(0 20. 
(2 = i y y(0) y'(0) 


Find the equation of motion and sketch its graph for the three cases where b = 6, 10, and 12. 
The auxiliary equation for (22) is 
Q3  rtbrt25-0, 


whose roots are 


QA r SaaS VP 100 . 


Case 1. When b = 6, the roots (24) are —3 + 4i. This is thus a case of underdamping, 
and the equation of motion has the form 


(25) y(t) = Cye~* cos 4t + Cye™* sin 4t . 
Setting y(0) = 1 and y'(0) = 0 gives the system 
q=1, —3C, + 4C, =0, 


whose solution is C, = 1,C = 3/4. To express y(t) as the product of a damping factor and a 
sine factor [recall equation (17)], we set 


5 C 4 
a- VGtd-i, wmg-2-4 


G 3? 
where @ is a Quadrant I angle, since C; and C; are both positive. Then 
Q6 y= aoe sin(4t + 4) , 


where $ = arctan(4/3) ~ 0.9273. The underdamped spring motion is shown in Figure 4.30(a) 
on page 220. 


Case 2. When b = 10, there is only one (repeated) root to the auxiliary equation (23), 
namely, r = —5. This is a case of critical damping, and the equation of motion has the form 


(27) y(t) = (Ci + Gee. 

Setting y(0) = 1 and y'(0) = 0 now gives 
C.=1, C,-5C,=0, 

and so C; = 1, C; = 5. Thus, 

Q8) y(t) = (1 + 5t)e*. 
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/ 


1l£6N1l. ort , 11-611 g6- VID: 
22 22 


3x sin(4t 4- 0.9273) 


(14 50e 


- 
`~ 
~ 
——— 


b=10 
b= 12 


(b) 


Figure 4.30 Solutions for various values of b 


The graph of y(t) given in (28) is represented by the lower curve in Figure 4.30(b). Notice that 
y(t) is zero only for t = —1/5 and hence does not cross the t-axis for t > 0. 


Case3. When b = 12, the roots to the auxiliary equation are —6 + V/11. This is a case 
of overdamping, and the equation of motion has the form 


Q9) y(t) = Celti) + ceo V) 
Setting y(0) = 1 and y'(0) = 0 gives 
Cc *6-21, (-6-Viu)a + (-6- vi1)o; 2 o, 
from which we find C, = (11 + 6V/11)/22 and C; = (11 — 6V/11)/22. Hence, 


a» (9-2! + OVI Cei) m = VIL -e-vin) 


-eevi 
_ DT - OVI + (11 - 6V11)e Vin]. 


22 


The graph of this overdamped motion is represented by the upper curve in Figure 4.30(b). € 


It is interesting to observe in Example 2 that when the system is underdamped (b = 6), the 
solution goes to zero like e * when the system is critically damped (b = 10), the solution 


tends to zero roughly like e ?'; and when the system is overdamped (b = 12), the solution 


goes to zero like e(-6+ Vy ~ e 7-8! This means that if the system is underdamped, it not 
only oscillates but also dies off slower than if it were critically damped. Moreover, if the 
system is overdamped, it again dies off more slowly than if it were critically damped (in agree- 
ment with our physical intuition that the damping forces hinder the return to equilibrium). 
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Example 3 


Solution 


Equilibrium 


maximum displacement 
is y(0.096) = —0.55 m 


(a) (b) 


Figure 4.31 Mass-spring system and graph of motion for Example 3 


A 1/4-kg mass is attached to a spring with a stiffness 4 N/m as shown in Figure 4.31(a). The 
damping constant b for the system is 1 N-sec/m. If the mass is displaced 1/2 m to the left and 
given an initial velocity of 1 m/sec to the left, find the equation of motion. What is the 
maximum displacement that the mass will attain? 


Substituting the values for m, b, and k into equation (12) and enforcing the initial conditions, 
we obtain the initial value problem 


(31) EOD e apes (0) = '(0) = —1 

4da a O p ' 
The negative signs for the initial conditions reflect the facts that the initial displacement and 
push are to the left. 

It can readily be verified that the solution to (31) is 


(32) y(t) = = cos (231) B ve sin(2 V3) i 


or 
T ul 
(33) y(t) = e 2 sin(2V3r + $) ! 


where tan $ = ET, and $ lies in Quadrant III because C, = —1/2 and C; = -1/V3 are 
both negative. [See Figure 4.31(b) for a sketch of y(:).] 

To determine the maximum displacement from equilibrium, we must determine the maximum 
value of |y(t)| on the graph in Figure 4.31(b). Because y(t) dies off exponentially, this will 
occur at the first critical point of y(t). Computing y'(t) from (32), setting it equal to zero, and 
solving gives 


ies af sin(2V/3) = cos(2V3i) | zug 


NER _ : 
v Sin(2V3) = cos(2 V31) > 
un(2 5) = V3. 


= 
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Thus, the first positive root is 


t= arctan 


1 
2V3 5 


Bs 0.096 . 


Substituting this value for t back into equation (32) or (33) gives y(0.096) ~ —0.55. Hence, the 
maximum displacement, which occurs to the left of equilibrium, is approximately 0.55 m. 9 


[ESSI LL 


problems refer to the mass-spring configuration 
cted in Figure 4.1, page 153. 

A 2-kg mass is attached to a spring with stiffness k — 
50 N/m. The mass is displaced 1/4 m to the left of 
the equilibrium point and given a velocity of 1 m/sec 
to the left. Neglecting damping, find the equation of 
motion of the mass along with the amplitude, period, 
and frequency. How long after release does the mass 
pass through the equilibrium position? 


. A 3-kg mass is attached to a spring with stiffness 


k — 48 N/m. The mass is displaced 1/2 m to the left 
of the equilibrium point and given a velocity of 2 
m/sec to the right. The damping force is negligible. 
Find the equation of motion of the mass along with 
the amplitude, period, and frequency. How long 
after release does the mass pass through the equilib- 
rium position? 


. The motion of a mass-spring system with damping 


is governed by 

y"(r) + by'(t) + 16y() = 0 ; 

yU el. y(0)=0. 
Find the equation of motion and sketch its graph for 
b — 0, 6, 8, and 10. 


. The motion of a mass-spring system with damping 


is governed by 
y"(r) + by'(t) + 64y() = 0 ; 
yO)=1, »(0-0. 


Find the equation of motion and sketch its graph for 
b — 0, 10, 16, and 20. 


. The motion of a mass-spring system with damping 


is governed by 
y'(r) + 10y'() + &y() = 0; 
yO)=1, »y(0-0. 


Find the equation of motion and sketch its graph for 
k — 20, 25, and 30. 


6. 


10. 


11. 


The motion of a mass-spring system with damping 
is governed by 

y"(t) + 4y'() + ky) - 0 ; 

$30 I, y'(0)=0. 
Find the equation of motion and sketch its graph for 
k = 2, 4, and 6. 


. A 1/8-kg mass is attached to a spring with stiffness 


16 N/m. The damping constant for the system is 
2 N-sec/m. If the mass is moved 3/4 m to the left of 
equilibrium and given an initial leftward velocity of 
2 m/sec, determine the equation of motion of the 
mass and give its damping factor, quasiperiod, and 
quasifrequency. 


. A 20-kg mass is attached to a spring with stiffness 


200 N/m. The damping constant for the system is 
140 N-sec/m. If the mass is pulled 25 cm to the right 
of equilibrium and given an initial leftward velocity 
of 1 m/sec, when will it first return to its equilibrium 
position? 


. A 2-kg mass is attached to a spring with stiffness 40 


N/m. The damping constant for the system is 8V5 
N-sec/m. If the mass is pulled 10 cm to the right of 
equilibrium and given an initial rightward velocity 
of 2 m/sec, what is the maximum displacement from 
equilibrium that it will attain? 


A 1/4-kg mass is attached to a spring with stiffness 
8 N/m. The damping constant for the system is 1/4 
N-sec/m. If the mass is moved 1 m to the left of 
equilibrium and released, what is the maximum dis- 
placement to the right that it will attain? 

A l-kg mass is attached to a spring with stiffness 
100 N/m. The damping constant for the system is 0.2 
N-sec/m. If the mass is pushed rightward from the 
equilibrium position with a velocity of 1 m/sec, 
when will it attain its maximum displacement to the 
right? 


12. 


13. 


14. 


15. 


16. 
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A 1/4-kg mass is attached to a spring with stiffness 
8 N/m. The damping constant for the system is 2 
N-sec/m. If the mass is pushed 50 cm to the left of 
equilibrium and given a leftward velocity of 2 m/sec, 
when will the mass attain its maximum displacement 
to the left? 


Show that for the underdamped system of Example 3, 
the times when the solution curve y(t) in (33) touches 
the exponential curves + V 7/12e~~ are not the same 
values of t for which the function y(t) attains its rela- 
tive extrema. 

For an underdamped system, verify that as b — 0 the 
damping factor approaches the constant A and the 
quasifrequency approaches the natural frequency 


Vk/m/ (27). 
How can one deduce the value of the damping con- 


stant b by observing the motion of an underdamped 
system? Assume that the mass m is known. 


A mass attached to a spring oscillates with a period 
of 3 sec. After 2 kg are added, the period becomes 
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17. 


18. 
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4 sec. Assuming that we can neglect any damping or 
external forces, determine how much mass was orig- 
inally attached to the spring. 


Consider the equation for free mechanical vibra- 
tion, my" + by’ + ky = 0, and assume the motion 
is critically damped. Let y(0) = yo, y'(0) = vo and 
assume yo # 0. 

(a) Prove that the mass will pass through its equilib- 
rium at exactly one positive time if and only if 
2mvg + byo 

(b) Use computer software to illustrate part (a) for a 
specific choice of m, b, k, yo, and vp. Be sure to 
include an appropriate graph in your illustration. 


Consider the equation for free mechanical vibration, 
my" + by’ + ky = 0, and assume the motion is 
overdamped. Suppose y(0) 0 and y'(0) > O. 
Prove that the mass will never pass through its equi- 
librium at any positive time. 


A CLOSER LOOK AT FORCED MECHANICAL 


We now consider the vibrations of a mass-spring system when an external force is applied. Of 
particular interest is the response of the system to a sinusoidal forcing term. As a paradigm, let's 
investigate the effect of a cosine forcing function on the system governed by the differential equation 


d?y 
1 
0 dt? dt 


dy 
m—,+b—+ky =F, cos yt , 


where Fy and y are nonnegative constants and 0 < b? < 4mk (so the system is underdamped). 
A solution to (1) has the form y = y, + yp, where y, is a particular solution and y; is a 
general solution to the corresponding homogeneous equation. We found in equation (17) of 


Section 4.9 that 
(2) yali) = Ae Um sol 


where A and ó are constants. 


nm 


V Amk — b? 
- Sw TO 


To determine y,, we can use the method of undetermined coefficients (Section 4.4). From 
the form of the nonhomogeneous term, we know that 


(3) 


y,(t) = A, cos yt + A, sin yt , 


where A, and A, are constants to be determined. Substituting this expression into equation (1) 


and simplifying gives 


(4) 


[(k — my2)A, + byA, |cos yt + [ (k — my2)A, — byA, |sin yt = Focos yt . 
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Example 1 


Setting the corresponding coefficients on both sides equal, we have 


(k — my’)A, + byA; = Fo, 
—byA, + (k — my’)A, =0. 
Solving, we obtain 


Fo(k — my?) Foby 


5 A, = , A, = Eu 
6) : (k — my)? + b?y? (k — my’)? + py? 


Hence, a particular solution to (1) is 


Fo 
(k — my?) + b^? 


(6) y,(t) = [(k — my?)cos yt + by sin yt] . 


The expression in brackets can also be written as 


Vk — my’)? + b?^y? sin(yt + 0) , 
SO we can express y, in the alternative form 
Fo 
V(k — my’) + b*y? 


(7) y(t) = sin(yt + 0) , 


where tan 0 = A,/A, = (k — my?)/(by) and the quadrant in which @ lies is determined by the 
signs of A, and A>. 

Combining equations (2) and (7), we have the following representation of a general solu- 
tion to (1) in the case 0 < b? < 4mk: 


V Amk — b? 
2m 


Fo 
V/(k = my’? + b?y? 


The solution (8) is the sum of two terms. The first term, y,, represents damped oscillation and 
depends only on the parameters of the system and the initial conditions. Because of the damp- 
ing factor Ae “emt this term tends to zero as t — +00. Consequently, it is referred to as the 
transient part of the solution. The second term, y,, in (8) is the offspring of the external forcing 
function f(t) = Fo cos yt. Like the forcing function, yp is a sinusoid with angular frequency y. 
It is the synchronous solution that we anticipated in Section 4.1. However, y, is out of phase 
with f(t) (by the angle 0 — 7/2), and its magnitude is different by the factor 


1 
Vk E my?y + p^? 


As the transient term dies off, the motion of the mass-spring system becomes essentially that 
of the second term y, (see Figure 4.32, page 225). Hence, this term is called the steady-state 
solution. The factor appearing in (9) is referred to as the frequency gain, or gain factor, since 
it represents the ratio of the magnitude of the sinusoidal response to that of the input force. 
Note that this factor depends on the frequency y and has units of length/force. 


(8) y(t) = Ae ~(of2m)t sin sin(yt + 0) . 


IDE 


(9) 


A 10-kg mass is attached to a spring with stiffness k = 49 N/m. At time t = 0, an external force 
f(t) = 20 cos 4t N is applied to the system. The damping constant for the system is 3 N-sec/m. 
Determine the steady-state solution for the system. 
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Figure 4.32 Convergence of y(t) to the steady-state solution DIO when m = 4, b = 6, k = 3, Fy) = 2, y = 4 


Solution Substituting the given parameters into equation (1), we obtain 


dy | dy 
(10) 10 — + 3— + 49y = 20 cos 4t , 
dt^ dt 
where y(t) is the displacement (from equilibrium) of the mass at time t. 

To find the steady-state response, we must produce a particular solution to (10) that is a 
sinusoid. We can do this using the method of undetermined coefficients, guessing a solution of 
the form A, cos 4t + A, sin 4t. But this is precisely how we derived equation (7). Thus, we sub- 


stitute directly into (7) and find 


29 i =~ sin 
aD  »()- Ves 10 O06 sin(4t + 0) ~ (0.18) sin(4t + 0) , 


where tan 0 = (49 — 160)/12 ~ —9.25. Since the numerator, (49 — 160), is negative and the 
denominator, 12, positive, 0 is a Quadrant IV angle. Thus, 


0 = arctan(—9.25)  —146 , 


and the steady-state solution is given (approximately) by 
2) y(t) = (0.18) sin(4t — 1.46) . € 


The above example illustrates an important point made earlier: The steady-state response 
(12) to the sinusoidal forcing function 20 cos 4f is a sinusoid of the same frequency but differ- 
ent amplitude. The gain factor [see (9)] in this case is (0.18)/20 — 0.009 m/N. 

In general, the amplitude of the steady-state solution to equation (1) depends on the 
angular frequency y of the forcing function and is given by A(y) = FoM(y), where 


1 
V/(k — my’) + py 


43)  M(y)— 
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is the frequency gain [see (9)]. This formula is valid even when b? = 4mk. For a given 
system (m, b, and k fixed), it is often of interest to know how this system reacts to 
sinusoidal inputs of various frequencies (y is a variable). For this purpose the graph of the 
gain M(y), called the frequency response curve, or resonance curve, for the system, is 
enlightening. 

To sketch the frequency response curve, we first observe that for y — 0 we find 
M(0) = 1/k. Of course, y = 0 implies the force Fo cos yt is static; there is no motion in the 
steady state, so this value of M(0) is appropriate. Also note that as y — oo the gain M(y) > 0; 
the inertia of the system limits the extent to which it can respond to extremely rapid vibrations. 
As a further aid in describing the graph, we compute from (13) 


Py y 3] 
[t u my??? + py i 


a4)  M'(y) 


It follows from (14) that M' (y) = 0 if and only if 


2 

(15) y=0 or y= y, = Ba 
m 2m 

Now when the system is overdamped or critically damped, so b? = 4mk > 2mk, the term 
inside the radical in (15) is negative, and hence M'(y) = 0 only when y = 0. In this case, as y 
increases from 0 to infinity, M(y) decreases from M(0) = 1/k to a limiting value of zero. 

When b? < 2mk (which implies the system is underdamped), then y, is real and positive, 
and it is easy to verify that M(y) has a maximum at y,. Substituting y, into (13) gives 


1/b 
k b? 


a6  M(y)- 
m 4m? 


The value y,/27 is called the resonance frequency for the system. When the system is stimu- 
lated by an external force at this frequency, it is said to be at resonance. 

To illustrate the effect of the damping constant b on the resonance curve, we consider a 
system in which m = k = 1. In this case the frequency response curves are given by 


1 


^ / (1 = yy d py? 


a7)  M(y- 


and, for b < \/2, the resonance frequency is y,/2m = (1/2) V1 — b?/2. Figure 4.33 
displays the graphs of these frequency response curves for b — 1/4, 1/2, 1, 3/2, and 2. 
Observe that as b — 0 the maximum magnitude of the frequency gain increases and the reso- 
nance frequency y,/27 for the damped system approaches V k/m / 25 = 1/27, the natural 
frequency for the undamped system. 

To understand what is occurring, consider the undamped system (b = 0) with forcing term 
F cos yt. This system is governed by 

2 


d'y 
(48) d m LE 
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+ = ^y 
0 1 2 


Figure 4.33 Frequency response curves for various values of b 


A general solution to (18) is the sum of a particular solution and a general solution to the 
homogeneous equation. In Section 4.9 we showed that the latter describes simple har- 
monic motion: 


(19 . yt) =Asin(ot+ p), w= Vk/m. 


The formula for the particular solution given in (7) is valid for b = 0, provided 


y * œ = V k/m. However, when b = 0 and y = c, then the form we used with undetermined 
coefficients to derive (7) does not work because cos wt and sin œt are solutions to the corre- 
sponding homogeneous equation. The correct form is 


(20) y,(t) = At cos wt + At sin at , 


which leads to the solution 


F, 
QD y,(t) = 5 


t sin wt . 


[The verification of (21) is straightforward.] Hence, in the undamped resonant case (when 
y = w), a general solution to (18) is 

Fo 
2mo 


(22) y(t) = Asin(wt + p) + 


t sin wt . 


Returning to the question of resonance, observe that the particular solution in (21) oscillates 
between +(Fot)/(2mw). Hence, as t — +00 the maximum magnitude of (21) approaches oo 
(see Figure 4.34 on page 228). 
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2mw $ 


Figure 4.34 Undamped oscillation of the particular solution in (21) 


It is obvious from the above discussion that if the damping constant b is very small, the 
system is subject to large oscillations when the forcing function has a frequency near the 
resonance frequency for the system. It is these large vibrations at resonance that concern 
engineers. Indeed, resonance vibrations have been known to cause airplane wings to snap, 
bridges to collapse, and (less catastrophically) wine glasses to shatter. 


When the mass-spring system is hung vertically as in Figure 4.35, the force of gravity 
must be taken into account. This is accomplished very easily. With y measured downward from 
the unstretched spring position, the governing equation is 


my" + by + ky = mg, 


(b) 


(c) 


Figure 4.35 Spring (a) in natural position, (b) in equilibrium, and (c) in motion 


"An interesting discussion of one such disaster, involving the Tacoma Narrows bridge in Washington State, can be 
found in Differential Equations and Their Applications, 4th ed., by M. Braun (Springer-Verlag, New York, 1993). 
See also the articles “Large-Amplitude Periodic Oscillations in Suspension Bridges: Some New Connections with 
Nonlinear Analysis,” by A. C. Lazer and P. J. McKenna, SIAM Review, Vol. 32 (1990): 537-578; or “Still Twisting,” 
by Henry Petroski, American Scientist, Vol. 19 (1991): 398-401. 


Example 2 


Solution 


Example 3 


Solution 
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and if the right-hand side is recognized as a sinusoidal forcing term with frequency zero 
(mg cos Ot), then the synchronous steady-state response is a constant, which is easily seen to be 
y,(t) = mg/k. Now if we redefine y(t) to be measured from this (true) equilibrium level, as 
indicated in Figure 4.35(c), 


Ynew(t) = y(t) — mg/k , 
then the governing equation 
my" + by! + ky = mg + Fat) 
simplifies; we find 
MY new + bYnew + Knew = m(y — mg/k)" + bly — mg/k) + k(y — mg/k) 
= my" + by’ + ky — mg 
= mg + Fealt) — mg , 
or 
(23) — mynew + DYnew + kYnew = Fext(t) - 


Thus, the gravitational force can be ignored if y(t) is measured from the equilibrium position. 
Adopting this convention, we drop the “new” subscript hereafter. 


Suppose the mass-spring system in Example | is hung vertically. Find the steady-state solution. 


This is trivial; the steady-state solution is identical to what we derived before, 


= 20 sin 
i V/(49 — 160)? + (9)(16) ord 


[equation (11)], but now y, is measured from the equilibrium position, which is mg/k = 
10 X 9.8/49 = 2 m below the unstretched spring position. # 


A 64-Ib weight is attached to a vertical spring, causing it to stretch 3 in. upon coming to rest 
at equilibrium. The damping constant for the system is 3 lb-sec/ft. An external force 
F (t) = 3 cos 12t Ib is applied to the weight. Find the steady-state solution for the system. 


If a weight of 64 Ib stretches a spring by 3 in. (0.25 ft), then the spring stiffness must be 
64/0.25 = 256 lb/ft. Thus, if we measured the displacement from the (true) equilibrium level, 
equation (23) becomes 


(24) my" + by' + ky = 3 cos 12t , 


with b = 3 and k = 256. But recall that the unit of mass in the U.S. Customary System is the 
slug, which equals the weight divided by the gravitational acceleration constant g ~ 32 ft/sec” 
(Table 3.2, page 109). Therefore, m in equation (24) is 64/32 = 2 slugs, and we have 


2y" + 3y' + 256y = 3 cos 12t . 
The steady-state solution is given by equation (6) with Fy = 3 and y = 12: 


3 
256 — 2-127)? + 3.12? 


[ (256 — 2- 12°)cos 121 + 3- 12 sin 121] 


yp(t) un ( 


= S sg cos 12t + 9 sin 127) . € 
580 
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|4.10 EXERCISES EXERCISES 


In the following problems, take g — 32 ft/sec? for the U.S. 
Customary System and g — 9.8 m/sec? for the MKS system. 
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nomenon in electronics is called amplitude 
modulation. To illustrate this phenomenon, 


ketch th t) for Fy — 32, = 2, 
1. Sketch the frequency response curve (13) for the sete ple ia) on a a 


system in which m = 4, k = 1,b = 2. 
. Sketch the frequency response curve (13) for the 
system in which m = 2, k = 3,b = 3. 
. Determine the equation of motion for an undamped 


system at resonance governed by 
2 


d'y 
dt? 
y(0)=1, y'(0)=0. 

Sketch the solution. 


+ 9y = 2 cos 3t ; 


. Determine the equation of motion for an undamped 
system at resonance governed by 


Sketch the solution. 


. An undamped system is governed by 

"E + ky = Focos : 
dt? s E 

y(0) = »'(0) 20, 

where y # œ '= V k/m. 

(a) Find the equation of motion of the system. 

(b) Use trigonometric identities to show that the 
solution can be written in the form 


2F _foty)\. fo-y 
y(t) = z Ty sin t)sin E. 
mlo? — y?) 2 2 


(c) When y is near w, then w — y is small, while 
w + y is relatively large compared with w — y. 
Hence, y(t) can be viewed as the product of a 


slowly varying sine function, sin|(w = y)t/2], and 
a rapidly varying sine function, sin| (w T y)t/2]. 
The net effect is a sine function y(t) with 
frequency (v — y)/4z, which serves as the 
time-varying amplitude of a sine function with 
frequency (w + y)/47. This vibration phenom- 
enon is referred to as beats and is used in 
tuning stringed instruments. This same phe- 


w = 9, and y = 7. 


6. Derive the formula for yp(t) given in (21). 


7. Shock absorbers in automobiles and aircraft can be 


10. 


11. 


12. 


described as forced overdamped mass-spring sys- 
tems. Derive an expression analogous to equation 
(8) for the general solution to the differential equa- 
tion (1) when b? > 4mk. 


. The response of an overdamped system to a constant 


force is governed by equation (1) with m = 2, b = 8, 
k = 6, Fo = 18, and y = 0. If the system starts from 
rest [»(0) = y'(0) = 0] , compute and sketch the 
displacement y(t). What is the limiting value of y(t) 
as t —> +00? Interpret this physically. 


. An 8-kg mass is attached to a spring hanging from 


the ceiling, thereby causing the spring to stretch 
1.96 m upon coming to rest at equilibrium. At time 
t = 0, an external force F (t) = cos 2t N is applied to 
the system. The damping constant for the system is 
3 N-sec/m. Determine the steady-state solution for 
the system. 


Show that the period of the simple harmonic motion of 
a mass hanging from a spring is 2m Vl g, where / 
denotes the amount (beyond its natural length) that the 
spring is stretched when the mass is at equilibrium. 


A mass weighing 8 Ib is attached to a spring hanging 
from the ceiling and comes to rest at its equilibrium 
position. At t = 0, an external force F (t) = 2 cos 2t lb 
is applied to the system. If the spring constant is 
10 Ib/ft and the damping constant is 1 Ib-sec/ft, find 
the equation of motion of the mass. What is the reso- 
nance frequency for the system? 


A 2-kg mass is attached to a spring hanging from the 
ceiling, thereby causing the spring to stretch 20 cm 
upon coming to rest at equilibrium. At time f = 0, 
the mass is displaced 5 cm below the equilibrium 
position and released. At this same instant, an exter- 
nal force F (t) = 0.3 cos t N is applied to the system. 
If the damping constant for the system is 5 N-sec/m, 
determine the equation of motion for the mass. What 
is the resonance frequency for the system? 
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13. A mass weighing 32 lb is attached to a spring hang- 2 sin (2t + 7/4) N is applied to the system. Deter- 
ing from the ceiling and comes to rest at its equilib- mine the amplitude and frequency of the steady-state 
rium position. At time ¢ = 0, an external force F (t) = solution. 


3 cos 4t lb is applied to the system. If the spring con- 
stant is 5 lb/ft and the damping constant is 2 Ib-sec/ft, 
find the steady-state solution for the system. 


15. An 8-kg mass is attached to a spring hanging from 
the ceiling and allowed to come to rest. Assume that 
the spring constant is 40 N/m and the damping con- 


14. An 8-kg mass is attached to a spring hanging from stant is 3 N-sec/m. At time ¢ = 0, an external force 
the ceiling and allowed to come to rest. Assume that of 2 sin 2t cos 2t N is applied to the system. Deter- 
the spring constant is 40 N/m and the damping con- mine the amplitude and frequency of the steady- 
stant is 3 N-sec/m. At time t = 0, an external force of state solution. 


Chapter Summary 


In this chapter we discussed the theory of second-order linear differential equations and pre- 
sented explicit solution methods for equations with constant coefficients. Much of the method- 
ology can also be applied to the more general case of variable coefficients. We also studied the 
mathematical description of vibrating mechanical systems, and we saw how the mass-spring 
analogy could be used to predict qualitative features of solutions to some variable-coefficient 
and nonlinear equations. 

The important features and solution techniques for the constant-coefficient case are listed 
below. 


Homogeneous Linear Equations (Constant Coefficients) 


ay" + by' * cy - 0, a(70), b, c constants . 


Linearly Independent Solutions: y1, y;. Two solutions y; and y; to the homogeneous equa- 
tion on the interval / are said to be linearly independent on / if neither function is a constant 
times the other on Z. This will be true provided their Wronskian, 


Wy ya (0) = yiya) — vials) . 
is different from zero for some (and hence all) t in J. 


General Solution to Homogeneous Equation: cjy4 + c;y». If y; and y, are linearly inde- 
pendent solutions to the homogeneous equation, then a general solution is 


y(t) = ewi(t) + ext) , 
where c; and c» are arbitrary constants. 


Form of General Solution. The form of a general solution for a homogeneous equation with 
constant coefficients depends on the roots 


| =b + VB? — 4ac _ —b — Vb? — 4ac 


2a n 2a 


Ti 
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of the auxiliary equation 
a? +br+c=0, a*0. 


(a) When P? — 4ac > 0, the auxiliary equation has two distinct real roots r; and r, and a 
general solution is 


y(t) = cye™ + ce" . 


(b) When P? — 4ac = 0, the auxiliary equation has a repeated real root r = r; = r; anda 
general solution is 


y(t) = ce” + cote" . 


(c) When P? — 4ac < 0, the auxiliary equation has complex conjugate roots r = a + iB 
and a general solution is 


y(t) = ce“ cos Bt + coe“ sin Bt . 


Nonhomogeneous Linear Equations 
(Constant Coefficients) 


ay" + by’ + cy = f(t) 


General Solution to Nonhomogeneous Equation: y, + cy,  c;y». If y, is any particular 
solution to the nonhomogeneous equation and y, and y; are linearly independent solutions to 
the corresponding homogeneous equation, then a general solution is 


y(t) = y,(t) + ery (t) + c2y2(t) , 


where c, and c; are arbitrary constants. 
Two methods for finding a particular solution y, are those of undetermined coefficients 
and variation of parameters. 


cos Bt 
sin Bt 
nonhomogeneous equation with constant coefficients is a polynomial p,(t), an exponential of 
the form e“, a trigonometric function of the form cos Gt or sin Bt, or any product of these spe- 
cial types of functions, then a particular solution of an appropriate form can be found. The 
form of the particular solution involves unknown coefficients and depends on whether a + if 
is a root of the corresponding auxiliary equation. See the summary box on page 186. The 
unknown coefficients are found by substituting the form into the differential equation and 
equating coefficients of like terms. 


Undetermined Coefficients: f(t) = pde \ If the right-hand side f(t) of a 


Variation of Parameters: y(t) = vi(t)y,(t) + v2(t)y2(t). If y, and y; are two linearly inde- 
pendent solutions to the corresponding homogeneous equation, then a particular solution to the 
nonhomogeneous equation is 


y(t) = vj (t)yi(t) + v(0y(1) , 
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where v; and v; are determined by the equations 
viy, + vy = O 
viyi + viy) = f(n/a . 
Superposition Principle. If y; and y are solutions to the equations 
ay" + by’ +cy=f, and ay" + by t cy, 
respectively, then kıyı + ky. is a solution to the equation 
ay" + by +cy=k fi t kf. 


The superposition principle facilitates finding a particular solution when the nonhomogeneous 
term is the sum of nonhomogeneities for which particular solutions can be determined. 


Cauchy-Euler (Equidimensional) Equations 
at’y" + bty' + cy =f) 

Substituting y = t” yields the associated characteristic equation 
ar? + (b-ar+tc=0 


for the corresponding homogeneous Cauchy—Euler equation. A general solution to the homo- 
geneous equation for t > 0 is given by 


(i) cyt” + cot”, if rj and r are distinct real roots; 
(ii) cyt’ + cot"In t, if ris a repeated root; 
(iii) c,t"cos(f In f) + cot^sin(B In 2), if a + iB is a complex root. 


A general solution to the nonhomogeneous equation is y = y, + yp, where y, is a particu- 
lar solution and y, is a general solution to the corresponding homogeneous equation. The 
method of variation of parameters (but not the method of undetermined coefficients) can be 
used to find a particular solution. 


REVIEW PROBLEMS 


differential equation. 
1.»"-8y —9y-20 
3. Ay" — 4y' + 10y = O 
5. 6y" — lly’ + 3y =0 
7. 36y" + 24y' + 5y- 0 
9. 16z"— 56z'+ 492-0 
11. Px" (t) + 5x() 20 , 


In Problems 1—28, find a general solution to the given 13. y" + 16y = te’ 
14. v" — 4v' + Ju = O 
2. 49y" + 14y’+ y ^ 0 15. 3y” + 10y” + 9y' + 2y =0 
4. 9y" — 30y'+ 25y = 0 16. y" + 3y" + 5y’ + 3y =0 
6. y" + 8y' — 14y =0 17. y" + 10y' - lly 2 0 
8. 25y" - 20y'- 4y =0 18. y = 120t 
10. u” + 1lu =0 19. 4y” + 8y" — Illy’ + 3y=0 
t>0 20. 2y” — y = tsint 
20y = 0 21. y” - 3y! + Ty 2 TP — e 


12. 2y” = 3y" — 12y 4 
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22. y" — 8y' — 33y = 546 sin t 

23. y"(8) + 16y(0) = tan 40 

24. 10y" y! - 3y = t — ef? 

25. 4y" — 12y' + 9y = e” e 

26. y" + 6y' + 15y = e” + 75 

27. xy" + 2xy' — 2y = 6x 2 + 3x, x20 
28. y" = 5x ly! — 13x ?y , x20 


In Problems 29—36, find the solution to the given initial 
value problem. 


29. y" + 4y' + Ty =0 


y0O)=1,  y(0-2-2 
30. y"(6) + 2y'(6) + y(0) = 2cos0 ; 
y0)=3, y'(0)=0 


31. y" — 2y' + 10y = 6 cos 3t — sin 3t ; 
y(0)=2,  y(0-2-8 

32. 4y" — 4y’ + 5y - 0 ; 
0-21, y'(0) = -11/2 

33. y" — 12y" + 27y' + 40y =0 ; 


) 
34. y" + 5y' — l4y=0 ; 
) = 


35. y"(0) + (0) = secð ; y(0)=1, y'(0)=2 
36. 9y” + 12y' + 4y =0 ; 
y0)=-3, y'(0)=3 


TECHNICAL WRITING EXERCISES 


1. Compare the two methods—undetermined coeffi- 
cients and variation of parameters—for determining 
a particular solution to a nonhomogeneous equation. 
What are the advantages and disadvantages of each? 


2. Consider the differential equation 


d? d 
fn aged. 
dx 


where b is a constant. Describe how the behavior of 
solutions to this equation changes as b varies. 
3. Consider the differential equation 
d?y 
dd +cy=0, 


37. 


38. 


39. 


Use the mass-spring oscillator analogy to decide 
whether all solutions to each of the following differ- 
ential equations are bounded as t > +00. 


(a) y" + y =0 
(b) y” - fy = 0 
© y" +y = 

(d) y" +y = 0 


(e) y" + (3+ sin t)y =0 
() y' c £y + y-0 
(B »'-Py-y-0 


A 3-kg mass is attached to a spring with stiffness k — 
75 N/m, as in Figure 4.1, page 153. The mass is 
displaced 1/4 m to the left and given a velocity of 
1 m/sec to the right. The damping force is negligible. 
Find the equation of motion of the mass along with 
the amplitude, period, and frequency. How long after 
release does the mass pass through the equilibrium 
position? 


A 32-Ib weight is attached to a vertical spring, caus- 
ing it to stretch 6 in. upon coming to rest at equilib- 
rium. The damping constant for the system is 2 Ib- 
sec/ft. An external force F (t) = 4 cos 8t Ib is applied 
to the weight. Find the steady-state solution for the 
system. What is its resonant frequency? 


where c is a constant. Describe how the behavior of 
solutions to this equation changes as c varies. 


. For students with a background in linear algebra: 


Compare the theory for linear second-order equa- 
tions with that for systems of n linear equations in n 
unknowns whose coefficient matrix has rank n — 2. 
Use the terminology from linear algebra; for exam- 
ple, subspace, basis, dimension, linear transforma- 
tion, and kernel. Discuss both homogeneous and 
nonhomogeneous equations. 


Group Projects for Chapter 4 


A Nonlinear Equations Solvable by 


First-Order Techniques 


Certain nonlinear second-order equations—namely, those with dependent or independent vari- 
ables missing—can be solved by reducing them to a pair of first-order equations. This is accom- 
plished by making the substitution w = dy/dx, where x is the independent variable. 


(a) To solve an equation of the form y" = F(x, y') in which the dependent variable y is 


(b) 


(c 


< 


missing, setting w = y' (so that w' = y") yields the pair of equations 
w'-F [x; w) ; 
y =w. 
Because w' = F(x, w) is a first-order equation, we have available the techniques of 
Chapter 2 to solve it for w(x). Once w(x) is determined, we integrate it to obtain y(x). 
Using this method, solve 
a=; x>0. 
To solve an equation of the form y” = F(y, y') in which the independent variable x is 
missing, setting w — dy/dx yields, via the chain rule, 
d'y dw | dw dy dw 
= = =w i 
dx? dx dy dx dy 
Thus, y" = F(y, y') is equivalent to the pair of equations 


(1) v = F(y,w) , 
dy _ 
(2) dx = We 


In equation (1) notice that y plays the role of the independent variable; hence, solving it 
yields w(y). Then substituting w(y) into (2), we obtain a separable equation that 
determines y(x). 

Using this method, solve the following equations: 


d?y 2y d?y dy 
i) 2yv—Z=1+ |(—} . ii) — +y—=0. 
we dx? (2 ai) dx? ? dx 

Suspended Cable. In the study of a cable suspended between two fixed points (see 
Figure 4.36 on page 236), one encounters the initial value problem 


d'y 1 2y 
= 14 : 0)—a, (0) =0, 
E (EF: =a, vo 


where a (# 0) is a constant. Solve this initial value problem for y. The resulting curve is 
called a catenary. 
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Figure 4.36 Suspended cable 


B Apollo Reentry 


Courtesy of Alar Toomre, Massachusetts Institute of Technology 


Each time the Apollo astronauts returned from the moon circa 1970, they took great care to reenter 
Earth's atmosphere along a path that was only a small angle o from the horizontal. (See Figure 
4.37.) This was necessary in order to avoid intolerably large “g” forces during their reentry. 

To appreciate their grounds for concern, consider the idealized problem 


ds _ Kes ds? 
dt? dt] ^ 


where K and H are constants and distance s is measured downrange from some reference point 
on the trajectory, as shown in the figure. This approximate equation pretends that the only force on 
the capsule during reentry is air drag. For a bluff body such as the Apollo, drag is proportional to the 
square of the speed and to the local atmospheric density, which falls off exponentially with 
height. Intuitively, one might expect that the deceleration predicted by this model would depend 
heavily on the constant K (which takes into account the vehicle's mass, area, etc.); but, remark- 
ably, for capsules entering the atmosphere (at “s = —oo") with a common speed Vo, the maxi- 
mum deceleration turns out to be independent of K. 


(a) Verify this last assertion by demonstrating that this maximum deceleration is just 
Vo/(2eH). [Hint: The independent variable t does not appear in the differential equa- 
tion, so it is helpful to make the substitution v = ds/dt; see Project A, part (b).] 

(b) Also verify that any such spacecraft at the instant when it is decelerating most fiercely 
will be traveling exactly with speed Vo/Ve, having by then lost almost 40% of its 
original velocity. 

(c) Using the plausible data Vp = 11 km/sec and H = 10/(sin o) km, estimate how small œ 
had to be chosen so as to inconvenience the returning travelers with no more than 10 g's. 


Figure 4.37 Reentry path 
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C Simple Pendulum 


In Section 4.8, we discussed the simple pendulum consisting of a mass m suspended by a rod of 
length € having negligible mass and derived the nonlinear initial value problem 

qo g. 
(3) 4; pat 0(0-2o,  0'(020, 
where g is the acceleration due to gravity and 6(t) is the angle the rod makes with the vertical at 
time t (see Figure 4.18, page 210). Here it is assumed that the mass is released with zero velocity 
at an initial angle æ, 0 < œ < m. We would like to determine the equation of motion for the pen- 
dulum and its period of oscillation. 


(a) Use equation (3) and the energy integral lemma discussed in Section 4.8 to show that 


dol _ 2g 
(2 - =7 — (cos 0 — cos a) 


and hence 


dt — 1 NT — 
2g V cos 0 — cosa 
(b) Use the trigonometric identity cos x = 1 — 2 sin?(x/2) to express dt by 
it d9 
8 A/ sin (a/2) — sin 18/2) - 


(c) Make the change of variables sin (0/2) = sin (a/2) sing and show that the elapsed 
time, T, for the pendulum to fall from the angle 6 = a (corresponding to $ = 7/2) to 
the angle 0 = f (corresponding to p = ®), when a = B = 0, is given by 


[0] 


o — I 
A J 2V 8 V sin?(a/2) — sin?(0/2) 8) V1- sin 


where k :— sin (a/2). 
The period P of the pendulum is defined to be the time required for it to swing from one 
extreme to the other and back—that is, from a to —« and back to a. Show that the 
period is given by 

mi2 


€ do 
5 e- «Jt | ; 
i: givi — k’sin*d 


The integral in (5) is called an elliptic integral of the first kind and is denoted by 
F(k, 77/2). As you might expect, the period of the simple pendulum depends on the 
length € of the rod and the initial displacement o. In fact, a check of an elliptic integral 
table will show that the period nearly doubles as the initial displacement increases from 
7/8 to 157/16 (for fixed €). What happens as œ approaches m? 


(d 


— 


(e) From equation (5) show that 


o 
(6) T + P/4 = ne F(k, ©), where F(k, ®):= | a 
$- 
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For fixed k, F(k, ®) has an “inverse,” denoted by sn(k, u), that satisfies u = F(k, ®) if 
and only if sn(k, u) = sin ®. The function sn(k, u) is called a Jacobi elliptic function 
and has many properties that resemble those of the sine function. Using the Jacobi ellip- 
tic function sn(k, u), express the equation of motion for the pendulum in the form 


(7) B = 2 arcsin usaf $r + P/4)|}, OS T= P4. 


(f) Take £ = 1m, g = 9.8 m/sec, a = 7/4 radians. Use Runge-Kutta algorithms or tabu- 
lated values of the Jacobi elliptic function to determine the period of the pendulum. 


D Linearization of Nonlinear Problems 


A useful approach to analyzing a nonlinear equation is to study its linearized equation, which is 
obtained by replacing the nonlinear terms by linear approximations. For example, the nonlinear 
equation 


2 
(8) D + sind = 0, 


which governs the motion of a simple pendulum, has 
(9) —, +05 


as a linearization for small 0. (The nonlinear term sin 0 has been replaced by the linear approxi- 
mation 0.) 

A general solution to equation (8) involves Jacobi elliptic functions (see Project C), which 
are rather complicated, so let’s try to approximate the solutions. For this purpose we consider two 
methods: Taylor series and linearization. 


(a) Derive the first six terms of the Taylor series about t = 0 of the solution to equation (8) 
with initial conditions 6(0) = 7/12, 0'(0) = 0. (The Taylor series method is discussed 
in Project A of Chapter 1 and Section 8.1.) 


(b) Solve equation (9) subject to the same initial conditions 0(0) = 7/12, 0'(0) = 0. 
(c) On the same coordinate axes, graph the two approximations found in parts (a) and (b). 
(d) Discuss the advantages and disadvantages of the Taylor series method and the 
linearization method. 
(e) Give a linearization for the initial value problem. 
(A + o.1[1 — x*(0]x' (0 + x(t) = 0 x0) 04,  ax(0-0, 
for x small. Solve this linearized problem to obtain an approximation for the nonlinear 
problem. 
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E Convolution Method 


The convolution of two functions g and f is the function g * f defined by 


t 
(e) — felt- vyrtojav 
The aim of this project is to show how convolutions can be used to obtain a particular solution to 
a nonhomogeneous equation of the form 


(10) ay" + by' + cy eu , where a, b, and c are constants, a # 0. 


(a) Use Leibniz's rule, 


d [' . ['8h 
p" | h(t, v)dv = | are v)dv + h(t,t) , 


to show the following: 
(y= f)'() = O «f)) + x(0)f() 
(ye A)" = (y" # AM + y OF + »x(0f'(0 . 


assuming y and f are sufficiently differentiable. 


(b) Let y,(t) be the solution to the homogeneous equation ay" + by’ + cy = O that satis- 
fies y,(0) = 0, y/(0) = 1/a. Show that y, * f is the particular solution to equation (10) 
satisfying y(0) = y'(0) = 0. 

(c) Let y;(t) be the solution to the homogeneous equation ay" + by’ + cy = 0 that satis- 


fies y(0) = Yo, y'(0) = Yj, and let y, be as defined in part (b). Show that 
v, f) n) + yee) 


is the unique solution to the initial value problem 
aD ay" + by’ +ey=f(); »0-2X*. »(0-»x. 
(d) Use the result of part (c) to determine the solution to each of the following initial value prob- 
lems. Carry out all integrations and express your answers in terms of elementary functions. 
(y'*y-tmnt; y0)=0, y(0--1 
(i) 2y" -y'—y- e sint ; »(0)21, y'(0) 21 
(iii) y" C2y' t+y= Vie ;  y(0)=2,  y(0-20 


F Undetermined Coefficients Using 
Complex Arithmetic 


The technique of undetermined coefficients described in Section 4.5 can be streamlined with the 
aid of complex arithmetic and the properties of the complex exponential function. The essential 
formulas are 


e«*iB! = e™(cos Bt + isin Bt) , £ e«*iB! = (q + ig)eie B: 


Re elt)! = 6 cos Bt , Im eltib) = qt sin Bt X. 
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(a) From the preceding formulas derive the equations 


(12) Ref (a + ib)e/**'9*] = e(a cos Bt — b sin Br) , 


(13) Im[ (a + ib)e/**/9*] = e^'(b cos Bt + a sin Br) . 
Now consider a second-order equation of the form 

144)  L[y]—ay" + by’ c cy g, 

where a, b, and c are real numbers and g is of the special form 


(45) g(t) =e“[(a,t"” + +++ + at + ag) cos Bt + (b,t" + +++ + byt + bo)sin Bt] , 


with the aj's, b;’s, a, and B real numbers. Such a function can always be expressed as the real or 
imaginary part of a function involving the complex exponential. For example, using equation (12), 
one can quickly check that 


(16) — g()-Re[G()], 

where 

17)  G(t) = e*P'C(o, + ib, )t" + ++- + (ay + ibj)t + (ay  ibo)] . 

Now suppose for the moment that we can find a complex-valued solution Y to the equation 


a8  L[Y]-aY"' c bY' F cY - G . 


Then, since a, b, and c are real numbers, we get a real-valued solution y to (14) by sim- 
ply taking the real part of Y; that is, y — Re Y solves (14). (Recall that in Lemma 2, page 169, 
we proved this fact for homogeneous equations.) Thus, we need focus only on finding a solu- 
tion to (18). 

The method of undetermined coefficients implies that any differential equation of the form 


19) — L[Y] = e*9't (a, + ib t” + = + (a, + ibi)t + (ao + ibo)] 


has a solution of the form 


Q0)  Yj()-ree 9 Apr + At t+ Ag] , 


where A,, ..., Ag are complex constants and s is the multiplicity of o + i as a root of the auxil- 
iary equation for the corresponding homogeneous equation LIT ] — 0. We can solve for the 
unknown constants A; by substituting (20) into (19) and equating coefficients of like terms. With 
these facts in mind, we can (for the small price of using complex arithmetic) dispense with the 
methods of Section 4.5 and avoid the unpleasant task of computing derivatives of a function like 
e? (2. + 3t + t?)sin(21), which involves both exponential and trigonometric factors. 

Carry out this procedure to determine particular solutions to the following equations: 


(b) y” — y' — 2y = cost — sin 2t . 
(c) y" + y =e “(cos 2t — 3 sin 2t) . 
(d) y" — 2y' + 10y = te'sin3t . 


The use of complex arithmetic not only streamlines the computations but also proves very 
useful in analyzing the response of a linear system to a sinusoidal input. Electrical engineers 
make good use of this in their study of RLC circuits by introducing the concept of impedance. 
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G Asymptotic Behavior of Solutions 


In the application of linear systems theory to mechanical problems, we have encountered the 
equation 

QD y" + py’ tay - f(), 

where p and q are positive constants with p? < 4q and f(t) is a forcing function for the system. In 
many cases it is important for the design engineer to know that a bounded forcing function gives 
rise only to bounded solutions. More specifically, how does the behavior of f(t) for large values 
of t affect the asymptotic behavior of the solution? To answer this question, do the following: 


(a) Show that the homogeneous equation associated with equation (21) has two linearly 
independent solutions given by 
e“cos Bt , e“sin Bt , 
where a = —p/2 < OandB = 3 V4q— p. . 

(b) Let f(t) be a continuous function defined on the interval [0, oo). Use the variation of para- 
meters formula to show that any solution to (21) on [0, co) can be expressed in the form 


(22) y(t) = cye™ cos Bt + cze” sin Bt 


sae cos Bt MUN sin Bv dv 
B 0 


t 
be sin Bt | f(v)e *" cos Bvdv . 
0 


(c) Assuming that fis bounded on [0, oo) (that is, there exists a constant K such that 
|f(v )| = K for all v = 0), use the triangle inequality and other properties of the 
absolute value to show that y(r) given in (22) satisfies 


x) = (Jer + Jeal)e*’ + er - e") 


for all t > 0. 


(d) In a similar fashion, show that if f(t) and f,(t) are two bounded continuous functions 
on [0, oo) such that | f\(7) — f(t)|  & for all t > tọ, and if f, is a solution to (21) with 
f= fi and ¢ is a solution to (21) with f = f, then 

2e 
|a|B 


for all t > tọ, where M is a constant that depends on $, and $» but not on t. 


|,(t) xL e»t) < Me?! + (1 = er) 


(e) Now assume f(t) — Fo as t — +00, where Fo is a constant. Use the result of part (d) to 
prove that any solution œ to (21) must satisfy (t) — Fo/q as t > +00. [Hint: Choose 


fi =f fa = Fo bi 74,0; = Fo/@.] 


CHAPTER 5 
Introduction to Systems and 


Phase Plane Analysis 


5.1 INTERCONNECTED FLUID TANKS 


Two large tanks, each holding 24 liters of a brine solution, are interconnected by pipes 
as shown in Figure 5.1. Fresh water flows into tank A at a rate of 6 L/min, and fluid is 
drained out of tank B at the same rate; also 8 L/min of fluid are pumped from tank A 
to tank B, and 2 L/min from tank B to tank A. The liquids inside each tank are kept 
well stirred so that each mixture is homogeneous. If, initially, the brine solution in tank 
A contains x kg of salt and that in tank B initially contains yọ kg of salt, determine the 
mass of salt in each tank at time £ > 0.* 


6 L/min 


e€— Ne: 


8 L/min 


x(t) x) 


x(0) 2 xo kg y(0) = yo kg 6 L/min 


-o 


2 L/min 


Figure 5.1 Interconnected fluid tanks 


Note that the volume of liquid in each tank remains constant at 24 L because of the balance 
between the inflow and outflow volume rates. Hence, we have two unknown functions of t: the 
mass of salt x(t) in tank A and the mass of salt y(t) in tank B. By focusing attention on one tank 
at a time, we can derive two equations relating these unknowns. Since the system is being 
flushed with fresh water, we expect that the salt content of each tank will diminish to zero as 
t — too. 

To formulate the equations for this system, we equate the rate of change of salt in each 
tank with the net rate at which salt is transferred to that tank. The salt concentration in tank A 
is x(t)/24 kg/L, so the upper interconnecting pipe carries salt out of tank A at a rate of 8x/24 
kg/min; similarly, the lower interconnecting pipe brings salt into tank A at the rate 2y/24 
kg/min (the concentration of salt in tank B is y/24 kg/L). The fresh water inlet, of course, 
transfers no salt (it simply maintains the volume in tank A at 24 L). From our premise, 


a = input rate — output rate , 


‘For this application we simplify the analysis by assuming the lengths and volumes of the pipes are sufficiently small 
that we can ignore the diffusive and advective dynamics taking place therein. 
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so the rate of change of the mass of salt in tank A is 


dx 2 8 1 1 
di 24" 24^ 1 3 


The rate of change of salt in tank B is determined by the same interconnecting pipes and by the 
drain pipe, carrying away 6y/24 kg/min: 


m x = 3* *12J» 
pb e 
y 3 3ye 


Although both unknowns x(t) and y(t) appear in each of equations (1) (they are “coupled”), the 
structure is so transparent that we can obtain an equation for y alone by solving the second 
equation for x, 


(2) x=3y' +y, 


and substituting (2) in the first equation to eliminate x: 


; TEMPS A 
(y s) eom OY PIER pu 
n , ri 1 1 
3y" +y y —-3»*t153»: 


or 
"n , 1 
3y" + 2y y rog . 


This last equation, which is linear with constant coefficients, is readily solved by the methods 
of Section 4.2. Since the auxiliary equation 


3r? + 2r t+ i =0 
has roots — 1/2, —1/6, a general solution is given by 


(3) y(t) = ce? + ce l6 ; 


Having determined y, we use equation (2) to deduce a formula for x: 


Ci E -th = l.. L 
(4) x(t) ( ze 1/2 6* ^) + ce? + ce" = -56€ P+ ov ua 


Formulas (3) and (4) contain two undetermined parameters, c; and c», which can be 
adjusted to meet the specified initial conditions: 


x(0) 


1 1 
9€ + 502 = Xo, y(0) = c, + co = yo, 
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or 
yo — 2X0 yo + 2xo 
EL uS d c2 aa? a ` 


Thus, the mass of salt in tanks A and B at time t are, respectively, 


xà _ (s xen 4 (2 amen 
y(t) = (s zie (s Ten 


The ad hoc elimination procedure that we used to solve this example will be generalized 
and formalized in the next section, to find solutions of all linear systems with constant coeffi- 
cients. Furthermore, in later sections we will show how to extend our numerical algorithms for 
first-order equations to general systems and will consider applications to coupled oscillators 
and electrical systems. 

It is interesting to note from (5) that all solutions of the interconnected-tanks problem tend to 
the constant solution x(t) = 0, y(t) = Oast — +o. (This is of course consistent with our phys- 
ical expectations.) This constant solution will be identified as a stable equilibrium solution in 
Section 5.4, in which we introduce phase plane analysis. It turns out that, for a general class of 
systems, equilibria can be identified and classified so as to give qualitative information about the 
other solutions even when we cannot solve the system explicitly. 


(5) 


DIFFERENTIAL OPERATORS AND THE ELIMINATION 
METHOD FOR SYSTEMS 


d 
The notation y'(f) = z = p y was devised to suggest that the derivative of a function y is the 
result of operating on the function y with the differentiation operator Ls Indeed, second 


dt 
d2 
derivatives are formed by iterating the operation: y"(r) = r = ga y. Commonly, the sym- 


bol D is used instead of £ and the second-order differential equation 
y" + 4y' + 3y =0 
is represented’ by 


D’y + 4Dy + 3y = (D + 4D + 3)[y] = 0. 

So, we have implicitly adopted the convention that the operator "product" D times D, is 
interpreted as the composition of D with itself, when it operates on functions: D^y means D(D| y ] » 
i.e., the second derivative. Similarly, the product (D + 3)(D + 1) operates on a function via 

(D + 3(D + 1)[y] = (D + 3|(0 + 0[»]] = (+ 3 +y] 
- D|y' * y] * 3ly' +y] 
= (y" + y') + By’ + 3y) = y" + 4y' + 3y = (D? + 4D + 3)[y] . 


"Some authors utilize the identity operator 7, defined by 7 [ y] = y, and write more formally D? + 4D + 3I instead of 
D? + 4D + 3. 


Example 1 


Solution 


Example 2 


Solution 


Section 5.2 Differential Operators and the Elimination Method for Systems 245 


Thus, (D + 3)(D + 1) is the same operator as D? + 4D + 3; when they are applied to 
twice-differentiable functions, the results are identical. 


Show that the operator (D + 1)(D + 3) is also the same as D? + 4D + 3. 
For any twice-differentiable function y(t), we have 
(D + 1)(D + 3)[y] = (D + 1)[(D + 3)[y]] = (D + 1)[y' + 3y] 
= Diy’ + 3y] + 1|y' + 3y] = (y" + 3y’) + (y' + 3y) 
= y" + 4y' + 3y = (D? + 4D + 3)[y] . 
Hence, (D + 1)(D + 3) = D? +4D+3. @ 


Since (D + 1)(D + 3) = (D + 3(D + 1) = D? + 4D + 3, itis tempting to generalize and 
propose that one can treat expressions like aD? + bD + c as if they were ordinary polynomials 
in D. This is true, as long as we restrict the coefficients a, b, c to be constants. The following 
example, which has variable coefficients, is instructive. 


Show that (D + 32)D is not the same as D(D + 3t). 

With y(t) as before, 
(D -30)D|y] = (D + 30)[y’'] = y" + 30’ ; 
D(D + 3)[y] = D|y' + 3ty] = y" + 3y + 3p’ . 


They are not the same! € 


Because the coefficient 3f is not a constant, it “interrupts” the interaction of the differenti- 
ation operator D with the function y(t). As long as we only deal with expressions like 
aD? + bD + c with constant coefficients a, b, and c, the “algebra” of differential operators fol- 
lows the same rules as the algebra of polynomials. (See Problem 39 for elaboration on this point.) 

This means that the familiar elimination method, used for solving algebraic systems like 


3x — 2y +z=4, 
x+y-z=0, 
2x =y * 32-26, 
can be adapted to solve any system of linear differential equations with constant coefficients. 
In fact, we used this approach in solving the system that arose in the interconnected tanks prob- 
lem of Section 5.1. Our goal in this section is to formalize this elimination method so that we 
can tackle more general linear constant coefficient systems. 


We first demonstrate how the method applies to a linear system of two first-order differen- 
tial equations of the form 


ayx' (t) + axli) + asy (i) + ayy(t) = file) , 
asx'(t) + agx(r) + any’ (1) + agy(t) = Ald) . 


where a), a, . . . , ag are constants and x(t), y(t) is the function pair to be determined. In opera- 
tor notation this becomes 


(aD + ay)[x] + (aD + aJ[y] ^. 
(asD + ag)| x] + (aD + ag)| y] =f. 
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Example 3 


Solution 


Solve the system 


(1) x'(t) = 3x(r) — 4y(r) +1, 
y'(t) = 4x(t) — Ty(t) + 10r . 


The alert reader may observe that since y' is absent from the first equation, we could use the 
latter to express y in terms of x and x' and substitute into the second equation to derive an 
"uncoupled" equation containing only x and its derivatives. However, this simple trick will not 
work on more general systems (Problem 18 is an example). 

To utilize the elimination method, we first write the system using the operator notation: 


(D —-3)x] +4y=1, 


(2) 
—4x + (D+ 7)[y] = 10r . 


Imitating the elimination procedure for algebraic systems, we can eliminate x from this system 
by adding 4 times the first equation to (D — 3) applied to the second equation. This gives 
(16 + (D — 3)(D + 7))[y] = 4-1 + (D — 3)[10r] = 4 + 10 — 30r , 
which simplifies to 
(3) (D? + 4D — 5)[y] = 14 — 30r . 


Now equation (3) is just a second-order linear equation in y with constant coefficients that has 
the general solution 


(4) y(t) = Ce” + Ce! + Ot +2, 


which can be found using undetermined coefficients. 
To find x(t), we have two options. 


Method 1. We return to system (2) and eliminate y. This is accomplished by “multiplying” the 
first equation in (2) by (D + 7) and the second equation by —4 and then adding to obtain 


(D? + 4D — 5)[x] 2 7 — 40t . 


This equation can likewise be solved using undetermined coefficients to yield 
(5) x(t) = Kye + Kye’ + 8t +5, 


where we have taken K, and K; to be the arbitrary constants, which are not necessarily the 
same as C; and C; used in formula (4). 

It is reasonable to expect that system (1) will involve only two arbitrary constants, since it 
consists of two first-order equations. Thus, the four constants C;, C», K;, and K are not inde- 
pendent. To determine the relationships, we substitute the expressions for x(t) and y(t) given in 
(4) and (5) into one of the equations in (1), say, the first one. This yields 


—5Kje ~” T Kye! + 8 = 
3K,e ?' + 3Kye! + 24t + 15 — ACje ?' — 4C! — 244 8 +1, 


which simplifies to 


(4C, — 8K,)e~* + (4C, - 2Kje' = 0. 
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Because e and e ~~ are linearly independent functions on any interval, this last equation holds 
for all ¢ only if 


4C, — 8K, =0 and 4C; -2K5-0. 
Therefore, K, = C,/2 and K, = 2C;. 
A solution to system (1) is then given by the pair 


(6) x(t) = IC +2Cre'+ 8t+5,  y()-2Ce?-Ce-6272. 


As you might expect, this pair is a general solution to (1) in the sense that any solution to (1) 
can be expressed in this fashion. 


Method 2. A simpler method for determining x(t) once y(t) is known is to use the system to 
obtain an equation for x(t) in terms of y(t) and y'(r). In this example we can directly solve the 
second equation in (1) for x(t): 


1. 7 5 
x(t) ai 47 (t) + pO 2 t. 
Substituting y(r) as given in (4) yields 
x(t) = 


ES 1Ce^* -2C'-8 +5, 


[-5C;e + Ce! + 6] + tice + Ce + 6t +2] = : 


Ble 


which agrees with (6). € 


The above procedure works, more generally, for any linear system of two equations and 
two unknowns with constant coefficients regardless of the order of the equations. For example, 
if we let Li, Lo, L3, and L4 denote linear differential operators with constant coefficients (i.e., 
polynomials in D), then the method can be applied to the linear system 


Lilx] + [y] ^ ^. 
Li|x] T L4|y] =f. 

Because the system has constant coefficients, the operators commute (e.g., LoL4 = L4L) 
and we can eliminate variables in the usual algebraic fashion. Eliminating the variable y gives 
(7) (Lil, — Loks)[x] = 81 » 
where 2; ‘= L4[fi] — Lol f;]. Similarly, eliminating the variable x yields 


(8) (Li — LoL3)[y] = 22, 


where g5:— Ly [fo] — L3[f,]. Now if L,L4 — LL; is a differential operator of order n, then a 
general solution for (7) contains n arbitrary constants, and a general solution for (8) also 
contains n arbitrary constants. Thus, a total of 27 constants arise. However, as we saw in Exam- 
ple 3, there are only n of these that are independent for the system; the remaining constants can 
be expressed in terms of these.’ The pair of general solutions to (7) and (8) written in terms of 
the n independent constants is called a general solution for the system. 


‘For a proof of this fact, see Ordinary Differential Equations, by M. Tenenbaum and H. Pollard (Dover, New York, 
1985), Chapter 7. 
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If it turns out that L1L4 — LoL; is the zero operator, the system is said to be degenerate. 
As with the anomalous problem of solving for the points of intersection of two parallel or coin- 
cident lines, a degenerate system may have no solutions, or if it does possess solutions, they 
may involve any number of arbitrary constants (see Problems 23 and 24). 


Elimination Procedure for 2 x 2 Systems 


To find a general solution for the system 


Lx] + Ly] =f. 
L[x] + Lily] =f. 
where L,, L>, L4, and L4 are polynomials in D = d/dt: 


(a) Make sure that the system is written in operator form. 

(b) Eliminate one of the variables, say, y, and solve the resulting equation for x(t). If the 
system is degenerate, stop! A separate analysis is required to determine whether or 
not there are solutions. 

(c) (Shortcut) If possible, use the system to derive an equation that involves y(t) but not 
its derivatives. [Otherwise, go to step (d).] Substitute the found expression for x(t) 
into this equation to get a formula for y(t). The expressions for x(t), y(t) give the 
desired general solution. 

Eliminate x from the system and solve for y(t). [Solving for y(t) gives more 
constants —in fact, twice as many as needed.] 

Remove the extra constants by substituting the expressions for x(t) and y(t) into 
one or both of the equations in the system. Write the expressions for x(t) and y(r) in 
terms of the remaining constants. 


Example 4 Find a general solution for 


9 — *(0-7»()-x0)*»2)-7—-1. 
(9) ; 
xA + y'() - x() =P. 
Solution We begin by expressing the system in operator notation: 
(D? — 1)[x] + (D + 1)[y] = -1 , 


un (D — D[x] + Diy] eg. 


Here L,:2 D? - 1, L:2 D + 1, L; := D — 1, and L,:— D. 
Eliminating y gives [see (7)]: 


(D? - 10 - (D + 1)(D - 1)[x] = Dt-11 - (D + D[2] , 


which reduces to 


(D? - 1)(D - 1)|x] = -2 - °, 
an (D-1°(D+1)[x] = -2 -ť. 
Since (D — 1)?(D + 1) is third order, we should expect three arbitrary constants in a general 
solution to system (9). 


Although the methods of Chapter 4 focused on solving second-order equations, 
we have seen several examples of how they extend in a natural way to higher-order 


Example 5 


Solution 
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equations.’ Applying this strategy to the third-order equation (11), we observe that the corre- 
sponding homogeneous equation has the auxiliary equation (r — 1)?(r + 1) = 0 with roots 
r = 1, 1, — 1. Hence, a general solution for the homogeneous equation is 


xy (t) = Cie! + Cate! + Cre". 


To find a particular solution to (11), we use the method of undetermined coefficients with 
xy(t) = Af? + Bt + C. Substituting into (11) and solving for A, B, and C yields (after a little 
algebra) 


xlt) =- —4t- 6. 
Thus, a general solution to equation (11) is 
(12) x(t) = x,(t) + x,(t) = Cie' + Cote’ + Ce! —à—4t—-6. 


To find y(t), we take the shortcut described in step (c) of the elimination procedure box. 
Subtracting the second equation in (10) from the first, we find 


(D? — D)| x] t+ty=-1-f, 
so that 

y = (D — D?)[x] —-1-2. 
Inserting the expression for x(t), given in (12), we obtain 

y(t) = Ce! + Cte! + e) — Ce! — 2t — 4 

-| Cie F Calte' t 2e!) I Cre ! 2] 1 ? 5 

43)  y»()-2-QCOe'-2€0e'-?8-2(t-3. 
The formulas for x(t) in (12) and y(t) in (13) give the desired general solution to (9). € 


The elimination method also applies to linear systems with three or more equations and 
unknowns; however, the process becomes more cumbersome as the number of equations and 
unknowns increases. The matrix methods presented in Chapter 9 are better suited for handling 
larger systems. Here we illustrate the elimination technique for a 3 X 3 system. 


Find a general solution to 
x'(t) = x(t) + 2y() = z(t) , 
a) y(t) =x) + ef), 
z'(t) = 4x(t) — 4y(t) + 5z(r) . 
We begin by expressing the system in operator notation: 
(D - D[x] -2y +z=0, 
(15) -x* D|y] -z-0, 
—4x + 4y + (D — 5)[z] =0. 


Eliminating z from the first two equations (by adding them) and then from the last two 
equations yields (after some algebra, which we omit) we find 


(D — 2)[x] + (D—2)[y] =0, 


(16) 
-(D- [x] + (D - 9n - 9[y] =0. 


"More detailed treatment of higher-order equations is given in Chapter 6. 
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On eliminating x from this 2 X 2 system, we eventually obtain 


(D — 1)(D - 2)(D 


which has the general solution 


ay] = 0. 


(17) y(t) = Cie! + Ge” + Oe” . 


Taking the shortcut approach, we add the two equations in (16) to get an expression for x 
in terms of y and its derivatives, which simplifies to 


x = (D^ — 4D + 2)|y] = y" —4y' + 2y. 
When we substitute the expression (17) for y(t) into this equation, we find 


(18)  x() = —Cye’ — 20e” 


C3e i : 


Finally, using the second equation in (14) to solve for z(t), we get 


z(t) = y'(t) — x(t) . 


and substituting in for y(t) and x(t) yields 


(19 z(t) = 2Cye’ + 40e” + 40e” . 


The expressions for x(t) in (18), y(t) in (17), and z(t) in (19) give a general solution with 
Cı, C5, and C; as arbitrary constants. 9 


PESA ME 


1.Lett A=D-1,B=D+2,C=D’+D-2, 
where D = d/dt. For y = t? — 8, compute 
(a) Aly] (b) B[A[y] (© Bly] 
(d) A[B[y] (e) Chy] 

2. Show that the operator (D — 1)(D + 2) is the same 
as the operator D? + D — 2. 


In Problems 3—18, use the elimination method to find a 
general solution for the given linear system, where dif- 
ferentiation is with respect to t. 


3. x' + 2y - 0, 4x =x-y, 

xi y= y=y— 4x 
5.x +y —-x=5, 6. x'=3x—2y+sint, 
x ty +y=1 y'=4x—y-—cost 
7. (D+ Q[u] - (D+ D|v] = ë, 
(D - 1)[u] + QD + )|v] 2 5 
8. (D-3)x] + (D- fy] 2 t. 
(D + 1)[x] + (D+ 4)[y] =1 

9. x +y - 2x - 0, 
x -Fy —x-—ycsint 
10. 2x «y =x- yee". 
x ty’ +2x+y=e' 


11. (D? — 1)[u] -t5v-—e' , 12. D?lu) + Div] E 


2u + (D? - 2) v] =0 4u + D|v] = 6 
dx _ _ dx , =. 49) 

13. di * 4y , 14. di y=, 
dy dy 
uc T tl 

dS Ms dee. qa Sp S edi 
gs c MOSES. "apt tug ce s 
dz d?y 
— = 3w + 4z + 17t 2x+—7,=0 
dt dt 


17. x" + 5x - 4y 2 0 , 
—x+y"+2y=0 
18. x" + y" —x' =2t, 


” , 


y xty=-l 


In Problems 19-21, solve the given initial value problem. 


19, Z = dp +y: x(0) = 1, 


achete x0 
dx 2t. 


20. — —2x ty—e 


uro Xx 2i VO oc 
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21. 3 30-3, xO H 1, 
d?y 
— =x; 0)=1, '(0) = —1 
p »(0) »'(0) 
22. Verify that the solution to the initial value problem 
x —5x—3y—2; x(0)22., 
y =4x-3y-1;  y(0)=0 


satisfies |x(t)| + |y(t)| > +00 as t — +00. 


In Problems 23 and 24, show that the given linear system 
is degenerate. In attempting to solve the system, determine 
whether it has no solutions or infinitely many solutions. 


23. (D — 1)[x] + (D- 1)[y] = -3e* , 
(D + 2)[x] [y] = 3e' 

24. D[x] + (D+ 1)[y] =e, 
D[x] + (D? + D)[y] = 


In Problems 25-28, use the elimination method to find 
a general solution for the given system of three equa- 
tions in the three unknown functions x(t), y(t), z(t). 


25. x =x +2y-z, 26. x =3xt+y-z, 
y xou. y —xT2y—z4 
z = 4x — 4y + 5z z = 3x + 3y-z 
27. x' = Ax — 4z , 28. x. =x+2y +z, 
y ey 2z, y =őx-y, 
z! = —2x — 4y + 4z z-—-—x—2y-z 


In Problems 29 and 30, determine the range of values (if 
any) of the parameter that will ensure all solutions x(t), 
y(t) of the given system remain bounded as t > + oo. 


32. 


33. 


34. 
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tank A into tank B at a rate of 3 L/min and from B 
into A at a rate of 1 L/min (see Figure 5.2). The liq- 
uid inside each tank is kept well stirred. A brine solu- 
tion with a concentration of 0.2 kg/L of salt flows 
into tank A at a rate of 6 L/min. The (diluted) solu- 
tion flows out of the system from tank A at 4 L/min 
and from tank B at 2 L/min. If, initially, tank A con- 
tains pure water and tank B contains 20 kg of salt, 
determine the mass of salt in each tank at time t = 0. 
In Problem 31, 3 L/min of liquid flowed from tank A 
into tank B and 1 L/min from B into A. Determine 
the mass of salt in each tank at time t = 0 if, instead, 
5 L/min flows from A into B and 3 L/min flows from 
B into A, with all other data the same. 
In Problem 31, assume that no solution flows out of 
the system from tank B, only 1 L/min flows from A 
into B, and only 4 L/min of brine flows into the sys- 
tem at tank A, other data being the same. Determine 
the mass of salt in each tank at time t = 0. 
Feedback System with Pooling Delay. Many 
physical and biological systems involve time delays. 
A pure time delay has its output the same as its input 
but shifted in time. A more common type of delay is 
pooling delay. An example of such a feedback system 
is shown in Figure 5.3 on page 252. Here the level of 
fluid in tank B determines the rate at which fluid 
enters tank A. Suppose this rate is given by 
R(t) = al V E V2(t) |, where œ and V are positive 
constants and V(t) is the volume of fluid in tank B 
at time f. 
(a) If the outflow rate R4 from tank B is constant 
and the flow rate R, from tank A into B is 


R,(t) = KV,(t), where K is a positive constant 
3 S asc y, Bj ERE med ry , and V(t) is the volume of fluid in tank A at time 
dt dt t, then show that this feedback system is 
dy _ ea dy _ governed by the system 
d 2099 di 7 dV, 
4 alV - Vali) - xvi) , 
31. Two large tanks, each holding 100 L of liquid, are dV; = KW) -R 
interconnected by pipes, with the liquid flowing from dt I 3 
A B 
6 L/min 3 L/min 
0.2 kg/L x(t) y) 
4 L/min x(0) 2 0 kg Os y(0) = 20 kg 2 L/min 
1 L/min 


Figure 5.2 Mixing problem for interconnected tanks 
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35. 


36. 


4 hr 


Figure 5.3 Feedback system with pooling delay 


(b) Find a general solution for the system in part (a) 
when a = 5 (min) !, V = 20L, K = 2 (min), 
and R} = 10 L/min. 

(c) Using the general solution obtained in part (b), 
what can be said about the volume of fluid in 
each of the tanks as t—> +00? 


A house, for cooling purposes, consists of two 
zones: the attic area zone A and the living area zone 
B (see Figure 5.4). The living area is cooled by a 
2-ton air conditioning unit that removes 24,000 Btu/hr. 
The heat capacity of zone B is 1/2°F per thousand 
Btu. The time constant for heat transfer between 
zone A and the outside is 2 hr, between zone B and 
the outside is 4 hr, and between the two zones is 4 hr. 
If the outside temperature stays at 100°F, how warm 
does it eventually get in the attic zone A? (Heating 
and cooling of buildings was treated in Section 3.3.) 
A building consists of two zones A and B (see 
Figure 5.5). Only zone A is heated by a furnace, 
which generates 80,000 Btu/hr. The heat capacity of 
zone A is 1/4°F per thousand Btu. The time constant 
for heat transfer between zone A and the outside is 4 hr, 


| | 24,000 Btu/hr 


Figure 5.4 Air-conditioned house with attic 


4 hr 


37. 


38. 


39. 


Figure 5.5 Two-zone building with one zone heated 


between the unheated zone B and the outside is 5 hr, 
and between the two zones is 2 hr. If the outside 
temperature stays at 0°F, how cold does it eventually 
get in the unheated zone B? 

In Problem 36, if a small furnace that generates 1000 
Btu/hr is placed in zone B, determine the coldest it 
would eventually get in zone B if zone B has a heat 
capacity of 2?F per thousand Btu. 

Arms Race. A simplified mathematical model for 
an arms race between two countries whose expendi- 
tures for defense are expressed by the variables x(t) 
and y(t) is given by the linear system 


dx _ = . E 
a Xba: x(0) I, 
dy 

d 7 tb y(0)24, 


where a and b are constants that measure the trust (or 
distrust) each country has for the other. Determine 
whether there is going to be disarmament (x and y 
approach 0 as f increases), a stabilized arms race 
(x and y approach a constant as t > +00), or a run- 
away arms race (x and y approach +00 as t — +00). 
Let A, B, and C represent three linear differential 
operators with constant coefficients; for example, 


A= aD? a,D H a), B= bD? t bıD H bo, 
C= cD? + cD + c, 


where the a's, b’s, and c's are constants. Verify the 
following properties:" 


(a) Commutative laws: 
A+B=B+A, 


AB — BA . 
(b) Associative laws: 
(A+ B)+C=A4+(B+0C), 


(AB)C = A(BC) . 
(c) Distributive law: A(B + C) = AB - AC . 


*We say that two operators A and B are equal if A[y] = B[y] for all functions y with the necessary derivatives. 
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SOLVING SYSTEMS AND HIGHER-ORDER 
5.3 EQUATIONS NUMERICALLY 


Although we studied a half-dozen analytic methods for obtaining solutions to first-order ordi- 
nary differential equations in Chapter 2, the techniques for higher-order equations, or systems 
of equations, are much more limited. Chapter 4 focused on solving the linear constant- 
coefficient second-order equation. The elimination method of the previous section is also 
restricted to constant-coefficient systems. And, indeed, higher-order linear constant-coefficient 
equations and systems can be solved analytically by extensions of these methods, as we will 
see in Chapters 6, 7, and 9. 

However, if the equations—even a single second-order linear equation—have variable 
coefficients, the solution process is much less satisfactory. As will be seen in Chapter 8, the 
solutions are expressed as infinite series, and their computation can be very laborious (with the 
notable exception of the Cauchy—Euler, or equidimensional, equation). And we know virtually 
nothing about how to obtain exact solutions to nonlinear second-order equations. 

Fortunately, all the cases that arise (constant or variable coefficients, nonlinear, higher- 
order equations or systems) can be addressed by a single formulation that lends itself to a mul- 
titude of numerical approaches. In this section we'll see how to express differential equations 
as a system in normal form and then show how the basic Euler method for computer solution 
can be easily *vectorized" to apply to such systems. Although subsequent chapters will return 
to analytic solution methods, the vectorized version of the Euler technique or the more efficient 
Runge-Kutta technique will hereafter be available as fallback methods for numerical explo- 
ration of intractable problems. 


Normal Form 


A system of m differential equations in the m unknown functions x,(f), x»(f), . . . , x, (f) expressed 
as 


xit) = fit. X1,%2,---5 a) , 
(1) xxt) = f(t, XpX»s..s 


xy) = fet, Xl Xz.. Na) 


is said to be in normal form. Notice that (1) consists of m first-order equations that collec- 
tively look like a vectorized version of the single generic first-order equation 


(2) x —f(tx), 


and that the system expressed in equation (1) of Section 5.1 takes this form, as do equations (1) 
and (14) in Section 5.2. An initial value problem for (1) entails finding a solution to this system 
that satisfies the initial conditions 


xi(to) = a), xj(to) = 4» .. xy (to) = an 


for prescribed values fo, 41, do, . . . , à. 

The importance of the normal form is underscored by the fact that most professional codes 
for initial value problems presume that the system is written in this form. Furthermore, for a 
linear system in normal form, the powerful machinery of linear algebra can be readily applied. 
[Indeed, in Chapter 9 we will show how the solutions x(t) = ce“ of the simple equation 
x' — ax can be generalized to constant-coefficient systems in normal form.] 
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For these reasons it is gratifying to note that a (single) higher-order equation can always be 
converted to an equivalent system of first-order equations. 
To convert an mth-order differential equation 


(3) — WA = (y yum 
into a first-order system, we introduce, as additional unknowns, the sequence of derivatives of y: 
xit): y(), x) =y A Ls. xml) y" Wo). 
With this scheme, we obtain m — 1 first-order equations quite trivially: 
xilt) = »'() = xà) , 
(4) xxt) 2 y" (t) = x3(t) , 


xi, af) = y "79 () = xyli) . 


The mth and final equation then constitutes a restatement of the original equation (3) in terms 
of the new unknowns: 


(5) xp(t) = y (t) = f(txy x»... x) - 
If equation (3) has initial conditions y(t) = aj, y'(tg) = a», .. ., y(t) = am then the 
system (4)—(5) has initial conditions x,(to) = ay, xo(to) = a5, .. . x, (tg) = am. 
Example 1 Convert the initial value problem 
(0 — -y"(t) + 3y'() + x =sint;  »y(0-1 y(0-5 
into an initial value problem for a system in normal form. 
Solution We first express the differential equation in (6) as 
y(t) = —3ty'(t) — y(t)? + sine . 
Setting x,(t) := y(t) and x,(t) := y'(t), we obtain 
xi) = xy) , 
x(t) = —3tx,(t)— x(t? + sint . 


The initial conditions transform to x,(0) = 1,x4(0) 2 5. € 


Euler's Method for Systems in Normal Form 


Recall from Section 1.4 that Euler's method for solving a single first-order equation (2) is 
based on estimating the solution x at time (fọ + h) using the approximation 


(7) X(t + h) = x(to) + hx' (to) = x(to) + hf (to, x(to)) ; 

and that as a consequence the algorithm can be summarized by the recursive formulas 
(8) fy = th th , 

(9) tsp = AN LIE.  q—0L3.- 


[compare equations (2) and (3), Section 1.4]. Now we can apply the approximation (7) to each 
of the equations in the system (1): 


(40)  xglto + h) = xy (to) + hx (to) = xt) + hf( to x; (to), Xo(to), . . . EX) : 


Example 2 


Solution 


X 


X 


X 


X 


Section 5.8 Solving Systems and Higher-Order Equations Numerically 255 


and fork = 1, 2,...m, we are led to the recursive formulas 
(11) fy = ty +h , 


Xl;n+1 — Xi;n jr hf (th, Xa Xim susc Kn) , 


(12) X2;n+1 m Xxnn + hfa( ths Xl;m Mum ++ +> de , 


Xm;n+1 — Xmin + its Xm XQ: + +> di) (n m 0, 1, 2, es ) $ 


Here we are burdened with the ungainly notation x,.„ for the approximation to the value of the 
pth-function x, at time t = tọ + nh; i.e., x 


Xp;n © Xp(to + nh). However, if we treat the unknowns 
and right-hand members of (1) as components of vectors 


x(t) : = [x1(2), (9. ....,(] . 


f(t, x) x [ i(t, Xl X2., xy). h(t, X1,X2, 5. ., Xm) ERE xis Xp»... T1 , 
then (12) can be expressed in the much neater form 


(13) Xn+1 = Xn T hf(t,, x,) A 


Use the vectorized Euler method with step size h = 0.1 to find an approximation for the solu- 
tion to the initial value problem 


14) y(t) + 4y'"(t) + 3y() = 0;  y(0215, y(0-2-25, 


on the interval [0, 1]. 


For the given step size, the method will yield approximations for y(0.1), y(0.2), . . . , y(1.0). To 
apply the vectorized Euler method to (14), we first convert it to normal form. Setting x, = y 
and x, = y', we obtain the system 


Xj! = Xp: (OH 15, 
(18) 1 2: 1 
Xo! = —4x, — 3x;  x(0)2-25. 
Comparing (15) with (1) we see that f,(t, xj, x2) = x; and f(t, xy, x) = —4x — 3x]. 
With the starting values of tọ = 0, x1; = 1.5, and xo9 = —2.5, we compute 


1(0.1) = x11 = xig + Axo9 = 1.5 + 0.1(-2.5) = 1.25 , 


(0.1) = x21 = xag + h(—4x0.9 — 3x19) = —2.5 + 01[-4(-72.5) — 3-1.5] = -1.95 ; 


(0.2) = x12 = xi + Axo = 1.25 + 0.1(-1.95) = 1.055 , 


(0.2) = x35 = X24  h(—4x54 — 3x14) = —1.95 + 0.1] -4(—1.95) - 3-125] = —1.545 . 


Continuing the algorithm we compute the remaining values. These are listed in Table 5.1 
on page 256, along with the exact values calculated via the methods of Chapter 4. Note that the 
X5, n column gives approximations to y'(f), since x(t) = y'(). è 
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Example 3 


Solution 


Approximations of the Solution to (14) in Example 2 


t — n(0.1) Xin y Exact Xin y’ Exact 
0 1.5 1.5 gs —2.5 
0.1 1:25 1.275246528 21:95 —2.016064749 
0.2 1.055 1.093136571 —1.545 —1.641948207 
0.3 0.9005 0.944103051 — 1.2435 —1.35067271 
0.4 0.77615 0.820917152 —1.01625 —1.122111364 
0.5 0.674525 0.71809574 —0.842595 —0.9412259 
0.6 0.5902655 0.63146108 —0.7079145 —0.796759968 
0.7 0.51947405 0.557813518 —0.60182835 —0.680269946 
0.8 0.459291215 0.494687941 —(0.516939225 —0.585405894 
0.9 0.407597293 0.440172416 —0.4479509 —0.507377929 
1 0.362802203 0.392772975 —0.391049727 —0.442560044 


Euler’s method is modestly accurate for this problem with a step size of h = 0.1. The next 
example demonstrates the effects of using a sequence of smaller values of h to improve the 
accuracy. 


For the initial value problem of Example 2, use Euler’s method to estimate y(1) for succes- 
sively halved step sizes h = 0.1, 0.05, 0.025, 0.0125, 0.00625. 


Using the same scheme as in Example 2, we find the following approximations, denoted by 
y(1;h) (obtained with step size A): 


h | 01 | 0.05 | 0025 | 0.0125 | 0.00625 
y(15h) | 0.36280 | 0.37787 | 0.38535 | 0.38907 | 0.39092 


[Recall that the exact value, rounded to 5 decimal places, is y(1) = 0.39277.] € 


The Runge-Kutta scheme described in Section 3.7 is easy to vectorize also; details are 
given on the following page. As would be expected, its performance is considerably more 
accurate, yielding five-decimal agreement with the exact solution for a step size of 0.05: 


h | 01 | 005 | 0.025 | 0.0125 | 0.00625 
y(1sh) | 0.39278 | 0.39277 | 0.39277 | 0.39277 | 0.39277 


As in Section 3.7, both algorithms can be coded so as to repeat the calculation of y(1) with 
a sequence of smaller step sizes until two consecutive estimates agree to within some prespeci- 
fied tolerance e. Here one should interpret “two estimates agree to within £” to mean that each 
component of the successive vector approximants [i.e., approximants to y(1) and y'(1)] should 
agree to within e. 


An Application to Population Dynamics 


A mathematical model for the population dynamics of competing species, one a predator with 
population x(t) and the other its prey with population x,(t), was developed independently in the 
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early 1900s by A. J. Lotka and V. Volterra. It assumes that there is plenty of food available for the 
prey to eat, so the birthrate of the prey should follow the Malthusian or exponential law (see Sec- 
tion 3.2); that is, the birthrate of the prey is Axı, where A is a positive constant. The death rate of 
the prey depends on the number of interactions between the predators and the prey. This is mod- 
eled by the expression Bxjx», where B is a positive constant. Therefore, the rate of change in the 
population of the prey per unit time is dx,/dt = Ax, — Bx4x;. Assuming that the predators 
depend entirely on the prey for their food, it is argued that the birthrate of the predators depends 
on the number of interactions with the prey; that is, the birthrate of predators is Dxjx», where D is 
a positive constant. The death rate of the predators is assumed to be Cx» because without food the 
population would die off at a rate proportional to the population present. Hence, the rate of 
change in the population of predators per unit time is dx./dt = — Cx; + Dx,x». Combining these 
two equations, we obtain the Volterra-Lotka system for the population dynamics of two compet- 
ing species: 


xi = Ax, — Bx4x5 , 
x4 = —Cx + Dxjxj. 


Such systems are in general not explicitly solvable. In the following example, we obtain 
an approximate solution for such a system by utilizing the vectorized form of the Runge-Kutta 


algorithm. 
For the system of two equations 


xi = filt, x1, x) , 


x3 = falt, x x2) , 


with initial conditions xı(fọ) = X10; xy(t9) = X5,» the vectorized form of the Runge-Kutta 
recursive equations (cf. (14), page 134) becomes 


farm t th (n=0,1,2,...), 


1 
(17) Xn ti = Xp + ea + 2ky + 2ky3 + kya) , 


— 1 
Xzn+1 = Xan F e. + 2k, + 2k23 + kya) , 


where A is the step size and, for i = 1 and 2, 


kia = Afte Xim Xan) > 

m ky hfi(t, + 4 Xin + Tk. Xan T 3.) 
km hfil +3, xis Mass Xan Moo). 
kam hf(t, + h, xy, + igs Xan Ioa) . 


It is important to note that both k; and kj, must be computed before either kı 5 or kz 9. 
Similarly, both kı 2 and ky are needed to compute kı 4 and &;5, etc. In Appendix F, program 
outlines are given for applying the method to graph approximate solutions over a specified 
interval [ to, ty | or to obtain approximations of the solutions at a specified point to within a 
desired tolerance. 
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Example 4 Use the classical fourth-order Runge-Kutta algorithm for systems to approximate the solution 
of the initial value problem 


(19) xi 5 2x1 2319 3 x, (0) : , 


X3 = XQ T Xj x2(0) 


at ¢ = 1. Starting with h = 1, continue halving the step size until two successive approxima- 
tions of xı (1) and of x2(1) differ by at most 0.0001. 


Solution Here filt, x1, x2) = 2x, — 2xqx; and f(t, xi, x2) = xix — x. With the inputs fj = 0, 
X1:0 = 1, X2.9 = 3, we proceed with the algorithm to compute xj (1; 1) and x,(1; 1), the approxi- 
mations to x;(1), x2(1) using h = 1. We find from the formulas in (18) that 

ky, = h(2xio — 2xiox29) = 2(1) - 2(1)(3) = —4 , 
ko = h(xioxa;o X3) =(1)3)-3=0, 

[ 1 1 1 
ki2 = h| 2(x1.0 + 3k) x: 2(x1.0 + 3k) (x29 a žk) | 


= 2[1 + X 4)] 2[1 + X 4)][3 + 30] 


= —2 + 2(3)= 4, 
kono = a| ag RE Zkia) lios + 1i) = bens T 155.) | 


=[1+4(-4)][3 +o] - [3 + 40 


and similarly we compute 
hs = h[2(xr0 + 25) — 26 + 385) (2o + 2&3)] = 6 . 


hg = a| (io + Zkia) (xao + +k) E [xg ia 1555) | =O: 


kya = hl 2(x1.9 + kis) 7 2639 + kia)(xz0 + k23)] = 28 , 


k24 = Al (x10 i ky 3)(x2,0 + ks) — (x20 + ko3) | — —]18. 


Inserting these values into formula (17), we get 


1 
Xj = Xpo + gk + 2k15 + 2k + kya) 


=1+2(-4+8+412-28)=-1, 


1 
X24 = Xo + s. + 2k22 + 2ky3 + koa) , 
=3+2(0- 12+0+18)=4, 


as the respective approximations to x;(1) and x;(1). 
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Repeating the algorithm with h = 1/2 (N = 2) we obtain the approximations x;(1; 27!) 
and x(1; 27!) for x,(1) and x2(1). In Table 5.2, we list the approximations x;(1; 2^") and 
xə(1; 27") for x,(1) and x2(1) using step size h = 2^" for m = 0, 1, 2, 3, and 4. We stopped at 
m — 4, since both 


|x,(1; 273) — x,(1; 274)| = 0.00006 < 0.0001 


and 


|xo(1; 273) — x(1; 27*)| = 0.00001 < 0.0001 . 


Hence, x;(1) ~ 0.07735 and x2(1) ~ 1.46445, with tolerance 0.0001. € 


Wia Approximations of the Solution to System (19) 
in Example 4 


m h x4(1; h) x2(1; h) 
0 1.0 —1.0 4.0 

1 0.5 0.14662 1.47356 
2 0.25 0.07885 1.46469 
3 0.125 0.07741 1.46446 
4 0.0625 0.07735 1.46445 


To get a better feel for the solution to system (19), we have graphed in Figure 5.6 an 
approximation of the solution for 0 = f = 12, using linear interpolation to connect the vector- 
ized Runge-Kutta approximants for the points t = 0, 0.125, 0.25, . . . , 12.0 (e., with 
h = 0.125). From the graph it appears that the components x, and x, are periodic in the variable t. 
Phase plane analysis is used in Section 5.5 to show that, indeed, Volterra-Lotka equations have 
periodic solutions. 


— — —— — — — ——— +++ 
0 1 2 3 4 5 6 7 8 9 10 11 12 


>t 


Figure 5.6 Graphs of the components of an approximate solution to the Volterra—Lotka system (17) 
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ZESA å O 0 8 1 


In Problems 1—7, convert the given initial value problem 
into an initial value problem for a system in normal form. 


1. y"(r + ty'() - (09 à ; 
023, y(0-2- 
2. y" (t) = cos(t — y) + y(t) ; 


y'—-x*y =-1; y(3-1, »y(3--1 
[Hint: Setx 5x, x7x' , x47y, x47y'.] 
6. 3x"+5x-2y 20; x(0)=-1, »x(020, 
4y"*2y-6x-0; (0-21, y(0-2 
7. x" —y — tj x(0) x (0) = x"(0) 4, 
2x" + 5y" —2y-1; y(0)=y'(0) =1 


8. Sturm-Liouville Form. A second-order equation 
is said to be in Sturm-Liouville form if it is 
expressed as 


[p()y'(0]'  «(0»(n = 0 . 
Show that the substitutions x, = y, x? = py’ result 
in the normal form 


xi = xMp , 

x) —qx. 
If y(0) = a and y'(0) = b are the initial values for the 
Sturm-Liouville problem, what are x, (0) and x>(0)? 


9. [n Section 3.6, we discussed the improved Euler's 
method for approximating the solution to a first- 
order equation. Extend this method to normal sys- 
tems and give the recursive formulas for solving the 
initial value problem. 


In Problems 10—13, use the vectorized Euler method with 
h — 0.25 to find an approximation for the solution to the 
given initial value problem on the specified interval. 


10. y" + ty +y=0; 
y0)=1,  y(0-0 on[0,1] 


11. (1 H Dy" Fy 
y(0) =1, 
12. Dy" +y=t+2; 
x11,  y()-2-1 on[12] 


y(0) 20, y'(0) = 1 on [0,1] 
(Can you guess the solution?) 


In Problems 14-24, you will need a computer and a pro- 
grammed version of the vectorized classical fourth-order 
Runge-Kutta algorithm. (At the instructor’s discretion, 
other algorithms may be used.) 


14. Using the vectorized Runge-Kutta algorithm with 
h — 0.5, approximate the solution to the initial value 


problem 
3y" — 5ty’ + 5y —0 ; 
; 2 
Hysi: yes 


at t — 8. Compare this approximation to the actual 
solution y(t) = ph — +. 


15. Using the vectorized Runge-Kutta algorithm, ap- 

proximate the solution to the initial value problem 
39-1, yg 
at f = 1. Starting with h = 1, continue halving the 
step size until two successive approximations [of 
both y(1) and y'(1)] differ by at most 0.01. 


y'-Pcy 


16. Using the vectorized Runge-Kutta algorithm for 
systems with h = 0.125, approximate the solution to 
the initial value problem 


x'—-2x—y; x(0) =0, 

y -3x*6y; y(0--2 
at t = 1. Compare this approximation to the actual 
solution 

x(t) = e? — e” , y(t) = e* — 92", 


17. Using the vectorized Runge-Kutta algorithm, ap- 
proximate the solution to the initial value problem 


du — o _ 
mm 3u — 4v ; u(0)— 1, 
dv _ 7 2 
Pim 2u — 3v ; v(0) = 1 


*An applet, maintained on the Web at http://alamos.math.arizona.edu/~rychlik/JOde/index.html, automates most of 
the differential equation algorithms discussed in this book. 


18. 


19. 


20. 
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at x = 1. Starting with h = 1, continue halving the 
step size until two successive approximations of 
u(1) and v(1) differ by at most 0.001. 


Combat Model. A simplified mathematical model 
for conventional versus guerrilla combat is given by 
the system 


where x, and x; are the strengths of guerrilla and 
conventional troops, respectively, and 0.1 and 1 are 
the combat effectiveness coefficients. Who will win 
the conflict: the conventional troops or the guerril- 
las? [Hint: Use the vectorized Runge-Kutta algo- 
rithm for systems with A — 0.1 to approximate the 
solutions.] 


Predator-Prey Model. The Volterra-Lotka predator— 
prey model predicts some rather interesting behavior 
that is evident in certain biological systems. For 
example, suppose you fix the initial population of 
prey but increase the initial population of predators. 
Then the population cycle for the prey becomes 
more severe in the sense that there is a long period of 
time with a reduced population of prey followed by 
a short period when the population of prey is very 
large. To demonstrate this behavior, use the vector- 
ized Runge-Kutta algorithm for systems with h = 
0.5 to approximate the populations of prey x and of 
predators y over the period [0, 5] that satisfy the 
Volterra-Lotka system 


under each of the following initial conditions: 
(a) x(0) 22, (024. 
(b) x(0)=2, y(0)=5. 
(0) x(0 22, y(027. 


In Group Project C of Chapter 4, it was shown that 
the simple pendulum equation 


0"(t) + sin a(t) = 0 


has periodic solutions when the initial displacement 
and velocity are small. Show that the period of the 
solution may depend on the initial conditions by 
using the vectorized Runge-Kutta algorithm with 


21. 


22. 


23. 


24. 


h — 0.02 to approximate the solutions to the 
simple pendulum problem on [0, 4] for the 
initial conditions: 


(a) 0(0 20.11,  60'(0-20. 
(b 6(0-—0.5, a(O)=0. 
(0 0(0-— 10,  90'(0-20. 


[Hint: Approximate the length of time it takes 
to reach —6(0).] 


Fluid Ejection. In the design of a sewage 
treatment plant, the following equation arises:' 


60 — H = (77.7)H" + (19.42)(H')? ; 
H(0) = H'(0) =0, 


where H is the level of the fluid in an ejection 
chamber and f is the time in seconds. Use the 
vectorized Runge-Kutta algorithm with h = 
0.5 to approximate H(t) over the interval 
[0, 5]. 

Oscillations and Nonlinear Equations. For 
the initial value problem 


x" + (0.1)(1 — x2)x' +x=0; 
x(0) = xo , x'(0)2 0, 


use the vectorized Runge-Kutta algorithm with 
h = 0.02 to illustrate that as ¢ increases from 0 
to 20, the solution x exhibits damped oscilla- 
tions when x; = 1, whereas x exhibits expand- 
ing oscillations when x; = 2.1. 


Nonlinear Spring. The Duffing equation 
y 443-9, 


where r is a constant, is a model for the vibra- 
tions of a mass attached to a nonlinear spring. 
For this model, does the period of vibration 
vary as the parameter r is varied? Does the 
period vary as the initial conditions are varied? 
[Hint: Use the vectorized Runge-Kutta algo- 
rithm with h = 0.1 to approximate the solutions 
for r = 1 and 2, with initial conditions 
y(0) = a, y'(0) = 0 for a = 1, 2, and 3.] 

Pendulum with Varying Length. A pendu- 
lum is formed by a mass m attached to the end 
of a wire that is attached to the ceiling. Assume 
that the length Z(t) of the wire varies with time 
in some predetermined fashion. If 6(t) is the 


*See Numerical Solution of Differential Equations, by William Milne (Dover, New York, 1970), p. 82. 
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angle between the pendulum and the vertical, then 
the motion of the pendulum is governed by the ini- 
tial value problem 


I*(re" (t) + 2i(o)r (1)6"( A + gl(r)e(r) = 0 ; 
6(0)= 0,  e'(0- 


where g is the acceleration due to gravity. Assume 
that 


= h + 4 cos(wt — 


I(t) 4). 


where /, is much smaller than lọ. (This might be a 
model for a person on a swing, where the pumping 
action changes the distance from the center of mass 
of the swing to the point where the swing is 
attached.) To simplify the computations, take g — 1. 
Using the Runge-Kutta algorithm with h = 0.1, 
study the motion of the pendulum when 4) = 0.5, 
0; = 0, b = 1,1, = 0.1, w = 1, and d = 0.02. In 
particular, does the pendulum ever attain an angle 
greater in absolute value than the initial angle 09? 
Does the total arc traversed during one-half of a 
swing ever exceed 1? 


In Problems 25-30, use a software package or the SUB- 
ROUTINE in Appendix F. 


25. 


26. 


27. 


Using the Runge-Kutta algorithm for systems with 
h — 0.05, approximate the solution to the initial 
value problem 
y" +y" +y =t; 
y(0)=1, i9 
atr — 1. 


Use the Runge-Kutta algorithm for systems with 
h — 0.1 to approximate the solution to the initial 
value problem 


x'—yz; x(0) 20, 

y --x; y(0) =1, 

'=—xy/2; z(0)=1, 
att — 1. 


Generalized Blasius Equation. H. Blasius, in his 
study of laminar flow of a fluid, encountered an 
equation of the form 


y" + yy" =(y'P-1. 


Use the Runge-Kutta algorithm for systems with 
h = 0.1 to approximate the solution that satisfies 


28. 


29. 


the initial conditions y(0) = 0, y'(0) = 0, and 
y"(0) = 1.32824. Sketch this solution on the inter- 
val [0, 2]. 

Lunar Orbit. The motion of a moon moving in a 
planar orbit about a planet is governed by the equations 


d?x d?y 


mx my 
dt? y" dr? p 
where r:— (x? + yp, G is the gravitational con- 


stant, and m is the mass of the moon. Assume Gm = 1. 
When x(0) = 1,x'(0) = y(0) = 0, and y'(0) = 1, 
the motion is a circular orbit of radius 1 and period 27. 

(a) Setting x, =x, x; =x, X3 = y», x47 y, 
express the governing equations as a first-order 
system in normal form. 

(b) Using h = 23/100 = 0.0628318, compute one 
orbit of this moon (i.e., do N = 100 steps?). Do 
your approximations agree with the fact that the 
orbit is a circle of radius 1? 

Competing Species. Let p;(t) denote, respectively, 
the populations of three competing species $5 i = 1, 
2, 3. Suppose these species have the same growth 
rates, and the maximum population that the habitat 
can support is the same for each species. (We 
assume it to be one unit.) Also suppose the competi- 
tive advantage that S$, has over S, is the same as that 
of S, over $3 and $3 over S;. This situation is mod- 
eled by the system 


pi = pill — pi — aps — bps) , 
p> = pY(1 — bp, — po — aps) , 
p3 = p3( ap, bp; ps) > 


where a and b are positive constants. To demonstrate 
the population dynamics of this system when a = b = 
0.5, use the Runge-Kutta algorithm for systems with 

— 0.1 to approximate the populations p; over the 
time interval [0, 10] under each of the following 
initial conditions: 


(a) p(0) = 10, p(0) 7 0.1, p3(0) = 0.1, 
(b) pi(0) = 0.1, po(0)= 10, p3(0) = 0.1, 
(© pi(0) = 0.1, p2(0)= 0.1, p3(0) = 1.0 . 


On the basis of the results of parts (a)—(c), decide 
what you think will happen to these populations as 
t> +o. 


30. Spring Pendulum. Let à mass be attached to one 
end of a spring with spring constant k and the other 
end attached to the ceiling. Let lọ be the natural 
length of the spring and let /(t) be its length at time t. 
If 0(t) is the angle between the pendulum and the 
vertical, then the motion of the spring pendulum is 
governed by the system 
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Assume g = 1, k = m = 1, and lọ = 4. When the 

system is at rest, | = lọ + mg/k = 5. 

(a) Describe the motion of the pendulum when 
(0) = 5.5, 1'(0) = 0, 6(0) = 0, and 6'(0) = 0. 

(b) When the pendulum is both stretched and given 
an angular displacement, the motion of the 
pendulum is more complicated. Using the 
Runge-Kutta algorithm for systems with h = 
0.1 to approximate the solution, sketch the 
graphs of the length / and the angular displace- 
ment 0 on the interval [0, 10] if 10) = 5.5, 
l'(0) = 0, 0(0) = 0.5, and 6'(0) = 0. 


5.4 INTRODUCTION TO THE PHASE PLANE 


In this section, we study systems of two first-order equations of the form 


& = f(x,y), 


dy 
HE 8». 


a) 


Note that the independent variable t does not appear in the right-hand terms f(x, y) and g(x, y); 
such systems are called autonomous. For example, the system that modeled the intercon- 
nected tanks problem in Section 5.1, 


bead 
X 3* * 12?» 
-- 

y 3 37> 


is autonomous. So is the Volterra—Lotka system, 

x' = Ax — Bxy , 

y = —Cy + Dxy , 
(with A, B, C, D constants), which was discussed in Example 4 of Section 5.3 as a model for 
population dynamics. 

For future reference, we note that the solutions to autonomous systems have a “time-shift 
immunity,” in the sense that if the pair x(t), y(t) solves (1), so does the time-shifted pair 
x(t + c), y(t + c) for any constant c. Specifically, if we let X(t) :— x(t + c) and ¥(t) = y(t + c), 
then by the chain rule 


Xi) = Ble + c) =F (ole + c), yl 9) = f(x). Y) . 
dY dy 


AO = m o) = gll + e.t 9) = «(x0 v0) . 


proving that X(t), Y(t) is also a solution to (1). 
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Since f does not appear explicitly in the system (1), it is certainly tempting to divide the 
two equations, invoke the chain rule 


dy — dy/dt 

dx — dx/dt’ 
and consider the single first-order differential equation 
(2) dy 2 8 (x DA ) 

dx f (x mA ) 


We will refer to (2) as the phase plane equation. In Chapters 1 and 2 we mastered several 
approaches to equations like (2): the use of direction fields to visualize the solution graphs, 
and the analytic techniques for the cases of separability, linearity, exactness, etc. 

So the form (2) certainly has advantages over (1), but it is important to maintain our 
perspective by noting these distinctions: 


(i) A solution to the original problem (1) is a pair of functions of t—namely, x(t) and 
y(r)—that satisfies (1) for all t in some interval 7. These functions can be visualized 
as a pair of graphs, as in Figure 5.7. If, in the xy-plane, we plot the points (x(t), y(t) 
as t varies over J, the resulting curve is known as the trajectory of the solution pair 
x(t), y(t), and the xy-plane is called the phase plane in this context (see Figure 5.8 on 
page 265). Note, however, that the trajectory in this plane contains less information 
than the original graphs, because the t-dependence has been suppressed. (Typically, 
though, we indicate the direction of time with an arrow on the curve.) In principle we 
can construct, point by point, the trajectory from the solution graphs, but we cannot 
reconstruct the solution graphs from the phase plane trajectory alone (because we 
would not know what value of t to assign to each point). 


(ii) Nonetheless, the slope dy/dx of a trajectory in the phase plane is given by the right- 
hand side of (2). So, in solving equation (2) we are indeed locating the trajectories of 
the system (1) in the phase plane. More precisely, we have shown that the trajectories 
satisfy equation (2), and thus lie on its solution curves. 

(iii) In Chapters 1 and 2, we regarded x as the independent variable and y as the depen- 
dent variable, in equations of the form (2). This is no longer true in the context of the 
system (1); x and y are both dependent variables on an equal footing, and r is the 
independent variable. 


Thus, it appears that a phase plane portrait may be a useful, albeit incomplete, tool for analyz- 
ing first-order autonomous systems like (1). 


x(t) yO 
A 


Figure 5.7 Solution pair for system (1) 


Example 1 
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(x(t5), y(t5)) 


(xt). y(t) 
(x(t3), y(t3)) 


Figure 5.8 Phase plane trajectory of the solution pair for system (1) 


Except for the very special case of linear systems with constant coefficients that was dis- 
cussed in Section 5.2, finding all solutions to the system (1) is generally an impossible task. 
But it is relatively easy to find constant solutions; if f(xo, yo) = 0 and g(xo, yo) = 0, then the 
constant functions x(t) = x, y(t) = yo solve (1). For such solutions the following terminology 
is used. 


Critical Points and Equilibrium Solutions 


Definition 1. A point (xo, yo) where f(xo, yo) = O and g(xo, yo) = O is called a critical 
point, or equilibrium point, of the system dx/dt — f(x, y), dy/dt — g(x, y), and the 


corresponding constant solution x(t) = xo, y(t) = yo is called an equilibrium solution. 
The set of all critical points is called the critical point set. 


Notice that trajectories of equilibrium solutions consist of just single points (the equilib- 
rium points). But what can be said about the other trajectories? Can we predict any of their 
features from closer examination of the equilibrium points? To explore this we focus on the 
phase plane equation (2) and exploit its direction field (recall Section 1.3, page 15). However, 
we'll augment the direction field plot by attaching arrowheads to the line segments, indicating 
the direction of the “flow” of solutions as f increases. This is easy: When dx/dt is positive, x(t) 
increases so the trajectory flows to the right. Therefore, according to (1), all direction field seg- 
ments drawn in a region where f(x, y) is positive should point to the right [and, of course, they 
point to the left if f(x, y) is negative]. If f(x, y) is zero, we can use g(x, y) to decide if the flow 
is upward [ y(t) increases] or downward [ y(t) decreases]. [What if both f(x, y) and g(x, y) are 
zero?] 

In the examples that follow, one can use computers or calculators for generating these 
direction fields. 


Sketch the direction field in the phase plane for the system 


ea 

dt * 
(3) 4 

y 

dt 2y 


and identify its critical point. 
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Solution 


Example 2 


Solution 


y y 


i 
2E 
NY 
AP 
[|| 
an 


Figure 5.9 Direction field for Example 1 Figure 5.10 Trajectories for Example 1 


Here f(x, y) = —x and g(x, y) = —2y are both zero when x = y = 0, so (0, 0) is the critical 
point. The direction field for the phase plane equation 


dy | —2y _ 2y 
(4) Lo o 
x x x 

is given in Figure 5.9. Since dx/dt = —x in (3), trajectories in the right half-plane (where 


x > 0) flow to the left, and vice versa. From the figure we can see that all solutions “flow into” 
the critical point (0, 0). Such a critical point is called asymptotically stable.’ 9 


Remark. For this simple example, we can actually solve the system (3) explicitly; indeed, 
(3) constitutes an uncoupled pair of linear equations whose solutions are x(t) = c;e ' and 
y(t) = cse ?'. By elimination of t, we obtain the equation y = coe ?' = cy [x(t)/e,]? = cx’. 
So the trajectories lie along the parabolas y = cx’. [Alternatively, we could have separated 
variables in (4) and identified these parabolas as the phase plane solution curves.] Notice that 
each such parabola is made up of three trajectories: an incoming trajectory approaching 
the origin in the right half-plane; its mirror-image trajectory approaching the origin in the 
left half-plane; and the origin itself, an equilibrium point. Sample trajectories are indicated 
in Figure 5.10. 


Sketch the direction field in the phase plane for the system 


er 

dt > 
(5) 

ty 

a> 


and describe the behavior of solutions near the critical point (0, 0). 


This example is almost identical to the previous one; in fact, one could say we have merely 
“reversed time” in (3). The direction field segments for 

dy _ 2y 
(6) dx x 
are the same as those of (4), but the direction arrows are reversed. Now all solutions flow away 
from the critical point (0, 0); the equilibrium is unstable. 


‘See Section 12.3 for a rigorous exposition of stability and critical points. All references to Chapters 11—13 refer to the 
expanded text Fundamentals of Differential Equations and Boundary Value Problems, 6th ed. 
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Figure 5.11 Direction field and trajectories for Example 3 


For the system (7) below, find the critical points, sketch the direction field in the phase 
plane, and predict the asymptotic nature (i.e., behavior as t — +00) of the solution starting 
atx = 2, y = 0 when t = O. 


dx _ a u 
m q X 3y—2, 

oe ee TE 

do E y ; 


The only critical point is the solution of the simultaneous equations f(x, y) = g(x, y) = 0: 
5x9 — 3yo —-2=0, 
4x9 — 3yg9— 1-0, 

from which we find xy = yọ = 1. The direction field for the phase plane equation 
dy 4x-3y-1 


0» dx  5x—3y -2 


(8) 


is shown in Figure 5.11, with some trajectories rough-sketched in by hand. Note that solutions 
flow to the right for 5x — 3y — 2 > 0, i.e., for all points below the line 5x — 3y — 2 = 0. 

The phase plane solution curve passing through (2, 0) in Figure 5.11 apparently extends to 
infinity. Does this imply the corresponding system solution x(t), y(t) also approaches infinity in the 
sense that |x(t)| + |y(t)| — +00 as t — +00, or could its trajectory "stall" at some point along 
the phase plane solution curve, or possibly even “backtrack”? It cannot backtrack, because the 
direction arrows along the trajectory point, unambiguously, to the right. And if (x(t), x) stalls at 
some point (x), y;), then intuitively we would conclude that (x,, y;) was an equilibrium point 
(since the “speeds” dx/dt and dy/dt would approach zero there). But we have already found the 
only critical point. So we conclude, with a high degree of confidence," that the system solution 
does indeed go to infinity. 


"The phase plane solution curves could be obtained analytically by solving equation (9) using the methods of Section 2.6. 


‘i These informal arguments are made more rigorous in Chapter 12. All references to Chapters 11-13 refer to the 
expanded text Fundamentals of Differential Equations and Boundary Value Problems, 6th edition. 
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The critical point (1, 1) is unstable because, although many solutions get arbitrarily close 
to (1, 1), most of them eventually flow away. Solutions that lie on the line y — 2x — 1, how- 
ever, do converge to (1, 1). Such an equilibrium is an example of a saddle point. @ 


In the preceding example, we informally argued that if a trajectory "stalls"—that is, if it 


has an endpoint—then this endpoint would have to be a critical point. This is more carefully 
stated in the following theorem, whose proof is outlined in Problem 30. 


Endpoints Are Critical Points 


Theorem 1. Let the pair x(t), y(t) be a solution on [0, +00) to the autonomous system 
dx/dt — f(x, y), dy/dt — g(x, y), where f and g are continuous in the plane. If the limits 


y* = Jim x(t) and yes im. y(t) 


exist and are finite, then the point (x*, y*) is a critical point for the system. 


Some typical trajectory configurations near critical points are displayed and classified in 
Figure 5.12. These phase plane portraits arise from the systems listed in Problem 29, and can 
be generated by software packages having trajectory-sketching options’. A more complete dis- 
cussion of the nature of various types of equilibrium solutions and their stability is deferred to 


y y 


Node Spiral Saddle 
(asymptotically stable) (unstable) (unstable) 
y y y 
Center Spiral Node 
(stable) (asymptotically stable) (unstable) 


Figure 5.12 Examples of different trajectory behaviors near critical point at origin 


tAn applet, maintained on the Web at http://alamos.math.arizona.edu/~rychlik/JOde/index.html, automates most of 
the differential equation algorithms discussed in this book. 


Example 4 


Solution 
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Chapter 12." For the moment, however, notice that unstable critical points are distinguished by 
"runaway" trajectories emanating from arbitrarily nearby points, while stable equilibria “trap” 
all neighboring trajectories. The asymptotically stable critical points attract their neighboring 
trajectories as t — +00. 

Historically, the phase plane was introduced to facilitate the analysis of mechanical 
systems governed by Newton's second law, force equals mass times acceleration. An 
autonomous mechanical system arises when this force is independent of time and can be mod- 
eled by a second-order equation of the form 


a9  y'-2f(»y). 


As we have seen in Section 5.3, this equation can be converted to a normal first-order system 
by introducing the velocity v — dy/dt and writing 


dy 

CAST 
(11) dt 

dv _ 

Wu f(y, v) 


Thus, we can analyze the behavior of an autonomous mechanical system by studying its phase 
plane diagram in the yv-plane. Notice that with v as the vertical axis, trajectories 50. vn) 
flow to the right in the upper half-plane (where v > 0), and to the left in the lower half-plane. 


Sketch the direction field in the phase plane for the first-order system corresponding to the 
unforced, undamped mass-spring oscillator described in Section 4.1 (Figure 4.1, page 153). 
Sketch several trajectories and interpret them physically. 


The equation derived in Section 4.1 for this oscillator is my" + ky = 0 or, equivalently, 


y" = —ky/m. Hence, the system (11) takes the form 
y =v, 
D) = by 
v — ——, 
m 


The critical point is at the origin y = v = 0. The direction field in Figure 5.13 on page 270 indi- 
cates that the trajectories appear to be either closed curves (ellipses?) or spirals that encircle the 
critical point. 

We saw in Section 4.9 that the undamped oscillator motions are periodic; they cycle 
repeatedly through the same sets of points, with the same velocities. Their trajectories in the 
phase plane, then, must be closed curves.’* Let's confirm this mathematically by solving the 
phase plane equation 


3 ==-—. 


Equation (13) is separable, and we find 
7 ky v 3 k y? 
vdv = — a dy or d 217 x^ 2]^ 


" AII references to Chapters 11—13 refer to the expanded text Fundamentals of Differential Equations and Boundary 
Value Problems, 6th edition. 

'*By the same reasoning, underdamped oscillations would correspond to spiral trajectories asymptotically approach- 
ing the origin as t — +00. 
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Figure 5.13 Direction field for Example 4 


so its solutions are the ellipses v?/2 + ky?/2m = C as shown in Figure 5.14. The solutions of 
(12) are confined to these ellipses and hence flow neither toward nor away from the equilib- 
rium solution. The critical point is thus identified as a center in Figure 5.12 on page 268. 

Furthermore, the system solutions must continually circulate around the ellipses, since 
there are no critical points to stop them. This confirms that all solutions are periodic. 9 


Remark. More generally, we argue that if a solution to an autonomous system like (1) passes 
through a point in the phase plane twice and if it is sufficiently well behaved to satisfy a uniqueness 
theorem, then the second “tour” satisfies the same initial conditions as the first tour and so must 
replicate it. In other words, closed trajectories containing no critical points correspond to periodic 


solutions. 


»- 


Figure 5.14 Trajectories for Example 4 


Example 5 


Solution 
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Through these examples we have seen how, by studying the phase plane, one can often 
anticipate some of the features (boundedness, periodicity, etc.) of solutions of autonomous 
systems without solving them explicitly. Much of this information can be predicted simply 
from the critical points and the direction field (oriented by arrowheads), which are obtainable 
through standard software packages. The final example ties together several of these ideas. 


Find the critical points and solve the phase plane equation (2) for 
dx 
mq 7930-235 

(14) 


What is the asymptotic behavior of the solutions starting from (3, 0), (5, 0), and (2, 3)? 


To find the critical points, we solve the system 
—y(y-2)=0, ((-2(»-2)-0. 


One family of solutions to this system is given by y — 2 with x arbitrary; that is, the line y — 2. 
If y # 2, then the system simplifies to —y = 0, and x — 2 = 0, which has the solution x = 2, 
y — 0. Hence, the critical point set consists of the isolated point (2, 0) and the horizontal line 
y = 2. The corresponding equilibrium solutions are x(t) = 2, y(t) = 0, and the family x(t) = c, 
y(t) = 2, where c is an arbitrary constant. 

The trajectories in the phase plane satisfy the equation 


dy (x-2(y-2) x-2 
15 = = 
me xu —y(y - 2) y 


Solving (15) by separating variables, 
ydy = —(x — 2)dx Or yt(x-2P=C, 


demonstrates that the trajectories lie on concentric circles centered at (2, 0). See Figure 5.15. 


(2-5, 2) 


Figure 5.15 Phase plane diagram for Example 5 
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Next we analyze the flow along each trajectory. From the equation dx/dt — —y(y — 2), we 
see that x is decreasing when y > 2. This means the flow is from right to left along the arc of a circle 
that lies above the line y = 2. For 0 < y < 2, we have dx/dt > 0, so in this region the flow is from 
left to right. Furthermore, for y « 0, we have dx/dt < 0, and again the flow is from right to left. 

We now observe in Figure 5.15 that there are four types of trajectories associated with sys- 
tem (14): (a) those that begin above the line y — 2 and follow the arc of a circle counterclock- 
wise back to that line; (b) those that begin below the line y — 2 and follow the arc of a circle 
clockwise back to that line; (c) those that continually move clockwise around a circle centered 
at (2, 0) with radius less than 2 (i.e., they do not intersect the line y — 2); and finally, (d) the 
critical points (2, 0) and y — 2, x arbitrary. 

The solution starting at (3,0) lies on a circle with no critical points; therefore, it is a 
periodic solution, and the critical point (2, 0) is a center. But the circle containing the solutions 


starting at (5, 0) and at (2, 3) has critical points at (2 = V5, 2) and (2 + V5, 2 The direction 


arrows indicate that both solutions approach (2 = V5, 2) asymptotically (as t — +00). They 
lie on the same circle (or phase plane solution curve), but they are quite different trajectories. 9 


Note that for the system (14) the critical points on the line y — 2 are not isolated, so they 
do not fit into any of the categories depicted in Figure 5.12. Observe also that all solutions of 
this system are bounded, since they are confined to circles. 


ZESA å O 


In Problems 1 and 2, verify that the pair x(t), y(t) is a In Problems 7-9, solve the phase plane equation (2), 


solution to the given system. Sketch the trajectory of the page 264, for the given system. 
iven solution in the phase plane. 
P E P gu YT. E LIE HE 
1 dx _ aa dy _ dt dt 
a P uS dy. dy 0-2 
x(t) = et . y(t) =e! dt e a x Xy 
dx dy 5 dx _ 
2. 7 > a M 2. 2 X, 
x(t)=t+1, y(t) = 2 + 32? 3t dy. 
— =e +y 
dt 
In Problems 3—6, find the critical point set for the given 10. Find all the critical points of the system 
system. 
d dx d Ll] 
x j = > 
3.57 a 4 —=y-l, dt 
dt dt dy 
dy , j dy df =X), 
a yo l VE EM IE. 
and the xy-phase plane solution curves. Thereby 
dx _ 9 dx 9 : i 
5. a 2xy , 6. d 3) 3y +2, prove that there are two trajectories that are gen- 
uine semicircles. What are the endpoints of the 
ae = 3xy — y? LN (x — 1)( 2) semicircles? 
dt cei: dt E 


25. 


Section 5.4 Introduction to the Phase Plane 


273 


In Problems 11-14, solve the phase plane equation for 26. Using software, sketch the direction field in the 


the given system. Then sketch by hand several represen- 
tative trajectories (with their flow arrows). 


i. Z=, 12, Č = gy, 
2 2n 2 = igr 

13, Ë= (y - 3(y- 0), 14. =e 
Zek- 2-2 


In Problems 15-18, find all critical points for the given 


system. Then use a software package to sketch the direc- 
tion field in the phase plane and from this describe the sta- 
bility of the critical points (i.e., compare with Figure 5.12). 

dx 


15. **»t*3,. 16.7, = x t2y, 
E NN. 
dt BOE db X Ð 
dx _ dx _ NEIN 
17. g tW. 18. gC x—2y), 
dy 
d^ co» q n9 cu) 


In Problems 19-24, convert the given second-order 


equation into a first-order system by setting v = y'. Then 
find all the critical points in the yv-plane. Finally, sketch 
(by hand or software) the direction fields, and describe 
the stability of the critical points (i.e., compare with Fig- 
ure 5.12). 


d?y d?y 
ae daa Aa Le Rr in 
d?y d?y 
2Luitxtyc- 2.75 +y=0 
23. y"(t) + y(t) - yt = 0 
24. y" (r) + y(t) — y(t? = 0 


Using software, sketch the direction field in the 
phase plane for the system 

dx/dt = y , 

dy/dt = x + x° . 
From the sketch, conjecture whether the solution 
passing through each given point is periodic: 
(a) (0.25, 0.25) (b) (2, 2) (c) (1, 0) 


27. 


28. 


29. 


phase plane for the system 
dx/dt = y , 
dy/dt = =x — x° . 


From the sketch, conjecture whether all solutions of 
this system are bounded. Solve the phase plane equa- 
tion and confirm your conjecture. 


Using software, sketch the direction field in the 
phase plane for the system 


dx/dt =—-2x+y, 
dy/dt = —5x — 4y . 


From the sketch, predict the asymptotic limit (as 
t — oo) of the solution starting at (1, 1). 


Figure 5.16 displays some trajectories for the system 
dx/dt — y , 
dy/dt = x + x. 


What types of critical points (compare Figure 5.12) 
occur at (0, 0) and (1, 0)? 


Figure 5.16 Phase plane for Problem 28 


The phase plane diagrams depicted in Figure 5.12 
were derived from the following systems. Use any 
method (except software) to match the systems to 
the graphs. 


(a) dx/dt =x , (b) dx/dt = y/2 , 
dy/dt = 3y dy/dt = —2x 

(c) dx/dt = —5x + 2y , (d) dx/dt = 2x — y , 
dy/dt = x — 4y dy/dt = x + 2y 

(e) dx/dt = 5x — 3y , (f) dx/dt = —y , 
dy/dt = 4x — 3y dy/dt = x — y 
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31. 


32. 


33. 
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A proof of Theorem 1, page 268, is outlined below. 
The goal is to show that f(x*, y*) = g(x*, y*) = 0. 
Justify each step. 

(a) From the given hypotheses, deduce that 
Him, +00" (t) = f(x*, y*) and lim, +o)" (t) = 
g(x*, y*). 

(b) Suppose f(x*, y*) > 0. Then, by continuity, 
x' (t) > f(x*, y*)/2 for all large t (say, fort = T). 
Deduce from this that x(t) > tf(x*, y*)/2 + C 
for t > T, where C is some constant. 

(c) Conclude from part (b) that lim, weer) = +00, 
contradicting the fact that this limit is the finite 
number x*. Thus, f(x*, y*) cannot be positive. 

(d) Argue similarly that the supposition that 
f (x*, y*) < 0 also leads to a contradiction; hence, 
f (x*, y*) must be zero. 

(e) In the same manner, argue that g(x*, y*) must 
be zero. 

Therefore, f(x*, y*) = g(x*, y*) = 0, and (x*, y*) 

is a critical point. 


Phase plane analysis provides a quick derivation of the 
energy integral lemma of Section 4.8 (page 204). By 
completing the following steps, prove that solutions of 
equations of the special form y" — f( y) satisfy 


i0? — F(y) = constant , 


where F( y) is an antiderivative of f(y). 

(a) Set v — y' and write y" — f(y) as an equiva- 
lent first-order system. 

(b) Show that the solutions to the yv-phase plane 
equation for the system in part (a) satisfy 
v^/2 = F(y) + K. Replacing v by y' then com- 
pletes the proof. 


Use the result of Problem 31 to prove that all solu- 
tions to the equation 

y" ES y? =0 
remain bounded. [Hint: Argue that y^/4 is bounded 
above by the constant appearing in Problem 31.] 


A Problem of Current Interest. The motion of an 


iron bar attracted by the magnetic field produced by _ 


A 
wire 
A 
l 
Xo ! À 
>< > 
L» 


Figure 5.17 Bar restrained by springs 
and attracted by a parallel current 


where the constants x9 and A are, respectively, the 

distances from the bar to the wall and to the wire when 

the bar is at equilibrium (rest) with the current off. 

(a) Setting v — dx/dt, convert the second-order 
equation to an equivalent first-order system. 

(b) Solve the phase plane equation for the system in 
part (a) and thereby show that its solutions are 
given by 


v--Vc-x3-2wm(A-»x, 


where C is a constant. 

(c) Show that if A < 2 there are no critical points in 
the xv-phase plane, whereas if A > 2 there are 
two critical points. For the latter case, determine 
these critical points. 


(d) Physically, the case A < 2 corresponds to a 


current so high that the magnetic attraction 
completely overpowers the spring. To gain 
insight into this, use software to plot the phase 
plane diagrams for the system when A — 1 and 
when A = 3. 

(e) From your phase plane diagrams in part (d), 
describe the possible motions of the bar when 
A = 1 and when A = 3, under various initial 
conditions. 


a parallel current wire and restrained by springs (see (934. Falling Object. The motion of an object moving 


Figure 5.17) is governed by the equation 


2 
dx. x 4 l , for 


X 5S S A 


vertically through the air is governed by the equation 
dy | g dy|dy 
dt? 55 V dtl dt 


, 


35. 


where y is the upward vertical displacement and V is a 
constant called the terminal speed. Take g — 32 ft/sec? 
and V — 50 ft/sec. Sketch trajectories in the yv-phase 
plane for —100=y= 100, —100 =v <= 100, 
starting from y = 0 and v = —75, —50, —25, 0, 25, 
50, and 75 ft/sec. Interpret the trajectories physi- 
cally; why is V called the terminal speed? 


Sticky Friction. An alternative for the damping 
friction model F — —by' discussed in Section 4.1 is 
the "sticky friction" model. For a mass sliding on a 
surface as depicted in Figure 5.18, the contact friction 
is more complicated than simply —by'. We observe, 
for example, that even if the mass is displaced slightly 
off the equilibrium location y — 0, it may nonetheless 
remain stationary due to the fact that the spring force 
—ky is insufficient to break the static friction’s grip. If 
the maximum force that the friction can exert is 
denoted by u, then a feasible model is given by 


ky , if |ky| < u 
and y'-0, 
Friction —1" sign( y) , if |ky| = Hu 
and y'-0, 
—psign(y’) , ify’ #0. 
y=0 
l 
i 
oOo — 
k l 
i 
1 


Friction 


Figure 5.18 Mass-spring system with friction 


(The function sign(s) is +1 when s > 0, —1 when 
s < 0, and 0 when s = 0.) The motion is governed 
by the equation 


d?y 
(16) m 7 = —ky + Friction - 
dt 
Thus, if the mass is at rest, friction balances the 
spring force if |y| < j/k but simply opposes it with 
intensity wz if |y| = m/k. If the mass is moving, fric- 
tion opposes the velocity with the same intensity u. 
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36. 
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(a) Taking m = u = k = 1, convert (16) into the 
first-order system 


y 5v, 
0, ifly| < 1 
(17) and v=0, 
v = į —y + sign(y) , if|y| =1 
and v=0O, 
—y- sign()), ifv#0. 


(b) Form the phase plane equation for (17) when 

v # 0 and solve it to derive the solutions 
vt+(yt1P=c, 

where the plus sign prevails for v > O and the 

minus sign forv < 0. 

(c) Identify the trajectories in the phase plane as 
two families of concentric semicircles. What is 
the center of the semicircles in the upper half- 
plane? The lower half-plane? 

(d) What are the critical points for (17)? 

(e) Sketch the trajectory in the phase plane of the 
mass released from rest at y = 7.5. At what 
value for y does the mass come to rest? 


Rigid Body Nutation. Euler’s equations describe 
the motion of the principal-axis components of the 
angular velocity of a freely rotating rigid body (such 
as a space station), as seen by an observer rotating 
with the body (the astronauts, for example). This 
motion is called nutation. If the angular velocity 
components are denoted by x, y, and z, then an 
example of Euler’s equations is the three-dimensional 
autonomous system 


dx/dt = yz , 
dy/dt = —2xz , 
dz/dt = xy . 


The trajectory of a solution x(t), y(t), z(t) to these 

equations is the curve generated by the points 

(x(t), y(t), 2(2)) in xyz-phase space as f varies over an 

interval Z. 

(a) Show that each trajectory of this system lies 
on the surface of a (possibly degenerate) 
sphere centered at the origin (0, 0, 0). [Hint: 
Compute 4 (x2 + y? + z2).] What does this say 
about the magnitude of the angular velocity 
vector? 
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(b) Find all the critical points of the system, i.e., all 

points (xo, yo, Zo) such that x(t) = xo, y(t) = yo, 

z(t) = zo is a solution. For such solutions, the 

angular velocity vector remains constant in the 

body system. 

Show that the trajectories of the system lie along 

the intersection of a sphere and an elliptic cylinder 

of the form y? + 2x? = C, for some constant C. 

[Hint: Consider the expression for dy/dx implied 

by Euler's equations.] 

(d) Using the results of parts (b) and (c), argue that the 
trajectories of this system are closed curves. What 
does this say about the corresponding solutions? 

(e) Figure 5.19 displays some typical trajectories 
for this system. Discuss the stability of the three 


(c 


< 


critical points indicated on the positive axes. Figure 5.19 Trajectories for Euler’s system 
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APPLICATIONS TO BIOMATHEMATICS: 
EPIDEMIC AND TUMOR CROWTH MODELS 


In this section we are going to survey some issues in biological systems that have been 
successfully modeled by differential equations. We begin by reviewing the population models 
described in Sections 3.2 and 5.3. 

In the Malthusian model, the rate of growth of a population p(t) is proportional to the size 
of the existing population: 

dp 

(1) 4 O 
Cells that reproduce by splitting, such as amoebae and bacteria, are obvious biological examples 
of this type of growth. Equation (1) implies that a Malthusian population grows exponentially; 
there is no mechanism for constraining the growth. In Section 3.2 we saw that certain popula- 
tions exhibit Malthusian growth over limited periods of time (as does compound interest). 

Inserting a negative growth rate, 


dp 

(2) Pie —kp , 

results in solutions that decay exponentially. Their average lifetime is 1/k, and their half-life is 
(In 2)/k (Problems 6 and 8). In animals, certain organs such as the kidney serve to cleanse the 
bloodstream of unwanted components (creatinine clearance, renal clearance), and their con- 
centrations diminish exponentially. As a general rule, the body tends to dissipate ingested 
drugs in such a manner. (Of course, the most familiar physical instance of Malthusian disinte- 
gration is radioactive decay.) Note that if there are both growth and extinction processes, 
dpldt = kp — k_p and the equation in (1) still holds with k = k} — Kk... 


‘Gordon E. Moore (1929—) has observed that the number of transistors on new integrated circuits produced by the elec- 
tronics industry doubles every 24 months. Moore's law" is commonly cited by industrialists. 


Example 1 


Solution 
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When there are two-party interactions occurring in the population that decrease the growth 
rate, such as competition for resources or violent crime, the logistic model might be applicable; 
it assumes that the extinction rate is proportional to the number of possible pairs in the popula- 
tion, p(p — 1)/2: 


dp _ píp- v ; dp _ A 
(3) di kip — ky 2 or, equivalently, d Ap(p — p). 


Rodent, bird, and plant populations exhibit logistic growth rates due to social structure, territo- 
riality, and competition for light and space, respectively. The logistic function 


PoP = 
R po + (pi — poe ®t? P P 
was shown in Section 3.2 to be the solution of (3), and typical graphs of p(t) were displayed 
there. 
In Section 5.3 we observed that the Volterra—Lotka model for two different populations, a 
predator x(t) and a prey x,(t), postulates a Malthusian growth rate for the prey and an extinc- 
tion rate governed by x4x», the number of possible pairings of one from each population, 


(4) — = Ax — Bx, 


while predators follow a Malthusian extinction rate and pairwise growth rate 


dx» 
(5) ue —Cx, + Dxjx,. 
Volterra-Lotka dynamics have been observed in blood vessel growth (predator — new capil- 
lary tips; prey = chemoattractant), fish populations, and several animal-plant interactions. 
Systems like (4)-(5) were studied in Section 5.3 with the aid of the Runge-Kutta algorithm. 
Now, armed with the insights of Section 5.4, we can further explore this model theoretically. 
First, we perform a “reality check" by proving that the populations x(t), x(t) in the 
Volterra-Lotka model never change sign. Separating (4) leads to 


1 dx dinx, 
X1 dt dt 


—A Bx; 5 


while integrating from 0 to f results in 
(6) — o) = x (Qe Pob 


and the exponential factor is always positive. Thus x(t) [and similarly x(f)] retains its initial 
sign (negative populations never arise). 


Find and interpret the critical points for the Volterra-Lotka model (4)-(5). 


The system 
em = Ax, — Bxx = «(s = 4) =0, 
dt B 

m i 


C 
ae = —Cx, + Dxyx = bol = e) = 


* One might propose that the growth rate in animal populations is due to two-party interactions as well. (Wink, wink.) 
However, in monogamous societies, the number of pairs participating in procreation is proportional to p/2, leading to 
(1). A growth rate determined by all possible pairings p(p — 1)/2 would indicate an extremely utopian social order. 
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Figure 5.20 Typical direction field diagram for the Volterra—Lotka system 


has the trivial solution x(t) = x,(f) = 0, with an obvious interpretation in terms of populations. 
If all four coefficients A, B, C, and D are positive, there is also the more interesting solution 


D D=. noO=s. 


B 


At these population levels, the growth and extinction rates for each species cancel. The 
direction field diagram in Figure 5.20 for the phase plane equation 

dx,  —Cx;t Dx  x;—-C + Dx 

dx, Ax, — Bx,xy X, A — Bx; 


(9) 


suggests that this equilibrium is a center (compare Figure 5.12) with closed (periodic) neigh- 
boring trajectories, in accordance with the simulations in Section 5.3. However it is conceiv- 
able that some spiral trajectories might snake through the field pattern and approach the critical 
point asymptotically. A rather tricky argument in Problem 4 demonstrates that this is not the 
case. 9 


The SIR Epidemic Model. The SIR! model for an epidemic addresses the spread of diseases 
that are only contracted by contact with an infected individual; its victims, once recovered, are 
immune to further infection and are themselves noninfectious. So the members of a population 
of size N fall into three classes: 


S(t) = the number of susceptible individuals—that is, those who have not been 
infected; s :— S/N is the fraction of susceptibles. 


I(t) = the number of individuals who are currently infected, comprising a fraction 
i :— I/N of the population. 


R(t) = the number of individuals who have recovered from infection, comprising the 
fraction r :— R/N. 


"Introduced by W. O. Kermack and A. G. McKendrick in “A Contribution to the Mathematical Theory of Epidemics,” 
Proc. Royal Soc. London, Vol. A115 (1927): 700-721. 
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The classic SIR epidemic model assumes that on the average, an infectious individual 
encounters a people per unit time (usually per week). Thus, a total of al people per week are 
contacted by infectees, but only a fraction s — S/N of them are susceptible. So the susceptible 
population diminishes at a rate 

dS — 


(10) qi —sal or (dividing by N) 


(11) —asi . 


ds _ 
dt | 
The parameter a is crucial in disease control. Crowded conditions, or high a, make it difficult 
to combat the spread of infection. Ideally, we would quarantine the infectees (low a) to fight 
the epidemic. 

The infected population is (obviously) increased whenever a susceptible individual is 
infected. Additionally, infectees recover in a Malthusian-disintegrative manner over an average 
time of, say, 1/k weeks [recall (1)], so the infected population changes at a rate 


a. sal — kl = a(s e); or 

dt a 

di _ _k), 
(13) a a(s J ; 


And, of course, the population of recovered individuals increases whenever an infectee is healed: 


(12) 


dR — a? 
(14) di = kl or di ki. 


With the SIR model, the total population count remains unchanged: 


d(S + 1+ R) 
——M 7c + sal — K+ = 0. 


Thus, any fatalities are tallied in the “recovered/noninfectious” population R. 

Interestingly, equations (11) and (13) do not contain R or z so they are suitable for phase 
plane analysis. In fact they constitute a Volterra-Lotka system with A = 0, B = D = a, and 
C — k. Because the coefficient A is zero, the critical point structure is different from that 
discussed in Example 1. Specifically, if —asi in (11) is zero, then only —Ki remains on the right in 
(13), so (A = i(t) = 0 is necessary and sufficient for a critical point, with S unrestricted. (Physi- 
cally, this means the populations remain stable only if there are no carriers of the infection.) 

Our earlier argument has shown that if s(t) and i(t) are initially positive, they remain so. As 
a result we conclude from (11) immediately that s(t) decreases monotonically; as such, it has a 
limiting value s(co) as t > oo. Does i(t) have a limiting value also? If so, (5s(oo), i(co)} would 
be a critical point by Theorem 1 of Section 5.4, and thus i(co) = 0. 

To analyze i(t) consider the phase plane equation for (11) and (13): 

(15) Oe a 


ds —asi as 
which has solutions 


(16) i=-s+Žms+K. 
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Figure 5.21 Mortality data for Hong Kong flu, New York City 


From (16) we see that s(co) cannot be zero; otherwise the right-hand side would eventually be 
negative, contradicting i(t) > 0. Therefore, (16) demonstrates that i(f) does have a limiting 
value i(co) = —5s(oo) + (K/a)ln s(co) + K. As noted, i(co) must then be zero. 

From (13) we further conclude that if s(0) exceeds the “threshold value" k/a, the infected 
fraction i(f) will initially increase (di/dt > 0 at t = 0) before eventually dying out. The peak 
value of i(t) occurs when di/dt = 0 = a[s — (K/a)]i, i.e., when s(t) passes through the value k/a. 
In the jargon of epidemiology, this phenomenon defines an “epidemic.” You will be directed in 
Problem 10 to show that if s(0) = k/a, the infected population diminishes monotonically, and 
no epidemic develops. 


According to data issued by the Centers for Disease Control and Prevention (CDC) in Atlanta, 
Georgia, the Hong Kong flu epidemic during the winter of 1968—1969 was responsible for 
1035 deaths in New York City (population 7,900,000), according to the time chart in Figure 5.21. 
Analyze this data with the SIR model. 


Of course, we need to make some assumptions about the parameters. First of all, only a small 
percentage of people who contract Hong Kong flu perish, so let's assume that the chart reflects 
a scaled version of the infected population fraction i(t). It is known that the recovery period for 
this flu is around 5 days, or 5/7 week, so we try k — 7/5 — 1.4. And since the infectees spend 
much of their convalescence in bed, the average contact rate a is probably less than 1 person 
per day or 7 per week. The CDC estimated that the initial infected population /(0) was about 
10, so the initial data for (11), (13), and (14) are 
7,900,000 — 10 10 


0) = £20.9999987, i(0) = ————— ~ 1.2658 X 10°, r(0) 50. 
s 7,900,000 O = 7 900,000 i 


*We borrow liberally from “The SIR Model for Spread of Disease" by Duke University’s David Smith and Lang 
Moore, Journal of Online Mathematics and Its Applications, The MAA Mathematical Sciences Digital Library, 
http://mathdl.maa.org/mathDL/4/?pa— content&sa- viewDocument&nodeld —479&bodyld —612, copyright 2000, CCP 
and the authors, published December, 2001. The article contains much interesting information about this epidemic. 
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Figure 5.22 SIR simulations (a) k = 1.4, a = 2.0; (b) k = 1.4, a = 3.5; (c) k = 1.4, a = 6.0 


Numerical simulations of this system are displayed in Figure 5.22." The contact rate 
a = 3.5 per week generates an infection fraction curve that closely matches the mortality data’s 
characteristics: time of peak and duration of epidemic. 9 


A Tumor Growth Model. The observed growth of certain tumors can be explained by a 
model that is mathematically similar to the epidemic model. The total number of cells N in the 
tumor subdivides into a population P that proliferates by splitting (Malthusian growth) and a 
population Q that remains quiescent. However, the proliferating cells also can make a transi- 
tion to the quiescent state, and this occurrence is modeled as a Malthusian-like decay with a 
"rate" r(N) that increases with the overall size of the tumor: 


(17) A —- cP — r(N)P , 
dQ — 
(it) n. 


Thus the total population N increases only when the proliferating cells split, as can be seen by 
adding the equations (17) and (18): 


dN dP + Q) " 
d | d € 


(19) 


We take (17) and (19) as the system for our analysis. The phase plane equation 


dP  cP—r(N)P | í r(N) 
dN cP C 


(20) 
can be integrated, leading to a formula for P in terms of N 


(21) p=n-1{rapav+ x. 


tAn applet, maintained on the Web at http://alamos.math.arizona.edu/~rychlik/JOde/index.html, automates most of 
the differential equation algorithms discussed in this book. 

The authors wish to thank Dr. Glenn Webb of Vanderbilt University for this application. See M. Gyllenberg and G. F. 
Webb, “Quiescence as an Explanation of Gompertz Tumor Growth,” Growth, Development, and Aging, Vol. 53 (1989): 
25-55. 
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Example 3 


Solution 


AN 


Suppose the initial conditions are P(0) = 1, Q(0) = 0, and N(0) = 1 (a single proliferating 
cell). Then we can eliminate the nuisance constant K by taking the indefinite integral in (21) to 
run from 1 to N and evaluating at t = 0: 


1 
| r(N)dN + K => K=0. 
1 
Insertion of (21) with K = 0 into (19) produces a differential equation for N alone: 


N 
(22) a cN — | r(u)du . 
1 


The Gompertz law 


—bt 


Q3  Nn0-eU ro» 


has been observed experimentally for the growth of some tumors. Show that a transition rate 
r(N) of the form b(1 + In N) predicts Gompertzian growth. 


If the indicated integral of the rate r(N) is carried out, (22) becomes 


(24) N= on DN- 1)-dDNINN-N+1)=(c-—bInN)N. 
Dividing by N we obtain a linear differential equation for the function In N 
pax —binN+c 
dt 


whose solution, for the initial condition N(0) = 1, is found by the methods of Section 2.3 to be 
In M(t) = aC — gb. 


confirming (23). 9 


Problem 9 invites the reader to show that if the growth rate is modeled as r(N) — 
s(2N — 1), then the solution of (22) describes logistic growth. Typical curves for the Gompertz 
and logistic models are displayed in Figure 5.23. See also Figure 3.4 on page 97. 

Other applications of differential equations to biomathematics appear in the discussions of arti- 
ficial respiration (Project B) in Chapter 2, HIV infection (Project A) and aquaculture (Project B) in 
Chapter 3, and spread of staph infections (Project B) and growth of phytoplankton (Project F) 
in this chapter. 


AN 


(a) (b) 


Figure 5.23 (a) Gompertz and (b) logistic curves 
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EX o 8 


1. Logistic Model. In Section 3.2 we discussed the 


logistic equation 


dp _ 2 _ 
qi; APP AP” , p(0) = po , 


and its use in modeling population growth. A more 
general model might involve the equation 


Q5) M -App-Ap ,  p(-po. 
where r > 1. To see the effect of changing the param- 
eter r in (25), take p; = 3, A = 1, and pọ = 1. Then 
use a numerical scheme such as Runge-Kutta with 
h — 0.25 to approximate the solution to (25) on the 
interval 0 = t = 5 for r = 1.5, 2, and 3. What is the 
limiting population in each case? For r > 1, deter- 
mine a general formula for the limiting population. 

. Radioisotopes and Cancer Detection. A radioiso- 
tope commonly used in the detection of breast cancer 
is technetium-99m. This radionuclide is attached to a 
chemical that upon injection into a patient accumu- 
lates at cancer sites. The isotope's radiation is then 
detected and the site located, using gamma cameras or 
other tomographic devices. 

Technetium-99m decays radioactively in accor- 
dance with the equation dy/dt = —ky, with k = 
0.1155/h. The short half-life of technetium-99m has 
the advantage that its radioactivity does not endanger 
the patient. A disadvantage is that the isotope must be 
manufactured in a cyclotron. Since hospitals are not 
equipped with cyclotrons, doses of technetium-99m 
have to be ordered in advance from medical suppliers. 

Suppose a dosage of 5 millicuries (mCi) of 
technetium-99m is to be administered to a patient. 
Estimate the delivery time from production at the 
manufacturer to arrival at the hospital treatment 
room to be 24 h and calculate the amount of the 
radionuclide that the hospital must order, to be able 
to administer the proper dosage. 

. Secretion of Hormones. The secretion of hor- 
mones into the blood is often a periodic activity. If a 
hormone is secreted on a 24-h cycle, then the rate of 


change of the level of the hormone in the blood may 
be represented by the initial value problem 


dx 
dt 


= a Boos — kx , x(0) =% , 
12 
where x(f) is the amount of the hormone in the blood 
at time £f, œ is the average secretion rate, B is the 
amount of daily variation in the secretion, and k is a 
positive constant reflecting the rate at which the 
body removes the hormone from the blood. If 
a= B=1,k = 2, and x, = 10, solve for x(t). 


. Prove that the critical point (8) of the Volterra—Lotka 


system is a center; that is, the neighboring trajecto- 
ries are periodic. Hint: Observe that (9) is separable 
and show that its solutions can be expressed as 


Q6 [xe ?"]- [xf e] =K. 


Prove that the maximum of the function x"e ™ is 
(p/qe)", occurring at the unique value x = p/q (see 
Figure 5.24), so the critical values (8) maximize the 
factors on the left in (26). Argue that if K takes 
the corresponding maximum value (A/Be)“(C/De)°, 
the critical point (8) is the (unique) solution of (26), 
and it cannot be an endpoint of any trajectory for 
(26) with a lower value of K.' 


Figure 5.24 Graph of xe * 


5. Suppose for a certain disease described by the SIR 


model it is determined that a = 0.003 and b = 0.5. 
(a) In the S/-phase plane, sketch the trajectory cor- 
responding to the initial condition that one per- 
son is infected and 700 persons are susceptible. 


"In fact, the periodic fluctuations predicted by the Volterra-Lotka model were observed in fish populations by Lotka's 


son-in-law, Humberto D' Ancona. 
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(b) From your graph in part (a), estimate the peak 
number of infected persons. Compare this with 
the theoretical prediction S = k/a ~ 167 persons 
when the epidemic is at its peak. 


Show that the half-life of solutions to (2)—that is, 
the time required for the solution to decay to one- 
half of its value—equals (In 2)/k. 


. Complete the solution of the tumor growth model 


for Example 3 by finding P(t) and Q(t). 


. If p(t) is a Malthusian population that diminishes 


according to (2), then p(t) — p(t;) is the number of 
individuals in the population whose lifetime lies 
between f, and t. Argue that the average lifetime of 
the population is given by the formula 


|. p(t) dt 
0 


and show that this equals I/k. 


9. 


10. 


11. 


Show that with the transition rate formula r(N) — 
s(2N — 1), equation (22) takes the form of the equa- 
tion for the logistic model (Section 3.2, equation 
(14)). Solve (22) for this case. 

Prove that the infected population /(f) in the SIR 
model does not increase if S(0) is less than or equal 
to K/a. 

An epidemic reported by the British Communicable 
Disease Surveillance Center in the British Medical 
Journal (March 4, 1978, p. 587) took place in a 
boarding school with 763 residents.’ The statistics 
for the infected population are shown in the graph in 
Figure 5.25. 

Assuming that the average duration of the infection 
is 2 days, use a numerical differential equation solver 
such as the Web-based one described in Example 2 to 
try to reproduce the data. Take S(0) = 762, I(0) = 1, 
R(O) = 0 as initial conditions. Experiment with rea- 
sonable estimates for the average number of contacts 
per day by the infected students, who were confined 
to bed after the infection was detected. What value of 
this parameter seems to fit the curve best? 
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Figure 5.25 Flu data for Problem 11 


‘See also the discussion of this epidemic in Mathematical Biology I, An Introduction, by J. D. Murray (Springer- 


Verlag, New York, 2002), 325-326. 


Section 5.6 Coupled Mass-Spring Systems 285 


5.6 COUPLED MASS-SPRING SYSTEMS 


Example 1 


Solution 


In this section we extend the mass-spring model of Chapter 4 to include situations in which 
coupled springs connect two masses, both of which are free to move. The resulting motions 
can be very intriguing. For simplicity we'll neglect the effects of friction, gravity, and external 
forces. Let's analyze the following experiment. 


On a smooth horizontal surface, a mass m, — 2 kg is attached to a fixed wall by a spring with 
spring constant kj = 4 N/m. Another mass m»; = 1 kg is attached to the first object by a spring 
with spring constant k) = 2 N/m. The objects are aligned horizontally so that the springs are their 
natural lengths (Figure 5.26). If both objects are displaced 3 m to the right of their equilibrium 
positions (Figure 5.27) and then released, what are the equations of motion for the two objects? 


T 
l 
I 
l 
l 
x 
l 
| 


0 y=0 x 


Figure 5.26 Coupled system at equilibrium Figure 5.27 Coupled system at initial displacement 


From our assumptions, the only forces we need to consider are those due to the springs them- 
selves. Recall that Hooke’s law asserts that the force acting on an object due to a spring has 
magnitude proportional to the displacement of the spring from its natural length and has direc- 
tion opposite to its displacement. That is, if the spring is either stretched or compressed, then it 
tries to return to its natural length. 

Because each mass is free to move, we apply Newton's second law to each object. Let x(t) 
denote the displacement (to the right) of the 2-kg mass from its equilibrium position and 
similarly, let y(t) denote the corresponding displacement for the 1-kg mass. The 2-kg mass has 
a force F} acting on its left side due to one spring and a force F, acting on its right side due to 
the second spring. Referring to Figure 5.27 and applying Hooke’s law, we see that 


F,--kx, F= +k(y-x), 
since (y — x) is the net displacement of the second spring from its natural length. There is only 
one force acting on the 1-kg mass: the force due to the second spring, which is 


F; = —kyly — x) . 
Applying Newton’s second law to these objects, we obtain the system 


2 
mZ = r, t F, = kx + ky(y — x) : 
dt 
(1) E 
y 
"m a F; kly =x), 
or 
2 
MLE E TET D 
dr? 
(2) ; 


d'y 


— *ky-kx-0. 
mya + kay — kx 
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In this problem, we know that m, = 2, m»; = 1, kı = 4, and ky = 2. Substituting these val- 
ues into system (2) yields 


2 
(3) o +6x-2=0, 
d?y 
(4) p *tT2y -2x 20. 


We'll use the elimination method of Section 5.2 to solve (3)-(4). With D:= d/dt we 
rewrite the system as 


(5) (2D? + 6)[x] - 2y - 0, 
(6) —2x + (D? + 2)[y] =0. 


Adding (D? + 2) applied to equation (5) to 2 times equation (6) eliminates y: 
[(D? + 2)0D? + 6 - 4][x] = 0 , 
which simplifies to 


4. 2 
(7) gx 2 10S + 8r= 0. 


Notice that equation (7) is linear with constant coefficients. To solve it let’s proceed as we 
did with linear second-order equations and try to find solutions of the form x = e". Substitut- 
ing e” in equation (7) gives 


2(r* + 5r? + 4e" — 0. 
Thus, we get a solution to (7) when r satisfies the auxiliary equation 
rf +5 +4=0. 


From the factorization r^ + 5r? + 4 = (r? + 1)(r? + 4), we see that the roots of the auxil- 
iary equation are complex numbers i, —i, 2i, —2i. Using Euler’s formula, it follows that 


z(t) = e" = cost + isint and z(t) = e?' = cos 2t + isin 2t 


are complex-valued solutions to equation (7). To obtain real-valued solutions, we take the real 
and imaginary parts of z,(t) and z,(t). Thus, four real-valued solutions are 


x(t) = cost , x(t) = sint , x(t) = cos 2t , x(t) = sin 2t , 
and a general solution is 
(8) x(t) = a, cos t + a; sint + a3 cos 2t + a4 sin 2t , 
where a), a, az, and ay are arbitrary constants." 
To obtain a formula for y(t), we use equation (3) to express y in terms of x: 


= —a, cost — a, sin t — 4a; cos 2t — 4a, sin 2t 
+ 3a, cos t + 3a, sin t + 3a4 cos 2t + 3a, sin 2t , 


tA more detailed discussion of general solutions is given in Chapter 6. 
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and so 
(9) y(t) = 2a, cos t + 2a; sint — a4 cos 2t — a4sin2t . 


To determine the constants a1, a», a3, and a4, let's return to the original problem. We were 
told that the objects were originally displaced 3 m to the right and then released. Hence, 


dx dy 


a9 x(0-3. 50-0; 50-3, O~ 


On differentiating equations (8) and (9), we find 


d : ; 

2 = —dq,sinf + a, cos t — 2a3 sin 2t + 2a4 cos 2t , 
dy . ' 

a —2a, sin t + 2a, cos t + 2a; sin 2t — 2a4 cos 2t . 


Now, if we put t = 0 in the formulas for x, dx/dt, y, and dy/dt, the initial conditions (10) give 
the four equations 


x(0) = a, *a4—3, 2 (0) = ay + 2a, = 0 , 


dy 


»x0-24-4a-73. G 


(0) = 2a, — 2a, =0. 
From this system, we find a, = 2, a; = 0, a4 = 1, and a, = 0. Hence, the equations of motion 
for the two objects are 


x(t) = 2 cos t + cos 2t , 
y(t) = 4 cos t — cos 2t , 


which are depicted in Figure 5.28. € 


Figure 5.28 Graphs of the motion of the two masses in the coupled mass-spring system 
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Example 2 


Solution 


The general solution pair (8), (9) that we have obtained is a combination of sinusoids 
oscillating at two different angular frequencies: 1 rad/sec and 2 rad/sec. These frequencies extend 
the notion of the natural frequency of the single (free, undamped) mass-spring oscillator (page 214, 
Section 4.9) and are called the natural (or normal) angular frequencies" of the system. A com- 
plex system consisting of more masses and springs would have many normal frequencies. 

Notice that if the initial conditions were altered so that the constants a3 and a4 in (8) and 
(9) were zero, the motion would be a pure sinusoid oscillating at the single frequency 1 
rad/sec. Similarly, if a; and a were zero, only the 2 rad/sec oscillation would be “excited.” 
Such solutions, wherein the entire motion is described by a single sinusoid, are called the 
normal modes of the system." The normal modes in the following example are particularly 
easy to visualize because we will take all the masses and all the spring constants to be equal. 


Three identical springs with spring constant k and two identical masses m are attached in a 
straight line with the ends of the outside springs fixed (see Figure 5.29). Determine and 
interpret the normal modes of the system. 


We define the displacements from equilibrium, x and y, as in Example 1. The equations 
expressing Newton's second law for the masses are quite analogous to (1), except for the effect 
of the third spring on the second mass: 


(41) mx" = —kx + K(y ^ x), 
2 my" = —k(y - x) - ky , 
or 
(mD? + 2k)[x] - ky - 0, 

—kx + (mD? + 2k)[y] =0. 
Eliminating y in the usual manner results in 
(13) | (mD? + 2k)? — k?] [x] » 0. 
This has the auxiliary equation 

(mr? + 2k)? — k? = (mr? + k)(mr? + 3k) 20 , 


with roots +iV k/m, Xi V 3k/m. Setting w:= V k/m, we get the following general solution 
to (13): 


(14) x(t) = C, cos wt + C, sin wt + C4 cos(V3 ar) + Cy sin( V3) ‘ 
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Figure 5.29 Coupled mass-spring system with fixed ends 


The study of the natural frequencies of oscillations of complex systems is known in engineering as modal analysis. 


T 
t 


"The normal modes are more naturally characterized in terms of eigenvalues (see Section 9.5). 
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(a) (b) 
Figure 5.30 Normal modes for Example 2 


To obtain y(t), we solve for y(t) in (11) and substitute x(t) as given in (14). Upon simplifying, 
we get 


(15) y(t) = C, cos wt + C; sin wt — C3 cos(V3 wr) = Cy sin( V3.r) : 
From the formulas (14) and (15), we see that the normal angular frequencies are 
wand V3 c. Indeed, if C4 = C, = 0, we have a solution where y(t) = x(t), oscillating at the 


angular frequency œ = V k/m rad/sec (equivalent to a frequency V k/m / 27 periods/sec). Now 
if x(t) = y(t) in Figure 5.29, the two masses are moving as if they were a single rigid body of 
mass 2m, forced by a “double spring” with a spring constant given by 2k. And indeed, according 
to equation (4) of Section 4.9 (page 214), we would expect such a system to oscillate 


at the angular frequency V 2k/2m = V k/m (!). This motion is depicted in Figure 5.30(a). 
Similarly, if C, = C; = 0, we find the second normal mode where y(t) = —x(t), so that in 

Figure 5.29 there are two mirror-image systems, each with mass m and a “spring and a half” 

with spring constant k + 2k = 3k. (The half-spring will be twice as stiff.) Section 4.9’s 


equation (4) then predicts an angular oscillation frequency for each system of V 3k/m = V3o, 
which again is consistent with (14) and (15). This motion is shown in Figure 5.30(b). € 


EG 


1. Two springs and two masses are attached in a 


5 é E UM ky ky 
straight line on a horizontal frictionless surface as IIIT TIT 
illustrated in Figure 5.31. The system is set in | T 
motion by holding the mass m, at its equilibrium px 20 1y>0 
position and pulling the mass m; to the left of its ! 
equilibrium position a distance 1 m and then x-0 y=0 


releasing both masses. Express Newton’s law for the Figure 5.31 Coupled mass-spring system with one end free 
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system and determine the equations of motion for 
the two masses if m, = 1 kg, m; = 2 kg, kı = 4 N/m, 
and k; — 10/3 N/m. 


. Determine the equations of motion for the two 


masses described in Problem 1 if m, = 1 kg, m = 1 
kg, kı = 3 N/m, and k, = 2 N/m. 


. Four springs with the same spring constant and three 


equal masses are attached in a straight line on a hori- 
zontal frictionless surface as illustrated in Figure 5.32. 
Determine the normal frequencies for the system and 
describe the three normal modes of vibration. 


4. 


V 
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Figure 5.32 Coupled mass-spring system 
with three degrees of freedom 


Two springs, two masses, and a dashpot are attached 
in a straight line on a horizontal frictionless surface 
as shown in Figure 5.33. The dashpot provides a 
damping force on mass m, given by F = —by'. 
Derive the system of differential equations for the 
displacements x and y. 


ky ks b 


000000 000000 E 


[ l 
1 | 
1x >0 iy 0 
l l 
20 y=0 


x 


Figure 5.33 Coupled mass-spring system with one end damped 


5. 


Two springs, two masses, and a dashpot are attached in 
a straight line on a horizontal frictionless surface as 
shown in Figure 5.34. The system is set in motion by 
holding the mass m, at its equilibrium position and 
pushing the mass m, to the left of its equilibrium 
position a distance 2 m and then releasing both 
masses. Determine the equations of motion for the two 
masses if m; = m = 1 kg, ky = kj = 1 N/m, andb = 1 
N-sec/m. [Hint: The dashpot damps both m, and m 
with a force whose magnitude equals b|y' — x'|.] 


ky b ky 
000000 H 000000 
1 T 
|] |] 
ix>0 iy >0 
[ [ 
x20 y=0 


Figure 5.34 Coupled mass-spring system 
with damping between the masses 


6. Referring to the coupled mass-spring system 


discussed in Example 1, suppose an external force 
E(t) = 37 cos 3t is applied to the second object of 
mass 1 kg. The displacement functions x(t) and y(t) 
now satisfy the system 


(16)  2x"(t) + 6x(t) — 2y(0) 2 0 , 
7) — y'(t) + 2y(t) — 2x(t) = 37 cos 3t . 


(a) Show that x(t) satisfies the equation 
(18) x(t) + sx"(t) + 4x(t) = 37 cos 3t . 


(b) Find a general solution x(t) to equation (18). 
[Hint: Use undetermined coefficients with Xp = 
A cos 3t + B sin 3t.] 

(c) Substitute x(t) back into (16) to obtain a formula 
for y(t). 

(d) If both masses are displaced 2 m to the right of 
their equilibrium positions and then released, 
find the displacement functions x(t) and y(t). 


. Suppose the displacement functions x(t) and y(t) for 


a coupled mass-spring system (similar to the one dis- 
cussed in Problem 6) satisfy the initial value problem 


x"(t) + 5x(t) - 2y(t) = 0, 
Pu qo copus md, 


Solve for x(t) and y(t). 


. A double pendulum swinging in a vertical plane 


under the influence of gravity (see Figure 5.35 on 

page 291) satisfies the system 

(m, + mj)l01 + myll,63 + (m, + mj)lyg6; = 0 , 
m1305 + My 1504 + Maly 805 =0 3 


Figure 5.35 Double pendulum 


291 


Section 5.7 Electrical Systems 


Figure 5.36 Coupled pendulums 


when 0, and 0, are small angles. Solve the system 10. Suppose the coupled mass-spring system of Problem 1 


when m, = 3 kg, m —2 kg, l; = bh = 5m, 
6,(0) = 7/6, 02(0) = 04 (0) = ex(0) = 0. 

. The motion of a pair of identical pendulums coupled 
by a spring is modeled by the system 


mg 
l 

mg 
l 


mxi = xı — k(x, — xj), 


mx) = x + k(x — xj) 


for small displacements (see Figure 5.36). Deter- 
mine the two normal frequencies for the system. 


(Figure 5.31) is hung vertically from a support (with 

mass m above m), as in Section 4.10, page 228. 

(a) Argue that at equilibrium, the lower spring is 
stretched a distance /, from its natural length L4, 
given by 4 = mıg/kı. 

(b) Argue that at equilibrium, the upper spring is 
stretched a distance I; = (m, + m;)g/k;. 

(c) Show that if x, and x, are redefined to be dis- 
placements from the equilibrium positions of the 
masses mı and m, then the equations of motion 
are identical with those derived in Problem 1. 


5.7 ELECTRICAL SYSTEMS 


Example 1 


Solution 


The equations governing the voltage-current relations for the resistor, inductor, and capacitor 
were given in Section 3.5, together with Kirchhoff's laws that constrain how these quantities 
behave when the elements are electrically connected into a circuit. Now that we have the tools 
for solving linear equations of higher-order systems, we are in a position to analyze more com- 
plex electrical circuits. 


The series RLC circuit in Figure 5.37 on page 292 has a voltage source given by E(t) = sin 100t 
volts (V), a resistor of 0.02 ohms (Q), an inductor of 0.001 henrys (H), and a capacitor of 2 
farads (F). (These values are selected for numerical convenience; typical capacitance values 
are much smaller.) If the initial current and the initial charge on the capacitor are both zero, 
determine the current in the circuit for t > 0. 


Using the notation of Section 3.5, we have L = 0.001 H, R = 0.02 Q, C = 2 F, and E(t) = 
sin 100r. According to Kirchhoff's current law, the same current / passes through each circuit ele- 
ment. The current through the capacitor equals the instantaneous rate of change of its charge q: 


(D — I- dqfdt. 
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Resistance R 


Voltage 


source Inductance L 


Capacitance C 


Figure 5.37 Schematic representation of an RLC series circuit 


From the physics equations in Section 3.5, we observe that the voltage drops across the 
capacitor (Ec), the resistor (Er), and the inductor (Ez) are expressed as 


q dl 
(2) Ec=¢> Er=RI, Ej -Lgy,- 
Therefore, Kirchhoff's voltage law, which implies E; + Eg + Ec = E, can be expressed as 
dI LOOR 
(3) Ly *RU* a = EQ. 


In most applications we will be interested in determining the current /(t). If we differentiate (3) 
with respect to ¢ and substitute 7 for dq/dt, we obtain 
I „d 1. 4E 


(4) L— +R—+-1=—. 
dt dt C dt 


After substitution of the given values this becomes 
2 
(0.001) E + (0.02) a a (0.5) = 100 cos 100r , 
dt dt 


or, equivalently, 


2 
(5) a + 207 + 5007 = 100,000 cos 100r . 


The homogeneous equation associated with (5) has the auxiliary equation 
r? + 20r + 500 = (r + 10? (20? 20, 
whose roots are —10 + 20i. Hence, the solution to the homogeneous equation is 
(6) L(t = Cie ' cos 20t + Cre! sin 208 . 


To find a particular solution for (5), we can use the method of undetermined coefficients. 
Setting 


1,(t) = Acos100r + B sin 100 

and carrying out the procedure in Section 4.5, we ultimately find, to three decimals, 
A = —10.080 , B = 2.122. 

Hence, a particular solution to (5) is given by 


(7) I 


(f) = — 10.080 cos 100r + 2.122 sin 100r . 
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Since J = I, + I, we find from (6) and (7) that 
(8) I(t) = e^" (C cos 20t + C; sin 20t) — 10.080 cos 1007 + 2.122 sin 100r . 


To determine the constants C, and C>, we need the values /(0) and /'(0). We were given 
I(0) = q(0) = 0. To find 7' (0), we substitute the values for L, R, and C into equation (3) and 
equate the two sides at f = 0. This gives 

(0.001)7'(0) + (0.02)/(0) + (0.5)g(0) = sin . 
Because /(0) = q(0) = 0, we find 7' (0) = 0. Finally, using /(1) in (8) and the initial conditions 
I(0) = I'(0) = 0, we obtain the system 

I(0) = C; — 10.080 = 0 , 

r(0) = —10C; + 20C, + 2122-0. 
Solving this system yields C, = 10.080 and C = —5.570. Hence, the current in the RLC series 
circuit is 


(9) 1(t) = e^ (10.080 cos 20t — 5.570 sin 207) — 10.080 cos 100r + 2.122 sin100r . € 


Observe that, as was the case with forced mechanical vibrations, the current in (9) is made 
up of two components. The first, J}, is a transient current that tends to zero as t — 4 oo. The 
second, 


I 


(f) = —10.080 cos 100r + 2.122 sin 100r , 


is a sinusoidal steady-state current that remains. 
It is straightforward to verify that the steady-state solution 1,(t) that arises from the more 
general voltage source E(t) = Ep sin yt is 


E, sin(yt + 0) 
VR + [yr - (yo) )? 
where tan 0 = (1/C — Ly?)/(yR) (compare Section 4.10, page 224). 


a0)  L(w) 


At time t = 0, the charge on the capacitor in the electrical network shown in Figure 5.38 is 
2 coulombs (C), while the current through the capacitor is zero. Determine the charge on the 
capacitor and the currents in the various branches of the network at any time t > 0. 


20 ohms (€2) 


+4, 


5 volts (V) 1 henry (H) aT farads (F) 


N 


-q3 


loop 2 


Figure 5.38 Schematic of an electrical network 
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Solution To determine the charge and currents in the electrical network, we begin by observing that 


the network consists of three closed circuits: loop 1 through the battery, resistor, and induc- 
tor; loop 2 through the battery, resistor, and capacitor; and loop 3 containing the capacitor 
and inductor. Taking advantage of Kirchhoff's current law, we denote the current passing 
through the battery and the resistor by /;, the current through the inductor by J, and the 
current through the capacitor by /;. For consistency of notation, we denote the charge on the 
capacitor by q3. Hence, J; = dq3/dt. 

As discussed at the beginning of this section, the voltage drop at a resistor is RZ, at an 
inductor LdI/dt, and at a capacitor q/C. So, applying Kirchhoff's voltage law to the electrical 
network in Figure 5.38, we find for loop 1, 


(11) E + 201 ji = 5 ; 
(inductor) (resistor) (battery) 

for loop 2, 

(12) 200; + 16049 = 5; 
(resistor) (capacitor) (battery) 

and for loop 3, 

13 75^. 1609, = 0 

( ) dt q3 zx ba 

(inductor) (capacitor) 


[The minus sign in (13) arises from taking a clockwise path around loop 3 so that the current 
passing through the inductor is —/,.] Notice that these three equations are not independent: We 
can obtain equation (13) by subtracting (11) from (12). Hence, we have only two equations 
from which to determine the three unknowns /,, Jj, and q3. If we now apply Kirchhoff's current 
law to the two junction points in the network, we find at point A that J; — h — I4 = 0 and at 
point B that J, + J; — I, = 0. In both cases, we get 


44) h-h-—-20, 


since /4 = dq3/dt. Assembling equations (11), (12), and (14) into a system, we have (with 
D = d/dt) 


(15) Dh + 20,=5, 
(16) 201, + 160g, = 5 , 


We solve these by the elimination method of Section 5.2. Using equation (16) to eliminate 
I, from the others, we are left with 


(18) DL — 160q, = 0 , 
(19 . 205 + (20D + 160)q,3 = 5. 


Elimination of J, then leads to 


(20) — 20D?g, + 160Dq4 + 32003, = 0 . 
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To obtain the initial conditions for the second-order equation (20), recall that at time t = 0, 
the charge on the capacitor is 2 coulombs and the current is zero. Hence, 


D (0-2, -—-(0-0. 


We can now solve the initial value problem (20)- (21) using the techniques of Chapter 4. 
Ultimately, we find 
qx(t) = 2e" cos 12t + Ze sin 121 , 


d 80 
h(t) = KEON = a sin 12t . 


Next, to determine J, we substitute these expressions into (19) and obtain 


0) = 4 - BW - Seo) 
Í 


x 16e ?' cos 12t + Set sin 12t . 


Finally, from J, = h + h, we get 


ii) : — 16e" cos 12t — esin 12t. @ 


Note that the differential equations that describe mechanical vibrations and RLC series 
circuits are essentially the same. And, in fact, there is a natural identification of the parameters 
m, b, and k for a mass-spring system with the parameters L, R, and C that describe circuits. 
This is illustrated in Table 5.3. Moreover, the terms transient, steady-state, overdamped, criti- 
cally damped, underdamped, and resonant frequency described in Sections 4.9 and 4.10 apply 
to electrical circuits as well. 

This analogy between a mechanical system and an electrical circuit extends to large-scale 
systems and circuits. An interesting consequence of this is the use of analog simulation and, 
in particular, analog computers to analyze mechanical systems. Large-scale mechanical systems 
are modeled by building a corresponding electrical system and then measuring the charges q(t) 
and currents /(t). 


Analogy Between Mechanical and Electrical Systems 
Mechanical Mass-Spring Electrical RLC 
System with Damping Series Circuit 
mx" + bx' + kx = f(t) Lq" + Rq' + (1/C)q = E(t) 
Displacement x Charge q 
Velocity x Current q' ^I 
Mass m Inductance L 
Damping constant b Resistance R 
Spring constant k (Capacitance) ! 1/C 
External force f(t) Voltage source E(t) 
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Although such analog simulations are important, both large-scale mechanical and electri- 
cal systems are currently modeled using digital computer simulation. This involves the numer- 
ical solution of the initial value problem governing the system. Still, the analogy between 
mechanical and electrical systems means that basically the same computer software can be 


used to analyze both systems. 


BESGA 1 ]  l 


. An RLC series circuit has a voltage source given by 


E(t) = 20 V, a resistor of 100 Q, an inductor of 4 H, 
and a capacitor of 0.01 F. If the initial current is zero 
and the initial charge on the capacitor is 4 C, deter- 
mine the current in the circuit for t > 0. 


. An RLC series circuit has a voltage source given by 


E(t) = 40 cos 2t V, a resistor of 2 Q, an inductor of 
1/4 H, and a capacitor of 1/13 F. If the initial cur- 
rent is zero and the initial charge on the capacitor is 
3.5 C, determine the charge on the capacitor for t > 0. 


. An RLC series circuit has a voltage source given by 


E(t) = 10 cos 20t V, a resistor of 120 Q, an inductor 
of 4 H, and a capacitor of (2200) ! F. Find the 
steady-state current (solution) for this circuit. What 
is the resonance frequency of the circuit? 


. An LC series circuit has a voltage source given by 


E(t) = 30 sin 50t V, an inductor of 2 H, and a capac- 
itor of 0.02 F (but no resistor). What is the current in 
this circuit for t > 0 if at t = 0, (0) = q(0) = 0? 


. An RLC series circuit has a voltage source of the form 


E(t) = Fp cos yt V, a resistor of 10 Q, an inductor of 
4 H, and a capacitor of 0.01 F. Sketch the frequency 
response curve for this circuit. 


. Show that when the voltage source in (4) is of the 


form E(t) = Eo sin yt, then the steady-state solution 
I, is as given in equation (10). 


. A mass-spring system with damping consists of a 


7-kg mass, a spring with spring constant 3 N/m, a fric- 
tional component with damping constant 2 N-sec/m, 
and an external force given by f(t) = 10 cos 10r N. 
Using a 10-Q resistor, construct an RLC series 
circuit that is the analog of this mechanical system 
in the sense that the two systems are governed by the 
same differential equation. 


. A mass-spring system with damping consists of a 


16-Ib weight, a spring with spring constant 64 Ib/ft, a 
frictional component with damping constant 10 
Ib-sec/ft, and an external force given by f(t) = 
20 cos 8t Ib. Using an inductor of 0.01 H, construct 


an RLC series circuit that is the analog of this 
mechanical system. 


9. Because of Euler’s formula, e = cos 0 + i sin 0, it 
is often convenient to treat the voltage sources 
Eo cos yt and Egsin yt simultaneously, using 
E(t) = Ege"". In this case, equation (3) becomes 

d’q dq 1 , 
(22) bu F B + ci = Ege" , 
where q is now complex (recall J = q', I' = q”). 
(a) Use the method of undetermined coefficients to 
show that the steady-state solution to (22) is 


Eo 
q(t) ~ 2 j 
1/C — y'L + iyR 
The technique is discussed in detail in Project F at 
the end of Chapter 4. 
(b) Now show that the steady-state current is 


Eo 
Lr) = 
R + i[yL - 1/(yC)] 
(c) Use the relation a+ iB = Vo? + Be", 
where tan 0 = b/a, to show that I, can be 
expressed in the form 


e". 


et 


VR? + [yL - 1/70 
where tan 0 = (1/C — Ly?)/(yR). 


(yt 4- 0) 


, 


Ir) 


(d) The imaginary part of e'is sin yt, so the 
imaginary part of the solution to (22) must be 
the solution to equation (3) for E(t) = Ep sin yt. 
Verify that this is also the case for the current by 
showing that the imaginary part of 7, in part (c) 
is the same as that given in equation (10). 


In Problems 10—13, find a system of differential equations 
and initial conditions for the currents in the networks 
given in the schematic diagrams (Figures 5.39—5.42 on 
page 297). Assume that all initial currents are zero. Solve 
for the currents in each branch of the network. 
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10. 12. 100 


Figure 5.39 RL network for Problem 10 


11. 10 Q 5Q0 13. 


Figure 5.40 RLC network for Problem 11 Figure 5.42 RLC network for Problem 13 


AND CHAOS 


In this section we take an excursion through an area of mathematics that has received a lot of 
attention both for the interesting mathematical phenomena being observed and for its applica- 
tion to fields such as meteorology, heat conduction, fluid mechanics, lasers, chemical reactions, 
and nonlinear circuits, among others. The area is that of nonlinear dynamical systems.' 

A dynamical system is any system that allows one to determine (at least theoretically) the 
future states of the system given its present or past state. For example, the recursive formula 
(difference equation) 


Rag SOS. = 012... 


5 9 DYNAMICAL SYSTEMS, POINCARÉ MAPS, 


is a dynamical system, since we can determine the next state, x„+1, given the previous state, x, . 
If we know xo, then we can compute any future state [ indeed, Kata = Xl 1,05) =|, 
Another example of a dynamical system is provided by the differential equation 


dx 

—=-2x, 

dt 
where the solution x(t) specifies the state of the system at “time” t. If we know x(tj) = xo, then we 
can determine the state of the system at any future time f£ > tọ by solving the initial value problem 


dx 
dr = —2x, x(to) = Xo. 
2(1— t9) 


Indeed, a simple calculation yields x(t) = xoe 7 for t = tọ. 


‘For a more detailed study of dynamical systems, see An Introduction to Chaotic Dynamical Systems, 2nd ed., by R. L. 
Devaney (Addison-Wesley, Reading, Mass., 1989) and Nonlinear Oscillations, Dynamical Systems and Bifurcations of 
Vector Fields, by J. Guckenheimer and P. J. Holmes (Springer-Verlag, New York, 1983). 
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For a dynamical system defined by a differential equation, it is often helpful to work with 
a related dynamical system defined by a difference equation. For example, when we cannot 
express the solution to a differential equation using elementary functions, we can use a numer- 
ical technique such as the improved Euler's method or Runge-Kutta to approximate the 
solution to an initial value problem. This numerical scheme defines a new (but related) dynam- 
ical system that is often easier to study. 

In Section 5.4, we used phase plane diagrams to study autonomous systems in the plane. 
Many important features of the system can be detected just by looking at these diagrams. 
For example, a closed trajectory corresponds to a periodic solution. The trajectories for 
nonautonomous systems in the phase plane are much more complicated to decipher. One tech- 
nique that is helpful in this regard is the so-called Poincaré map. As we will see, these maps 
replace the study of a nonautonomous system with the study of a dynamical system defined by 
the location in the xv-plane (v — dx/dt) of the solution at regularly spaced moments in time such 
as t = 27n, where n = 0, 1, 2,.... The advantage in using the Poincaré map will become clear 
when the method is applied to a nonlinear problem for which no explicit solution is known. In 
such a case, the trajectories are computed using a numerical scheme such as Runge-Kutta. Sev- 
eral software packages have options that will construct Poincaré maps for a given system. 

To illustrate the Poincaré map, consider the equation 


(1) x" (t) + e?x(tr) = F cost , 
where F and w are positive constants. We studied similar equations in Section 4.10 and found 


that a general solution for w # 1 is given by 


(2) x(t) = A sin(wt + p) + PEL. f 
in = 


where the amplitude A and the phase angle @ are arbitrary constants. Since v = x’, 


u(t) = wA cos(wt + $) — 7 sin f . 
w — 1 


Because the forcing function F cos t is 27r-periodic, it is natural to seek 277-periodic solutions 
to (1). For this purpose, we define the Poincaré map as 


x, = x(2an) = A sin(2arem + p) + F/(w* — 1) , 


v, = v(2an) = wÅ cos(2aron + e) ; 


(3) 


forn = 0, 1,2, . . . . In Figure 5.43 on page 299, we plotted the first 100 values of (x, v,) in the 
xv-plane for different choices of w. For simplicity, we have taken A = F = 1 and $ = 0. These 
graphs are called Poincaré sections. We will interpret them shortly. 

Now let's play the following game. We agree to ignore the fact that we already know the 
formula for x(t) for all t = 0. We want to see what information about the solution we can glean 
just from the Poincaré section and the form of the differential equation. 

Notice that the first two Poincaré sections in Figure 5.43, corresponding to w = 2 and 3, 
consist of a single point. This tells us that, starting with t = 0, every increment 277 of t returns 
us to the same point in the phase plane. This in turn implies that equation (1) has a 27-periodic 
solution, which can be proved as follows: For w = 2, let x(t) be the solution to (1) with 
(x(0), v(0)) = (1/3, 2) and let X(t) := x(t + 27). Since the Poincaré section is just the point 
(1/3, 2), we have X(0) = x(2) = 1/3 and X'(0) = x'(27) = 2. Thus, x(t) and X(t) have the 
same initial values at t = 0. Further, because cos f is 27r-periodic, we also have 


X" (t) + o? X(t) = x"(t + 2r) + ex(t + 27) = cos(t + 27) = cost . 
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Consequently, x(t) and X(t) satisfy the same initial value problem. By the uniqueness theorems 
of Sections 4.2 and 4.5, these functions must agree on the interval [0, oo). Hence, x(t) = 
X(t) = x(t + 27) for all t = 0; that is, x(t) is 2z-periodic. (The same reasoning works for 
w = 3.) With a similar argument, it follows from the Poincaré section for œ = 1/2 that there is 
a solution of period 47r that alternates between the two points displayed in Figure 5.43(c) as t 
is incremented by 27r. For the case w = 1/3, we deduce that there is a solution of period 67 


rotating among three points, and for œ = 1/4, there is an 87r-periodic solution rotating among 
four points. We call these last three solutions subharmonics. 


The case w = V2 is different. So far, in Figure 5.43(f), none of the points has repeated. 


Did we stop too soon? Will the points ever repeat? Here, the fact that V2 is irrational plays a 
crucial role. It turns out that every integer n yields a distinct point in the Poincaré section (see 
Problem 8). However, there is a pattern developing. The points all appear to lie on a simple 


curve, possibly an ellipse. To see that this is indeed the case, notice that when w = V32, 
A = F = l,and ọ = 0, we have 


Xn = sin(2 V2) +1, v, = V2.cos(2V 2m) ; 


n=0,1,2,.... 
v v 
Á A 
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2+ 1+ 

i =x 1+ t i =x 
2 -2 1 
1 
+ 4 + -X -LT 
-l 1 2 
w=3 wes 
b 
(b) (c) 
v v 
A > 4 
ne) 
2T isons D 
Pod ^ s. 
1 ry w 
if £2 ` 


es) 


Y 
tad 
w 
we V 
4 
l 
asr 
e 
EN 
` 
"tees educat 
Y 
= 


| 
UN 
I 
t 

" 


rd 


"d 
^s emcees? 1 


(e) (f) 


Figure 5.43 Poincaré sections for equation (1) for various values of w 
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It is then an easy computation to show that each (x,, v, ) lies on the ellipse 


2 
Qoae o en 
(x — 1)? + m 
In our investigation of equation (1), we concentrated on 27r-periodic solutions because the 
forcing term F cos t has period 27. [We observed subharmonics when w = 1/2, 1/3, and 1/4— 
that is, solutions with periods 2(27r), 3(27), and 4(277).] When a damping term is introduced 
into the differential equation, the Poincaré map displays a different behavior. Recall that the 
solution will now be the sum of a transient and a steady-state term. For example, let's analyze 


the equation 
(4) x" (t) + bx'(t) + ox(t) = Fost , 


where b, F, and o are positive constants. 
When b? < 4o, the solution to (4) can be expressed as 


\/4,2 2 

(5 xÀ = Ae UP! sin ( Sur. dd o) + F 

2 C - P? 
where tan 0 = (c — 1)/b and A and ó are arbitrary constants [compare equations (7) and (8) 
in Section 4.10]. The first term on the right-hand side of (5) is the transient and the second 
term, the steady-state solution. Let's construct the Poincaré map using t = 2zn, n = 
0, 1,2,.... We will take b = 0.22, w = A = F = 1, and  — Oto simplify the computations. 
Because tan 0 = (w? — 1)/b = 0, we will take 0 = 0 as well. Then we have 


x(2an) = x, = gas V 0.9879 2n) . 
x' (2n) = v, = —0.11e~°”?7"sin (0.9879 2n) 


+ V/0.9879 e 9?" "'cos(^/0.9879 27n) + b 
(0.22) 


The Poincaré section for n = 0, 1, 2,..., 10 is shown in Figure 5.44 (black points). After just 
a few iterations, we observe that x, ^ 0 and v, = 1/(0.22) = 4.545; that is, the points of the 
Poincaré section are approaching a single point in the xv-plane (colored point). Thus, we might 
expect that there is a 27r-periodic solution corresponding to a particular choice of A and @. [In 
this example, where we can explicitly represent the solution, we see that indeed a 27-periodic 
solution arises when we take A = 0 in (5).] 
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Figure 5.44 Poincaré section for equation (4) with F = 1, b = 0.22, and w = 1 


Section 5.8 Dynamical Systems, Poincaré Maps, and Chaos 301 


There is an important difference between the Poincaré sections for equation (1) and those for 
equation (4). In Figure 5.43, the location of all of the points in (a)- (e) depends on the initial value 
selected (here A = 1 and @ = 0). (See Problem 10.) However, in Figure 5.44, the first few points 
(black points) depend on the initial conditions, while the limit point (colored point) does not (see 
Problem 6). The latter behavior is typical for equations that have a “damping” term (i.e., b > 0); 
namely, the Poincaré section has a limit set" that is essentially independent of the initial conditions. 

For equations with damping, the limit set may be more complicated than just a point. For 
example, the Poincaré map for the equation 


(6) x"(t) + (0.22)x'(t) + x(t) = cos t + cos( V21) 


has a limit set consisting of an ellipse (see Problem 11). This is illustrated in Figure 5.45 for the 
initial values x; = 2, vg = 4 and xp = 2, vo = 6. 

So far we have seen limit sets for the Poincaré map that were either a single point or an 
ellipse—independent of the initial values. These particular limit sets are attractors. In general, 
an attractor is a set A with the property that there exists an open set!' B containing A such that 
whenever the Poincaré map enters B, its points remain in B and the limit set of the Poincaré 
map is a subset of A. Further, we assume A has the invariance property: Whenever the 
Poincaré map starts at a point in A, it remains in A. 

In the previous examples, the attractors of the dynamical system (Poincaré map) were easy 
to describe. In recent years, however, many investigators, working on a variety of applications, 
have encountered dynamical systems that do not behave orderly—their attractor sets are very 
complicated (not just isolated points or familiar geometric objects such as ellipses). The behav- 
ior of such systems is called chaotic, and the corresponding limit sets are referred to as 
strange attractors. 
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Figure 5.45 Poincaré section for equation (6) with initial values xo, vo 
‘The limit set for a map (x,, v,), n = 1, 2, 3, . . . , is the set of points ( p, q) such that lim, ,, (x, Vn) = (p, q), where 


ny < m < m < ++: is some subsequence of the positive integers. 


‘TA set B C R? is an open set if foreach point p € B there is an open disk V containing p such that V C B. 
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Figure 5.46 Poincaré sections for the Duffing equation (7) with b = 0.3 and y = 1.2 


To illustrate chaotic behavior and what is meant by a strange attractor, we discuss two 
nonlinear differential equations and a simple difference equation. First, lets consider the 
forced Duffing equation 


(7) x"(t) + bx'(t) — x(t) + x*(t) = F sin yt . 


We cannot express the solution to (7) in any explicit form, so we must obtain the Poincaré 
map by numerically approximating the solution to (7) for fixed initial values and then plot 
the approximations for x(2an/y) and v(2an/y) = x'(2an/y). (Because the forcing term 
F sin yt has period 2-/yy, we seek 27r/y-periodic solutions and subharmonics.) In Figure 5.46, 
we display the limit sets (attractors) when b — 0.3 and y — 1.2 in the cases (a) F — 02, 
(b) F — 0.28, (c) F — 0.29, and (d) F — 0.37. 

Notice that as the constant F increases, the Poincaré map changes character. When F — 
0.2, the Poincaré section tells us that there is a 27r/y-periodic solution. For F = 0.28, there is a 
subharmonic of period 4 /y, and for F = 0.29 and 0.37, there are subharmonics with periods 
8a/y and 107/», respectively. 

Things are dramatically different when F = 0.5: The solution is neither 277/y-periodic nor 
subharmonic. The Poincaré section for F — 0.5 is illustrated in Figure 5.47 on page 303. This 
section was generated by numerically approximating the solution to (7) when y — 1.2, b — 0.3, 
and F = 0.5, for fixed initial values.’ Not all of the approximations x(27n/y) and v(27n/y) that 
were calculated are graphed; because of the presence of a transient solution, the first few points 
were omitted. It turns out that the plotted set is essentially independent of the initial values and 
has the property that once a point is in the set, all subsequent points lie in the set. Because of the 


‘Historical Footnote: When researchers first encountered these strange-looking Poincaré sections, they would check 
their computations using different computers and different numerical schemes [see Hénon and Heiles, “The Applica- 
bility of the Third Integral of Motion: Some Numerical Experiments,” Astronomical Journal, Vol. 69 (1964): 75]. For 
special types of dynamical systems, such as the Hénon map, it can be shown that there exists a true trajectory that 
shadows the numerical trajectory [see M. Hammel, J. A. Yorke, and C. Grebogi, "Numerical Orbits of Chaotic 
Processes Represent True Orbits,” Bulletin American Mathematical Society, Vol. 19 (1988): 466—469]. 
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Figure 5.47 Poincaré section for the Duffing equation (7) with b = 0.3, y = 1.2, and F = 0.5 


complicated shape of the set, it is indeed a strange attractor. While the shape of the strange 
attractor does not depend on the initial values, the picture does change if we consider different 
sections; for example, t = (2n + 7/2)/y, n = 0, 1, 2, . . . yields a different configuration. 

Another example of a strange attractor occurs when we consider the forced pendulum 
equation 


(8) x" (t) + bx'(t) + sin (x(9)) =F cost , 


where the x(t) term in (4) has been replaced by sin (x(1)). Here x(t) is the angle between the 
pendulum and the vertical rest position, b is related to damping, and F represents the 
strength of the forcing function (see Figure 5.48). For F = 2.7 and b = 0.22, we have 
graphed in Figure 5.49 approximately 90,000 points in the Poincaré map. Since we cannot 
express the solution to (8) in any explicit form, the Poincaré map was obtained by numerically 
approximating the solution to (8) for fixed initial values and plotting the approximations for 
x(2an) and v(2mn) = x' (270). 

The Poincaré maps for the forced Duffing equation and for the forced pendulum equation 
not only illustrate the idea of a strange attractor; they also exhibit another peculiar behavior 
called chaos. Chaos occurs when small changes in the initial conditions lead to major changes 
in the behavior of the solution. Henri Poincaré described the situation as follows: 


It may happen that small differences in the initial conditions will produce very large 
ones in the final phenomena. A small error in the former produces an enormous error 
in the latter. Prediction becomes impossible... . 


^ 
^ 


Figure 5.48 Forced damped pendulum Figure 5.49 Poincaré section for the forced pendulum equation (8) with b — 0.22 and F — 2.7 
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In a physical experiment, we can never exactly (with infinite accuracy) reproduce the same 
initial conditions. Consequently, if the behavior is chaotic, even a slight difference in the initial 
conditions may lead to quite different values for the corresponding Poincaré map when n is 
large. Such behavior does not occur for solutions to either equation (4) or equation (1) (see 
Problems 6 and 7). However, two solutions to the Duffing equation (7) with F — 0.5 that corre- 
spond to two different but close initial values have Poincaré maps that do not remain close 
together. Although they both are attracted to the same set, their locations with respect to this set 
may be relatively far apart. 

The phenomenon of chaos can also be illustrated by the following simple map. Let x lie in 
[0, 1) and define 


(9) X441 = 2x, (mod 1) , 
where by (mod 1) we mean the decimal part of the number if it is greater than or equal to 1; that is 
2x, , for0 zx, < 1/2, 
eM b. ~1, folfzx,«l. 
When xp = 1/3, we find 


) 
x? = 2- (2/3) (mod 1) 
x3 = 2- (1/3) (mod 1) = 2/3 , 
x4 = 2- (2/3) (mod 1) = 1/3 , etc. 
Written as a sequence, we get (1/3, 2/3, 1/3,2/3,...}, where the overbar denotes the 
repeated pattern. 


What happens when we pick a starting value xo near 1/3? Does the sequence cluster about 1/3 
and 2/3 as does the mapping when x) = 1/3? For example, when x; = 0.3, we get the sequence 


(0.3, 0.6, 0.2, 0.4, 0.8, 0.6, 0.2, 0.4, 0.8, ...} . 


In Figure 5.50, we have plotted the values of x, for xy = 0.3, 0.33, and 0.333. We have not plot- 
ted the first few terms, but only those that repeat. (This omission of the first few terms parallels 
the situation depicted in Figure 5.47, where transient solutions arise.) 

It is clear from Figure 5.50 that while the values for xo are getting closer to 1/3, the corre- 
sponding maps are spreading out over the whole interval [0, 1 ] and not clustering near 1/3 and 
2/3. This behavior is chaotic, since the Poincaré maps for initial values near 1/3 behave quite 
differently from the map for xy = 1/3. If we had selected x, to be irrational (which we can't do 
with a calculator), the sequence would not repeat and would be dense in [0, 1 |: 


© 
w= e 
OSL J 


(a) (b) 


(c) 
Figure 5.50 Plots of the map x,,, = 2x, (mod 1) for xj = 0.3, 0.33, and 0.333 


A software package that supports the construction of 
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Systems that exhibit chaotic behavior arise in many applications. The challenge to 
engineers is to design systems that avoid this chaos and, instead, enjoy the property of 
stability. The topic of stable systems is discussed at length in Chapter 12." 


BESA å O = 


Poincaré maps is required for the problems in this section. 


1. 


Compute and graph the points of the Poincaré map 
with t = 2zn, n = 0, 1, .. . , 20 for equation (1), 
taking A = F = 1,¢ = 0, and w = 3/2. Repeat, 
taking w = 3/5. Do you think the equation has a 
27-periodic solution for either choice of œw? A sub- 
harmonic solution? 


. Compute and graph the points of the Poincaré map 


with t = 2zn, n = 0, 1,..., 20 for equation (1), 
taking A = F = 1, $ = 0, and o = 1/ V3. Describe 
the limit set for this system. 


. Compute and graph the points of the Poincaré map 


with t = 2zn,n = 0, 1, ..., 20 for equation (4), 
taking A = F = 1, 6 = 0, æ = 1, and b = —0.1. 
What is happening to these points as n — co? 


. Compute and graph the Poincaré map with t = 2n, 


n=0,1,..., 20 for equation (4), taking A = F = 1, 
o = 0, o = 1, and b = 0.1. Describe the attractor 
for this system. 


. Compute and graph the Poincaré map with t = 2n, 


n=0,1,...,20 for equation (4), taking A = F = 1, 
$ = 0, w = 1/3, and b = 0.22. Describe the attrac- 
tor for this system. 


. Show that for b > 0, the Poincaré map for equation 


(4) is not chaotic by showing that as f gets large 
-—— sin(2an + 0) , 
V (o? -1°+P 
F 
Vlo- 1P +B 
independent of the initial values xọ = x(0) and 
vo = x' (0). 


x, = x(2mn) ~ 


v, = x'(2mn) = cos(2an + 0) 


. Show that the Poincaré map for equation (1) is not 


chaotic by showing that if (xo, vo) and (x%, v) are 
two initial values that define the Poincaré maps 


10. 


Tons v,)} and {(x#, vž)}, respectively, using the 
recursive formulas in (3), then one can make the 
distance between (x,,v,) and (x*,u*) small by 
making the distance between (xo, vo) and (x$, v) 
small. [Hint: Let (A, @) and (A*, $*) be the polar 
coordinates of two points in the plane. From the 
law of cosines, it follows that the distance d 
between them is given by d? = (A — A*P + 
2AA*[1 — cos($ — $*)].] 


. Consider the Poincaré maps defined in (3) with 


o—NV2,A—-F-1, and $ = 0. If this map were 
ever to repeat, then, for two distinct positive integers 
n and m, sin(2V/2n) = sin(2 V24rm). Using basic 
properties of the sine function, show that this 
would imply that V2 is rational. It follows from this 
contradiction that the points of the Poincaré map do 
not repeat. 


. The doubling modulo 1 map defined by equation (9) 


exhibits some fascinating behavior. Compute the 

sequence obtained when 

(a) xo = k/7 fork = 1,2,...,6. 

(b) x; = k/15 fork = 1,2,...,14. 

(c) xo = k/2/, where j is a positive integer and k = 
125.42]. 

Numbers of the form k/2/ are called dyadic num- 

bers and are dense in [0,1]. That is, there is a 

dyadic number arbitrarily close to any real number 

(rational or irrational). 

To show that the limit set of the Poincaré map 

given in (3) depends on the initial values, do the 

following: 

(a) Show that when w = 2 or 3, the Poincaré map 
consists of the single point 


w 


s) = (Asing + E oA cos) 


‘All references to Chapters 11—13 refer to the expanded text Fundamentals of Differential Equations and Boundary 


Value Problems, 6th ed. 
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(b) Show that when œ = 1/2, the Poincaré map 
alternates between the two points 


"i +Asing , T 

an 

(c) Use the results of parts (a) and (b) to show that 
when w = 2, 3, or 1/2, the Poincaré map (3) 
depends on the initial values (xo, vo). 


To show that the limit set for the Poincaré map 
x, = x(2arn), v, :— x'(27n), where x(t) is a solu- 
tion to equation (6), is an ellipse and that this ellipse is 
the same for any initial values x, vo, do the following: 
(a) Argue that since the initial values affect only 

the transient solution to (6), the limit set for the 

Poincaré map is independent of the initial values. 
(b) Now show that for n large, 


x, = asin(2V2an + y) , 


v, ^ c + V2acos(2V2an + y), 
where a = (1  2(0.22)))-!2, c = (0.22), 
and y — arctan t-[60:22)v2] E. 

(c) Use the result of part (b) to conclude that the 
ellipse 


contains the limit set of the Poincaré map. 


Using a numerical scheme such as Runge-Kutta or a 
software package, calculate the Poincaré map for 
equation (7) when b = 0.3, y = 1.2, and F = 0.2. 
(Notice that the closer you start to the limiting point, 
the sooner the transient part will die out.) Compare 
your map with Figure 5.46(a) on page 302. Redo for 
F= 028. 

Redo Problem 12 with F — 0.31. What kind of 
behavior does the solution exhibit? 

Redo Problem 12 with F = 0.65. What kind of 
behavior does the solution exhibit? 


15. Chaos Machine. 


Chaos can be illustrated using 
a long ruler, a short ruler, a pin, and a tie tack 
(pivot). Construct the double pendulum as shown in 
Figure 5.51(a). The pendulum is set in motion by 
releasing it from a position such as the one shown 
in Figure 5.51(b). Repeatedly set the pendulum in 
motion, each time trying to release it from the same 
position. Record the number of times the short ruler 
flips over and the direction in which it was moving. 
If the pendulum was released in exactly the same 
position each time, then the motion would be the 
same. However, from your experiments you will 
observe that even beginning close to the same posi- 
tion leads to very different motions. This double 
pendulum exhibits chaotic behavior. 


side of table 


Now 
long 
ruler 
tie tack 
uA (ivon 
[i 
short 
ruler 


(a) double pendulum 


(b) release position 


Figure 5.51 Double pendulum as a chaos machine 
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Chapter Summary 


Systems of differential equations arise in the study of biological systems, coupled mass-spring 
oscillators, electrical circuits, ecological models, and many other areas. 

Linear systems with constant coefficients can be solved explicitly using a variant of the 
Gauss elimination process. For this purpose we begin by writing the system with operator 
notation, using D :— d/dt, D? :— d?/dt?, and so on. A system of two equations in two unknown 
functions then takes the form 


Li[x] + Lly] =f. Lla] + Lily] =f. 


where L,, L2, L4, and L4 are polynomial expressions in D. Applying L; to the first equation, L, 
to the second, and subtracting, we get a single (typically higher-order) equation in x(t), namely, 


(L4L, — LoLs)[x] = Lalfi] 7 GI] . 


We then solve this constant coefficient equation for x(t). Similarly, we can eliminate x from the 
system to obtain a single equation for y(t), which we can also solve. This procedure introduces 
some extraneous constants, but by substituting the expressions for x and y back into one of the 
original equations, we can determine the relationships among these constants. 

A preliminary step for the application of numerical algorithms for solving systems or sin- 
gle equations of higher order is to rewrite them as an equivalent system of first-order equations 
in normal form: 


xilt) = filt, xi, X2, t E , 


xxt) = flt, Xis X2... 2d , 


a) 


x(t) = falt, X1. X2, baie ted T s 


For example, by setting v = y', we can rewrite the second-order equation y" = f(t, y, y') as 
the normal system 


The normal system (1) has the outward appearance of a vectorized version of a single first- 
order equation, and as such it suggests how to generalize numerical algorithms such as those of 
Euler and Runge-Kutta. 

A technique for studying the qualitative behavior of solutions to the autonomous system 

dx _ dy — 
(2) qp df». qos» 
is phase plane analysis. We begin by finding the critical points of (2)—namely, points (x, yo) 
where 


f(xo. yo) =O and g(%o. yo) = 0 


The corresponding constant solution pairs x(t) = xo, y(t) = yo are called equilibrium 
solutions to (2). We then sketch the direction field for the phase plane equation 


dy _ g(x,y) 
dx f(x,y) 


(3) 
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with appropriate direction arrows (oriented by the sign of dx/dt or dy/dt). From this we can 
usually conjecture qualitative features of the solutions and of the critical points, such as stabil- 
ity and asymptotic behavior. Software is typically used to visualize the solution curves to (3), 
which contain the trajectories of the system (2). 

Nonautonomous systems can be studied by considering a Poincaré map for the system. A 
Poincaré map can be used to detect periodic and subharmonic solutions and to study systems 
whose solutions exhibit chaotic behavior. 


REVIEW PROBLEMS 


In Problems 1-4, find a general solution x(t), y(t) for the 
given system. 


lx’ +y"+y=0, 2x. =xt+2y, 
x+y =0 y! = —4x — 3y 
3.2x' —y —yct3xcte!, 
3y' — 4x’ = y — 15x e! 


4.x" +x- y" =2e", 
x"—xty" =0 


In Problems 5 and 6, solve the given initial value problem. 


5.x —z—y; x(0) 0. 
y =z; y(0)=0, 
z =z-x; z(0) = 2 

6x =y+z; x(0)=2, 
yy =x+z; y0)=2, 
z =x+y; z(0) = -1 


7. For the interconnected tanks problem of Section 5.1, 
page 242, suppose that instead of pure water being 
fed into tank A, a brine solution with concentration 
0.2 kg/L is used; all other data remain the same. 
Determine the mass of salt in each tank at time f if 
the initial masses are xy = 0.1 kg and yọ = 0.3 kg. 


In Problems 8—11, write the given higher-order equation 
or system in an equivalent normal form (compare 
Section 5.3). 
8. 2y" — ty’ + 8y = sint 
9, 3y" -2y' — ely — 5 
10. x" x *y-0, 
x —ycty'"-0 
11. x" Hy +y"=t, 
x” — x Toy" =0 
In Problems 12 and 13, solve the phase plane equation 
for the given system. Then sketch by hand several 


representative trajectories (with their flow arrows) and 
describe the stability of the critical points (i.e., compare 
with Figure 5.12, page 266). 
12. x =y-2, 

y =2-x 


13. x! 24 — 4y, 
y = —4x 


14. Find all the critical points and determine the phase 
plane solution curves for the system 


dx : 

—- = Sin X COS y , 
dt 7 
dy . 

—. = COS X SIn x 
dt y 


In Problems 15 and 16, sketch some typical trajectories 


for the given system, and by comparing with Figure 5.12, 
page 268 identify the type of critical point at the origin. 


16. x’ = —x + 2y, 
youxty 


17. In the electrical circuit of Figure 5.52, take R; = R, = 1 
Q, C = 1 F, and L = 1 H. Derive three equations for the 
unknown currents J), D, and J; by writing Kirchhoff’s 
voltage law for loops 1 and 2, and Kirchhoff's current 
law for the top juncture. Find the general solution. 


Figure 5.52 Electrical circuit for Problem 17 


18. In the coupled mass-spring system depicted in 
Figure 5.26, page 285, take each mass to be 1 kg and 
let  — 8 N/m, while k) = 3 N/m. What are the 
natural angular frequencies of the system? What is 
the general solution? 


Group Projects for Chapter 5 


A Designing a Landing System for 
Interplanetary Travel 


Courtesy of Alfred Clark, Jr., Professor Emeritus, University of Rochester, Rochester, NY 


You are a second-year Starfleet Academy Cadet aboard the U.S.S. Enterprise on a continuing 
study of the star system Glia. The object of study on the present expedition is the large airless 
planet Glia-4. A class 1 sensor probe of mass rn is to be sent to the planet's surface to collect data. 
The probe has a modifiable landing system so that it can be used on planets of different gravity. 
The system consists of a linear spring (force = —kx, where x is displacement), a nonlinear spring 
(force = —ax*), and a shock-damper (force = —bx),* all in parallel. Figure 5.53 shows a 
schematic of the system. During the landing process, the probe’s thrusters are used to create a 
constant rate of descent. The velocity at impact varies; the symbol V; is used to denote the largest 
velocity likely to happen in practice. At the instant of impact, (1) the thrust is turned off, and (2) 
the suspension springs are at their unstretched natural length. 


(a) Let the displacement x be measured from the unstretched length of the springs and be 
taken negative downward (i.e., compression gives a negative x). Show that the equation 
governing the oscillations after impact is 


mx + bx + kx + ax mg . 

(b) The probe has a mass m — 1220 kg. The linear spring is permanently installed and has a 
stiffness k — 35,600 N/m. The gravity on the surface of Glia-4 is g — 17.5 m/sec?. The 
nonlinear spring is removable; an appropriate spring must be chosen for each mission. 
These nonlinear springs are made of coralidium, a rare and difficult-to-fabricate alloy. 
Therefore, the Enterprise stocks only four different strengths: a — 150,000, 300,000, 
450,000, and 600,000 N/m?. Determine which springs give a compression as close as 


surface of Glia-4 


Landing pod 


(a) (b) 
Figure 5.53 Schematic of the probe landing system. (a) The system at the instant of impact. The springs are not 
stretched or compressed, the thrusters have been turned off, and the velocity is V; downward. (b) The probe has 


reached a state of rest on the surface, and the springs are compressed enough to support the weight. Between states (a) 
and (b), the probe oscillates relative to the landing pod. 


"The symbol x denotes dx/dt. 
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possible to 0.3 m without exceeding 0.3 m, when the ship is resting on the surface of 
Glia-4. (The limit of 0.3 m is imposed by unloading clearance requirements.) 

{J (c) The other adjustable component on the landing system is the linear shock-damper, which 
may be adjusted in increments of Ab — 500 N-sec/m, from a low value of 1000 N-sec/m 
to a high value of 10,000 N-sec/m. It is desirable to make b as small as possible because a 
large b produces large forces at impact. However, if b is too small, there is some danger 
that the probe will rebound after impact. To minimize the chance of this, find the smallest 
value of b such that the springs are always in compression during the oscillations after 
impact. Use a minimum impact velocity V; = 5 m/sec downward. To find this value of b, 
you will need to use a software package to integrate the differential equation. 


B Spread of Staph Infections in 
Hospitals—Part I 


Courtesy of Joanna Pressley, Assistant Professor, and 
Professor Glenn Webb, Vanderbilt University 


Methicillin-resistant Staphylococcus aureus (MRSA), commonly referred to as staph, is a bacterium 
that causes serious infections in humans and is resistant to treatment with the widely used antibiotic 
methicillin. MRSA has traditionally been a problem inside hospitals, where elderly patients or 
patients with compromised immune systems could more easily contract the bacteria and develop 
bloodstream infections. MRSA is implicated in a large percentage of hospital fatalities, causing more 
deaths per year than AIDS. Recently, a genetically different strain of MRSA has been found in the 
community at large. The new strain (CA-MRSA) is able to infect healthy and young people, which the 
traditional strain (HA-MRSA) rarely does. As CA-MRSA appears in the community, it is inevitably 
being spread into hospitals. Some studies suggest that CA-MRSA will overtake HA-MRSA in the 
hospital, which would increase the severity of the problem and likely cause more deaths per year. 

To predict whether or not CA-MRSA will overtake HA-MRSA, a compartmental model has 
been developed by mathematicians in collaboration with medical professionals (see references 
[1]. [2] on page 312). This model classifies all patients in the hospital into three groups: 


e H(t) = patients colonized with the traditional hospital strain, HA-MRSA. 
* C(t) = patients colonized with the community strain, CA-MRSA. 
e S(t) = susceptible patients, those not colonized with either strain. 


The parameters of the model are 


* Bc = the rate (per day) at which CA-MRSA is transmitted between patients. 
* By = the rate (per day) at which HA-MRSA is transmitted between patients. 


* dc = the rate (per day) at which patients who are colonized with CA-MRSA exit the 
hospital by death or discharge. 


e dy = the rate (per day) at which patients who are colonized with HA-MRSA exit the 
hospital by death or discharge. 


e Os = the rate (per day) at which susceptible patients exit the hospital by death or discharge. 

* ac = the rate (per day) at which patients who are colonized with CA-MRSA successfully 
undergo decolonization measures. 

* ay = the rate (per day) at which patients who are colonized with HA-MRSA successfully 
undergo decolonization measures. 


N = the total number of patients in the hospital. 


A = the rate (per day) at which patients enter the hospital. 
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Figure 5.54 A diagram of how patients transit between the compartments 


Patients move between compartments as they become colonized or decolonized (see 
Figure 5.54). This type of model is typically known as an SIS (susceptible-infected-susceptible) 
model, in which patients who become colonized can become susceptible again and colonized 


again (there is no immunity). 
The transition between states is described by the following system of differential equations: 


d$ A BuS(OH() BcS (ct) 
N N 
acquire CA-MRSA 


dt entrance rate 
acquire HA-MRSA 
+ ac Cir ) 


- ésS() 
exit hospital 


+ Q uH ( t) 
HA-MRSA decolonized CA-MRSA decolonized 
dH _ BuS(t)H() 
froni S decolonized exit hospital 
dC _ BcS(t)C(2) 
decolonized exit hospital 


from S 
If we assume that the hospital is always full, we can conserve the system by letting 
A = &,S(t) + yH (t) + &cC(t). In this case S(t) + C(t) + H(t) = N for all t (assuming you 


start with a population of size N). 
(a) Show that this assumption simplifies the above system of equations to 


(85 + ay)H. 


dH 
T = (BulN)(N - C - H)H 
O ac 
ae (Bc/N)(N — € — H)C — (8c + ac)C 
S is then determined by the equation S(t) = N — H(t) — C(t) 
Parameter values obtained from the Beth Israel Deaconess Medical Center are given in Table 5.4 


on page 312. Plug these values into the model and then complete the following problems. 


(b) Find the three equilibria (critical points) of the system (1). 


(c) Using a computer, sketch the direction field for the system (1). 
(d) Which trajectory configuration exists near each critical point (node, spiral, saddle, or 


center)? What do they represent in terms of how many patients are susceptible, colo- 


nized with HA-MRSA, and colonized with CA-MRSA over time? 
(e) Examining the direction field, do you think CA-MRSA will overtake HA-MRSA in the 


hospital? 
Further discussion of this model appears in Project E of Chapter 12. 


‘All references to Chapters 11—13 refer to the expanded text Fundamentals of Differential Equations and Boundary 


Value Problems, 6th ed. 
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11:82:72 Parameter Values for the Transmission Dynamics of Community-Acquired and 
Hospital-Acquired Methicillin-Resistant Staphylococcus aureus Colonization 
(CA-MRSA and HA-MRSA) 


Parameter Symbol Baseline Value 

Total number of patients N 400 

Length of stay 

Susceptible 1/8s 5 days 

Colonized CA-MRSA 1/àc 7 days 

Colonized HA-MRSA 1/84 5 days 

Transmission rate per susceptible patient to 

Colonized CA-MRSA per colonized CA-MRSA Bc 0.45 per day 

Colonized HA-MRSA per colonized HA-MRSA Pu 0.4 per day 

Decolonization rate per colonized patient 

per day per length of stay 

CA-MRSA Qc 0.1 per day 

HA-MRSA Qu 0.1 per day 
References 
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C Things That Bob 


Courtesy of Richard Bernatz, Department of Mathematics, Luther College 


The motion of various-shaped objects that bob in a pool of water can be modeled by a second- 
order differential equation derived from Newton's second law of motion, F = ma. The forces 
acting on the object include the force due to gravity, a frictional force due to the motion of the 
object in the water, and a buoyant force based on Archimedes’ principle: An object that is 
completely or partially submerged in a fluid is acted on by an upward (buoyant) force equal to the 
weight of the water it displaces. 


(a) The first step is to write down the governing differential equation. The dependent vari- 
able is the depth z of the object's lowest point in the water. Take z to be negative down- 
ward so that z — —1 means 1 ft of the object has submerged. Let V(z) be the submerged 
volume of the object, m be the mass of the object, p be the density of water (in pounds 
per cubic foot), g be the acceleration due to gravity, and y,, be the coefficient of friction 
for water. Assuming that the frictional force is proportional to the vertical velocity of 
the object, write down the governing second-order ODE. 

(b) For the time being, neglect the effect of friction and assume the object is a cube measur- 
ing L feet on a side. Write down the governing differential equation for this case. Next, 
designate z = / to be the depth of submersion such that the buoyant force is equal and 
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opposite the gravitational force. Introduce a new variable, £, that gives the displacement 
of the object from its equilibrium position / (that is, z = ¢ + I). You can now write the 
ODE in a more familiar form. [Hint: Recall the mass-spring system and the equilibrium 
case.] Now you should recognize the type of solution for this problem. What is the 
natural frequency? 

(c) In this task you consider the effect of friction. The bobbing object is a cube, 1 ft on a 
side, that weighs 32 Ib. Let y,, = 3 Ib-sec/ft, p = 62.57 Ib/ft', and suppose the object is 
initially placed on the surface of the water. Solve the governing ODE by hand to find 
the general solution. Next, find the particular solution for the case in which the cube is 
initially placed on the surface of the water and is given no initial velocity. Provide a plot 
of the position of the object as a function of time t. 

(d) In this step of the project, you develop a numerical solution to the same problem pre- 
sented in part (c). The numerical solution will be useful (indeed necessary) for subse- 
quent parts of the project. This case provides a trial to verify that your numerical solution 
is correct. Go back to the initial ODE you developed in part (a). Using parameter values 
given in part (c), solve the initial value problem for the cube starting on the surface with 
no initial velocity. To solve this problem numerically, you will have to write the second- 
order ODE as a system of two first-order ODEs, one for vertical position z and one for 
vertical velocity w. Plot your results for vertical position as a function of time ¢ for the 
first 3 or 4 sec and compare with the analytical solution you found in part (c). Are they in 
close agreement? What might you have to do in order to compare these solutions? Pro- 
vide a plot of both your analytical and numerical solutions on the same graph. 

(e) Suppose a sphere of radius R is allowed to bob in the water. Derive the governing 
second-order equation for the sphere using Archimedes' principle and allowing for 
friction due to its motion in the water. Suppose a sphere weighs 32 Ib, has a radius of 
1/2 ft, and y,, = 3.0 Ib-sec/ft. Determine the limiting value of the position of the 
sphere without solving the ODE. Next, solve the governing ODE for the velocity and 
position of the sphere as a function of time for a sphere placed on the surface of the 
water. You will need to write the governing second-order ODE as a system of two 
ODEs, one for velocity and one for position. What is the limiting position of the sphere 
for your solution? Does it agree with the equilibrium solution you found above? How 
does it compare with the equilibrium position of the cube? If it is different, explain why. 

£) (f) Suppose the sphere in part (d) is a volleyball. Calculate the position of the sphere as a func- 
tion of time t for the first 3 sec if the ball is submerged so that its lowest point is 5 ft under 
water. Will the ball leave the water? How high will it go? Next, calculate the ball’s trajectory 
for initial depths lower than 5 ft and higher than 5 ft. Provide plots of velocity and position 
for each case and comment on what you see. Specifically, comment on the relationship 
between the initial depth of the ball and the maximum height the ball eventually attains. 

You might consider taking a volleyball into a swimming pool to gather real data in 
order to verify and improve on your model. If you do so, report the data you found and 
explain how you used it for verification and improvement of your model. 


D Hamiltonian Systems 


The problems in this project explore the Hamiltonian' formulation of the laws of motion of a 
system and its phase plane implications. This formulation replaces Newton's second law 
F = ma = my" and is based on three mathematical manipulations: 


‘Historical Footnote: Sir William Rowan Hamilton (1805-1865) was an Irish mathematical physicist. Besides his 
work in mechanics, he invented quaternions and discovered the anticommutative law for vector products. 
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(i) It is presumed that the force F(t, y, y') depends only on y and has an antiderivative 
—V(y), that is, F = F(y) = —av(y)/dy. 
(ii) The velocity variable y' is replaced throughout by the momentum p = my’ (so y' = p/m). 
(iii) The Hamiltonian of the system is defined as 
p 


H = H(y, p) = z; + VO) . 


(a) Express Newton’s law F = my” as an equivalent first-order system in the manner 
prescribed in Section 5.3. 
(b) Show that this system is equivalent to Hamilton’s equations 


dy oH p 
2 dt op ( z) : 
3 dp oH _ dV 
(3) dt oy ~ — 4dy] ^ 


(c) Using Hamilton's equations and the chain rule, show that the Hamiltonian remains 
constant along the solution curves: 


d _ 
ly P) = 0. 


In the formula for the Hamiltonian function H( y, p), the first term, p?/(2m) = m(y')*/2, is 
the kinetic energy of the mass. By analogy, then, the second term V( y) is known as the potential 
energy of the mass, and the Hamiltonian is the total energy. The total (mechanical)! energy is 
constant—hence "conserved"— when the forces F( y) do not depend on time t or velocity y'; such 
forces are called conservative. The energy integral lemma of Section 4.8 (page 204) is simply an 
alternate statement of the conservation of energy. 

Hamilton's formulation for mechanical systems and the conservation of energy principle 
imply that the phase plane trajectories of conservative systems lie on the curves where the Hamil- 
tonian H( y, p) is constant, and plotting these curves may be considerably easier than solving for 
the trajectories directly (which, in turn, is easier than solving the original system!). 


(d) For the mass-spring oscillator of Section 4.1, the spring force is given by F = —ky 
(where k is the spring constant). Find the Hamiltonian, express Hamilton's equations, 
and show that the phase plane trajectories H( y, p) = constant for this system are the 
ellipses given by p?/(2m) + ky?/2 = constant. See Figure 5.14, page 270. 


The damping force —by' considered in Section 4.1 is not conservative, of course. Physically 
speaking, we know that damping drains the energy from a system until it grinds to a halt at an 
equilibrium point. In the phase plane, we can qualitatively describe the trajectory as continuously 
migrating to successively lower constant-energy orbits; stable centers become asymptotically stable 
spiral points when damping is taken into consideration. 

(e) The second Hamiltonian equation (3), which effectively states p' = my" = F, has to 

be changed to 

, ..9H ,_ ôH bp 
p m by 
when damping is present. Show that the Hamiltonian decreases along trajectories in this 
case (for b > 0): 


dos») = oE] = -n y. 


oy m 


‘Physics states that when all forms of energy, such as heat and radiation, are taken into account, energy is conserved 
even when the forces are not conservative. 
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L3 (f) The force on a mass-spring system suspended vertically in a gravitational field was 
shown in Section 4.10 (page 228) to be F = —ky + mg. Derive the Hamiltonian and 
sketch the phase plane trajectories. Sketch the trajectories when damping is present. 

(g) As indicated in Section 4.8 (page 209), the Duffing spring force is modeled by 
F = —y — y’. Derive the Hamiltonian and sketch the phase plane trajectories. Sketch 
the trajectories when damping is present. 

£) (h) For the pendulum system studied in Section 4.8, Example 8, the force is given by 
(cf. Figure 4.18, page 210) 


= indus s a "s 
F = —€mg sin 0 T. €mg cos 0) ag (9) 


(where £ is the length of the pendulum). For angular variables, the Hamiltonian formu- 
lation dictates expressing the angular velocity variable 0' in terms of the angular 
momentum p = m^"; the kinetic energy, mass X velocity?/2, is expressed as 
m(£0')?/2 = p?/(2m€). Derive the Hamiltonian for the pendulum and sketch the 
phase plane trajectories. Sketch the trajectories when damping is present. 

£ 4) The Coulomb force field is a force that varies as the reciprocal square of the distance from 
the origin: F = &/y?. The force is attractive if k < 0 and repulsive if k > 0. Sketch the 
phase plane trajectories for this motion. Sketch the trajectories when damping is present. 

(j) For an attractive Coulomb force field, what is the escape velocity for a particle situated 

at a position y? That is, what is the minimal (outward-directed) velocity required for the 
trajectory to reach y — oo? 


E Cleaning Up the Great Lakes 


A simple mathematical model that can be used to determine the time it would take to clean up the 
Great Lakes can be developed using a multiple compartmental analysis approach.’ In particular, 
we can view each lake as a tank that contains a liquid in which is dissolved a particular pollutant 
(DDT, phosphorus, mercury). Schematically, we view the lakes as consisting of five tanks 
connected as indicated in Figure 5.55. 


Figure 5.55 Compartmental model of the Great Lakes with flow rates (mi?/yr) and volumes (mi?) 


‘For a detailed discussion of this model, see An Introduction to Mathematical Modeling by Edward A. Bender 
(Krieger, New York, 1991), Chapter 8. 
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For our model, we make the following assumptions: 


1. The volume of each lake remains constant. 

2. The flow rates are constant throughout the year. 

3. When a liquid enters the lake, perfect mixing occurs and the pollutants are uniformly 
distributed. 

4. Pollutants are dissolved in the water and enter or leave by inflow or outflow of solution. 


Before using this model to obtain estimates on the cleanup times for the lakes, we consider 
some simpler models: 


(a) Use the outflow rates given in Figure 5.55 to determine the time it would take to "drain" 
each lake. This gives a lower bound on how long it would take to remove all the pollutants. 

(b) A better estimate is obtained by assuming that each lake is a separate tank with only 
clean water flowing in. Use this approach to determine how long it would take the pol- 
lution level in each lake to be reduced to 50% of its original level. How long would it 
take to reduce the pollution to 546 of its original level? 

(c) Finally, to take into account the fact that pollution from one lake flows into the next 
lake in the chain, use the entire multiple compartment model given in Figure 5.55 to 
determine when the pollution level in each lake has been reduced to 50% of its original 
level, assuming pollution has ceased (that is, inflows not from a lake are clean water). 
Assume that all the lakes initially have the same pollution concentration p. How long 
would it take for the pollution to be reduced to 596 of its original level? 


SI} F A Growth Model for Phytoplankton—Part I 


Courtesy of Dr. Olivier Bernard and Dr. Jean-Luc Gouzé, INRIA 


A chemostat is a stirred tank in which phytoplankton grow by consuming a nutrient (e.g., nitrate). 
The nutrient is supplied to the tank at a given rate, and a solution containing the phytoplankton 
and remaining nutrient is removed at an equal rate (cf. Figure 5.56). The chemostat reproduces in 
vitro the conditions of the growth of phytoplankton in the ocean; the phytoplankton is the first 
element of the marine food chain. 


Outflow «—— ——— 


æ : microorganisms 
LJ . 
e? : nutrients 


Figure 5.56 Chemostat 
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S (umol/L) 
X (mm?/L) 


Time (Days) 


Figure 5.57 Nutrient/biovolume data 


Let S denote the concentration (in wmol/liter) of the nutrient and X the biovolume (which is 
to be taken as an estimation of the biomass) of phytoplankton (in mm? of cells per liter of solu- 
tion). A classical model (J. Monod, La technique de culture continue: théorie et applications. 
Annales de I Institut Pasteur, 79, 1950) of the behavior of the chemostat is the following: 


dX SX 
— =p — aX 
dt S+k 
(4) 
ds p SX 
= a(s; S) . 
dt YS-ctk 


The unit for time is the day; the dilution rate a and the growth rate p are in day !; and the input 


concentration s; and the constant k have the same units as S. Experimental (smoothed) data, 
obtained from the Station Zoologique of Villefrance-sur-Mer in France, are displayed in Figure 5.57. 
They can be downloaded from the textbook's Web site at www.pearsonhighered.com/nagle. 


(i) When t < 2.5, the dilution rate a is zero (“batch culture"). It is known that k is in the 
range 0.1] « k « I. 


(a) What are the units for the yield factor y? 

(b) Write a linear approximation of the system (4) for S >> k (i.e., $ is much larger than K). 

(c) Solve the approximated system in part (b) and use the solution for X and the experimen- 
tal data on the Web site to obtain a numerical value for p. [Hint: Plot the logarithm of X 
against the time, and estimate the slope.] Use the equation for S and the data to obtain 
an estimation of y. 

(d) Take k — 0.5 and the values for p and y obtained in (c). Using a computer software 
package and the initial conditions X(0) — 0.15, S(0) — 45.84, draw the numerical solu- 
tions X(t), S(t) for the system (4) and for the approximated system of part (b). Is the 
approximation of part (b) a reasonable one? 


(ii) For t > 2.5, the dilution rate is a = 1.06 day !. After a delay, the growth rate p of the 
phytoplankton changes because the cells adapt themselves to their new environment. 


(e) Estimate the time T when the growth rate changes and obtain the new value for p. (As 
above, take k — 0.5.) 


Further discussion of this model appears in Project F of Chapter 12.' 


"All references to Chapters 11—13 refer to the expanded text Fundamentals of Differential Equations and Boundary 
Value Problems, 6th ed. 


CHAPTER 6 
Theory of Higher-Order Linear 


Differential Equations 


In this chapter we discuss the basic theory of linear higher-order differential equations. The 
material is a generalization of the results we obtained in Chapter 4 for second-order constant- 
coefficient equations. In the statements and proofs of these results, we use concepts usually 
covered in an elementary linear algebra course—namely, linear dependence, determinants, and 
methods for solving systems of linear equations. These concepts also arise in the matrix 
approach for solving systems of differential equations and are discussed in Chapter 9, which 
includes a brief review of linear algebraic equations and determinants. 

Since this chapter is more mathematically oriented—that is, not tied to any particular 
physical application—we revert to the customary practice of calling the independent variable 
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x” and the dependent variable “y.” 


6.1 BASIC THEORY OF LINEAR DIFFERENTIAL EQUATIONS 


A linear differential equation of order n is an equation that can be written in the form 
Q) — ay" (o) a, Gy" (a) + ++ + asy) = B(x) 


where ag(x), a(x), . . . , a,(x) and b(x) depend only on x, not y. When do, a, . . . , a, are all con- 
stants, we say equation (1) has constant coefficients; otherwise it has variable coefficients. If 
b(x) = 0, equation (1) is called homogeneous; otherwise it is nonhomogeneous. 

In developing a basic theory, we assume that ag(x), a(x), . . . , a,(x) and b(x) are all con- 
tinuous on an interval / and a,(x) # 0 on I. Then, on dividing by a,(x), we can rewrite (1) in 
the standard form 


Q) yx) + p Gy" 9G) + + + palxdy(x) = g(x) , 


where the functions p;(x),..., p,(x), and g(x) are continuous on 7. 
For a linear higher-order differential equation, the initial value problem always has a 
unique solution. 


Existence and Uniqueness 


Theorem 1. Suppose p;(x), ..., p,(x) and g(x) are each continuous on an 
interval (a, b) that contains the point xy. Then, for any choice of the initial values 
Yo, Vis - - +» Yn—1 there exists a unique solution y(x) on the whole interval (a, b) to the 


initial value problem 


(3) — Pæ) + phy da) + +++ + palxly(x) = g(x) , 


w — sw sy) =v oie") 9 4 
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Example 1 


Solution 
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The proof of Theorem 1 can be found in Chapter 13.' 


For the initial value problem 
(5) x(x — Ly” — 3xy" + 6x?y' — (cosx)y = Vx * 5 ; 


(6) yb 91. Qe e eT. 


determine the values of x and the intervals (a, b) containing xo for which Theorem 1 guaran- 
tees the existence of a unique solution on (a, b). 


Putting equation (5) in standard form, we find that p,(x) = —3/(x — 1), po(x) = 6x/(x — 1), 
p3(x) = —(cos x)/[ x(x — 1)], and g(x) = Vx + 5/[x(x — 1)]. Now p,(x) and p,(x) are 
continuous on every interval not containing x = 1, while p3(x) is continuous on every interval 
not containing x = 0 or x = 1. The function g(x) is not defined for x < —5, x = 0, and x = 1, 
but is continuous on (—5, 0), (0, 1), and (1, oo). Hence, the functions pı, p», p3, and g are 
simultaneously continuous on the intervals (—5, 0), (0, 1), and (1, oo). From Theorem 1 it fol- 
lows that if we choose xo € (—5, 0), then there exists a unique solution to the initial value 
problem (5)-(6) on the whole interval (—5, 0). Similarly, for xo € (0, 1), there is a unique 
solution on (0, 1) and, for xy € (1, oo), a unique solution on (1, oo). € 


If we let the left-hand side of equation (3) define the differential operator L, 


d'y ty : » 
(7) Liy] =—, + pic + ttt + Pay = (D + pw" + «++ + paly] 
dx dx 


then we can express equation (3) in the operator form 


(8) — L[y] (x) =gh). 


It is essential to keep in mind that L is a linear operator—that is, it satisfies 
QO Ly txt + + ym] = L(y] + Ly] + + Lyn] 
(10) L[ cy] = cL| y] (c any constant) . 


These are familiar properties for the differentiation operator D, from which (9) and (10) follow (see 
Problem 25). 


As a consequence of this linearity, if y4, . . . , Ym are solutions to the homogeneous equation 
(11) L|y](x) =0, 
then any linear combination of these functions, Cyy, + ++: + CmYm is also a solution, because 


L| Cy, + Cya + + Cmm] = G0 + Gs 0+ + G0 =0., 


Imagine now that we have found n solutions y4, . . . , y, to the nth-order linear equation (11). Is 
it true that every solution to (11) can be represented by 


(12) Cy, Sp Pel n C, Y, 


‘All references to Chapters 11—13 refer to the expanded text Fundamentals of Differential Equations and Boundary 
Value Problems, 6th ed. 
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for appropriate choices of the constants C4, . . . , C,? The answer is yes, provided the solutions 
Yr - - , Yn Satisfy a certain property that we now derive. 

Let (x) be a solution to (11) on the interval (a, b) and let xp be a fixed number in (a, b). If 
it is possible to choose the constants C4, .. . , C, so that 


Ciyi(%o) poses + CnYn(Xo) = (xo) , 
(13) Ciyi(to) + + + 6x60) -9(x. 


Cof PG) + oe + Caan Qo) = 4" Gg) , 


then, since (x) and Cyy\(x) + = + C,y,(x) are two solutions satisfying the same initial 
conditions at xo, the uniqueness conclusion of Theorem 1 gives 


(14) p(x) = Cy; (x) desee vp Cool) 


for all x in (a, b). 

The system (13) consists of n linear equations in the n unknowns Cj, . . . , C,. It has a 
unique solution for all possible values of (xo), $'(xo), . .. , p” D(xo) if and only if the deter- 
minant” of the coefficients is different from Zero; that is, if and only if 


yi(xo) ya(xo) Yn(Xo) 
as Pio) yalxo) Xx) | 2 9 

yf Mx) y (xo) ye x9) 
Hence, if y),..., y, are solutions to equation (11) and there is some point x in (a, b) such that 
(15) holds, then every solution (x) to (11) is a linear combination of y;, . . . , y,. Before for- 


mulating this fact as a theorem, it is convenient to identify the determinant by name. 


Wronskian 


Definition 1. Letf;,...,f,beany n functions that are (n — 1) times differentiable. 
The function 


fux) 
fux) 


d6 — W[fo... f] = AE m eme 


fe-»(x) fex) TUM fe (x) 
is called the Wronskian of fj, . . . , fa. 


We now state the representation theorem that we proved above for solutions to homoge- 
neous linear differential equations. 


"Determinants are discussed in Section 9.3. 
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Representation of Solutions (Homogeneous Case) 
Theorem 2. Let y;,..., y, ben solutions on (a, b) of 
aD a) t pG)y" 9G) + + + p()y(9 = 0, 


where p;, . . . , p, are continuous on (a, b). If at some point xp in (a, b) these solutions 
satisfy 


a8) Wy»... Yn (xo) #0, 


then every solution of (17) on (a, b) can be expressed in the form 
(19) y(x) = Ciyı(x) P ea Cae) , 


where C),..., C, are constants. 


The linear combination of y,,..., y, in (19), written with arbitrary constants Cj,..., Cj, 
is referred to as a general solution to (17). 

In linear algebra a set of m column vectors {v}, V2, ... ,Vm}, each having m components, is 
said to be linearly dependent if and only if at least one of them can be expressed as a linear 
combination of the others.’ A basic theorem then states that if a determinant is Zero, its column 
vectors are linearly dependent, and conversely. So if a Wronskian of solutions to (17) is zero at 
a point xg, one of its columns (the final column, say; we can always renumber!) equals a linear 
combination of the others: 


yw (xo) M (xo) yx(xo) Yn- (xo) 
(20) yalo) =d, yi) +d yo) dp deas yn—1(%0) 
ye- Y(x9) y N(x9) t 7 (xg) y= (xo) 


Now consider the two functions y,(x) and [ diy, (x) + doya(x) + © + dy—1Wp- (x) ]. 
They are both solutions to (17), and we can interpret (20) as stating that they satisfy the same ini- 
tial conditions at x = xo. By the uniqueness theorem, then, they are one and the same function: 


(21) Yn(x) = dyy,(x) + doy (x) Mgr Beery d, yai (x) 


for all x in the interval 7. Consequently, their derivatives are the same also, and so 


yn(x) yi (x) ae Yn—1(X) 


(22) Yale) — d, vile) +4 d> vale, + + d. Yn- iG) 
ye) oo) yg) ye) 
for all x in Z. Hence, the final column of the Wronskian w[ yp» ya] is always a linear 


combination of the other columns, and consequently the Wronskian is always zero. 
In summary, the Wronskian of n solutions to the homogeneous equation (17) is either 
identically zero, or never zero, on the interval (a, b). We have also shown that, in the former 


"This is equivalent to saying there exist constants cj, c», ..., Cm not all zero, such that civ, + CoV. + “++ CV, 
equals the zero vector. 
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Example 2 


Solution 


Example 3 


Solution 


case, (21) holds throughout (a, b). Such a relationship among functions is an extension of the 
notion of linear dependence introduced in Section 4.2. We employ the same nomenclature for 
the general case. 


Linear Dependence of Functions 


Definition 2. The m functions fi, f>, ... , fn are said to be linearly dependent on an 
interval J if at least one of them can be expressed as a linear combination of the others 
on J; equivalently, they are linearly dependent if there exist constants cj, Co, ..., Cm not 
all zero, such that 


(23) cfil) + ef(x) + ^ + o fx) = 0 


for all x in Z. Otherwise, they are said to be linearly independent on J. 


Show that the functions f,(x) = e*, f(x) = e ?*, and f(x) = 3e* — 2e?" are linearly depen- 
dent on (—oo, oo). 


Obviously, f, is a linear combination of f, and fz: 


f) = 3e*— 2e * = 3fi(x) 2f2(x) . 


Note further that the corresponding identity 3f,(x) — 2f; (x) — f(x) = 0 matches the pattern 
(23). Moreover, observe that f;, fo, and f; are pairwise linearly independent on (—oo, oo), but 
this does not suffice to make the triplet independent. 4 


To prove that functions fi, f», . . . , fn are linearly independent on the interval (a, b), a con- 
venient approach is the following: Assume that equation (23) holds on (a, b) and show that this 
forces c} = c3 = s: = Cm = 0. 


Show that the functions f(x) = x, f(x) = x?, and f(x) = 1 — 2x? are linearly independent 
on (—oo, oo). 


Assume c}, c», and c4 are constants for which 
(24) cux + cx? + c (1— 2x7) 20 


holds at every x. If we can prove that (24) implies c, = cy = c4 = 0, then linear independence 
follows. Let's set x = 0, 1, and — 1 in equation (24). These x values are, essentially, “picked out 
of a hat" but will get the job done. Substituting in (24) gives 


€4—70 x). 
Q5  e«a*o-o620 (x=), 


—c(t 606—040 (x = -1. 


When we solve this system (or compute the determinant of the coefficients), we find that the 
only possible solution is c; = c; = c3 = 0. Consequently, the functions f|, f2, and f; are linearly 
independent on (—oo, oo). 
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A neater solution is to note that if (24) holds for all x, so do its first and second derivatives. 
At x = 0 these conditions are c4 = 0, c; = 0, and 2c) — 4c4 = 0. Obviously, each coeffi- 
cient must be zero. 9 


Linear dependence of functions is, prima facie, different from linear dependence of vec- 
tors in the Euclidean space R”, because (23) is a functional equation that imposes a condition at 
every point of an interval. However, we have seen in (21) that when the functions are all solu- 
tions to the same homogeneous differential equation, linear dependence of the column vectors 
of the Wronskian (at any point xo) implies linear dependence of the functions. The converse is 
also true, as demonstrated by (21) and (22). Theorem 3 summarizes our deliberations. 


Linear Dependence and the Wronskian 


Theorem 3. If y,, y», ... .y, are n solutions to y? + py" ) 4 e E Pay = 0 on the 
interval (a, b), with pi, p», ... , p, continuous on (a, b), then the following statements are 
equivalent: 


(i) yy y», -.- , y, are linearly dependent on (a, b). 
(ii) The Wronskian w| Yis Varnes Yn] (xo) is zero at some point xp in (a, b). 
(iii) The Wronskian w| V1, Y». Yn] (x) is identically zero on (a, b). 


The contrapositives of these statements are also equivalent: 


Gv) yp, yo. --- , Yn are linearly independent on (a, b). 
(v) The Wronskian w| V1, Yor +e» Yn] (xo) is nonzero at some point x, in (a, b). 
(vi) The Wronskian w| Vis Yoo +++ > Yn] (x) is never zero on (a, b). 


Whenever (iv), (v), or (vi) is met, (yj, y», ..., Yn? is called a fundamental solution set 
for (17) on (a, b). 


The Wronskian is a curious function. If we take WI di dos isis f] (x) for n arbitrary functions, 
we simply get a function of x with no particularly interesting properties. But if the n functions are 
all solutions to the same homogeneous differential equation, then either it is identically zero or 
never zero. In fact, one can prove Abel’s identity when the functions are all solutions to (17): 


X 


Q6 Wyry» «++ In| (x) = Woon ye vlade | pio) 


Xo 
which clearly exhibits this property. Problem 30 outlines a proof of (26) for n = 3.' 
It is useful to keep in mind that the following sets consist of functions that are linearly 
independent on every open interval (a, b): 
{1, x, Bec ey 
L cos x, Sin x, cos 2x, sin 2x, . . . , cos nx, sin nx} " 
few, e*7,.... e^")  (ajs distinct constants) . 
[See Problems 27 and 28, and Section 6.2 (page 328).] 
If we combine the linearity (superposition) properties (9) and (10) with the representation 


theorem for solutions of the homogeneous equation, we obtain the following representation 
theorem for nonhomogeneous equations. 


+See Problem 32, Exercises 4.7, for the case n = 2. 
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Example 4 


Solution 


Representation of Solutions (Nonhomogeneous Case) 


Theorem 4. Let Yp(x) be a particular solution to the nonhomogeneous equation 


(27) yP) + pnQ)y" 9" () + e + paya) = a(x) 


on the interval (a, b) with pı, p», . . . , p, continuous on (a, b), and let b Sang Yn} bea 
fundamental solution set for the corresponding homogeneous equation 


(28) y(x) + p(Q9y YG) + -— + palxly(x) = 0. 


Then every solution of (27) on the interval (a, b) can be expressed in the form 


Q9) ya) =y) + Cyyi(x) + +++ + 6v»). 


Proof. Let #(x) be any solution to (27). Because both (x) and Yp(x) are solutions to 
(27), by linearity the difference p(x) — Yp(x) is a solution to the homogeneous equation (28). It 
then follows from Theorem 2 that 


(x) = »(x) = Cay) + e + €») 


for suitable constants Cj, ..., C,. The last equation is equivalent to (29) | with (x) in place of 
y(x) |, so the theorem is proved. # 


The linear combination of yp, yj, . . . , y, in (29) written with arbitrary constants 
Cj, ... , C, is, for obvious reasons, referred to as a general solution to (27). Theorem 4 can 
be easily generalized. For example, if L denotes the operator appearing as the left-hand 


side in equation (27) and if L| yp] = g; and L| yp2 | = g2, then any solution of 
L|y] = Cg + C282 can be expressed as 


(x) = eypi(x) + eo») + Ciyilx) + Coye(x) + = + Cv), 


for a suitable choice of the constants Cj, Co,..., Cp. 


Find a general solution on the interval (—oo, oo) to 


(30) L|y] y" — 2y" — y' + 2y = Ix? — 2x — 4 — Me” , 


given that Yp1(x) = x isa particular solution to L| y] = 2x? — 2x — 4, that yp x) =¢ ja 


particular solution to L|y] = — 12e ?*. and that y,(x) = e 7, yo(x) = e", and y4(x) = e” are 
solutions to the corresponding homogeneous equation. 


We previously remarked that the functions e™*, e*, e™ are linearly independent because the 
exponents — 1, 1, and 2 are distinct. Since each of these functions is a solution to the corre- 
sponding homogeneous equation, then fe e e?" is a fundamental solution set. It now 
follows from the remarks above for nonhomogeneous equations that a general solution to 
(30) is 


(31) yla) = yp *2yp + Cy + €i» + Crys 
=x? + 2e-* + Cie * + Ce + Ce". + 
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OBESA 1 1 ]á 


In Problems 1—6, determine the largest interval (a, b) for 
which Theorem 1 guarantees the existence of a unique 
solution on (a, b) to the given initial value problem. 


Fo 


1. xy" 3y } e^y - x i ; 


y(-2)=1, y(-2-20,. »y'-222 
2. y" — Vxy = sinx ; 
X-)20, yl(r)=11, y'(s)-3 


3. y" — y" + Vx — ly = tanx ; 
x5) = y (5 = y"(5) = 1 

4. x(x + 1)y" — 3xy' - y =0; 
y(-1/2)=1, y(-12)53'1-152) 59 

5. xVx + ly” — y' - xy 20; 
y(1/2) = y 0/2) = -1, 

6. (x? — 1)” + ey = lnx ; 
jy8/4)—1. y OM = y"(3/4) =0 


y"(1/2) = 1 


In Problems 7—14, determine whether the given functions 
are linearly dependent or linearly independent on the 
specified interval. Justify your decisions. 
Ts t e, e) on (—oo, oo) 
8. us x?-—1, 5) on (—oo, oo) 
9. (sin?x, cos?x, 1} on (—00, oo) 
10. {sin x, cos x, tan x} on (—7/2, 7/2) 
11. icta x} on (0, oo) 
12. {cos 2 cos? x, sin? x} on (—oo, oo) 
13. {x, x7, x3, x4} on (—oo, oo) 


14. {x, xe”, 1} on (—oo, oo) 


Using the Wronskian in Problems 15—18, verify that the 
given functions form a fundamental solution set for the 
given differential equation and find a general solution. 


15. y” + 2y" — lly’ - 12y 2 0 ; 
e", e *, e * 
16. y" y" | 4y' 4y = 0 : 


[e. COS 2x, sin ax) 


17. xy" — 3x?y" + 6xy! — 6y =0, x 2905 
{x, x x 
18. y? —y70; te. € ^, COS x, sin x} 


In Problems 19-22, a particular solution and a funda- 
mental solution set are given for a nonhomogeneous 


equation and its corresponding homogeneous equation. 
(a) Find a general solution to the nonhomogeneous 
equation. (b) Find the solution that satisfies the specified 
initial conditions. 


Sy = 2 + 6x — 5x? ; 


y(0)=-1, y'(0)=1,  y”(0)=-3; 
Yp = x; tes e “cos 2x, e “sin 2x} 

20. xy" —y 2 2; yl) =2, y(1)=-1, 
y(1)2-4;  y=x?s {Lx} 

21. xy" + xy - y 23- Inx , x0 
3X01-3. y)=3, 19-03 
yp = Inx ; {x, x In x, x(In x?) 

22. y? + 4y = 5cosx ; 

90) =2, GOT. 3" --t, 
y" (0) =-2; yp = COS X ; 


{e*cos x, e*sin x, e "cosx,e "sin x} 


23. Let L|y] =y” + y' + xy, y(x) = sinx, and 
yx): x. Verify that L[y,](x) =xsinx and 
L| y2] (x) = x? + 1. Then use the superposition prin- 
ciple (linearity) to find a solution to the differential 
equation: 

(a) L|y] = 2xsinx — x? — 1. 
(b) L|y] = 4x? + 4 — 6xsinx . 

24. Let L| y] = y" — xy" + 4y! — 3xy, yy (x) = cos 2x, 
and yj(x) := — 1/3. Verify that L[y](x) = x cos 2x 
and | y] (x) = x. Then use the superposition prin- 
ciple (linearity) to find a solution to the differential 
equation: 

(a) L|y] = 7x cos 2x — 3x . 
(b) L|y] = —6xcos2x + 11x. 

25. Prove that L defined in (7) is a linear operator by 
verifying that properties (9) and (10) hold for any 
n-times differentiable functions y, y;, ... , Ym on (a, b). 


26. Existence of Fundamental Solution Sets. By 
Theorem 1, for each j = 1, 2, ..., n there is a unique 
solution y(x) to equation (17) satisfying the initial 
conditions 


W Jia fork=j= f; 
yj" (xo) us: fok*j—1, OSksSn-1. 


(a) Show that b y». Yn? is a fundamental 
solution set for (17). [Hint: Write out the 
Wronskian at xọ.] 
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(b) For given initial values yo, yj... . yai. 

express the solution y(x) to (17) satisfying 

y" xg) = yj, k=0,...,n— 1, [as in equa- 

tions (4)] in terms of this fundamental solution set. 

27. Show that the set of functions Lxx Suing xn 

where n is a positive integer, is linearly independent 

on every open interval (a, b). [Hint: Use the fact that 

a polynomial of degree at most n has no more than n 
zeros unless it is identically zero.] 


28. The set of functions 
ae COS X, SIN X, ... , COS mx, Sin nx}, 


where n is a positive integer, is linearly independent 
on every interval (a, b). Prove this in the special case 
n = 2 and (a, b) = (—oo, 00). 
29. (a) Show that if fi, . . . , fn are linearly independent 
on (—1, 1), then they are linearly independent 
on (—oo, oo). 
(b) Give an example to show that if fj, . . . , fin are 
linearly independent on (—oo, oo), then they 
need not be linearly independent on ( — 1, 1). 
30. To prove Abel’s identity (26) for n = 3, proceed as fol- 
lows: 
(a) Let W(x) = Wy, y2, y3] (x). Use the product 
rule for differentiation to show 


yi y» 3 y yo Y 
W'(x)= lyi » ys) + lt yo »5 
yi » Y» yr ys Y» 

yı y2 ya 

t|» » » 

yr y? y7 


(b) Show that the above expression reduces to 


J1 Jz Js 
(32  W'i(x)- » » 
yi » ys 


(c) Since each y; satisfies (17), show that 


3 
G3). XP) = — 25 pela (x) 
(i = 1,2,3). 


(d) Substituting the expressions in (33) into (32), 
show that 


(34)  W'(x) = —pi(x)W(x) . 


31. 


32. 


33. 


34. 


35. 
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(e) Deduce Abel’s identity by solving the first-order 
differential equation (34). 


Reduction of Order. If a nontrivial solution f(x) 
is known for the homogeneous equation 


y” + pi(x)y 79 4 E palxly = 0, 
the substitution y(x) = v(x)f(x) can be used to 
reduce the order of the equation, as was shown in 
Section 4.7 for second-order equations. By complet- 


ing the following steps, demonstrate the method for 
the third-order equation 


(35  y"—2y'—5y + by = 0, 


given that f(x) = e" is a solution. 


m 


(a) Set y(x) = v(x)e* and compute y', y", and y". 

(b) Substitute your expressions from (a) into (35) to 
obtain a second-order equation in w :— v'. 

(c) Solve the second-order equation in part (b) for w 
and integrate to find v. Determine two linearly 
independent choices for v, say, v, and vz. 

(d) By part (c), the functions y,(x) = v,(x)e* and 
yax) = vo(x)e* are two solutions to (35). Verify 
that the three solutions e", y,(x), and y>(x) are 
linearly independent on ( —oo, oc). 

Given that the function f(x) — x is a solution to 

y" — xly'- xy = 0, show that the substitution 

y(x) = v(x)f(x) = v(x)x reduces this equation to 

xw" + 3w' — x^w = 0, where w = v'. 

Use the reduction of order method described in Prob- 

lem 31 to find three linearly independent solutions to 

y" — 2y" + y' — 2y = 0, given that f(x) = e?" is 

a solution. 


Constructing Differential Equations. Given three 
functions f(x), f(x), f(x) that are each three times 
differentiable and whose Wronskian is never zero on 
(a, b), show that the equation 


fA) f(x) f) y 
i) AG fa)" | Lg 
T(x) Fa e) y 
FIE) fT() a) y” 


is a third-order linear differential equation for which 
{ fofo h} is a fundamental solution set. What is the 
coefficient of y” in this equation? 

Use the result of Problem 34 to construct a third- 
order differential equation for which {x, sin x, COS x} 
is a fundamental solution set. 
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HOMOGENEOUS LINEAR EQUATIONS WITH 
6.2 CONSTANT COEFFICIENTS 


Our goal in this section is to obtain a general solution to an nth-order linear differential equa- 
tion with constant coefficients. Based on the experience gained with second-order equations in 
Section 4.2, you should have little trouble guessing the form of such a solution. However, our 
interest here is to help you understand why these techniques work. This is done using an opera- 
tor approach—a technique that is useful in tackling many other problems in analysis such as 
solving partial differential equations. 

Let's consider the homogeneous linear nth-order differential equation 


(Q) — ay" (o) + a, o" Qo) + ++ ra) + agy(x) = 0, 


where a,(20), a, ,,...,ag are real constants.’ Since constant functions are everywhere 
continuous, equation (1) has solutions defined for all x in (—0o, oo) (recall Theorem 1 in 
Section 6.1). If we can find n linearly independent solutions to (1) on (—00, oo), say, yy, . . - , Yn 
then we can express a general solution to (1) in the form 


(2) y(x) = Ciyi(x) Spe em Cy. (x) , 


with C}, . . . , C, as arbitrary constants. 

To find these n linearly independent solutions, we capitalize on our previous success with 
second-order equations. Namely, experience suggests that we begin by trying a function of the 
form y = e". 

If we let L be the differential operator defined by the left-hand side of (1), that is, 


O — Ey] = ay” a ay + ++ bay Fay, 
then we can write (1) in the operator form 
(4) L|y](x) =0. 


For y = e", we find 


(5) L| e™](x) = a,r"e"* + a, ar" le" + +++ + age™ 


= e"(a,r" + a, ar" | + © + ag) = e"P(r) , 


where P(r) is the polynomial a,r" + a, 4r" | + ++: + ao. Thus, e” is a solution to equation 
(4), provided r is a root of the auxiliary (or characteristic) equation 


(6) P(r) =ar" +a r"! + +++ tay =0. 


According to the fundamental theorem of algebra, the auxiliary equation has n roots 
(counting multiplicities), which may be either real or complex. However, there are no formulas 
for determining the zeros of an arbitrary polynomial of degree greater than four, although if we 
can determine one zero 7,, then we can divide out the factor r — rı and be left with a poly- 
nomial of lower degree. (For convenience, we have chosen most of our examples and exercises 
so that 0, +1, or +2 are zeros of any polynomial of degree greater than two that we must factor.) 


‘Historical Footnote: In a letter to John Bernoulli dated September 15, 1739, Leonhard Euler claimed to have solved 
the general case of the homogeneous linear nth-order equation with constant coefficients. 
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When a zero cannot be exactly determined, numerical algorithms such as Newton's method or 
the quotient-difference algorithm can be used to compute approximate roots of the polynomial 
equation.’ Some pocket calculators even have these algorithms built in. 

We proceed to discuss the various possibilities. 


Distinct Real Roots 


If the roots rj, . . . , r, of the auxiliary equation (6) are real and distinct, then n solutions to 
equation (1) are 


Fux 
. 


0) yix) =e, yo(x) = e™™, ...5 yx) = e 


As stated in the previous section, these functions are linearly independent on (—oo, oo), a fact 


that we now officially verify. Let's assume that c}, . . . , c, are constants such that 
(8) cie" + vs + oe" —0 
for all x in (—oo, oo). Our goal is to prove that c; = c; = = = c, = 0. 


One way to show this is to construct a linear operator L, that annihilates (maps to zero) 
everything on the left-hand side of (8) except the kth term. For this purpose, we note that since 
ri,...,r,àre the zeros of the auxiliary polynomial P(r), then P(r) can be factored as 


(9) P(r) car ri) (r= ra) . 


Consequently, the operator L[y] = any” + a, "9 + +++ + agy can be expressed in 
terms of the differentiation operator D as the following composition: 


40  L-P(D)-a(D-r)-(D-r). 


We now construct the polynomial P;(r) by deleting the factor (r — ry) from P(r). Then we set 
L,:— P,{D); that is, 


41  LUz—P(D)-a(D-r)-(D-rLzjD-ra)-(D-»xr). 


Applying L, to both sides of (8), we get, via linearity, 
(12) cL | e] apices d cy Ly| e”™ | =0. 


Also, since L, = P,(D), we find [just as in equation (5)] that L,| e^ |(x) = e’*P,(r) for all z 
Thus (12) can be written as 


ce" Pri) soseeGsE cye"* P,(r,) =0 P 
which simplifies to 
03) ee" Pn) = 0, 


because P,(r;) = 0 for i # k. Since rj is not a root of P(r), then Pj(r;) # 0. It now follows 


from (13) that c, = 0. But as k is arbitrary, all the constants c}, . . . , c, must be zero. Thus, 
yix), ..., ¥,(x) as given in (7) are linearly independent. (See Problem 26 for an alternative 
proof.) 


We have proved that, in the case of n distinct real roots, a general solution to (1) is 
(14) y(x) = C;e^* ETIE C,e^* ; 


where C),..., C, are arbitrary constants. 


‘See, for example, Applied and Computational Complex Analysis, by P. Henrici (Wiley-Interscience, New York, 1974), 
Volume 1, or Numerical Analysis, 9th ed., by R. L. Burden and J. D. Faires (Brooks/Cole Cengage Learning, 2011). 


‘Historical Footnote: The symbolic notation P(D) was introduced by Augustin Cauchy in 1827. 
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Example 2 


Solution 
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Find a general solution to 

(15) y” — 2y" — 5y' *t6y-0. 

The auxiliary equation is 

46 r?-2r -—-5r+6=0. 

By inspection we find that r = 1 is a root. Then, using polynomial division, we get 


r? — 2r? —5r - 6 — (r 1)(r? r 6), 


which further factors into (r — 1)(r + 2)(r — 3). Hence the roots of equation (16) are r; = 1, 
ry = —2,rs = 3. Since these roots are real and distinct, a general solution to (15) is 


y(x) = Cye* + Ge? + Ce. e 


Complex Roots 


If o + iB (o, B real) is a complex root of the auxiliary equation (6), then so is its complex 
conjugate a — if, since the coefficients of P(r) are real-valued (see Problem 24). If we accept 
complex-valued functions as solutions, then both eltib and eli are solutions to (1). 
Moreover, if there are no repeated roots, then a general solution to (1) is again given by (14). 
To find two real-valued solutions corresponding to the roots a + iB, we can just take the real 
and imaginary parts of e «*iB* That is, since 


(17) etib = 0 cos Bx + ie sin Bx , 
then two linearly independent solutions to (1) are 
(18) e°* cos Bx , e“ sin Bx . 


In fact, using these solutions in place of e «IB and ela iB in (14) preserves the linear inde- 
pendence of the set of n solutions. Thus, treating each of the conjugate pairs of roots in this 
manner, we obtain a real-valued general solution to (1). 


Find a general solution to 

(19) y” + y” + 3y' — 5y=0. 

The auxiliary equation is 

20) r?+r?+3r-5=(r- I(r? +2r+5)=0, 

which has distinct roots r; = 1, r = —1 + 2i, r, = —1 — 2i. Thus, a general solution is 


(21) y(x) = Cye* + Ce ™ cos 2x + Cge ™sin2x . € 


Repeated Roots 


If rj is a root of multiplicity m, then the n solutions given in (7) are not even distinct, let alone lin- 
early independent. Recall that for a second-order equation, when we had a repeated root r; to the 
auxiliary equation, we obtained two linearly independent solutions by taking e"'* and xe". So if 
rj is a root of (6) of multiplicity m, we might expect that m linearly independent solutions are 


(22) gU. EG x. 2. FORO 


To see that this is the case, observe that if rı is a root of multiplicity m, then the auxiliary 
equation can be written in the form 


(23) a(r iri ry" (r fossi) is (r = ra) 


ll 
m" 
= 
| 
> 
= 
"vl 
P ess 
^ 
in, od 
Il 
o 
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where P(r) = a(r — rm1) t (r — ra) and B(r,) + 0. With this notation, we have the identity 


(24) L|e"](x) =e™(r— n)" P(r) 

[see (5)]. Setting r = r; in (24), we again see that e™™ is a solution to L|y] = 0. 
To find other solutions, we take the kth partial derivative with respect to r of both sides 

of (24): 


os Safe] = a [etr — ny P()] . 


Carrying out the differentiation on the right-hand side of (25), we find that the resulting 
expression will still have (r — rj) as a factor, provided k = m — 1. Thus, setting r = r; in 
(25) gives 


k 
(26) Hen) cg 3 deEmut. 


Now notice that the function e™ has continuous partial derivatives of all orders with 
respect to r and x. Hence, for mixed partial derivatives of e™, it makes no difference whether 
the differentiation is done first with respect to x, then with respect to r, or vice versa. Since L 
involves derivatives with respect to x, this means we can interchange the order of differentia- 
tion in (26) to obtain 


ark 
Thus, 
ð rx rx 
Cy de = xken 
will be a solution to (1) for k = 0, 1,...,m — 1. Som distinct solutions to (1), due to the root 


r = rı of multiplicity m, are indeed given by (22). We leave it as an exercise to show that the m 
functions in (22) are linearly independent on (—oo, oo) (see Problem 25). 

If a + iB is a repeated complex root of multiplicity m, then we can replace the 2m 
complex-valued functions 


ge Bx , xe eti ES y"7 lolo iB)x , 


e e iB» , xe e iB MEN x do iB) 
by the 2m linearly independent real-valued functions 


Q8) e% cos Bx , xe®™cos Bx, ..., x" le"*cos Bx , 
m—lgox 


e“*sin Bx , xe"sinfx, ..., x sin fix . 


Using the results of the three cases discussed above, we can obtain a set of n linearly 
independent solutions that yield a real-valued general solution for (1). 
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Example 3 Find a general solution to 
Q9) yP- yO- 3y" + sy - 2y 20. 
Solution The auxiliary equation is 
r-p-3?)45r—-22(r— 13(r + 2) =0, 


which has roots r; = 1,7. = 1,73 = 1, r4 2. Because the root at | has multiplicity 3, a 
general solution is 


(30) y(x) = Cie” + Cxe” + Cyx2e* + Ce? . @ 


Example 4 Find a general solution to 
Qn  y9-— 89 + 26y" — 40y' + 25y = 0 , 
whose auxiliary equation can be factored as 
G2)  r*-8r + 26r? — 40r + 25 = (r? - 4r + 5p — 0. 


Solution The auxiliary equation (32) has repeated complex roots: r, = 2 + ir = 2 +i r, = 2 — i, 
and r4 = 2 — i. Hence a general solution is 


y(x) = Cye** cos x + Cyxe”* cos x + Cze?" sin x + Caxe? sinx . @ 


In Problems 1-14, find a general solution for the differ- 17. (D + 4)(D — 3)(D + 2P(D? + AD + 5)? 
ential equation with x as the independent variable. .D5 [ y] =@ 
1. y” + 2y” — 8y =0 
2. y" —3y" =y + 3y =0 
3. 6z" +77 =z —2z=0 
4. y 2y" — 19y' — 20y = 0 
5. y" + 3y"  28y' + 26y = 0 
6. y" — y" c 2y 20 
7 
8 
9 


-(D? + 6D + 10?[y] =0 


In Problems 19-21, solve the given initial value problem. 
19. y” — y" — 4y' + 4y 20 ; 


2y" y" 10y' Ty =0 y(0) =-4, y'(0) Sol 5 y"(0) ==19 
y" 5," 13y' Ty =0 20. y" + 7y" + 14y' + 8y =0; 
are ON yYO=1, »y(0--3. (09-1 
10. y" 3y" 4y' 6y = 0 21. y 4y Ty A 6y = 0 ; , 
11. y 4y" } 6y" j 4y' f y= 0 y(0) = 1 E y (0) = 0 , y (0) = 0 
12. y" + 5y" + 3y -9y = 0 
13 y4) 4y" + 4y =0 In Problems 22 and 23, find a general solution for the 
14 y? 2y" + 10y” + 18y’ + 9y =0 given linear system using the elimination method of 


j i i Section 5.2. 
[Hint: y(x) = sin 3x is a solution.] ECHO 


22. d'x/[d? — x + 5y 2 0, 
In Problems 15—16, find a general solution to the given 2x + d'y/d? + 2y = 0 
homogeneous equation. 
15. (D — 1Y (D + 3(D? + 2D + 5Y|y] =0 
16. (D + 1Y(D — 6Y(D + 5)(D? + 1) 


23. d^x/q? — x  dy/dt - y 20, 
dx/dt -x - y -0 
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24. 


25. 


26. 


27. 


[3 28. 


29. 
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Let P(r) = a,r" + «++ + ayr + ag be a polyno- 
mial with real coefficients a,, . . . , dy. Prove that if r, 
is a zero of P(r), then so is its complex conjugate 7,. 


[Hint: Show that P(r) = P(7), where the bar denotes 
complex conjugation. ] 


Show that the m functions e™,xe™,..., x” 'e”™ 
are linearly independent on (—oo, oo). [Hint: Show 
that these functions are linearly independent if and 
only if 1,x,..., x"! are linearly independent.] 

As an alternative proof that the functions e", e^, ... , 
e™* are linearly independent on (—00,00) when 
Fi, F'2,..., F, are distinct, assume 


(33) Cer } Cre"* Eod C,e"* —0 


holds for all x in (—oo, oo) and proceed as follows: 


(a) Because the r;'s are distinct we can (if neces- 
sary) relabel them so that 


>N S D>. 


Divide equation (33) by e™* to obtain 
el eh^* 
ub med Or. 


e^ e 


GtG 


Now let x— + oo on the left-hand side to 


obtain C, = 0. 
(b) Since C, = 0, equation (33) becomes 
C;e"* + C3e™* + + Cel = 0 


for all x in (—oo, oo). Divide this equation by 
e”* and let x — + oo to conclude that C; = 0. 

(c) Continuing in the manner of (b), argue that all 
the coefficients, Cj, C5, . . . , C, are zero and 
hence e'", e ^* are linearly indepen- 
dent on (—oo, oo). 


TX 
, 


,€ 


Find a general solution to 


1 
2 


by using Newton’s method (Appendix B) or some 
other numerical procedure to approximate the roots 
of the auxiliary equation. 


y } 2y" 3y" y! y= 0 


Find a general solution to y" — 3y' — y = 0 by 
using Newton's method or some other numerical 
procedure to approximate the roots of the auxiliary 
equation. 


Find a general solution to 


y 2y'3) H 4y" + 3y' + 2y =0 


31. Higher-Order Cauchy-Euler Equations. 


by using Newton’s method to approximate numeri- 
cally the roots of the auxiliary equation. [Hint: To 
find complex roots, use the Newton recursion 
formula 2,41 = Zn — f(z,)/f'(z,) and start with a 
complex initial guess zp.] 


30. (a) Derive the form 


y(x) = Aje” + A;e* + A; cos x + Ay sin x 


for the general solution to the equation y? = y, 
from the observation that the fourth roots of 
unity are 1, — 1, i, and — i. 
(b) Derive the form 
y(x) = Aje* + Age? cos (v3x/2) 
+ Aze 7 sin (v3x/2) 


for the general solution to the equation 9 = y, 
from the observation that the cube roots of unity 
are 1, e/27P, and e 2755. 


A dif- 
ferential equation that can be expressed in the form 


axo) + a, px" t 9) e e agyla) = 0, 


where 4,,0,—;,,...,ag are constants, is called a 

homogeneous Cauchy-Euler equation. (The second- 

order case is discussed in Section 4.7.) Use the substi- 

tution y — x" to help determine a fundamental solution 

set for the following Cauchy—Euler equations: 

(a) xy" + xy" — 2xy' -2y 20, x0. 

(b) x^y 9 t 6x^y" + 2x?y" — Axy! + 4y 2 0, 
x20. 

(c) xy" 
x20 

[Hint: yetib = ge iB)Inx 


= x“{cos(6 In x) + i sin(B In x)).] 


"m 


2x?y" + 13xy’ — 13y 2 0 , 


32. Let y(x) = Ce", where C (#0) and r are real num- 


bers, be a solution to a differential equation. Sup- 

pose we cannot determine r exactly but can only 

approximate it by 7. Let (x) = Ce™ and consider 

the error | y(x) — »(x) |. 

(a) If r and 7 are positive, r 7, show that the error 
grows exponentially large as x approaches + oo. 

(b) If r and 7 are negative, r # 7, show that the error 
goes to zero exponentially as x approaches + oo. 


33. On a smooth horizontal surface, a mass of m; kg is 


attached to a fixed wall by a spring with spring con- 
stant kj N/m. Another mass of m» kg is attached to 
the first object by a spring with spring constant k, 
N/m. The objects are aligned horizontally so that the 
springs are their natural lengths. As we showed in 


Section 6.3 Undetermined Coefficients and the Annihilator Method 


Section 5.6, this coupled mass-spring system is 
governed by the system of differential equations 


34. 
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Suppose the two springs in the coupled mass-spring 
system discussed in Problem 33 are switched, giving 


dx the new data m, = mz = 1, kı = 2, and k, = 3. If 
(34) "E + (kk) — kay =0, both objects are now displaced 1 m to the right of 

d their equilibrium positions and then released, deter- 
(35) mv —kx-ky-20. mine the equations of motion of the two objects. 


Lets assume that m, = m = 1,k, = 3, and 
k = 2. If both objects are displaced 1 m to the right 
of their equilibrium positions (compare Figure 5.26, 
page 285) and then released, determine the equa- 
tions of motion for the objects as follows: 

(a) Show that x(t) satisfies the equation 
(36) x(t) + 7x"(t) + 6x(t 20. 

(b) Find a general solution x(t) to (36). 

(c) Substitute x(t) back into (34) to obtain a general 
solution for y(t). 

(d) Use the initial conditions to determine the solu- 
tions, x(t) and y(t), which are the equations of 


35. 


Vibrating Beam. In studying the transverse vibra- 
tions of a beam, one encounters the homogeneous 
equation 

4 


T d -w0 
dx^ J , 


where y(x) is related to the displacement of the beam 
at position x, the constant E is Young's modulus, / is 
the area moment of inertia, and k is a parameter. 
Assuming E, I, and k are positive constants, find a 
general solution in terms of sines, cosines, hyper- 
bolic sines, and hyperbolic cosines. 


motion. 


UNDETERMINED COEFFICIENTS AND THE 
ANNIHILATOR METHOD 


In Sections 4.4 and 4.5 we mastered an easy method for obtaining a particular solution to a nonho- 
mogeneous linear second-order constant coefficient equation, 


(1) L|y] = (aD? + bD + c)Ly] = f(x) " 


63 


when the nonhomogeneity f(x) had a particular form (namely, a product of a polynomial, an expo- 
nential, and a sinusoid). Roughly speaking, we were motivated by the observation that if a function 
f, of this type, resulted from operating on y with an operator L of the form (aD? + bD + c), then 
we must have started with a y of the same type. So we solved (1) by postulating a solution form y, 
that resembled f, but with undetermined coefficients, and we inserted this form into the equation to 
fix the values of these coefficients. Eventually, we realized that we had to make certain accommoda- 
tions when f was a solution to the homogeneous equation LÍ y] =0. 

In this section we are going to reexamine the method of undetermined coefficients from 
another, more rigorous, point of view—partly with the objective of tying up the loose ends in 
our previous exposition and more importantly with the goal of extending the method to higher- 
order equations (with constant coefficients). At the outset we'll describe the new point of view 
that will be adopted for the analysis. Then we illustrate its implications and ultimately derive a 
simplified set of rules for its implementation: rules that justify and extend the procedures of 
Section 4.4. The rigorous approach is known as the annihilator method. 

The first premise of the annihilator method is the observation, gleaned from the analysis 
of the previous section, that all of the "suitable types" of nonhomogeneities f(x) (products of 
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Example 1 


Solution 


polynomials times exponentials times sinusoids) are themselves solutions to homogeneous dif- 
ferential equations with constant coefficients. Observe the following: 


(i) Any nonhomogeneous term of the form f(x) = e" satisfies (D — r)[f] = 0. 
(ii) Any nonhomogeneous term of the form f(x) = x*e" satisfies (D — r)” [f] = 0 for 
k=0,1,...,.m—-1. 
(iii) Any nonhomogeneous term of the form f(x) = cos Bx or sin Bx satisfies 
(D? + p’)[f] = 0. 
(iv) Any nonhomogeneous term of the form f(x) = x*e“ cos Bx or x"e^* sin Bx satisfies 
[(D — a + g?]|"[f] = 0 fork = 0, 1,...,m— 1. 


k 


In other words, each of these nonhomogeneities is annihilated by a differential operator with 
constant coefficients. 


Annihilator 


Definition 3. A linear differential operator A is said to annihilate a function f if 


Q = A[f](x) = 0, 


for all x. That is, A annihilates fif fis a solution to the homogeneous linear differential 
equation (2) on (—oo, oc). 


Find a differential operator that annihilates 
(3) 6xe ^ + S5e* sin 2x . 


Consider the two functions whose sum appears in (3). Observe that (D + 4)? annihilates the 
function f,(x) = 6xe ^. Further, f,(x):=5e*sin2x is annihilated by the operator 
(D — 1) + 4. Hence, the composite operator 


A:— (D * A[(D — 1} +4], 
which is the same as the operator 
[(D — 1P +4](p + 4), 
annihilates both f; and fọ. But then, by linearity, A also annihilates the sum fj + f. 9 
We now show how annihilators can be used to determine particular solutions to certain 


nonhomogeneous equations. Consider the nth-order differential equation with constant coeffi- 
cients 


6) anya) + a iy" Mx) + o + agy(x) = F(x) , 
which can be written in the operator form 
© — Liy] = fl), 
where 
L=a,D" + ap- ,D't---ag. 
Assume that A is a linear differential operator with constant coefficients that annihilates f(x). Then 


AlL[y]]() = A[f]@) =0, 


Example 2 


Solution 
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so any solution to (5) is also a solution to the homogeneous equation 


(6)  AL[y](x)=0, 


involving the composition of the operators A and L. But (6) has constant coefficients, and we are 
experts on differential equations with constant coefficients! In particular, we can use the methods of 
Section 6.2 to write down a general solution of (6). From this we can deduce the form of a particular 
solution to (5). Let’s look at some examples and then summarize our findings. The differential equa- 
tion in the next example is second order, so we will be able to see exactly how the annihilator 
method is related to the techniques of Sections 4.4 and 4.5. 


Find a general solution to 


(7) y'—y-xe + sinx. 


First let’s solve this by the methods of Sections 4.4 and 4.5, to get a perspective for the annihilator 
method. The homogeneous equation corresponding to (7) is y" — y = 0, with the general solution 
Cie * + Cye*. Since e* is a solution of the homogeneous equation, the nonhomogeneity xe* 
demands a solution form x(C4 + C4x)e". To accommodate the nonhomogeneity sin x, we need an 
undetermined coefficient form Cs sin x + Cg cos x. Values for C3 through Ce in the particular 
solution are determined by substitution: 


3-355 [Caxe* + C4x?e* + C; sinx + Cg cos x|” 


—| Cyxe* + Cyx7e* + Cs sin x + Ce cos x] = sinx + xe”, 


eventually leading to the conclusion C4 = —1/4, Cy = 1/4, Cs = —1/2, and Cs = 0. Thus 
(for future reference), a general solution to (7) is 


(8) y(x) = Cye* + Ce + ( ! + Le b sinx ; 


4 4 


For the annihilator method, observe that (D? + 1) annihilates sin x and (D — 1)? annihi- 
lates xe*. Therefore, any solution to (7), expressed for convenience in operator form as 
(D? — 1)[y]@) = xe" + sin x, is annihilated by the composition (D? + 1)(D — 1)?(D? — 1); 
that is, it satisfies the constant coefficient homogeneous equation 


($9) (+D 1D — ly] (Dp = OP 3I] = 0 s 
From Section 6.2 we deduce that the general solution to (9) is given by 
(10) y = Cie * + Cae + Cxe + Cyx2e* + Cs sinx + Cy cosx . 


This is precisely the solution form generated by the methods of Chapter 4; the first two 
terms are the general solution to the associated homogeneous equation, and the remaining 
four terms express the particular solution to the nonhomogeneous equation with undeter- 
mined coefficients. Substitution of (10) into (7) will lead to the quoted values for C; 
through Ce, and indeterminant values for C, and C»; the latter are available to fit initial 
conditions. 

Note how the annihilator method automatically accounts for the fact that the nonhomo- 
geneity xe* requires the form Caxe* + C4x?e" in the particular solution, by counting the total 
number of factors of (D — 1) in the annihilator and the original differential operator. € 
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Example 3 


Solution 


Find a general solution, using the annihilator method, to 


(11) y" — 3y" + 4y = xe”. 


The associated homogeneous equation takes the operator form 
(12) (D? - 3D? + 4)[y] = (D + 1)(D - 2F[y] - 0. 


The nonhomogeneity xe* is annihilated by (D — 2)". Therefore, every solution of (11) also 
satisfies 


3)  (D-2Y(D'-spD? + [y] = (D + 1)(D — 2/[y] - 0. 
A general solution to (13) is 
(14) y(x) = Cie ™ + Ce? + Cyuxe + Cux2e + Cue, 


Comparison with (12) shows that the first three terms of (14) give a general solution to the 
associated homogeneous equation and the last two terms constitute a particular solution form 
with undetermined coefficients. Direct substitution reveals C, = —1/18 and C; = 1/18 and so 
a general solution to (11) is 


= . 1 Q1 : 
y(x) = Cie? + Ce? + Cyxe — 0 LM e 


The annihilator method, then, rigorously justifies the method of undetermined coefficients 
of Section 4.4. It also tells us how to upgrade that procedure for higher-order equations with 
constant coefficients. Note that we don't have to implement the annihilator method directly; 
we simply need to introduce the following modifications to the method of undetermined 
coefficients described in the procedural box on page 180. 


Method of Undetermined Coefficients 


To find a particular solution to the constant-coefficient differential equation 
L|y] = Cx"e". where m is a nonnegative integer, use the form 


(15) yx) = y lAa" p aes + Ayx + Ag]e* À 


with s = 0 if r is not a root of the associated auxiliary equation; otherwise, take s equal 
to the multiplicity of this root. 
To find a particular solution to the constant-coefficient differential equation 
Ly] = Cx"e** cos Bx or L|y] = Cx"e** sin Bx, where B 7 0, use the form 
(16) yx) = [An + +++ + Ax + Ap |e cos Bx 
+ SBa + +Bx++ Bo ]e** sin Bx , 


with s = O if œ + iB is not a root of the associated auxiliary equation; otherwise, take s 
equal to the multiplicity of this root. 
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6.3 EXERC SS 1L 


In Problems 1—4, use the method of undetermined coeffi- 
cients to determine the form of a particular solution for 
the given equation. 

1. y” — 2y" — 5y' + 6y = e* + x? 

2. y" + y" — 5y' + 3y =e * + sinx 
2x 


3. y" + 3y" — 4y =e" 
4. y" + y" -2y 2 xe^ +1 


In Problems 5—10, find a general solution to the given 
equation. 


5. y" —2y" — 5y + 6y = e + x? 


6. y" + y" — 5y' + 3y =e * + sinx 

7. y" + 3y" - 4y =e" 

8. y” + y" —-2y 2 xe^ +1 

9, y" —3y" + 3y' - y e 

10. y" + 4y" + y' - 26y = e ?" sin2x + x 


In Problems 11—20, find a differential operator that anni- 
hilates the given function. 


11. xt — x? +11 12. 33^ = 6x + 1 
13. e ^ 14. e* 

15. e?* — 6e* 16. x? — e* 

17. x?e "sin 2x 18. xe?' cos 5x 


19. xe ?* + xe ?* sinàx 20. x?e* — x sin 4x + x? 


In Problems 21—30, use the annihilator method to deter- 
mine the form of a particular solution for the given equa- 
tion. 


21. u” — 5u' + 6u = cos2x + 1 


22. y" + 6y' + 8y = e? — sinx 
23. y" — 5y + 6y = e% — x? 

24. 0" — 0 = xe“ 

25. y" — 6y' + 9y = sin2x + x 
26. y" -2y -* y 2 x2 -x*1 

27. y" + 2y! + 2y = e? cosx + x? 
28. y" — 6y' + 10y = e* — x 

29. 2" = 27" + 7° —x—e* 


30. y” + 2y" —y' —-2y=e*—1 
In Problems 31-33, solve the given initial value problem. 
31. y" + 2y" — 9y' — 18y = —18x? — 18x + 22 ; 


y"(0) = -12 


32. y" — 2y" + 5y! = —24e* ; 

y(0)=4, (02-1, 
33. y" — 2y" — 3y' + 10y 

= 34xe ?* — 16e ?* — 10x? + 6x + 34; 
»0-23, (0-0, y"(0)=0 


34. Use the annihilator method to show that if dg # 0 in 
equation (4) and f(x) has the form 


Q7) f(x) = bmx" + bmx"! + i + bx bo , 


m 


then 


Yp(x) =B ox" +B, x"! Sp. es 


m 


+ Bix + Bo 


is the form of a particular solution to equation (4). 


35. Use the annihilator method to show that if ay = 0 and 
a, # O in (4) and f(x) has the form given in (17), then 
equation (4) has a particular solution of the form 


y(x) = xe + B ix"! + © + Bix + Bo} . 


36. Use the annihilator method to show that if f(x) in (4) 
has the form f(x) = Be", then equation (4) has a 
particular solution of the form Yp(x) = x*Be™, 
where s is chosen to be the smallest nonnegative 
integer such that x*e°* is not a solution to the corre- 
sponding homogeneous equation. 


37. Use the annihilator method to show that if f(x) in (4) 
has the form 
f(x) = a cos Bx + b sin Bx , 
then equation (4) has a particular solution of the form 
18) y(x) = x'(A cos Bx + B sin Bx} , 


where s is chosen to be the smallest nonnegative 
integer such that x* cos Bx and x? sin Bx are not solu- 
tions to the corresponding homogeneous equation. 


In Problems 38 and 39, use the elimination method of 
Section 5.2 to find a general solution to the given system. 
38. x ^ d'y/d? 211, 

dx/dt + dy/dt — 2y = e 
39. d?x/d? - x - y 20, 

x + d’y/dt? — y = e 
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40. The currents in the electrical network in Figure 6.1 9 farads 64 farads 
satisfy the system 


1 sod 
I, + 64145 = —2sinz; , 
9 24 48 cos(t/24) oe 
1 ” n volts enrys 
6 4 I 3 + OJ 3 64] = 0 n 
I = h + I * 
where 44, I», and J; are the currents through the dif- Figure 6.1 An electrical network 


ferent branches of the network. Using the elimina- 
tion method of Section 5.2, determine the currents if 
initially /,(0) = 1,(0) = 14(0) = 0, (0) = 73/12, 
15(0) = 3/4, and 15(0) = 16/3. 


6.4 METHOD OF VARIATION OF PARAMETERS 


In the previous section, we discussed the method of undetermined coefficients and the annihila- 
tor method. These methods work only for linear equations with constant coefficients and when 
the nonhomogeneous term is a solution to some homogeneous linear equation with constant 
coefficients. In this section we show how the method of variation of parameters discussed in 
Sections 4.6 and 4.7 generalizes to higher-order linear equations with variable coefficients. 

Our goal is to find a particular solution to the standard form equation 


D  L[jo9-2s9. 


where L|y] = yl) + py" + +++ + p,y and the coefficient functions p}, .. . , Pa, as well as 
g, are continuous on (a, b). The method to be described requires that we already know a funda- 
mental solution set b vg Yn} for the corresponding homogeneous equation 


(2) L|y](x) =0. 
A general solution to (2) is then 
(3) yw (x) = Cy, (x) ate ee ae CrYnl(x) > 


where C}, . . . , C, are arbitrary constants. In the method of variation of parameters, we assume 
there exists a particular solution to (1) of the form 


(4) — x) = vitio) + e + vy (x) 


and try to determine the functions v;, . .. , Up. 
There are n unknown functions, so we will need n conditions (equations) to determine 
them. These conditions are obtained as follows. Differentiating y, in (4) gives 


(5) Yp = (viyi ap a ae UnYn) + (viyi Te ete v; y,) ? 


To prevent second derivatives of the unknowns v4, . . . , v, from entering the formula for 35s we 
impose the condition 


viy sone cse UL. =0. 
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In a like manner, as we compute yp, yj, -- -> yu we impose (n — 2) additional conditions 
involving vj, ..., Uh; namely, 
FK ash fd. ee A (n—2) , (n—2) - 
viy + UT + vayn = O, <.. V11 ate: PR F UnYn =): 


Finally, the nth condition that we impose is that y, satisfy the given equation (1). Using the 
previous conditions and the fact that y,,..., y, are solutions to the homogeneous equation, 
then L[ yp] = g reduces to 


(6 — vor e tu -g 
(see Problem 12). We therefore seek n functions v}, . . . , v; that satisfy the system 


yim tcs y,v, = 9, 


(7) T" j X F » 2 
» dy; me Re d D dy, =0 , 
(n — 1) (n — 1) 


Ao opta wes 


Caution. This system was derived under the assumption that the coefficient of the highest 
derivative y? in (1) is one. If, instead, the coefficient of this term is the constant a, then in the 
last equation in (7) the right-hand side becomes g/a. 

A sufficient condition for the existence of a solution to system (7) for x in (a, b) is that the 
determinant of the matrix made up of the coefficients of vj, . . . , v; be different from zero for 
all x in (a, b). But this determinant is just the Wronskian: 


yı -> Yn 
(8) ye-2 a ye-2 = Wly; 2m Yn | (x) 5 
GO sian GEM 


which is never zero on (a, b) because b m Yn} is a fundamental solution set. Solving (7) 
via Cramer’s rule (Appendix D), we find 


g(x) W(x) 
Wlyi. ee SA í 


where W,(x) is the determinant of the matrix obtained from the Wronskian Wly;. np Yn] (x) by 
replacing the kth column by col[ 0, 223 0; 1]. Using a cofactor expansion about this column, 
we can express W,(x) in terms of an (n — 1)th-order Wronskian: 


(10) W,(x) = (= W Sis oes Yecis Yerin Ya G9) : kK=1,...,n. 


Integrating v;(x) in (9) gives 


(9) uj (x) = 


—]l...,n, 


QW, 
(11) v(x) = | a(x) Wal) dx , k=1,...,n. 
Wy -> Yn} ) 
Finally, substituting the v;'s back into (4), we obtain a particular solution to equation (1): 
S g(x)Wix) 
Q2 — yp(x) = X») | dx 
j gal i Wi Vig ones Dy UR) 


Note that in equation (1) we presumed that the coefficient of the leading term, y, was unity. 
If, instead, it is p(x), we must replace g(x) by g(x)/po(x) in (12). 
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Example 1 


Solution 


Although equation (12) gives a neat formula for a particular solution to (1), its implemen- 
tation requires one to evaluate n + 1 determinants and then perform n integrations. This may 
entail several tedious computations. However, the method does work in cases when the 
technique of undetermined coefficients does not apply (provided, of course, we know a funda- 
mental solution set). 


Find a general solution to the Cauchy—Euler equation 
(13) xy" + xy" — 2xy! + 2y = x sinx , x20, 


E xt is a fundamental solution set to the corresponding homogeneous equation. 


given that ix X 
An important first step is to divide (13) by x? to obtain the standard form 


(14) y" + ly Zy! + 2 y = sinx, x20, 
x x x 


from which we see that g(x) = sin x. Since {x, x x? is a fundamental solution set, we can 
obtain a particular solution of the form 


(15) — x) = vilaj + vx! + vsla)x? 


To use formula (12), we must first evaluate the four determinants: 


x ue 
W(x, x *,x?](x) = ] —-x? 2x | = —-6x !, 
0 2* 2 
= -1 2 x £e 
Wi) = (1) we e - C39 3a SE us. 
2 
2(—1600-2)* xX] _ 
mi) = (p627 F] =e, 
-1 
wlx) = (189), 75 = -27 
Substituting the above expressions into (12), we find 
. 3 . _ 2 . =—9 —] 
$t T |j oa 2 p Cls. Ls " p [Sess E: ba 
—6x —6x —6x 


= |j (-ixsins]ar + eji sin x dx + SPEI ; 


which after some labor simplifies to 


(16) y(x) —cosx—x linx + Cix + Cyx7! + C3x? , 


where Cj, Cy, and C; denote the constants of integration. Since ix; 2: x^ is a fundamental 


solution set for the homogeneous equation, we can take Cj, C5, and C; to be arbitrary 
constants. The right-hand side of (16) then gives the desired general solution. 


In the preceding example, the fundamental solution set Tat a, at can be derived by 
substituting y = x’ into the homogeneous equation corresponding to (13) (see Problem 31, 
Exercises 6.2). However, in dealing with other equations that have variable coefficients, the 
determination of a fundamental set may be extremely difficult. In Chapter 8 we tackle this 
problem using power series methods. 
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ZESA MM 


In Problems 1—6, use the method of variation of parame- 
ters to determine a particular solution to the given 


equation. 
1. y" — 3y" + 4y = e* 
2. y" —2y" +y =x 
3. z" + 3z" — 4z = e” 
4. y" — 3y" + 3y' - y= e 
5. y" + y' — tanx , 0<x< 7/2 
6. y" + y' = sec tanð , 0<60<7/2 
7. Find a general solution to the Cauchy-Euler equa- 


10. 


11. 


12. 


13. 


tion 
6y=x !, 


gy” aay" 6xy' 
x0; 
given that {x, x’, x} is a fundamental solution set 
for the corresponding homogeneous equation. 


. Find a general solution to the Cauchy—Euler equation 


Ce ae 


gy 2x7y" 3xy' 
x0, 
given that 1s; x In x, x is a fundamental solution 
set for the corresponding homogeneous equation. 


. Given that fe”, e^, e?" is a fundamental solution 


set for the homogeneous equation corresponding to 
the equation 

y" - 2y" - y' + 2y = g(x) , 
determine a formula involving integrals for a partic- 
ular solution. 
Given that {x, x x^ is a fundamental solution set 
for the homogeneous equation corresponding to the 
equation 

xy = xy — 4xy' + 4y = g(x) , 

x0; 
determine a formula involving integrals for a partic- 
ular solution. 
Find a general solution to the Cauchy—Euler equation 


xy" — 3xy! + 3y = x'cosx , x20 


Derive the system (7) in the special case when 
n = 3. [Hint: To determine the last equation, require 
that L[ yp] = g and use the fact that yı, y2, and y3 


satisfy the corresponding homogeneous equation. ] 
Show that 
Wila) = 71)" Wy, ... 


Yn] (x) . 


> Vk-1> Yk+1» + 


14. Deflection of a Beam Under Axial Force. A 


uniform beam under a load and subject to a constant 

axial force is governed by the differential equation 
yx) — k*y"(x) = q(x) , O0<x<L, 

where y(x) is the deflection of the beam, L is the length 

of the beam, k? is proportional to the axial force, and 

q(x) is proportional to the load (see Figure 6.2). 

(a) Show that a general solution can be written in 
the form 


y(x) = Cy + Cox + Ge + Ce ™ 


1 x 
+ HESS = 2 [toas 

e a e kx » 
F es fabe dy — TE Jae! dx 


(b) Show that the general solution in part (a) can be 
rewritten in the form 


y(x) = cy + ex + exe + c4 ™™ 


+ [ «66.34. 


where 
s—x  sinh[Kk(s — x)] 

p E ] 

(c) Let q(x) = 1. First compute the general solution 
using the formula in part (a) and then using the 
formula in part (b). Compare these two general 
solutions with the general solution 


G(s, x) = 


y(x) = B, I Bx t B;e* } Bg *—-—-x 


which one would obtain using the method of 
undetermined coefficients. 

(d) What are some advantages of the formula in 
part (b)? 


— 


L 


pm 


Mem T 


Load 


Figure 6.2 Deformation of a beam under axial force and load 
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Chapter Summary 


The theory and techniques for solving an nth-order linear differential equation 


D yy + p(x)y"79 + +++ + py = g(x) 


are natural extensions of the development for linear second-order equations given in 
Chapter 4. Assuming that p),...,p, and g are continuous functions on an open interval /, 
there is a unique solution to (1) on Z that satisfies the n initial conditions: yxp) = Yo 
y (xo) = vu...» PG) = Yn- 1, Where xo € I. 

For the corresponding homogeneous equation 


(2) — y? p(x") + +++ e px)y =0, 


there exists a set of n linearly independent solutions b. bos mi on Z. Such functions are said 
to form a fundamental solution set, and every solution to (2) can be written as a linear combi- 
nation of these functions: 


y(x) = Cwi) + Coya(x) + +++ + Cyynle) « 


The linear independence of solutions to (2) is equivalent to the nonvanishing on / of the 


Wronskian 
yi (x) s Val) 
Wy, . -s Yal) := det vila) = yala) 
ye D(x) "- ye D(x) 


When equation (2) has (real) constant coefficients so that it is of the form 
(3) any” T ay- iP Sip. diee esie aoy = 0 , an #0 , 


then the problem of determining a fundamental solution set can be reduced to the algebraic 
problem of solving the auxiliary or characteristic equation 


(4) a,r" + a7" * + +tag=0. 
If the n roots of (4) — say, rj, r2, . .. , r, — are all distinct, then 


(5) [ere er... er} 


is a fundamental solution set for (3). If some real root — say, r; — occurs with multiplicity m 
(e.g. rj; = rj = +++ = rm), then m of the functions in (5) are replaced by 


nx m=i rit 
1 e". 


e"*, xe", 1.6, x 


When a complex root œ + if to (4) occurs with multiplicity m, then so does its conjugate and 
2m members of the set (5) are replaced by the real-valued functions 


m—lgax 


e** sin Bx, xe^*sin Bx, ..., x sin Bx , 


e“* cos Bx, xe^* cos Bx, ..., x" lear 


cos Bx . 
A general solution to the nonhomogeneous equation (1) can be written as 


y(x) = yp(x) + yix) , 
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where y, is some particular solution to (1) and y; is a general solution to the corresponding 
homogeneous equation. Two useful techniques for finding particular solutions are the annihi- 
lator method (undetermined coefficients) and the method of variation of parameters. 

The annihilator method applies to equations of the form 


(6) L|y] = g(x) . 


where L is a linear differential operator with constant coefficients and the forcing term g(x) is a 
polynomial, exponential, sine, or cosine, or a linear combination of products of these. Such a func- 
tion g(x) is annihilated (mapped to zero) by a linear differential operator A that also has constant 
coefficients. Every solution to the nonhomogeneous equation (6) is then a solution to the homoge- 
neous equation AL| y] = 0, and, by comparing the solutions of the latter equation with a general 
solution to L| y] = 0, we can obtain the form of a particular solution to (6). These forms have 
previously been studied in Section 4.4 for the method of undetermined coefficients. 

The method of variation of parameters is more general in that it applies to arbitrary equa- 
tions of the form (1). The idea is, starting with a fundamental solution set b nius ya] for (2), 
to determine functions v4, . . . , v, such that 


(7) y(x) = v,(x)y,(x) Lue vy x)y.(x) 
satisfies (1). This method leads to the formula 


& yl) = Dl) | Tee 
where 
Wile) = (CY AW yas eene. Em Lem 


REVIEW PROBLEMS 


1. Determine the intervals for which Theorem 1 on 
page 318 guarantees the existence of a solution in 
that interval. 

(a) y) — (In x)y" + xy’ + 2y = cos 3x 
(b) (x? — 1)y” + (sin x)y" + Vx + 4y' + ey = 


x7 +3 


2. Determine whether the given functions are linearly 
dependent or linearly independent on the interval 
(0, oo). 

(a) ne x?e?^*, e 
(b) {e*sin 2x, xe*sin 2x, e", xe*} 
(c) Qe? — e*, e? + 1, e?* — 3, e* 4 1) 


3. Show that the set of functions {sin x, x sin x, x? sin x, 
x? sin x} is linearly independent on ( —oo, oc). 


4. Find a general solution for the given differential 
equation. 


(a) y? | 2y" 4y" 2y' 3y =0 
(b) y” + 3y" op dye 
(c) y) y? ' 2y" 2y" y y= 0 
(d y" — 2y" —y' + 2y- e +x 


. Find a general solution for the homogeneous linear 


differential equation with constant coefficients 
whose auxiliary equation is 


(a) (r+ 5P(r - 2» (2 - 1» 20. 
(b) z*(r — 1P(2 + 2r 4p 20. 


- Given that y, = sin (x?) is a particular solution to 


y? + y = (16x* — 11)sin(x?) — 48x?cos(x?) 
on (0, oo), find a general solution. 


. Find a differential operator that annihilates the given 


function. 

(a) x— 2x45 (b e* +x-1 
(c) x sin 2x (d) x?e ?* cos 3x 
(e) x? — 2x + xe * + sin 2x — cos 3x 
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8. 


9. 
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Use the annihilator method to determine the form of 
a particular solution for the given equation. 

(a) y" + 6y' 4 
(b) y" 4 2y" — 19y' 
(c) yl) + 6y" + Oy = x? 
(d) y" — y" + 2y = xsinx 


“XE x? 1 


5y =e 


x 


20y = xe~ 
sin 3x 


Find a general solution to the Cauchy—Euler equation 


xy" _ oxy" mu 5xy' 3E 5y = x^? , 


x20, 


TECHNICAL WRITING EXERCISES 


. Describe the differences and similarities between 


second-order and higher-order linear differential 
equations. Include in your comparisons both theoret- 
ical results and the methods of solution. For exam- 
ple, what complications arise in solving higher-order 
equations that are not present for the second-order 
case? 


. Explain the relationship between the method of 


undetermined coefficients and the  annihilator 
method. What difficulties would you encounter in 


10. 


given that fx, x’, x is a fundamental solution set 
to the corresponding homogeneous equation. 

Find a general solution to the given Cauchy—Euler 
equation. 


x>0 
x20 


(a) Ax3y™ | 8x2y" xy! 4 
(b) xy" + 2x2y" + 2xy! 4 


y=0, 
4y=0, 


applying the annihilator method if the linear equa- 
tion did not have constant coefficients? 


. For students with a background in linear algebra: 


Compare the theory for kth-order linear differential 
equations with that for systems of n linear equations 
in n unknowns whose coefficient matrix has rank 
n — k. Use the terminology from linear algebra; for 
example, subspaces, basis, dimension, linear trans- 
formation, and kernel. Discuss both homogeneous 
and nonhomogeneous equations. 


Group Projects for Chapter 6 


A Computer Algebra Systems and 
Exponential Shift 


Courtesy of Bruce W. Atkinson, Samford University 


This project shows that the solution of constant-coefficient equations can be obtained by perform- 
ing successive integrations, each of which, at worst, involves integration by parts which is nicely 
automated with a computer algebra system (CAS). This technique could be programmed on a 
computer and thus sheds some light on the inner workings of the CAS. 


(a) Use mathematical induction to prove the following exponential shift property. Given a 
nonnegative integer n, an n-times differentiable function y(x), and a real number rz; then 


D"[e ^y] = e"D — N'y]. 


(b) Let n be a positive integer and r a real number. Use the exponential shift property to 
prove that the solution of the homogeneous equation 


(D—rypjeo 

is given by 

y(n) = (Cy + Cx C, xe, 
where Co, Cj, ..., C, , are real constants. 


We can apply the exponential shift property to nonhomogeneous equations. 


£) (c) Use the exponential shift property to find the general solution to the third-order non- 
homogeneous equation: 


y" (x) + 9y"(x) + 2Ty'(x) + 27y(x) = (24 + 47x)e* cos x 


+ (45 + 52x)e* sin x — 6xe ?* cos x 


+ (-6+ xDe sinx . 


[Hint: Rewrite the equation in operator form; then for the factor of the form (D — r)”, 
multiply by e ™, apply the exponential shift property, and perform n integrals using the 
CAS. These integrals would involve integration by parts if done by hand.] 


Note that using the superposition principle together with the method of undetermined coeffi- 
cients, in part (c) we would have to set up and solve two linear systems, one 4 X 4 and the other 
6 X 6. For the equation in part (c), this new method is much faster. 

We can use a "peeling off" method to solve equations for which the corresponding auxiliary 
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equation has more than one root. 
(d) Find a general solution to the equation 
y (x) — 2y"(x) — 3y"(x) + Ay'(x) + Ay(x) = 6e * [76 + 9x + 2e" (2 + 12x + 9x?)] 


[Hint: Rewrite the equation in operator form; then for the first factor of the form 
(D — r)", multiply by e ™, apply the exponential shift property, and perform n integrals 
using the CAS. Repeat the procedure for each new factor.] 


The exponential shift property also holds with r replaced by a complex number a + if. In 
this case we have to use Euler's formula on page 168. Now, suppose the factored form of an oper- 
ator has a power of (D — ay + pg. Then we could write (D — a? 4 e = (D — z)(D — z), where 
zat if. 


(e) Find a general solution to the equation 
[(D — 1 + 4P[y] = sin? x . 


[Hint: So as to only involve integrating polynomials times complex exponentials, write 
sin x = (e* — e~*)/(2i). But make sure your answer is given as a real-valued function. ] 


B Justifying the Method of Undetermined 
Coefficients 


The annihilator method discussed in Section 6.3 can be used to derive the rules in Sections 4.4 
and 4.5 for the method of undetermined coefficients. To show this, it suffices to work with 
functions of the form 


() — g(x) = palx)e**cos Bx + qu(x)e*"sin Bx , 


where p, and qm are polynomials of degrees n and m, respectively—since the other types in 
Section 4.5 are just special cases of (1). 
Consider the nonhomogeneous equation 


(2)  L[vy)9- g(x) , 
where L is the linear operator 
(3) pagna a + + + aay 
with a, 4,1, ..., constants and g(x) as given in equation (1). Let N :— max(n, m). 
(a) Show that 
A:— [(D - a) + g?]"*! 
is an annihilator for g. 
(b) Show that the auxiliary equation associated with AL| y] = 0 is of the form 
(6 al(r—aP + Bg] rs) rE, 


where s (=O) is the multiplicity of a + iB as roots of the auxiliary equation associated 
with L|y] = 0, and r3,4),..., r, are the remaining roots of this equation. 

(c) Find a general solution for AL|y] — 0 and compare it with a general solution for 
L| y] — 0 to verify that equation (2) has a particular solution of the form 


Yp(x) = x'e* (Py(x)cos Bx + On(x)sin Bx} , 


where Py and Qy are polynomials of degree N. 
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C Transverse Vibrations of a Beam 


In applying elasticity theory to study the transverse vibrations of a beam, one encounters the equation 
EI? (x) — yay(x) = 0 , 


where y(x) is related to the displacement of the beam at position x; the constant E is Young's 
modulus; / is the area moment of inertia, which we assume is constant; y is the constant mass per 
unit length of the beam; and A is a positive parameter to be determined. We can simplify the equa- 
tion by letting r* :— yA/EI; that is, we consider 


& — y9(x) -r(x) = 0. 
When the beam is clamped at each end, we seek a solution to (5) that satisfies the boundary conditions 
(0  y(0) =y'(0) = 0 and y(L)=y'(L)=0, 


where L is the length of the beam. The problem is to determine those nonnegative values of r for 
which equation (5) has a nontrivial solution (y(x) # 0) that satisfies (6). To do this, proceed as 
follows: 


(a) Show that there are no nontrivial solutions to the boundary value problem (5)—(6) when 
r — 0. 

(b) Represent the general solution to (5) for r > 0 in terms of sines, cosines, hyperbolic 
sines, and hyperbolic cosines. 

(c) Substitute the general solution obtained in part (b) into the equations (6) to obtain four 
linear algebraic equations for the four coefficients appearing in the general solution. 

(d) Show that the system of equations in part (c) has nontrivial solutions only for those 
values of r satisfying 


(7) cosh(rL) = sec(rL) . 


(e) On the same coordinate system, sketch the graphs of cosh(rL) and sec(rL) versus r for 
L = 1 and argue that equation (7) has an infinite number of positive solutions. 
L3 (f) For L = 1, determine the first two positive solutions to (7) numerically, and plot the 
corresponding solutions to the boundary value problem (5)- (6). [Hint: You may want 
to use Newton's method in Appendix B.] 


D Higher-Order Difference Equations 


Difference equations occur in mathematical models of physical processes and as tools in numerical 
analysis. The theory of linear difference equations parallels the theory of linear differential equations. 
Using the results of this chapter as models, both for the statements of theorems and for their proofs, 
we can develop a theory for linear difference equations. 

A Kth order linear difference equation is an equation of the form 


(8) ag(n)y, «x 5p ag i n)ys exa s mee cs aj(n)y, «i sb ao(n)y, =8n n = 0, 


where ax(n),..., do(n), and g, are defined for all nonnegative integers n. By a solution to (8) we 
mean a sequence of real numbers (y). that satisfies (8) for all integers n = 0. 
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(a) Prove the following existence and uniqueness result. 


Theorem Let co, c,,. .. , Cg—1 be given constants and assume that ag(n) 7 0 for all 
integers n = 0. Then there exists a unique solution {y,} to (8) that satisfies the initial 
conditions yg = co, Y1 = C},---,¥K—1 = Cy 3. [Hint: Begin by solving for yg in terms 
of yk. 1, beva yo] 


(b) The homogeneous equation associated with (8) is 


(9) ay(n)y, «x + ak-i(n)ynek-1 + | + a(n)y, = 0, n=0. 


Prove that any linear combination of solutions to (9) is also a solution to (9). (By a 
linear combination of sequences {y} o and {z,}°.) we mean a sequence of the form 
lay, + bz, X. o, where a, b are constants.) 


(c) An analog of the Wronskian for difference equations is the Casoratian of K sequences 
b. D... DION: 


y? y? ey y 
1 

a9 Bf} Hsp — o — Wl, 
"n | ' 
Yn+K-1 yË eei n Y | 


Prove the following representation theorem. 


Theorem Assume ax(n) # 0 for all integers n = 0, and let {yr vus fy} be any K 
solutions to (9) satisfying 
Qt, {yn}... 0:59] # 0 


for all integers n = 0. Then every solution to (9) can be expressed in the form 


Yn = Cy) cu +--+ Co , 
where C),... Cx are constants. 
(d) When the ajn)'s are independent of n—that is, when ax, ag -,,..., ag are constants— 
then equation (8) (or (9)) is said to have constant coefficients. In this case, equation (9) 


looks like 
(12) AKYn+K + 4x-1YntK-1 777 + apy, = 0. 


Show that equation (12) has a solution of the form y, = r”, where r # 0 is a fixed 
number (real or complex), if and only if r satisfies the auxiliary equation 


(13) agr® ag urÁ ! +-+-+arta=0. 


In parts (e) through (h), use the results of parts (c) and (d) and your experience with linear differ- 
ential equations with constant coefficients to find a "general solution" to the given homogeneous 
difference equation. When necessary, use Euler's formula to obtain real-valued solutions. 


(€) Yn+3 + Yno2 — Aya«1 — 4y, = O. 
(f) Yn+3 — 4¥nt2 + SYn+1 — 2y, = O. 
(B) Yn+3 — 3Yn+2 + 4Yn+1 — 2y, = O. 
(b) Yn+3 + 3Yn+2 + 3Yn+1 + y, = O. 
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In 1202 the mathematician Fibonacci (Leonardo da Pisa) modeled the growth of a 
rabbit population by assuming that each mating pair produces one new pair 
(one male, one female) every month. A newly-born pair of rabbits, one male, one 
female, are put in a field, and they begin mating at the age of one month. (And, in this 
Utopian setting, they are immortal.) 
(i) Show that the numbers of pairs of rabbits y, after n months satisfies the difference 
equation system 


(14) Yn+2 © Yn41 + Yn > Yor 0, yi I. 
(j) | Equations (14) generate the Fibonacci sequence 0, 1, 1, 2, 3, 5, 8, 13, . . . . Show that 


m E uuo ieu 


Jn «7s ? 

The number ó is known as the golden ratio. If you rough-sketch a rectangle, without think- 
ing about it, its sides will probably be in the proportion 1.618; it’s just a aesthetically appealing 
dimension. (The Parthenon's dimensions conform to the golden ratio. Next time you visit Athens, 
you will understand.) 

Many biological phenomena can be modeled by Fibonacci's rule (14), and you will see the 
sequence appearing in tree branching, arrangement of leaves on a stem, pineapple and artichoke 
fruitlets, ferns, pine cones, honeybee populations, and nautilus spirals. For further discussion visit 
the web site http://www.maths.surrey.ac.uk/hosted-ites/R.Knott/Fibonacci/fibInArt.html 


= 1.618 . 


CHAPTER 7 


Laplace Transforms 


7. 1 INTRODUCTION: A MIXING PROBLEM 


Figure 7.1 depicts a mixing problem with valved input feeders. At time t = 0, valve 
A is opened, delivering 6 L/min of a brine solution containing 0.4 kg of salt per 
liter. At ¢ = 10 min, valve A is closed and valve B is opened, delivering 6 L/min of 


brine at a concentration of 0.2 kg/L. Initially, 30 kg of salt are dissolved in 1000 L 
of water in the tank. The exit valve C, which empties the tank at 6 L/min, main- 
tains the contents of the tank at constant volume. Assuming the solution is kept 
well stirred, determine the amount of salt in the tank at all times ¢ > 0. 


6 L/min, 
0.4 kg/L 


x(t) 


1000 L 
C 
x(0) = 30 kg 


—— 6 L/min 
Figure 7.1 Mixing tank with valve A open 


We analyzed a simpler version of this problem in Example 1 of Section 3.2. Let x(t) be the 
amount of salt (in kilograms) in the tank at time t. Then of course x(t)/1000 is the concentration, 
in kilograms per liter. The salt content is depleted at the rate (6 L/min) X (x(t)/1000 kg/L) = 
3x(t)/500 kg/min through the exit valve. Simultaneously, it is enriched through valves A and B 
at the rate g(t), given by 


(1) E tos kg/L X 6 L/min — 2.4 kg/min , 0 < t € 10 (valve A) , 
» 0.2 kg/L X 6 L/min — 1.2 kg/min , t > 10 (valve B) . 
Thus, x(t) changes at a rate 
d 3x(t) 
qi) zm g(t) zi 500 ^" 
Or 
dx Se 
O — a * 500% = 80) » 
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with initial condition 
(3) x(0) = 30 . 

To solve the initial value problem (2)-(3) using the techniques of Chapter 4, we would 
have to break up the time interval (0, oo) into two subintervals (0, 10) and (10, oo). On these 
subintervals, the nonhomogeneous term g(t) is constant, and the method of undetermined coef- 
ficients could be applied to equation (2) to determine general solutions for each subinterval, 
each containing one arbitrary constant (in the associated homogeneous solutions). The initial 
condition (3) would fix this constant for O < ż < 10, but then we would need to evaluate 
x(10) and use it to reset the constant in the general solution for t > 10. 

Our purpose here is to illustrate a new approach using Laplace transforms. As we will see, 
this method offers several advantages over the previous techniques. For one thing, it is much 
more convenient in solving initial value problems for linear constant coefficient equations 
when the forcing term contains jump discontinuities. 

The Laplace transform of a function f(t), defined on [0, oo), is given by” 


oo 
(4) F(s):— l e "f(t)dt . 

0 
Thus we multiply f(t) by e™* and integrate with respect to t from 0 to co. This takes a function 
of t and produces a function of s. 

In this chapter we'll scrutinize many of the details on this “exchange of functions,” but for 
now let’s simply state the main advantage of executing the transform. The Laplace transform 
replaces linear constant coefficient differential equations in the t-domain by (simpler) alge- 
braic equations in the s-domain! In particular, if X(s) is the Laplace transform of x(t), then the 
transform of x'(t) is simply sX(s) — x(0). Therefore, the information in the differential equa- 
tion (2) and initial condition (3) is transformed from the t-domain to the s-domain simply as 


t-Domain s-Domain 


; ae — 30: 3 = 
(5) x'(t) + sog = g(t), x(0) = 30 ; sX(s) — 30 + 500% |) G(s) , 
where G(s) is the Laplace transform of g(t). (Notice that we have taken certain linearity prop- 
erties for granted, such as the fact that the transform preserves sums and multiplications by 
constants.) We can find X(s) in the s-domain without solving any differential equations: the 
solution is simply 


30, G(s) 
s + 3/500 | s + 3/500 ` 


For this procedure to be useful, there has to be an easy way to convert from the t-domain to 
the s-domain and vice versa. There are, in fact, tables and theorems that facilitate this conver- 
sion in many useful circumstances. We'll see, for instance, that the transform of g(t), despite its 
unpleasant piecewise specification in equation (1), is given by the single formula 


(6) X(s) = 


Gi) 24 _ 12 -10s 


M M 


> 


and as a consequence the transform of x(t) equals 


x) = 30 2.4 1.271% 
s 3/500 — s(s + 3/500) s(s + 3/500) ` 


‘Historical Footnote: The Laplace transform was first introduced by Pierre Laplace in 1779 in his research on proba- 
bility. G. Doetsch helped develop the use of Laplace transforms to solve differential equations. His work in the 1930s 
served to justify the operational calculus procedures earlier used by Oliver Heaviside. 
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Again by table lookup (and a little theory), we can deduce that 


E 0, r=10, 
(7) x(t) = 400 — 370e 31/500 _ 999. 1 2 es t=10. 
See Figure 7.2. 
x(t) 
A 
200 T 
150 T 
100 T 
50 + 
0 i n t + + >t 
0 50 100 150 200 250 


Figure 7.2 Solution to mixing tank example 


Note that to arrive at (7) we did not have to take derivatives of trial solutions, break up 
intervals, or evaluate constants through initial data. The Laplace transform machinery replaces 
all of these operations by basic algebra: addition, subtraction, multiplication, division—and, of 
course, the judicious use of the table. Figure 7.3 depicts the advantages of the transform method. 

Unfortunately, the Laplace transform method is less helpful with equations containing 
variable coefficients or nonlinear equations (and sometimes determining inverse transforms 
can be a Herculean task!). But it is ideally suited for many problems arising in applications. 
Thus, we devote the present chapter to this important topic. 


Break into subintervals 
.d 
Calculus: dr fdt 


Fit constants to 
initial data 


Differential = t-domain 


equation 


Solution 
Inverse 
transform 


Laplace 
transform 


s-domain 


Algebra: +, —, X, + 


Figure 7.3 Comparison of solution methods 
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FA 2 DEFINITION OF THE LAPLACE TRANSFORM 


In earlier chapters we studied differential operators. These operators took a function and 
mapped or transformed it (via differentiation) into another function. The Laplace transform, 
which is an integral operator, is another such transformation. 


Laplace Transform 


Definition 1. Let f(r) be a function on [0, oo). The Laplace transform of f is the 
function F defined by the integral 


T e "f(t)dt . 
0 


The domain of F(s) is all the values of s for which the integral in (1) exists.’ The 
Laplace transform of f is denoted by both F and st ft 


Notice that the integral in (1) is an improper integral. More precisely, 


| E^ ^f(r)dt = lim | a "ERE dE 
0 


0 N—oo 


whenever the limit exists. 


Example 1 Determine the Laplace transform of the constant function f(t) = 1,t = 0 . 


Solution Using the definition of the transform, we compute 


Since e?" — 0 when s > 0 is fixed and N — oo, we get 
1 
F(s) - — fo s»0. 


When s < 0, the integral fọ? e “dt diverges. (Why?) Hence F(s) = 1/s, with the domain of F(s) 
being all s — 0. € 


"We treat s as real-valued, but in certain applications s may be a complex variable. For a detailed treatment of complex- 
valued Laplace transforms, see Complex Variables and the Laplace Transform for Engineers, by Wilbur R. LePage 
(Dover Publications, New York, 1980), or Fundamentals of Complex Analysis with Applications to Engineering and 
Science (3rd ed.), by E. B. Saff and A. D. Snider (Prentice Hall, Englewood Cliffs, N.J., 2003). 
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Example2 Determine the Laplace transform of f(t) = e“, where a is a constant. 


Solution Using the definition of the transform, 


F(s) =| eva = | e SO gt 


0 0 
N _ -(s—a)t |N 
= lim | eS g¢ = lim —— — 
N—oo 0 N—oo S—a@ 0 
1 g G-9N 
= lim 
N>œ| § — a S~a 
1 
= fr s>a. 
$-—&au 


Again, if s < a the integral diverges, and hence the domain of F(s) is all s > a. € 


It is comforting to note from Example 2 that the transform of the constant function 
f(t) = 1 = e is 1/(s — 0) = 1/s, which agrees with the solution in Example 1. 


Example3 Find Sf [sin bt), where b is a nonzero constant. 


Solution We need to compute 


oo N 
Sf [sin br}(s) = | e “sin bt dt = lim | e “sin bt dt . 
0 0 


—00 


Referring to the table of integrals on the inside front cover, we see that 


l 


(s sin bN + b cos i) 


—st 


Lf sin bt)(s) = lim 


N—oo 


(—s sin bt — b cos br) 


rth 
e N 


b 
rth +b 


im 
N-0o 


b 
= fo s>0O 
e+e 


(since for such s we have limy_,,, e "(s sin bN + b cos bN) = 0; see Problem 32). € 


Example 4 Determine the Laplace transform of 


25 0<t<5, 
fíne10, 5s re 10; 
e? 1<t. 


> 
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Solution Since f(t) is defined by a different formula on different intervals, we begin by breaking up the 
integral in (1) into three separate parts.’ Thus, 


F(s) = [eoe 


0 


5 10 oo 
= | eade | «sod + | e "e^ dr 


0 5 10 
5 N 
- af e^*dt + lim | e 5-9 gi 
0 N—oo 10 
2 2e —5s : —10(s—4) —(s—4)N. 
E t Bm $—4 s—4 
—55 —10(s—4) 
NE ae: fo s>4.¢ 
ky Š s=4 


Notice that the function f(t) of Example 4 has jump discontinuities at t = 5 and t = 10. 
These values are reflected in the exponential terms e ?? and e 5 that appear in the formula for 
F(s). We'll make this connection more precise when we discuss the unit step function in 
Section 7.6. 

An important property of the Laplace transform is its linearity. That is, the Laplace 
transform £ is a linear operator. 


Linearity of the Transform 


Theorem 1. Let f, fi, and f, be functions whose Laplace transforms exist for s > œ and 
let c be a constant. Then, for s > a, 


(2) Afi 5) = Sf) + LAA}. 
(3) Lief} = cL f} . 


Proof. Using the linearity properties of integration, we have for s > a 


s + AY) = | "e A) + Aloe 


= IN. \(t)dt + |e o (t) dt 
= L{ fi}(s) + LAH) . 


Hence, equation (2) is satisfied. In a similar fashion, we see that 


| etatàda = e [erar 


0 0 


c9 fs) .* 


Sof Ys) 


"Notice that f(t) is not defined at the points t = 0, 5, and 10. Nevertheless, the integral in (1) is still meaningful and 
unaffected by the function's values at finitely many points. 
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Example 5 Determine £{11 + 5e* — 6 sin 21) . 


Solution From the linearity property, we know that the Laplace transform of the sum of any finite num- 
ber of functions is the sum of their Laplace transforms. Thus, 


S11 + 5e* — 6 sin 2t} = P{11} + $[5e* + L{—6 sin 2t} 
1121) + 5216") — 6L{ sin 2t} . 


In Examples 1, 2, and 3, we determined that 


ZH) =2, HeH). Hsia). 


Using these results, we find 


L11 + 5e“ — 6 sin 2r}(s) = u(t) | (+) «(52 


1, 5 12 
sS s-4 s24+4 


Since SET Se^, and S [sin 21) are all defined for s > 4, so is the transform 
S11 + 5e" — 6 sin 2t}. € 


Existence of the Transform 


There are functions for which the improper integral in (1) fails to converge for any value of s. 
For example, this is the case for the function f(t) = 1/t, which grows too fast near zero. Like- 
wise, no Laplace transform exists for the function f(t) = e", which increases too rapidly as 
t — oo. Fortunately, the set of functions for which the Laplace transform is defined includes 
many of the functions that arise in applications involving linear differential equations. We now 
discuss some properties that will (collectively) ensure the existence of the Laplace transform. 

A function f(t) on [a, b] is said to have a jump discontinuity at tọ € (a, b) if f(t) is 
discontinuous at tọ, but the one-sided limits 


lim f(r) m lim f(1) 


exist as finite numbers. If the discontinuity occurs at an endpoint, tọ = a (or b), a jump discon- 
tinuity occurs if the one-sided limit of f(t) as t — a* (t — b") exists as a finite number. We can 
now define piecewise continuity. 


Piecewise Continuity 


Definition 2. A function f(t) is said to be piecewise continuous on a finite interval 
[a, b] if f(t) is continuous at every point in [a, b] , except possibly for a finite number of 


points at which f(t) has a jump discontinuity. 
A function f(t) is said to be piecewise continuous on |0, ©) if f(t) is piecewise 
continuous on [0, N ] for all N > 0. 


Example 6 


Solution 
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0 1 2 3 


Figure 7.4 Graph of f(t) in Example 6 


Show that 
ix Ocrt«l, 
fnis, 1r», 
(—2», 2z:t:-3, 


whose graph is sketched in Figure 7.4 is piecewise continuous on [0, 3]. 
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From the graph of f(t) we see that f(t) is continuous on the intervals (0, 1), (1, 2), and (2, 3]. 
Moreover, at the points of discontinuity, t = 0, 1, and 2, the function has jump discontinuities, 
since the one-sided limits exist as finite numbers. In particular, at t = 1, the left-hand limit is 


1 and the right-hand limit is 2. Therefore f(t) is piecewise continuous on [0, 3 | * 


Observe that the function f(t) of Example 4 is piecewise continuous on [0, oo) because it 
is piecewise continuous on every finite interval of the form [0, N ] , with N > O0. In contrast, the 
function f(t) = 1/t is not piecewise continuous on any interval containing the origin, since it 


has an "infinite jump" at the origin (see Figure 7.5). 


f(t) = Vt 10 


Figure 7.5 Infinite jump at origin 
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A function that is piecewise continuous on a finite interval is necessarily integrable over that 
interval. However, piecewise continuity on [0, co) is not enough to guarantee the existence (as a 
finite number) of the improper integral over [0, oo); we also need to consider the growth of the 
integrand for large t. Roughly speaking, we'll show that the Laplace transform of a piecewise 
continuous function exists, provided the function does not grow “faster than an exponential.” 


Exponential Order a 


Definition 3. A function f(t) is said to be of exponential order a if there exist positive 


constants T and M such that 
(4) IFO] = Me™ , forallt=T. 


For example, f(t) = e” sin 2t is of exponential order a = 5 since 


le? sin 2t| = e? , 


and hence (4) holds with M = | and T any positive constant. 

We use the phrase f(t) is of exponential order to mean that for some value of a, the func- 
tion f(t) satisfies the conditions of Definition 3; that is, f (t) grows no faster than a function of 
the form Me“. The function e" is not of exponential order. To see this, observe that 


n 


WE ; = 
lim — = lim e“~% = +00 
t>00 e 1—o00 


for any a. Consequently, e" grows faster than e^' for every choice of a. 

The functions usually encountered in solving linear differential equations with constant 
coefficients (e.g., polynomials, exponentials, sines, and cosines) are both piecewise continu- 
ous and of exponential order. As we now show, the Laplace transforms of such functions exist 
for large enough values of s. 


Conditions for Existence of the Transform 


Theorem 2. If f(t) is piecewise continuous on [0, oo) and of exponential order a, then 


S f}(s) exists for s > a. 


Proof. We need to show that the integral 
| e "f(r)dt 
0 
converges for s > a. We begin by breaking up this integral into two separate integrals: 
T oo 
(5) | e "f(t)dt + | e "f(r)dt , 
0 T 


where T is chosen so that inequality (4) holds. The first integral in (5) exists because f(t) and 
hence e "f(t) are piecewise continuous on the interval [0, T] for any fixed s. To see that the 
second integral in (5) converges, we use the comparison test for improper integrals. 
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Since f(t) is of exponential order a, we have for t = T 
I| = Me“ , 


and hence 


le-*f()| = e*lf() s Me™ , 


for all t = T. Now for s > a. 


oo oo —(s—a)T 
| Me™- at = «| piu MEC eu 
T T S a 


Since |e “f(t)| = Me “sal for t=T and the improper integral of the larger function 
converges for s > a, then, by the comparison test, the integral 


| e "f(t)dt 
T 

converges for s > o. Finally, because the two integrals in (5) exist, the Laplace transform 
Sf) exists fors >a. € 


Table 7.1 lists the Laplace transforms of some of the elementary functions. You should 
become familiar with these, since they are frequently encountered in solving linear differential 
equations with constant coefficients. The entries in the table can be derived from the definition 
of the Laplace transform. A more elaborate table of transforms is given on the inside back 
cover of this book. 


15:8 7A IS Brief Table of Laplace Transforms 


f(t) F(s) = L{f}(s) 
1 L, $20 
d l : s>a 
s—a 
n! 
É.LIÍ^nmn-412, ue ? s20 
sin bt 5 b 23 $20 
so +b 
s 
cos bt : $20 
rtp 
n! 
et =. w-—12. "PE s>a 
e" sin bt - E s>a 
s-a e 
( P+b 
e” cos bt EE Su M sa 
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ESSA 1 b á, 


In Problems 1—12, use Definition 1 to determine the 
Laplace transform of the given function. 


1.1 Lr 
3. e“ 4. te? 
5. cos 2t 6. cos bt, ba constant 
7. e? cos 3t 8. e ‘sin 2t 
9. f(t) c Qe T2. 
. t) = 
2<t 
17, <II 
10. 
0, ISt 
sint, O<t<7, 
11. "n 
0, T t 
j 0<1t<3, 
12. f(t) o= f 
: 3«t 


In Problems 13—20, use the Laplace transform table and 
the linearity of the Laplace transform to determine the 
following transforms. 

13. (6e 7 — ? + 2r — 8] 

14. £{5 — e” + 617} 

15. L{t? — te! + e" cos t) 

16. L{t? — 3t — 2e™'sin 3t} 

17. L{e* sin 6t — P + e 

18. £{14 — P — t + sin V2 

19. $[r*e?! — e' cos Vr) 

20. $e? cos V3t — e? 


In Problems 21—28, determine whether f(t) is continu- 
ous, piecewise continuous, or neither on [0, 10] and 
sketch the graph of f(t). 


fs 0ztz-l1, 
21. 
(t — 2)? 1<r<=10 
0, Ost<2, 
22. f(t) 
t, 2=rt=10 
Osr<l1, 
23. f(t) , 1<t<3, 
r—4, 3<r=10 
f(t) zd 1^3 T2 
r—A4 
1? —t— 20 
25. f(t) = =———_ 
f t^ + 7t+ 10 


26. f(t) = 
N= 53 
YE. Ü r1. 
27. fü) m 41, [Ei 
1-t, 2< t= 10 
sin f 
— t*0, 
28. f(ü) 2 4 t 
l, t=0 


29. Which of the following functions are of exponential 


order? 
(a) P sint (b) 100e^?' 
(c) e" (d) tint 
1 
h(t? f 
(e) cosh(t?) uL 
(g) sin(t?) + tte“ (h) 3 — ef + cos 4t 


G) exp{r?/(r + 1)) (D sin(e^) + es 
30. For the transforms F (s) in Table 7.1, what can be 
said about lim, „œ F(s)? 


31. Thanks to Euler's formula (page 168) and the alge- 
braic properties of complex numbers, several of the 
entries of Table 7.1 can be derived from a single 
formula; namely, 


i —a ib 
6 gf oi s) = _S 7 av Ww . 
(6) ° (s) (s-a +b? 
(a) By computing the integral in the definition of the 


Laplace transform on page 353 with f(t) = 
e(+ib)t show that 


(a+ib)t = 1 = 
$e Kis) =a s>a. 


s>a. 


(b) Deduce (6) from part (a) by showing that 


1 __s—at ib 
s—(a+ib) (s-—a?+b 


(c) By equating the real and imaginary parts in 
formula (6), deduce the last two entries in 
Table 7.1. 


32. Prove that for fixed s > 0, we have 
Jim e ""(ssin bN + bcos bN) = 0 . 
33. Prove that if f is piecewise continuous on [a, b] and 


g is continuous on [a, b], then the product fg is 
piecewise continuous on [a, b]. 
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/. 3 PROPERTIES OF THE LAPLACE TRANSFORM 


In the previous section, we defined the Laplace transform of a function f(t) as 
s fis) = | ent) dt . 
0 


Using this definition to get an explicit expression for ay f requires the evaluation of the 
improper integral—frequently a tedious task! We have already seen how the linearity property 
of the transform can help relieve this burden. In this section we discuss some further properties 
of the Laplace transform that simplify its computation. These new properties will also enable 
us to use the Laplace transform to solve initial value problems. 


Translation in s 


Theorem 3. If the Laplace transform se fs) = F(s) exists for s > a, then 


(1) L{e“f(t)}(s) = F(s — a) 


fors aca. 


Proof. We simply compute 


se"r()Y(s) = | seed 


=F(s—a). @ 
Theorem 3 illustrates the effect on the Laplace transform of multiplication of a function 
f(t) by e" . 
Example! Determine the Laplace transform of e“ sin br. 
Solution In Example 3 in Section 7.2, we found that 


b 
s +b 


L{sin bt}(s) = Fis) = 


Thus, by the translation property of F(s), we have 


L{e" sin btY(s) = F(s — a) = a * 


Laplace Transform of the Derivative 


Theorem 4. Let f(t) be continuous on [0, oo) and f'(t) be piecewise continuous on 


[0, oo), with both of exponential order a. Then, for s > o , 


Q HFX) = sL{F}(s) — f0). 
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Proof. Since gi f n exists, we can use integration by parts | with u = e “and dv = 
f ()at] to obtain 


(3) SU Ys) | "ef (dt = lim | "e (di 


0 N—oo 0 


i +s [eon 


0 0 


- jim [eto 


= lim e ?Mf(N) — f(0) + s lim | "e" fadi 


N—oo N—oo 0 


dim e P(N) — f(0) + EL F}(9) . 


To evaluate limy. ,4, e *“f(N), we observe that since f(t) is of exponential order a, there exists 
a constant M such that for N large, 


le ?Mf(N)| < e ‘NMee’ Z Me 5-9N , 
Hence, for s > a, 
0s jim le ^Nf(N)| = jim MeN =o, 


SO 


for s > o. Equation (3) now reduces to 


LÁ F's) = stUfys) — (0) . e 


Using induction, we can extend the last theorem to higher-order derivatives of f(t). For 
example, 


LL F"}(s) 


s£{f'}(s) — f'(0) 
= s[ss fs) - f(0)] - F'(0) , 


which simplifies to 


SLAF (8) = PLL f}(s) — sf(0) — f'(0) . 


In general, we obtain the following result. 


Laplace Transform of Higher-Order Derivatives 


Theorem 5. Let f(t), f (t), . . . Nim (1) be continuous on [0, oo) and let fX) be 
piecewise continuous on [0, oo), with all these functions of exponential order a. Then, 


fors > a, 


& — LL FO} (5) = sU) — s"-¥9(0) — sri) — +++ — 679). 


The last two theorems shed light on the reason why the Laplace transform is such a useful 
tool in solving initial value problems. Roughly speaking, they tell us that by using the Laplace 


Example 2 


Solution 


Example 3 


Solution 
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transform we can replace “differentiation with respect to t” with “multiplication by s,” thereby 
converting a differential equation into an algebraic one. This idea is explored in Section 7.5. 
For now, we show how Theorem 4 can be helpful in computing a Laplace transform. 


Using Theorem 4 and the fact that 
Sf (sin bt) (s) — : 
s +b 
determine Sf(cos bt} ; 
Let f(t) :— sin bt. Then f(0) = 0 and f'(t) = b cos bt. Substituting into equation (2), we have 
SP) = s2 S3C) = FCO) , 
Sb cos bt}(s) = sf{sin bt}(s) —0, 


b 
b£{cos br) (s) = =~ . 
{cos }(s) Sani 
Dividing by b gives 
x bt =-—*_.. 
{cos Xs) 3a 


Prove the following identity for continuous functions f(t) (assuming the transforms exist): 


(5) sf | Af jo) = Ls) . 


Use it to verify the solution to Example 2. 


Define the function g(t) by the integral 


Observe that g(0) = 0 and g'(r) = f(t). Thus, if we apply Theorem 4 to g(t) [instead of fo], 
equation (2) on page 361 reads 


Sf) = sn | ‘fear bs) =O 


which is equivalent to equation (5). 
Now since 


t 

sin bt = | bcos bt dT , 
0 

equation (5) predicts 


S (sin bt) (s) = 1 Hb cos bt}(s) = P Pfcos bt}(s) ] 


This identity is indeed valid for the transforms in Example 2. 9 
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Example 4 


Solution 


Another question arises concerning the Laplace transform. If F(s) is the Laplace transform 
of f(t), is F'(s) also a Laplace transform of some function of t? The answer is yes: 


F'(s) = s(-1f())(5) . 


In fact, the following more general assertion holds. 


Derivatives of the Laplace Transform 


Theorem 6. Let F(s) — S fy) and assume f(t) is piecewise continuous on [0, oo) 
and of exponential order a. Then, for s > a, 


(6) — serios) = Cay. 


Proof. Consider the identity 
dF) _ a [7 -s 
p? (s) = ds | e “f(t)dt . 


Because of the assumptions on f(t), we can apply a theorem from advanced calculus (some- 
times called Leibniz's rule) to interchange the order of integration and differentiation: 


E= [iea 


Il 
l 
= 
I 
ian) 
d 
= 
> 
a 
~ 
Il 
| 
t6 
mim 
— 
2 
p 
a 
— 


Thus, 


dF 
stra) = CDE . 
The general result (6) now follows by induction on n. € 


A consequence of the above theorem is that if f(t) is piecewise continuous and of 
exponential order, then its transform F(s) has derivatives of all orders. 


Determine St sin bt}. 


We already know that 


b 


S (sin bt) (s) = Fis) = Su yas 


Differentiating F(s), we obtain 


dF s) = —2bs 
ds (4p 


Hence, using formula (6), we have 


BP 2bs 


St sin bt}(s) = 4 s Ce + 
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For easy reference, Table 7.2 lists some of the basic properties of the Laplace transform 


derived so far. 


U: IAA Properties of Laplace Transforms 


Hof} = ciel f) 


sero) = C 


AA f+ g) = Hf} + Lig} . 


for any constant c . 


S(e"f())(s) = LL F}(s — a) 
SUP Y) = sL{f}(s) — 
LL f"}(s) = s LA F}(s) — sf(0) 


gif Ms ) = s" LL f(s) — s” (0) — s"-?f'(0) — -- 
EA) 


-f'(0). 
e. 


WESA 0 1  — 


In Problems 1—20, determine the Laplace transform of the 
given function using Table 7.1 and the properties of the 
transform given in Table 7.2. [Hint: In Problems 12—20, 
use an appropriate trigonometric identity.] 


1. £? + e'sin2t 2. 38 — e? 
3. e 'cos3t + e — 1 4. 31 2 +1 
5. 21?e ! — t + cos 4t 6. e” sin 2t + e? 
7. (t — 1 8. (14 e? 
9. e "t sin 2t 10. te” cos 5t 
11. cosh bt 12. sin 3t cos 3t 
13. sin? t 14. e" sin’? t 
15. cos? t 16. t sin’ t 
17. sin 2t sin 5t 18. cos nt cos mt , 


21. 


22. 


. COS nt Sin mt , 


mn 
. t sin 2t sin 5t 
mn 


Given that £{cos br}(s) 
translation property to compute Se 
Starting with the transform Sg(1Ys) — ]/s, use for- 
mula (6) for the derivatives of the Laplace transform 
to show that L{r}(s) = 1/s2, L{1?}(s) = 21/5, 
and, by using induction, that L{r"}(s) = n!/s"*, 
n=1,2,.... 


= s/(s? + b°), use the 
^ cos bt]. 


23. 


24. 


25. 


26. 


27. 


Use Theorem 4 to show how entry 32 follows from 
entry 31 in the Laplace transform table on the inside 
back cover of the text. 


Show that £{e“r"}(s) 


(a) Use the translation property for F(s). 
(b) Use formula (6) for the derivatives of the 
Laplace transform. 


= nl/(s — a)"*! in two ways: 


Use formula (6) to help determine 

(a) S cos bt} . (b) S£(r?cos bt} . 

Let f(t) be piecewise continuous on [0, oo) and of 

exponential order. 

(a) Show that there exist constants K and a such that 
|f(t)| = Ke" — forall =0. 

(b) By using the definition of the transform and 


estimating the integral with the help of part (a), 
prove that 


lim Lf f}(s) = 


Let f(t) be piecewise continuous on [0, oo) and of 
exponential order œ and assume lim,_,o°[ f (1)/t] 
exists. Show that 
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28. 


29. 


30. 


31. 
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where F(s) = £{ fj s). [Hint: First show that 
T 5 S f(t m F(s) and then use the result of 
Problem 26.] 


Verify the identity in Problem 27 for the following 
functions. (Use the table of Laplace transforms on 
the inside back cover.) 
(a) f() = (b) f() = P^ 
The transfer function of a linear system is defined 
as the ratio of the Laplace transform of the output 
function y(t) to the Laplace transform of the input 
function g(t), when all initial conditions are zero. If a 
linear system is governed by the differential equation 
y'(t) + 6y() + 10y() = g(t), | 1:20, 
use the linearity property of the Laplace transform 
and Theorem 5 on the Laplace transform of higher- 
order derivatives to determine the transfer function 
H(s) = Y(s)/G(s) for this system. 
Find the transfer function, as defined in Problem 29, 
for the linear system governed by 
y"(t) + 5y'(t) + Gy(t) = g(t), t>0. 
Translation in t. Show that for c > 0, the trans- 
lated function 


0, 
MM 


has Laplace transform 


L{g}(s) = e "S f}(s) 


OSTA C; 
c<t 


In Problems 32-35, let g(t) be the given function f(t) 
translated to the right by c units. Sketch f(t) and g(t) and 


find Siglt )}(s) . (See Problem 31.) 

32. f(t) =1, c=2 

33. f() =t, c= 

34. f(t) = sint, c= m 

35. f(t) = sint, c= 7/2 

36. Use equation (5) to provide another derivation of the 


37. 


38. 


formula L{t"}(s) = nt/s"*!. [Hint: Start with 


S(1)(s) = 1/s and use induction.] 


Initial Value Theorem. Apply the relation 


(7) L{f' Ms) = | E = sf{ f}(s) - 


to argue that for any function f(t) whose derivative 

is piecewise continuous and of exponential order 
n [0, oo), 

f(0) = lim sf F}(s) 

Verify the initial value theorem (Problem 37) for the 

following functions. (Use the table of Laplace trans- 

forms on the inside back cover.) 

(a) 1 (b) e' (c) e (d) cost 

(e) sint (f) 2? (g) tcost 


rj 4 INVERSE LAPLACE TRANSFORM 


In Section 7.2 we defined the Laplace transform as an integral operator that maps a function 
f(t) into a function F(s). In this section we consider the problem of finding the function f(t) 
when we are given the transform F(s). That is, we seek an inverse mapping for the Laplace 


transform. 


To see the usefulness of such an inverse, let’s consider the simple initial value problem 


(1) y ey S 


If we take the transform of both sides of equation (1) and use the linearity property of the 


transform, we find 


Shy" }(s) — 
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where Y(s) = gy) (s). We know the initial values of the solution y(t), so we can use Theorem 5, 
page 362, on the Laplace transform of higher-order derivatives to express 


L{y"}(s) = s"Y(s) — sy(0) — y'(0) = Y() - 1. 
Substituting for Sy" Ks) yields 


s?Y(s) - 1 — ¥(s) = "uu 


Solving this algebraic equation for Y(s) gives 


1 
sS s^ — 1 
Y(s) = = =>. 
() s -1 sSs2—1) s? 


We now recall that S (rs) = 1/s?, and since Y(s) = L{y}(s), we have 


sy) = vs = LEY) . 


It therefore seems reasonable to conclude that y(t) = z is the solution to the initial value prob- 
lem (1). A quick check confirms this! 

Notice that in the above procedure, a crucial step is to determine y(t) from its Laplace 
transform Y(s) = 1/s?. As we noted, y(t) = t is such a function, but it is not the only function 
whose Laplace function is 1/s?. For example, the transform of 


so {i t#6, 


0, t=6 


is also 1/s?. This is because the transform is an integral, and integrals are not affected by chang- 
ing a function’s values at isolated points. The significant difference between y(t) and g(t) as far 
as we are concerned is that y(t) is continuous on [0, oo), whereas g(t) is not. Naturally, we pre- 
fer to work with continuous functions, since solutions to differential equations are continuous. 
Fortunately, it can be shown that if two different functions have the same Laplace transform, at 
most one of them can be continuous." With this in mind we give the following definition. 


Inverse Laplace Transform 


Definition 4. Given a function F(s), if there is a function f(t) that is continuous on 
[0, oo) and satisfies 


D Ss(n-F, 


then we say that f(t) is the inverse Laplace transform of F(s) and employ the notation 


f= LHP}. 


In case every function f(t) satisfying (2) is discontinuous (and hence not a solution of a 
differential equation), one could choose any one of them to be the inverse transform; the 
distinction among them has no physical significance. [Indeed, two piecewise continuous func- 
tions satisfying (2) can only differ at their points of discontinuity.] 


"For this result and further properties of the Laplace transform and its inverse, we refer you to Operational Mathematics, 
3rd ed., by R. V. Churchill (McGraw-Hill, New York, 1972). 
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Example 1 


Solution 


Example 2 


Solution 


Naturally the Laplace transform tables will be a great help in determining the inverse 
Laplace transform of a given function F(s). 


Determine PYF k where 


2 —] 
() FG) - 5. ©) F)- 57. guae os. 


To compute gg D, we refer to the Laplace transform table on page 359. 


^n (jo-e()o-: 


(b) sies 2 VO = sin 


sy + 3? 


ie £l : = ;jo " e - ma c sees 


In part (c) we used the technique of completing the square to rewrite the denominator in a form 
that we could find in the table. 9 


In practice, we do not always encounter a transform F(s) that exactly corresponds to an entry 
in the second column of the Laplace transform table. To handle more complicated functions F(s), 
we use properties of £~!, just as we used properties of £. One such tool is the linearity of the 
inverse Laplace transform, a property that is inherited from the linearity of the operator £. 


Linearity of the Inverse Transform 


Theorem 7. Assume that LHF}, LHF ib and SHF} exist and are continuous on 
[0, oo) and let c be any constant. Then 


(3) gr T F,} = Sg in) + gr : 
(4) EHF} = e$ VF] . 


The proof of Theorem 7 is outlined in Problem 37. We illustrate the usefulness of this 
theorem in the next example. 


Determine «| 3 ES em 2 \ 
s-6 s°+9 25° + 85 + 10 


We begin by using the linearity property. Thus, 


- 5 6s 3 
el | 
s-6 s*+9 2s? + 45 + 5) 


-syif canes pila : 2 
s—6 s +9 2 s +4s+5 


Referring to the Laplace transform tables, we see that 


TERO =e" and es x z0 = cos 3t . 


Example 3 


Solution 


Example 4 


Solution 
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This gives us the first two terms. To determine g1 /(s? + 4s + 5)}, we complete the square 


of the denominator to obtain s? + 4s + 5 = (s + 2} + 1. We now recognize from the tables 
that 


= 1 Jogo: 
T aT 3) =e "sint. 


=H 


de 5 6s 3 yo = 5e% — 6 cos 3t + ae sint. @ 
s 


NH 2 t3 
6 s^-—-9 2s^-c8s-410 


Determine £^! Ux] : 


The (s + 2)^ in the denominator suggests that we work with the formula 


cate pl =e 


Here we have a = —2 and n = 3, so E- H6/(s SF 2)*\(2) = e “t?, Using the linearity prop- 
erty, we find 


a 7 =f = arr 250 2 x 


Determine gof si | : 
s^ c 2s t 10 


By completing the square, the quadratic in the denominator can be written as 
s?+2s+ 10=s?+2s+14+9=(s+ 1% - 32. 


The form of F(s) now suggests that we use one or both of the formulas 


a sa iy = e"! cos bt , 


p= ay + bp 
g z Wo = e" sin bt . 
(s — a? + b? 
In this case, a = — 1 and b = 3. The next step is to express 
3s +2 stl 3 


5 = +B ; 
e s? + 2s + 10 (s + 1) + 3? (s + 1)? + 3? 


where A, B are constants to be determined. Multiplying both sides of (5) by s? + 2s + 10 
leaves 


3s + 2 = A(s + 1) + 3B = As + (A + 3B) , 


which is an identity between two polynomials in s. Equating the coefficients of like terms 
gives 


A=3, A+ 3B=2, 
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so A = 3 and B = —1/3. Finally, from (5) and the linearity property, we find 


pu. Lb mi i die "1 a go G + y + ad 


= 3e ‘cos 3t — ye isin 3t. + 


Given the choice of finding the inverse Laplace transform of 


78$? + 10s — 1 
s? + 387-5 —3 


F(s) > 


or of 


mE 3 1 4 
Fals) Weq srl sra 


which would you select? No doubt F,(s) is the easier one. Actually, the two functions F(s) and 
F,(s) are identical. This can be checked by combining the simple fractions that form F,(s). 
Thus, if we are faced with the problem of computing £7! of a rational function such as F|(s), 
we will first express it, as we did F;(s), as a sum of simple rational functions. This is accom- 
plished by the method of partial fractions. 

We briefly review this method. Recall from calculus that a rational function of the form 
P(s)/Q(s), where P(s) and Q(s) are polynomials with the degree of P less than the degree of Q, 
has a partial fraction expansion whose form is based on the linear and quadratic factors of 
Q(s). (We assume the coefficients of the polynomials to be real numbers.) There are three cases 
to consider: 

]. Nonrepeated linear factors. 
2. Repeated linear factors. 
3. Quadratic factors. 


1. Nonrepeated Linear Factors 

If Q(s) can be factored into a product of distinct linear factors, 
Qs) = (s = ns = (s r) > 

where the r;'s are all distinct real numbers, then the partial fraction expansion has the form 
P(s) Ai A, A, 


= + ses + —— 
Qs) s-r s-r; s-r,” 


where the A;'s are real numbers. There are various ways of determining the constants 
A,,..., A,. In the next example, we demonstrate two such methods. 


Example 5 Determine £^ (F], where 
dg 
(s + 1)(s + 2)(s — 3) ` 
Solution We begin by finding the partial fraction expansion for F(s). The denominator consists of three 
distinct linear factors, so the expansion has the form 


7s —1 A B C 
6 = + + 
(6 (s+ 1)(s+2)(s-3) s+1 s-2 5-3 


where A, B, and C are real numbers to be determined. 


F(s) = 
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One procedure that works for all partial fraction expansions is first to multiply the 
expansion equation by the denominator of the given rational function. This leaves us with 
two identical polynomials. Equating the coefficients of s* leads to a system of linear 
equations that we can solve to determine the unknown constants. In this example, we 
multiply (6) by (s + 1)(s + 2)(s — 3) and find 
(7) 7s — 1 = A(s + 2)(s — 3) + B(s + 1)(s — 3) + C(s + 1)(s + 2) JF 
which reduces to 

7s — 1 = (A + B + C)? + (-A — 2B + 3C)s + (-6A — 3B + 2C) . 
Equating the coefficients of s?, s, and 1 gives the system of linear equations 
A+B+C=0, 
—-A-2B+3C=7, 
—6A —-3B+2C=—-1. 
Solving this system yields A = 2, B = —3, and C = 1. Hence, 
d$ 2 3 1 
+ é 
(s+ 1)(s+2)(s-—3) s+1 s-2 5-3 


(8) 


An alternative method for finding the constants A, B, and C from (7) is to choose three 
values for s and substitute them into (7) to obtain three linear equations in the three unknowns. 
If we are careful in our choice of the values for s, the system is easy to solve. In this case, equa- 


tion (7) obviously simplifies if s = —1, —2, or 3. Putting s = —1 gives 
7 —1 = A(1)(—4) + B(0) + C(O) , 
—8 = —4A. 
Hence A = 2. Next, setting s = —2 gives 
—14 — 1 = A(0) + B(-1)(-5) + c(0) , 
—1525B, 
and so B = —3. Finally, letting s = 3, we similarly find that C = 1. In the case of nonrepeated 


linear factors, the alternative method is easier to use. 
Now that we have obtained the partial fraction expansion (8), we use linearity to compute 


ca Fey corey coy} Ca o a+ bho 
-a [lo ss) 


+ s [440 


= 2e" — 3e” + e”. +è 


"Rigorously speaking, equation (7) was derived for s different from — 1, —2, and 3, but by continuity it holds for these 
values as well. 


372 


Chapter7 Laplace Transforms 


Example 6 


Solution 


2. Repeated Linear Factors 


Let s — r be a factor of Q(s) and suppose (s — r)" is the highest power of s — r that divides 
Q(s). Then the portion of the partial fraction expansion of P(s)/Q(s) that corresponds to the 


m. 


term (s — r) 1S 


Ay A3 Am 
+ eee + PEE um 
s-r (s-r? (s — r)” 


where the A;'s are real numbers. 


524952 } 


namics itte 
etermine (s E 1)%(s a: 3) 


Since s — 1 is a repeated linear factor with multiplicity two and s + 3 is a nonrepeated linear 
factor, the partial fraction expansion has the form 


s$ +95 +2 A B 4 C 
(s—1°(s +3) s-1 (s—-1)? s-3" 
We begin by multiplying both sides by (s — 1)?(s + 3) to obtain 
(9) s? + 9s + 2 = A(s — 1)(s + 3) + B(s + 3) - C(s— 1. 


Now observe that when we set s = 1 (or s = —3), two terms on the right-hand side of (9) 
vanish, leaving a linear equation that we can solve for B (or C). Setting s — 1 in (9) gives 


1+9+2=A(0)+4B+C(0), 
12=4B, 
and, hence, B = 3. Similarly, setting s = —3 in (9) gives 
9 — 27 + 2 = A(0) + B(0) + 16C 
=16 = 16C . 
Thus, C = — 1. Finally, to find A, we pick a different value for s, say s = 0. Then, since B = 3 
and C = — 1, plugging s = 0 into (9) yields 
2— 3A F 3B4+C=—-3A+9-1 


so that A — 2. Hence, 


?-49s 2 2 3 1 
10 - = | . 
(10) (s—1°(s+3) s-1 (s—-1? s+3 


We could also have determined the constants A, B, and C by first rewriting equation (9) in 
the form 


s? + 9s +2 = (A + CO)? + (2A + B — 2C)s + (-3A + 3B + C). 


Then, equating the corresponding coefficients of s?, s, and 1 and solving the resulting system, 
we again find A = 2, B —3,andC = -1. 
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Now that we have derived the partial fraction expansion (10) for the given rational func- 
tion, we can determine its inverse Laplace transform: 


(esame 
E is Lp) + sio spo 


-ef Lo 


= 2e' + 3t —-e™”™. +è 


3. Quadratic Factors 


Let (s — a)? + B? be a quadratic factor of Q(s) that cannot be reduced to linear factors with 
real coefficients. Suppose m is the highest power of (s — o)? + 8? that divides Q(s). Then the 
portion of the partial fraction expansion that corresponds to (s — o)? + 8? is 
Cis F D, 4 Cis + D» n E Cus + D. 

(s— a)’ + e [(s — a + BP [(s — a + g?]" j 
As we saw in Example 4, it is more convenient to express C;s + D; in the form 
A;(s — a) + BB; when we look up the Laplace transforms. So let's agree to write this portion 
of the partial fraction expansion in the equivalent form 


A(s — a) + BB, 4 Als — a) + BB, em 4 Anis — @) + BB, 
(s -af +p [ (s — ay + pr [ (s — ay + pl" i 


2 
Example 7 Determine a - 25" + 10s \ 
(s? — 2s + 5)(s + 1) 


Solution We first observe that the quadratic factor s? — 2s + 5 is irreducible (check the sign of the 
discriminant in the quadratic formula). Next we write the quadratic in the form (s — a)? + 8? 
by completing the square: 

s?—-%+5=(s—1P% +27. 


Since s? — 2s + 5 and s + 1 are nonrepeated factors, the partial fraction expansion has the 
form 


25? + 10s A(s - 1) + 2B | C 
(s? — 2s + 5s +1) (s—-1pe2 s+1` 


When we multiply both sides by the common denominator, we obtain 
(11). 2s* + 10s = [A(s — 1) + 2B](s + 1) + C(s? — 2s + 5) . 
In equation (11), let's put s = —1, 1, and 0. With s = —1, we find 


2 — 10 = [A(—2) + 2B] (0) + c(8) , 
-8 =8C, 
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and, hence, C = —1. With s = 1 in (11), we obtain 

2 + 10 = [A(0) + 2B](2) + C(4) , 
and since C = —1, the last equation becomes 12 = 4B — 4. Thus B = 4. Finally, setting 
s = O in (11) and using C = —1 and B = 4 gives 

0 = [A(-1) + 28](1) + c(5) , 

0=-A+8-—5, 

A=3. 
Hence, A = 3, B = 4, and C = —1 so that 

25? + 10s _ As = 1) + 24) 1 
(s—2s-5)(s-1) (s-1% +27 s+1` 


With this partial fraction expansion in hand, we can immediately determine the inverse 
Laplace transform: 


e 25? + 10s jo ra Poe Ao 


s? — 2s + 5)(s +1 (s — 1)? + 2? 
= s—1 
ae le afl 


+ unc - y + zJo E : jo 


= 3e'cos2t + 4e'sin 2t — e! . @ 


In Section 7.7, we discuss a different method (involving convolutions) for computing 
inverse transforms that does not require partial fraction decompositions. Moreover, the convo- 
]ution method is convenient in the case of a rational function with a repeated quadratic factor in 
the denominator. Other helpful tools are described in Problems 33-36 and 38-43. 


7.4 EXERC SS MM 


In Problems 1—10, determine the inverse Laplace trans- In Problems 11-20, determine the partial fraction expan- 
form of the given function. sions for the given rational function. 
2. = erret. 
6 2. 2 " s 26s — 47 12. s—T 
(s - 1)4 s? +4 (s — 1)(s + 2)(s + 5) (s + 1)(s — 2) 
9o e 
3. s 1 4. 4 13. 2s 3s - 2 
s? + 25 +10 s? +9 s(s + 1) 
1 3 —8s?— 5s +9 
B e) 6. ———_., 14. 
$448 (25 + 57 (s + 1)(s? = 3s + 2) 
— 9.2 — = 
7. 2s + 16 8. 1 15. 8s es 14 16. 5s = 
s? + As + 13 s? (s + 1)(s? — 2s + 5) (s + 2)(s? + 9) 
2 
9, 3s — 15 10. s—1 17. 3s +5 18. 3s" + 5s +3 


25? — 4s + 10 25? +5 4-6 sls? +s — 6) st +s? 


19. 


1 sS 
C3845) ee 


In Problems 21—30, determine SHF} . 


65? — 13s +2 
21. F(s) = 
(s) s(s — 1)(s — 6) 
st 1l 
22. F(s) = —————— 
6) ^ G- 1s +3) 
2 
23. F(s) = 5s° + = + 53 
5 s 
(s + 3 (s + 1) 
24. F(s) = 7s? — 41s + 84 
i (s — 1)(s? — 4s + 13) 
2 
25. F(s) = Ts^ + a + 30 
(s — 2)(s? + 2s + 5) 
3. 5.2 _ 
36 F(s) = Ts 3 3s +6 
s?(s — 2) 
5 
2 — = 
27. s?F(s) — 4F(s) $41 
24 
28. s?F(s) + sF(s) — 6F(s) = $ 
sts 
2 
29. sF(s) + 2F(s) = m + 12s + 14 
so = 25 2 
2s +5 
30. sF = 
5 (s) ( s? +2541 
31. Determine the Laplace transform of each of the 


32. 


following functions: 


E 0, t=2, 
n A= D t#2. 
3605 t=1, 
(D 5()212. t=6, 
t, t#1,6. 
© f()- 1. 


Which of the preceding functions is the inverse 
Laplace transform of 1/5? ? 

Determine the Laplace transform of each of the 
following functions: 


fto £523... 
(a) filt) = U. oe ee 
e, t#5,8, 
b)AW=)6, 1-5. 
(nc t=8. 
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© lt) =e. 
Which of the preceding functions is the inverse 
Laplace transform of 1/(s — 1)? 


Theorem 6 in Section 7.3 can be expressed in terms of the 
inverse Laplace transform as 


e (ajos cmo. 


where f = LHF}. Use this equation in Problems 
33-36 to compute LHF}. 


33. F(s) = »(: i 2) 


Ne 


34. F(s) = »(: = ‘) 


s—3 


35. F(s) = »(5 E : 36. F(s) = arctan(1/s) 


go + 


37. Prove Theorem 7 on the linearity of the inverse 
transform. [Hint: Show that the right-hand side of 
equation (3) is a continuous function on [0, oo) 
whose Laplace transform is Fi(s) + F,(s). | 

38. Residue Computation. Let P(s)/Q(s) be a rational 
function with deg P < deg Q and suppose s — risa 
nonrepeated linear factor of Q(s). Prove that the por- 
tion of the partial fraction expansion of P(s)/Q(s) 
corresponding to s — r is 

A 
s-r' 


where A (called the residue) is given by the formula 
s — r)P(s 
A = lim Gaara Lad) 
sr Q(s) 

39. Use the residue computation formula derived in 
Problem 38 to determine quickly the partial fraction 
expansion for 
2s + 1 

sls — 1)(s + 2) ` 

40. Heaviside’s Expansion Formula.’ Let P(s) and 
Q(s) be polynomials with the degree of P(s) less 
than the degree of Q(s). Let 

Q(s) = (s = ns = r2) (s = 6) . 
where the r;'s are distinct real numbers. Show that 
E P(r, i) 


so 2 o'r, 


F(s) = 


— 


‘Historical Footnote: This formula played an important role in the “operational solution” to ordinary differential 
equations developed by Oliver Heaviside in the 1890s. 
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41. 


42. 
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Use Heaviside's expansion formula derived in Prob- 
lem 40 to determine the inverse Laplace transform of 
3s? = 16s +5 


Lanre eo 


Complex Residues. Let P(s)/Q(s) be a rational 
function with deg P < deg Q and suppose 
(s — a)? + 8? is a nonrepeated quadratic factor of Q. 
(That is, a + iB are complex conjugate zeros of Q.) 
Prove that the portion of the partial fraction expansion 
of P(s)/Q(s) corresponding to (s — a)? + 8? is 


A(s — a) + BB 
(s — a) + B? , 


43. 


where the complex residue BB + iA is given by 
the formula 


[(s — a)? + g?]P(s) 
Q(s) 

(Thus we can determine B and A by taking the real 

and imaginary parts of the limit and dividing them 

by B.) 

Use the residue formulas derived in Problems 38 and 

42 to determine the partial fraction expansion for 


BB + iBA = lim 


sati 


6s? + 28 
(s?— 2s + 5)(s + 2) ` 


F(s) = 


/. 5 SOLVING INITIAL VALUE PROBLEMS 


Our goal is to show how Laplace transforms can be used to solve initial value problems for 
linear differential equations. Recall that we have already studied ways of solving such initial 
value problems in Chapter 4. These previous methods required that we first find a general 
solution of the differential equation and then use the initial conditions to determine the desired 
solution. As we will see, the method of Laplace transforms leads to the solution of the initial 
value problem without first finding a general solution. 

Other advantages to the transform method are worth noting. For example, the technique 
can easily handle equations involving forcing functions having jump discontinuities, as illus- 
trated in Section 7.1. Further, the method can be used for certain linear differential equations 
with variable coefficients, a special class of integral equations, systems of differential equa- 


tions, and partial differential equations. 


Method of Laplace Transforms 


To solve an initial value problem: 


(a) Take the Laplace transform of both sides of the equation. 
(b) Use the properties of the Laplace transform and the initial conditions to obtain an 
equation for the Laplace transform of the solution and then solve this equation for 


the transform. 


(c) Determine the inverse Laplace transform of the solution by looking it up in a table or 
by using a suitable method (such as partial fractions) in combination with the table. 


In step (a) we are tacitly assuming the solution is piecewise continuous on [0, oo) and of 
exponential order. Once we have obtained the inverse Laplace transform in step (c), we can 
verify that these tacit assumptions are satisfied. 


Example] Solve the initial value problem 


a) 


y" — 2y' + Sy = —8e™ ; 
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Solution The differential equation in (1) is an identity between two functions of t. Hence equality holds 


Example 2 


Solution 


for the Laplace transforms of these functions: 
Liy" — 2y' + 5y} = £{-Be 4} . 


Using the linearity property of £ and the previously computed transform of the exponential 
function, we can write 


(2) Sy" Ks) i 2F{y' Ks) + 5£{y}(s) = — i 


Now let Y(s) := SyY(s). From the formulas for the Laplace transform of higher-order 
derivatives (see Section 7.3) and the initial conditions in (1), we find 


y) = s¥(s) - (0) = sv) - 2 , 
Sy" Ks) = s?Y(s) — sy(0) — y'(0) = s*¥(s) - 2s — 12 . 


Substituting these expressions into (2) and solving for Y(s) yields 


[s?Y(s) — 2s — 12] - 2[sY(s) - 2] + 5¥(s) = E 
8 
des — | 
(s? — 2s + 5)¥(s) = 2s + 8 a 
2a — 25^ + 10s 
(s 2s + S)Y(s) mmy, 
2s? + 10s 


Y(s : 
() (s? — 2s + 5)(s + 1) 

Our remaining task is to compute the inverse transform of the rational function Y(s). This 
was done in Example 7 of Section 7.4, where, using a partial fraction expansion, we found 


(3) y(t) = 3e'cos 2t + 4e'sin 2t — e™ , 


which is the solution to the initial value problem (1). 9 


As a quick check on the accuracy of our computations, the reader is advised to verify that 
the computed solution satisfies the given initial conditions. 

The reader is probably questioning the wisdom of using the Laplace transform method to 
solve an initial value problem that can be easily handled by the methods discussed in Chapter 4. 
The objective of the first few examples in this section is simply to make the reader familiar 
with the Laplace transform procedure. We will see in Example 4 and in later sections that the 
method is applicable to problems that cannot be readily handled by the techniques discussed in 
the previous chapters. 


Solve the initial value problem 
© | y'*4y-5y-w'; y0)=1, »(0-o. 


Let Y(s) :— SyY(s). Taking the Laplace transform of both sides of the differential equation in 
(4) gives 
1 


(s— 1? 


& — Ly" Xs) Ass) — 5v(s) = 
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Example 3 


Solution 


Using the initial conditions, we can express Sy' Ks) and Sy" Ms) in terms of Y(s). That is, 


SEty'}(s) = s¥(s) — y(0) = sY(s) - 1 , 
Liy" F(s) = s°¥(s) — sy(0) — »'(0) = s?¥(s) — s. 


Substituting back into (5) and solving for Y(s) gives 


" TM 
[s?¥(s) — s] + 4[sY(s) — 1] — 5Y(s) = (s — 1} 
j = T ae 
(s FROG) ca ee ae 
BEES d 79 +5 
(s + 5)(s — 1)¥(s) (s — 1 


si + 2s? — 7$ +5 
(s + 5)(s — 1) 


Y(s) = 


The partial fraction expansion for Y(s) has the form 


$5-25—7545 A B C D 
6 H + = : 
e (s + 5)(s — 1} s+5 s—1 (s—-1P (s-—1) 


Solving for the numerators, we ultimately obtain A = 35/216, B = 181/216, C = —1/36, 
and D — 1/6. Substituting these values into (6) gives 


ix a C : ; + 216 (= 3 T (. E y) t p [s E 7 


where we have written D = 1/6 = (1/12)2 to facilitate the final step of taking the inverse 
transform. From the tables, we now obtain 


E MT 
y(t) = 316 ^ * 216° — 36 12 


(7) 


as the solution to the initial value problem (4). € 


Solve the initial value problem 
(8) w"(t) — 2w'(t) + 5w(t) = —8e7™ ; w(r)-2, w'(m)- 12. 


To use the method of Laplace transforms, we first move the initial conditions to tf = 0. This can 
be done by setting y(t) = w(t + 7). Then 


yij=aw(tt a), »v()0-w*m). 
Replacing t by t + 7 in the differential equation in (8), we have 
(9) w"(t + ar) — 2w'(t + ar) + 5w(t + r) = —8e7 6*7) = —8e^t . 
Substituting y(t) = w(t + 7) in (9), the initial value problem in (8) becomes 
y'() - 2y'() + 5(0 = Bet; 0-22, »y(0-1. 


Because the initial conditions are now given at the origin, the Laplace transform method is 
applicable. In fact, we carried out the procedure in Example 1, where we found 


(10) y(t) = 3e'cos2t + 4e'sin2t — e™ . 


Example 4 


Solution 
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Since w(t + a) = y(t), then w(t) = y(t — v). Hence, replacing t by t — 7 in (10) gives 


w(t) = y(t — a) = 3e! "cos [2(: — )| + 4e' "sin [2(r = 7) | — e47) 
= 3e" "cos2t + 4e" Tsin 2t — e7 . @ 
Thus far we have applied the Laplace transform method only to linear equations with 
constant coefficients. Yet several important equations in mathematical physics involve linear 


equations whose coefficients are polynomials in f. To solve such equations using Laplace 
transforms, we apply Theorem 6, page 364, where we proved that 


an Hero) = C) LG) 


If we let n = 1 and f(t) = y’(t), we find 


sy (Hs) = -E2 H) 


2 sys y(0)] = —sY'(s) - v(s) . 


Similarly, with n = 1 and f(t) = y"(t), we obtain from (11) 


sy" (0) = — sb" Hs) 


- al 2¥(s) — sy(0) — y'(0)] 


—s?Y'(s) — 2sY(s) + y(0) . 


Thus, we see that for a linear differential equation in y(t) whose coefficients are polynomials in 
t, the method of Laplace transforms will convert the given equation into a linear differential 
equation in Y(s) whose coefficients are polynomials in s. Moreover, if the coefficients of the 
given equation are polynomials of degree 1 in f, then (regardless of the order of the given equa- 
tion) the differential equation for Y(s) is just a linear first-order equation. Since we know how 
to solve this first-order equation, the only serious obstacle we may encounter is obtaining the 
inverse Laplace transform of Y(s). [This problem may be insurmountable, since the solution 
y(t) may not have a Laplace transform.] 

In illustrating the technique, we make use of the following fact. If f(t) is piecewise 
continuous on [0, oo) and of exponential order, then 


42) lim S[fis)20. 


(You may have already guessed this from the entries in Table 7.1, page 359.) An outline of the 
proof of (12) is given in Exercises 7.3, Problem 26. 


Solve the initial value problem 
43  y'*2y'-4y-1, »(0-y(0-0. 
Let Y(s) = Sys) and take the Laplace transform of both sides of the equation in (13): 


a4) Hys) + 25 5'()K) - 4Ys) =. 


S 


Using the initial conditions, we find 


L{y"}(s) = s"Y(s) — sy(0) — »'(0) = s?Y(s) 
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and 


s2Y(s) + 2| sY'(s) Y(s)] 4Y(s) = 


—2sY'(s) + (s? — 6)¥(s) = 


(15) Y'(s) + ( ro — 


Equation (15) is a linear first-order equation and has the integrating factor 


uls) = e53/s—s/2)ds = es —s°/4 = geh 


(see Section 2.3). Multiplying (15) by uls), we obtain 
d — d f a, -sfa \ L5 ,-sA 
d: {u(s)¥(s)} d {s e Y(s) zE : 
Integrating and solving for Y(s) yields 
sve /4Y(s) = - feth ds = eh + C 


1 e^ 


(16) Y(s) = pC a 


Now if Y(s) is the Laplace transform of a piecewise continuous function of exponential order, 
then it follows from equation (12) that 


lim Y(s) 2 0 . 


For this to occur, the constant C in equation (16) must be zero. Hence, Y(s) — 1/s?, and taking 
the inverse transform gives y(t) = 17/2. We can easily verify that y(t) = 1?/2 is the solution to 
the given initial value problem by substituting it into (13). € 


We end this section with an application from control theory. Let's consider a servomech- 
anism that models an automatic pilot. Such a mechanism applies a torque to the steering 
control shaft so that a plane or boat will follow a prescribed course. If we let y(t) be the true 
direction (angle) of the craft at time t and g(t) be the desired direction at time t, then 


e(t) = y(t) — g(t) 


denotes the error or deviation between the desired direction and the true direction. 

Let's assume that the servomechanism can measure the error e(t) and feed back to the 
steering shaft a component of torque that is proportional to e(t) but opposite in sign (see 
Figure 7.6 on page 381). Newton's second law, expressed in terms of torques, states that 


(moment of inertia) x (angular acceleration) — total torque. 


Example 5 


Solution 
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8(t) Desired 


direction 
True 


direction 


yd) 


Error 
e(t): = y(t) — 8() 


Feedback 


yO 


Figure 7.6 Servomechanism with feedback 


For the servomechanism described, this becomes 
47) ~— Ty" (t) = —ke(t) , 


where / is the moment of inertia of the steering shaft and k is a positive proportionality 
constant. 


Determine the error e(t) for the automatic pilot if the steering shaft is initially at rest in the zero 
direction and the desired direction is given by g(t) = at, where a is a constant. 


Based on the discussion leading to equation (17), a model for the mechanism is given by the 
initial value problem 


18)  rm'()-—-—keé);  »0-20,  y(0-0, 


where e(t) = y(t) — g(t) = y(t) — at. We begin by taking the Laplace transform of both sides 
of (18): 


Is y" (s) = —ks£tey(s) 


I[s?v(s) — sy(0) — »'(0)] = —kE(s) 


(19) s?IY(s) = —kE(s) , 
where Y(s) = Lf{y}(s) and E(s) = Lf{el(s). Since 
E(s) = L{y(2) at}(s) = Y(s) £f{at}(s) = Y(s) — as? , 


we find from (19) that 


s?IE(s) + al = —kE(s) . 
Solving this equation for E(s) gives 
al m VkJI 
SI+k VEJI s? + kf 


Hence, on taking the inverse Laplace transform, we obtain the error 


E(s) 


Q0  e()- virer BAN | 


As we can see from equation (20), the automatic pilot will oscillate back and forth about 
the desired course, always “oversteering” by the factor al V k/I. Clearly, we can make the error 
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Figure 7.7 Error for automatic pilot when k/J = 1 and when k/I = 16 


small by making k large relative to J, but then the term V k/I becomes large, causing the error to oscil- 
late more rapidly. (See Figure 7.7.) As with vibrations, the oscillations or oversteering can be con- 
trolled by introducing a damping torque proportional to e' (t) but opposite in sign (see Problem 40). 


AESA å ë O 


In Problems 1—14, solve the given initial value problem 1l. y" -y=1t-2; y(2)=3, 203) e 
using the method of Laplace transforms. 12. w" - 2w +w=6t-2: 
Ly — 2y' + 5y = 0 ; w(-123; w(-)27 
x0) -2. »(0) - 4 13. y" — y' — 2y = —8 cost — 2 sint ; 
up MN. ine y(m/2)=1, y(s2-0 
x0--2, yW 14. y" +y=t; y(m)=0, y'(m)=0 
3. y" + 6y +9y=0 ; 
x0) - -1 , »'(0) = In Problems 15—24, solve for Y(s), the Laplace transform 
4. y" + 6y' + 5y = 12e' ; of the solution y(t) to the given initial value problem. 
y(0) = -1, y'(0) = 15. y" — 3y' + 2y = cost ; 
5.w"tw-2nnt2; 0-20,  y(0-2-1 
w(0)=1,  w(0)--1 16. y” 62 2-1; 
6. y" — 4y' + 5y = 4e? ; »X0-0, y(0--1 
X022, y(0)=7 17. y" +y' -y- i; 
7. y" — Ty’ + 10y = 9 cost + 7sint ; y(0)=1, y'(0) 20 
y(0) =5, y'(0) = -4 18. y” — 2y - y 2 e? — et; 
8. y" + 4y = 4? — 4t + 10 ; y0)=1,  y(023 
y(0) — 0, y'(0) = 3 19. y" + 5y -y 2 e'- 1; 
9. z" + 5z — 6z = 21e! ; y0)=1,  y(0-21 
z1-2-1, z(1)=9 20. "-3y- DP;  y(0-20,  y(0-20 
10. y” —4y = 4t — 8e ?' ; 21. y" — 2y' + y = cost — sint ; 


y0)=0, (0-25 y(0)=1,  y(0-23 
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22. y" — 6y’ + 5y = te! ; 


X022, y(0-2-1 
23. y" c jy 2 g() ;: (0-1; y(0-0, 
where 
f, t<2, 
f) = 
slo) 4 t>2 
24.y"-y=e(t); yO)=1,  y(0-22, 
where 
1, PS. 
f) — 
glo) "n t>3 


In Problems 25-28, solve the given third-order initial 
value problem for y(t) using the method of Laplace 
transforms. 


25. y"—y"+y'-y=0; 


yO)=1, yO)=1, »'(0-23 
26. y" + Ay" + y' — 6y = -12 ; 

X021, y(0-24, y"(0)=-2 
27. y" + 3y" -3y' +y=0;3 

02-4, y(0-24, y"(0)=-2 
28. y" + y" + 3y’ — 5y = 16e! ; 

y0O)=0,  y(022,. y(0)=-4 


In Problems 29-32, use the method of Laplace trans- 
forms to find a general solution to the given differential 
equation by assuming y(0) = a and y'(0) = b, where a 
and b are arbitrary constants. 
29. y" — 4y' + 3y 20 

31. y" + 2y' + 2y=5 

32. y" — 5y' + 6y = —6re? 


30. y" + 6y' + 5y=t 


33. Use Theorem 6 in Section 7.3 to show that 
Sy (Ms) = sY"(s) + 2Y'(s) ; 
where Y(s) = L{y}(s) . 


34. Use Theorem 6 in Section 7.3 to show that 
Sy" (0s) = s?Y"(s) + 4sY'(s) + 2Y(s) , 


where Y(s) — L{y}(s) ; 


In Problems 35-38, find solutions to the given initial 
value problem. 


35. y" + 3ty’ -6y — 1 ; 


X020,  y(0-0 
36. ty" — ty +y=2; 

y0)-2, (0) =-1 
37. ty" = 2y' += 0; 

x01,  y(0-20 


[Hint: £ (1/(s? + 1?(t) = (sint — t cos 2)/2.] 
38. y" + ty —y -0; 
»X0-0, (0-3 


39. Determine the error e(t) for the automatic pilot in 
Example 5 if the shaft is initially at rest in the zero 
direction and the desired direction is g(t) = a, 
where a is a constant. 


40. In Example 5 assume that in order to control 
oscillations a component of torque proportional to 
e'(t), but opposite in sign, is also fed back to the 
steering shaft. Show that equation (17) is now 
replaced by 


Iy"(t) = —ke(t) — pe'(t) , 

where u is a positive constant. Determine the error 
e(t) for the automatic pilot with mild damping (i.e., 
u < 2 V Ik) if the steering shaft is initially at rest in 
the zero direction and the desired direction is given 
by g(t) = a, where a is a constant. 

41. In Problem 40 determine the error e(t) when the 
desired direction is given by g(t) = at, where a is a 
constant. 


7 6 TRANSFORMS OF DISCONTINUOUS AND 


PERIODIC FUNCTIONS 


In this section we study special functions that often arise when the method of Laplace trans- 
forms is applied to physical problems. Of particular interest are methods for handling functions 
with jump discontinuities. Jump discontinuities occur naturally in physical problems such as 
electric circuits with on/off switches. To handle such behavior, Oliver Heaviside introduced the 


following step function. 
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Unit Step Function 


Definition 5. The unit step function w(t) is defined by 


t<0, 
0<t. 


By shifting the argument of u(t), the jump can be moved to a different location. That is, 


0, t-a<0, 0, t<a 
(2) u(t — a) = = 
l; 0< t=ä ka a<t 
has its jump at t = a. By multiplying by a constant M, the height of the jump can also be 
modified: 
0, icu. 
Mu(t — a) = 
M, a<t. 


Pl 2u(t — 1) 

i ? 
l 
l 
l u(t — 2) 
l 

1+ ! "E Moi 
| l 
l l 
l l 
l l 

—— pý i } >t 
0 1 2 3 4 


Figure 7.8 Two-step functions expressed using the unit step function 


To express piecewise continuous functions, we employ the rectangular window, which 
turns the step function on and then turns it back off. 


Rectangular Window Function 


Definition 6. The rectangular window function TI, p(t) is defined by’ 


t<a, 
a<t<b, 
b<t. 


t Also known as the square pulse, or the boxcar function. 
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The function II, p(t) is displayed in Figure 7.9, and Figure 7.10, illustrating multiplication of a 
function by II, p(t), justifies its name. 


Figure 7.10 The windowing effect of TI, (t) 


Any piecewise continuous function can be expressed in terms of window and step 
functions. 


Example Write the function 


3, f«2., 
4) f) I; 2 «T: 5. 
t) = 
t, 5<t<8, 


PO, 8<t 
(see Figure 7.11 on page 386) in terms of window and step functions. 


Solution Clearly, from the figure we want to window the function in the intervals (0, 2), (2, 5), and (5, 8), 
and to introduce a step for t > 8. From (5) we read off the desired representation as 


(5) f(t) = 3Io2 (¢) + 11155 (t) + tss (t) + (?/104(r — 8). e 


The Laplace transform of u(t — a) with a = 0 is 


—as 


© — $[u(t—a))(s) = — , 


S 


since, for s > 0, 
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fO 
n 
3 —— —o 
o= 
! ! ! ! ! t > f 
0 2 4 6 8 10 12 


Figure 7.11 Graph of f(t) in equation (4) 


Conversely, for a > 0, we say that the piecewise continuous function u(t — a) is an 
inverse Laplace transform for e^ ^/s and we write’ 


s = ale a) 


For the rectangular window function, we deduce from (6) that 
(7) L{T p(t) Hs) = E{ult — a) — u(t — bs) = [e* — e7*1/s, 0 < a < b. 


The translation property of F(s) discussed in Section 7.3 described the effect on the 
Laplace transform of multiplying a function by e^. The next theorem illustrates an analogous 
effect of multiplying the Laplace transform of a function by e ^. 


Translation in t 


Theorem 8. Let F(s) — st f(s) exist for s > a = 0. If a is a positive constant, then 
&) — L{f(t - aut — a)}(s) = e™F(s) , 


and, conversely, an inverse Laplace transform! of e F(s) is given by 


(9) $7 Me F(s)Y(t) = f(t — a)u(t — a) . 


Proof. By the definition of the Laplace transform, we have 


oo 


(10) Set f(t a)u(t a)Y(s) = | e “f(t — a)u(t — a)dt 


0 


= J'en — a)dt , 


a 


"The absence of a specific value for u(0) in Definition 5 is a reflection of the ambiguity of the inverse Laplace 
transform, when no continuous inverse transform exists. 


‘This inverse transform is in fact a continuous function of t if f(0) = 0 and f(t) is continuous for t = 0; the values of 
f(t) for t < 0 are of no consequence, since the factor u(t — a) is zero there. 


Example 2 


Solution 


Example 3 


Solution 
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where, in the last equation, we used the fact that u(t — a) is zero for t < a and equals 1 for 
t > a. Now let v = t — a. Then we have dv = dt, and equation (10) becomes 


SEO f(t a)u(t a)Y(s) = | enero 


0 


Notice that formula (8) includes as a special case the formula for Sut = a)}; indeed, if 
we take f(t) = 1, then F(s) = 1/s and (8) becomes L{u(t — a)}(s) = e ^/s. 

In practice it is more common to be faced with the problem of computing the transform of 
a function expressed as g(t)u(t—a) rather than f(t —a)u(t— a). To compute 
Sf(e(t)u(t = a)}, we simply identify g(t) with f(t — a) so that f(t) = g(t + a). Equation (8) 
then gives 


(11) L{g(t)u(t — a)}(s) = e^ 5S (g(t + a)}(s) . 

Determine the Laplace transform of tult — 1) . 

To apply equation (11), we take g(t) = t° and a = 1. Then 
g(t-a)-g(t- 1) 2(r- 1? =P -2t 1. 

Now the Laplace transform of g(t + a) is 


elt + a) (s) = Lr? + 2r 1M = 7 + 5 + ; 


So, by formula (11), we have 


siu — 1X) = TE a2 4 J E" 


Determine S4 (cos tult — a)} : 
Here g(t) = cos f and a = 7. Hence, 
e(t sb a) = g(t F T) = cos(t Jr T) —.—008Í, 


and so the Laplace transform of g(t + a) is 


"E NE. 
L{ e(t + a)\(s) = L{cos ts) Ju 
Thus, from formula (11), we get 
S4 (cos t)u(t — a) \(s) xix Hr S e 


sot] 
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Example 4 


Solution 


Example 5 


Solution 


(t — 2) u(t — 2) 
A 


Figure 7.12 Graph of solution to Example 4 


In Examples 2 and 3, we could also have computed the Laplace transform directly from 
the definition. In dealing with inverse transforms, however, we do not have a simple alternative 
formula’ upon which to rely, and so formula (9) is especially useful whenever the transform 
hase ^ as a factor. 


—2s 


2 


} and sketch its graph. 
5 


. he 
Determine £^! { 


To use the translation property (9), we first express e ?*/s? as the product e ^*F(s). For this 
purpose, we put e ^ = e ?5 and F(s) = 1/s?. Thus, a = 2 and 


See Figure 7.12. 9 


As illustrated by the next example, step functions arise in the modeling of on/off switches, 
changes in polarity, etc. 


The current J in an LC series circuit is governed by the initial value problem 


ad)  r()-4()0-9g(); 120-20, r(0-20, 


where 
Ls CLTS Ll 
g(t):54-1, Ew I m 
0, 2 T. 


Determine the current as a function of time t. 


Let J(s) = Ss). Then we have Sir Ws) = s?J(s). 


"Under certain conditions, the inverse transform is given by the contour integral 


acioo 


ZF) = al e"F(s)ds . 


See, for example, Complex Variables and the Laplace Transform for Engineers, by Wilbur R. LePage (Dover Publica- 
tions, New York, 1980), or Fundamentals of Complex Analysis with Applications to Engineering and Science, 3rd ed., 
by E. B. Saff and A. D. Snider (Prentice Hall, Englewood Cliffs, N.J., 2003). 
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Writing g(t) in terms of the rectangular window function IL, (t) — u(t — a) — u(t — b), we get 


a(t) = TIgi(t) + (~1)0 (4) = ult) — u(t— 1) - [ult — 1) — u(t - 2)] 
= 1 — 2uļt — 1) + u(t — 2), 
and so 
ijn = 3 po 


M S M 


Thus, when we take the Laplace transform of both sides of (12), we obtain 


HPH) avt) = s 
s2J(s) + AJ(s) : < : + = i 


1 2e * es 
s(s? + 4) s(s? + 4) s(s? + 4) : 
To find J = SE ME we first observe that 


Jis) = 


J(s) = F(s) — 2e^?F(s) + e? F(s) , 


F(s) = ae 4) (1) 5 : 3 


Computing the inverse transform of F(s) gives 


where 


F) = L Wr)- “ — jcos 2t. 
Hence, via the translation property (9), we find 
Ki) = £7 (F(s) — 2e™F(s) + eF} 
= f(t) — 2f(t — 1)u(t — 1) + f(t — 2)u(t — 2) 


- (4 = Feos 2) L cos 2(t 1 e - 1) 


E 2) 2). 


= 4 


The current is graphed in Figure 7.13. Note that Z(t) is smoother than g(t); the former has 
discontinuities in its second derivative at the points where the latter has jumps. 9 


Kt) 
A 


1+ 


Figure 7.13 Solution to Example 5 
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Periodic functions are another class of functions that occur frequently in applications. 


Periodic Function 


Definition 7. A function f(t) is said to be periodic of period T (#0) if 


f(t + T) =f) 


for all t in the domain of f. 


As we know, the sine and cosine functions are periodic with period 27 and the tangent 
function is periodic with period z.' To specify a periodic function, it is sufficient to give its val- 
ues over one period. For example, the square wave function in Figure 7.14 can be expressed as 


(13) f():- = : » 2 ! i and f(t) has period 2. 


Figure 7.14 Graph of square wave function f(t) 


Figure 7.15 Windowed version of periodic function 


It is convenient to introduce a notation for the “windowed” version of a periodic function 
f(t) (using a rectangular window whose width is the period): 


(14) A) =O) = fO[ut) — ule = 7] = [10 Mess 


0, otherwise . 


(See Figure 7.15.) The Laplace transform of f;(t) is given by 


Fs) - | 


T 


efldi | eno 


0 


oo 


0 


*A function that has period T will also have period 2T, 37, etc. For example, the sine function has periods 27, 47, 
677, etc. Some authors refer to the smallest period as the fundamental period or just the period of the function. 
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It is related to the Laplace transform of f(t) as follows. 


Transform of Periodic Function 


Theorem 9. If f has period T and is piecewise continuous on [0, T. then the Laplace 


oo 


T 
transforms F(s) = | e "f(t)dt and Fj(s)-— | e “f(t)dt are related by 
0 


0 


(15) or F(s) = = 


Proof. From (14) and the periodicity of f, we have 


a6 frlt) = f(t)u(t) — f()u(r — T) = f()u() — fl- Tult- T), 


so taking transforms and applying (8) yields F7(s) = F(s) — e ?"F(s), which is equivalent 
to (15). € 


Example 6 Determine Al f. where f is the square wave function in Figure 7.14. 


Solution Here T = 2. Windowing the function results in fr(t) = Mole) = IT; (2), so by (7) we get 
Fr(s) = (1 — e™)/s — (e™ — e?53/s = (1 — e 7°) /s. Therefore (15) implies 


(= e™F/s_ 1-e7 
sj | 1-e5 (1 + e *)s i 


For functions with power series expansions we can find their transforms by using the 
formula £[r"M(s) = n!/s”*', n = 0,1,2,.... 


Example 7 Determine st f where 


sin £ 


Solution We begin by expressing f(t) in a Taylor series! about t = 0. Since 


3 5 7 
: t t t 
sın f = t 31 + 51 7] rM LEM 


then dividing by f, we obtain 


; 2 4 6 
sın £f t t t 
fü log te at 


for t > 0. This representation also holds at t = 0 since 


, opo SU R 
lif) = lt = 1 


"For a discussion of Taylor series, see Sections 8.1 and 8.2. 
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Observe that f(t) is continuous on [0, oo) and of exponential order. Hence, its Laplace trans- 
form exists for all s sufficiently large. Because of the linearity of the Laplace transform, we 
would expect that 


HFHS) = LOS) - TPs) + irse G) + 
2! 4! 6! 


1 ! ! 
+ + 
sS 31s? St? Thy? 
1 1 1 1 
+ + 
s 3$ 55°? Ts? 


Indeed, using tools from analysis, it can be verified that this series representation is valid for all 
s > 1. Moreover, one can show that the series converges to the function arctan(1/s) (see Prob- 
lem 54). Thus, 


(17) sof sath = arctan l . + 


A similar procedure involving the series expansion for F(s) in powers of 1/s can be used 
to compute f(t) = Sg (rr) (see Problems 55-57). 

We have previously shown, for every nonnegative integer n, that Sens) zl ade 
But what if the power of f is not an integer? Is this formula still valid? To answer this 
question, we need to extend the idea of "factorial." This is accomplished by the gamma 
function.' 


Gamma Function 


Definition 8. The gamma function T (ż) is defined by 


oo 


(18) : e "ul du, t>0. 


It can be shown that the integral in (18) converges for t > 0. A useful property of the 
gamma function is the recursive relation 


a9)  r(r-1)-:r(0). 


This identity follows from the definition (18) after performing an integration by parts: 


oo N 
T(t * 1)- | e "u'du = lim | e "u'du 


0 N—oo 0 


N N 
+ | tetur tau} 
0 0 


N 
= lim (Ce "N*) + t lim | e “ul! du 
0 


N- 00 


= lim { —e "y! 


N—oo N—oo 


0+ IT(r) = (T (t) . 


‘Historical Footnote: The gamma function was introduced by Leonhard Euler. 
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When t is a positive integer, say t = n, then the recursive relation (19) can be repeatedly 
applied to obtain 
T(n + 1) = nT(n) = n(n- DT(n — 1) 2 -- 
= n(n — 1)(n — 2) --- 2T (1). 


It follows from the definition (18) that l'(1) = 1, so we find 
T(n*-1)2n!. 


Thus, the gamma function extends the notion of factorial! 
As an application of the gamma function, let's return to the problem of determining the 
Laplace transform of an arbitrary power of t. We will verify that the formula 


Q0) Hrs) = p 


holds for every constant r > —1. 
By definition, 


sir) = | et . 


Let's make the substitution u = st. Then du = sdt, and we find 


wa fet) 


1 99 Pir-*1 
= | e "u'du = Hc ) : 
0 


Notice that when r = n is a nonnegative integer, then l'(n + 1) = n!, and so formula 
(20) reduces to the familiar formula for SI 


AESA å ë O 1L 1. 


In Problems 1—4, sketch the graph of the given function 0, Qf. 
and determine its Laplace transform. . g(t) = ER b e 
1. (t — 1Yu(t — 1) 
2. u(t — 1) — u(t — 4) 7. du 
3. Pult — 2) 2+ 
4. tu(t — 1) 
1 j— 
In Problems 5-10, express the given function using window 
and step functions and compute its Laplace transform. 
MEME E g 1 3 m 
5 elt) es 2, 1zr«e2, Figure 7.16 Function in Problem 7 
l, 2«1«3, 
3 3«t 
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where 
20 , 0<t<37, 
gA =; 0, 3m <t<47, 
20 , 4m «t. 


Determine the current as a function of time t. Sketch 
I(t) for0 < t « 8m. 


The current /(t) in an LC series circuit is governed 
by the initial value problem 


I'(t) + 41(t) = g(t) ; 


Ju ed. Tes. 
where 
3sint, Osts27, 
g(t) = 
0, 27 Xt. 


Determine the current as a function of time f. 


In Problems 21—24, determine SA f} where f(t) is peri- 


odic with the given period. Also graph f(t). 


8. g(t) 
A 
1 sin f 
t 
T/2 
-1 
20. 
Figure 7.17 Function in Problem 8 
9. — e 
Á 
1} 
t 
0 1 2 3 4 
Figure 7.18 Function in Problem 9 
10. g(t) 21. 
A 

& 22. 

23. 

24. 

e * > fí 
0 1 2 3 4 


Figure 7.19 Function in Problem 10 


In Problems 11—16, determine an inverse Laplace trans- 25. 
form of the given function. 
—2s —3s 
u. £ 12. — 
s=] s^ 
—25 —4s —3s 
i c coe 14. = 
s+2 so +9 
—3s =g 
15. ,———— 16. —— 
so+4s+5 so+4 26 
i7 e (s — 5) T e (35? — s + 2) ' 
i (s + 1)(s +2) i (s — 1)(s? + 1) 


19. The current Z(t) in an RLC series circuit is governed 
by the initial value problem 
I"(r) + 2r' (t)  21(t) = g(t) ; 
(0 210,  r(0-0, 


f(t)=t, O«t«2, and f(t) has period 2. 
f(t)=e', 0<t<1, and f(t) has period 1. 
deu. Oat. 
A= M pepe. 
and f(t) has period 2. 
I Ocr«l1, 
VOEE HANE 1<1<2, 
and f(t) has period 2. 


In Problems 25—28, determine SELL where the periodic 
function is described by its graph. 


fq 


Figure 7.20 Square wave 


A 


3a 4a 


fO 


AA 


2a 


l 
l 
PA 
>t 
Sa 


Figure 7.21 Sawtooth wave 
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27. f(t) 
1 
t i >t 
0 a 2a 3a 4a 
Figure 7.22 Triangular wave 
28. f(t) 
1 
t 
0 T 2n 3v 4r 


Figure 7.23 Half-rectified sine wave 


In Problems 29-32, solve the given initial value problem 
using the method of Laplace transforms. Sketch the graph 
of the solution. 


y(0)=0,  y(0-21 

30. w” + w = u(t — 2) — u(t — 4) ; 
w(0)=1,  w'(0)=0 

31. y" +y 2 t — (t - 4)u(t — 2) ; 
y0)=0,  y(0-21 

32. y" + y = 3sin2t — 3(sin 2t)u(t — 27) ; 
X021,  y'(0)= -2 


In Problems 33—40, solve the given initial value problem 
using the method of Laplace transforms. 


33. y" + 2y' + 2y = u(t — 23) — u(t — 4T) ; 
021, y(0)=1 
34. y" + 4y’ + 4y = u(t — m) — u(t - 27) ; 
»x0-0,. (0-0 
35.2" + 32’ + =e "ut- 2); 
z02,  z(0--3 
36. y" + Sy’ + 6y = tult — 2) ; 
x0-0. y(0-1 
37. y” +4y=a(t); (0-21, (0-3, 
sint , Osts27, 
where g(t) = { 
0, 27 «t 
38. y" + 2y’ + 10y = g(t) ; 
y0)=-1,  y'(0)=0, 
10 , 0zrzl10, 
where g(t) = 420 , 16-< rec 20, 


0, 20 « f 


39. y” + 5y' + 6y = g(t) : 


x(0)=0, y(0)=2, 
0, Osr<l, 
where g(t) = bey 1<t<5, 
1, 5<t 


40. y" + 3y + 2y = g(t) : 
X022, y(0-2-1, 


et. 0z1:«3, 
where g(t) = 


I, 3«t 
41. Show that if L{g}(s) = [(s + a)(1 — e779]-!, 
where T > 0 is fixed, then 
QU gl) =e + eMule — T) 
+ ey — 27) 
+ e~ 2-30 y(¢ — 3T) se 
[Hint: Use the fact that 
1+x+x +s =1/(1 - x).] 
42. The function g(t) in (21) can be expressed in a more 
convenient form as follows: 
(a) Show that for each n = 0, 1,2,..., 
uu MOS 1 
g(t) =e | T] 
for nT<t< (n * 1)T. 
[Hint: Use the fact that 1 + x +x? ++) +x” = 


ix — qu) 
(b Let v^t— (n + 1)T. Show that when 
nT « t «€ (n + 1)T, then -T € v < Oand 


—av gu 
Q2  gÜ-—-r—l1-jT-1' 

(c) Use the facts that the first term in (22) is 
periodic with period T and the second term is 
independent of n to sketch the graph of g(r) in 
(22) fora = 1 and T = 2. 

43. Show that if £{g}(s) = g[ (s? + B?)(1 
then 
g(t) = sin Bt + [sin B(t — T) ju(t - T) 
+ [sin B(r — 2T) u(t — 27) 
+ [sin B(¢ — 3T)]u(t - 3T) + --- . 
44. Use the result of Problem 43 to show that 
= 1 
oa rce hs 
where g(t) is periodic with period 27 and 


sint , O=t=7, 
g(t) = 
0, Tsts2r. 


gu 
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In Problems 45 and 46, use the method of Laplace trans- 
forms and the results of Problems 41 and 42 to solve the 
initial value problem. 

y” + 3y + 2y = f(t) ; 

y(0)=0, y(0)=0, 
where f(t) is the periodic function defined in the stated 
problem. 


45. Problem 22 46. Problem 25 witha = 1 


In Problems 47-50, find a Taylor series for f(t) about 
t = 0. Assuming the Laplace transform of f(t) can be 
computed term by term, find an expansion for si fs) in 
powers of 1s. If possible, sum the series. 

47. f(t) = e' 48. f(t) = sint 


49. f(t) = Jeet 50. f(t) = e^ 


51. Using the recursive relation (19) and the fact that 
L'(1/2) = Vz, determine 
(a) HPY. b) HR. 

52. Use the recursive relation (19) and the fact that 
T(1/2) = Vr to show that 

gif e (i) = ang - 1/2 | 
1:3-5- (2n — 1) Vm 

where n is a positive integer. 

53. Verify (15) in Theorem 9 for the function 
f(t) = sin t, taking the period as 27. Repeat, taking 
the period as 47. 


54. By replacing s by 1/s in the Maclaurin series expan- 

sion for arctan s, show that 
aida Sed E : l t 
so § Ag 3€ Ts? 

55. Find an expansion for e V5 in powers of 1/s. Use 
the expansion for e! to obtain an expansion for 
s'Pe-Vs in terms of 1/s"*!2, Assuming the 
inverse Laplace transform can be computed term by 
term, show that 


LH s/e (4) = ves IVE; 
T 


[Hint: Use the result of Problem 52.] 


56. Use the procedure discussed in Problem 55 to show 
that 


S7 she - (n) = v sin 2 V/ . 


TT 


57. Find an expansion for In[1 + (1 /s?)] in powers of 
1/s. Assuming the inverse Laplace transform can be 
computed term by term, show that 


«tw , 1) hy = 2a eae 


58. The unit triangular pulse A (z) is defined by 


0, t<0, 
o ]2t, 0<r< 1/2, 
A0—7|5 3. i1m«:«1, 
0, p 


(a) Sketch the graph of A(t). Why is it so named? 
Why is its symbol appropriate? 
t 
(hy Blow that AG -| NIS 


(c) Find the Laplace transform of A(t). 


59. The mixing tank in Figure 7.24 initially holds 500 L 
of a brine solution with a salt concentration of 
0.2 kg/L. For the first 10 min of operation, valve A is 
open, adding 12 L/min of brine containing a 
0.4 kg/L salt concentration. After 10 min, valve B is 
switched in, adding a 0.6 kg/L concentration at 
12 L/min. The exit valve C removes 12 L/min, 
thereby keeping the volume constant. Find the con- 
centration of salt in the tank as a function of time. 


12 L/min 
0.4 kg/L 


A 


B 


12 L/min 
0.6 kg/L C 


Figure 7.24 Mixing tank 


60. Suppose in Problem 59 valve B is initially opened 
for 10 min and then valve A is switched in for 10 
min. Finally, valve B is switched back in. Find the 
concentration of salt in the tank as a function of time. 


61. Suppose valve C removes only 6 L/min in Prob- 
lem 59. Can Laplace transforms be used to solve 
the problem? Discuss. 
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/. 7 CONVOLUTION 


Consider the initial value problem 


(1) y *ty-2g();: y(0)=0, yi(0)=0. 


If we let Y(s) = Lf{y}(s) and G(s) = L{gh(s), then taking the Laplace transform of both 
sides of (1) yields 


s2Y(s) + Y(s) = G(s) , 


and hence 


That is, the Laplace transform of the solution to (1) is the product of the Laplace transform of 
sin ¢ and the Laplace transform of the forcing term g(t). What we would now like to have is a 
simple formula for y(r) in terms of sin t and g(t). Just as the integral of a product is not the 
product of the integrals, y(t) is not the product of sin t and g(t). However, we can express y(t) 
as the “convolution” of sin t and g(t). 


Convolution 


Definition 9. Let f(z) and g(r) be piecewise continuous on [0, oo). The convolution of 
f(t) and g(t), denoted f * g, is defined by 


GQ (fg): | Je -obti 


For example, the convolution of t and t? is 
t 


[4 
pepe | (t — v)v*dv = | (tu? — v?)dv 
0 0 


t? v? 
3 4 


Convolution is certainly different from ordinary multiplication. For example, 
1 * 1 =+¢ # land in general 1 * f 7 f. However, convolution does satisfy some of the same 
properties as multiplication. 


fo 1*5. t 


o 3 4 12' 


Properties of Convolution 


Theorem 10. Let f(t), g(t), and h(t) be piecewise continuous on [0, oo). Then 
(4) 


(5) 
(6) 
(7) 
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Proof. To prove equation (4), we begin with the definition 
t 


(r+) = | SU- vstod 


Using the change of variables w = t — v, we have 
0 t 


(ra) = | Ael = Xe) = [gle = w)rtoodw = le A 


t 0 


which proves (4). The proofs of equations (5) and (6) are left to the exercises (see Problems 33 
and 34). Equation (7) is obvious, since f(t — v)-0— 0. € 


Returning to our original goal, we now prove that if Y(s) is the product of the Laplace 
transforms F(s) and G(s), then y(t) is the convolution ( f * g)(t). 


Convolution Theorem 


Theorem 11. Let f(t) and g(t) be piecewise continuous on [0, oo) and of 
exponential order a and set F(s) = st fs) and G(s) — S(gls). Then 


8) = L{f*g}(s) = F(s)G(s), 


or, equivalently, 


99  £'NF(s)G(s)}(¢) = (f *g)(0. 


Proof. Starting with the left-hand side of (8), we use the definition of convolution to 
write for s > q 


sura = [e [jy velo) ao] ar. 


To simplify the evaluation of this iterated integral, we introduce the unit step function u(t — v) 
and write 


sua - [e| 


where we have used the fact that u(t — v) = 0 if v > t. Reversing the order of integration’ 
gives 


a9 Lf» g}(s) = KOl [ ew an =v) ar dn 


oo 


u(t — v)f(t — v)g(v) a| dt , 


0 


Recall from the translation property in Section 7.6 that the integral in brackets in equation (10) 
equals e *"F(s). Hence, 


oo 


gf g}(s) = REC dv — agi e ""g(v) dv = F(s)G(s) . 


0 


This proves formula (8). € 


"This is permitted since, for each s > a, the absolute value of the integrand is integrable on (0, oo) X (0, oo). 


Example 1 


Solution 
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For the initial value problem (1), recall that we found 


+ 1 


ro) = (shoots = Hsin lo teh) . 


It now follows from the convolution theorem that 


t 


y(t) = sint * g(t) = | sin(t — v)g(v)dv . 


Thus we have obtained an integral representation for the solution to the initial value problem 
(1) for any forcing function g(t) that is piecewise continuous on [0, oo) and of exponential 
order. 


Use the convolution theorem to solve the initial value problem 


a) y"-y=e(); 0-21. yOH1, 


where g(t) is piecewise continuous on [0, oo) and of exponential order. 


Let Y(s) — SyY(s) and G(s) — L{gh(s). Taking the Laplace transform of both sides of the 
differential equation in (11) and using the initial conditions gives 


s’¥(s) — s — 1 — Y(s) = G(s) . 


Solving for Y(s), we have 


Y) = + (= ‘Jats = + (5 z Jeo . 


3 


v= ef beets e 1o 


S] 


=e + 214 ais) Ho) 


Referring to the table of Laplace transforms on the inside back cover, we find 


1 
53-1 


S£ (sinh t}(s) = 


> 


SO We Can NOW express 


«| 3 J ats) bi = sinh t * g(t) . 


s^—1 


Thus 
t 
y(t) = e + | sinh(t — v)g(v)dv 
0 


is the solution to the initial value problem (11). 9 
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Example 2 Use the convolution theorem to find gui /(s? + Dp" 


(s? : TN (s : J(= ) i 


Since Sf (sin ts) = 1/(s? + 1), it follows from the convolution theorem that 


Solution Write 


t 


eoo = sint * sint = | sin(t — v)sin vdv 


0 


t 
= > | [cos(2v — t) — cos t]dv' 
0 
1| sin(2v — f) |! 1 
75 2 > zt cos t 


1| sint  sin(—t) 
2); 3 2 


1 
510051 


sint —fcosft 
MEME GR 


As the preceding example attests, the convolution theorem is useful in determining the 
inverse transforms of rational functions of s. In fact, it provides an alternative to the method of 


partial fractions. For example, 


5X9 E E 


bt 


and all that remains in finding the inverse is to compute the convolution e^ * e 


In the early 1900s, V. Volterra introduced integro-differential equations in his study of 
population growth. These equations enabled him to take into account "hereditary influences." 
In certain cases, these equations involved a convolution. As the next example shows, the 


convolution theorem helps to solve such integro-differential equations. 


Example 3 Solve the integro-differential equation 


(12) y'(t)=1- [oc — vje "dv , »0)21. 
0 


Solution Equation (12) can be written as 


a3) y (A =1- yl) se”. 


"Here we used the identity sin a sin B z| cos(B a) — cos(B 4 o)]. 
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Let Y(s) = L{y}(s). Taking the Laplace transform of (13) (with the help of the convolution 
theorem) and solving for Y(s), we obtain 


sY(s) -1- - "st. 7 ; 
sY(s) + ( i JO =1+ : 


2 
s^c-2s-c1 s+] 
( sae? )ra- sS 


(s + 1)(s + 2) so 2 


amps sls + 1 3 s(s + 1) 
2 1 
(s) = s stl 


Hence, y(t) 2-2— e! . e 


The transfer function H(s) of a linear system is defined as the ratio of the Laplace transform 
of the output function y(f) to the Laplace transform of the input function g(t), under the 
assumption that all initial conditions are zero. That is, H(s) — Y(s)/G(s). If the linear system is 
governed by the differential equation 


(14) ay" + by' + cy = g(t), t20, 


where a, b, and c are constants, we can compute the transfer function as follows. Take the 
Laplace transform of both sides of (14) to get 


as?Y(s) — asy(0) — ay'(0) + bsY(s) — by(0) + cY(s) = G(s) . 
Because the initial conditions are assumed to be zero, the equation reduces to 
(as? + bs + c)¥(s) = G(s) . 
Thus the transfer function for equation (14) is 
Y(s) 1 
G() as? + bs +e i 


a5 H(s)= 


You may note the similarity of these calculations to those for finding the auxiliary equation 
for the homogeneous equation associated with (14) (recall Section 4.2, page 158). Indeed, the 
first step in inverting Y(s) = G(s)/(as? + bs + c) would be to find the roots of the denominator 
as? + bs + c, which is identical to solving the characteristic equation for (14). 

The function h(t) := £~'{H}(t) is called the impulse response function for the system 
because, physically speaking, it describes the solution when a mass-spring system is struck by 
a hammer (see Section 7.8). We can also characterize h(t) as the unique solution to the homo- 
geneous problem 
(16 ah" +bh'+ch=0;  h(0-20,  nm'(0)-l1/a. 

Indeed, observe that taking the Laplace transform of the equation in (16) gives 

(17) al s?H(s) — sh(0) — n'(0)] + bl sH(s) — h(0)]  cH(s) - 0 . 

Substituting in h(0) = 0 and ^'(0) = 1/a and solving for H(s) yields 

E M 
as? + bsc 


which is the same as the formula for the transfer function given in equation (15). 


H(s) = 


> 
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Example 4 


Solution 


One nice feature of the impulse response function h is that it can help us describe the 
solution to the general initial value problem 


Q8 ay" + by’ +ey=a(t); »0-». »v(0-». 

From the discussion of equation (14), we can see that the convolution h * g is the solution to 
(18) in the special case when the initial conditions are zero (i.e., yọ = y, = 0). To deal with 
nonzero initial conditions, let y, denote the solution to the corresponding homogeneous initial 
value problem; that is, y, solves 

09 ay" + by’ +ey=0; yO)=yH, »v(0-n. 


Then, the desired solution to the general initial value problem (18) must be h * g + y,. Indeed, 
it follows from the superposition principle (see Theorem 3 in Section 4.5) that since h * g is a 
solution to equation (14) and y, is a solution to the corresponding homogeneous equation, then 
h * g + y, is a solution to equation (14). Moreover, since h * g has initial conditions zero, 


(h * g)(0) + x,(0) = 0 + yo = yo . 
(h*g)(0)-- x(0 =0 +y =y. 


We summarize these observations in the following theorem. 


Solution Using Impulse Response Function 


Theorem 12. Let / be an interval containing the origin. The unique solution to the initial 
value problem 


ay" + by! tey=g; yO=y, »y(0-». 


where a, b, and c are constants and g is continuous on J, is given by 


t 


Q9 y= (he 9) + yl) = | nema e 


where / is the impulse response function for the system and y, is the unique solution to (19). 


Equation (20) is instructive in that it highlights how the value of y at time t depends on the 
initial conditions (through y;,(t)) and on the nonhomogeneity g(t) (through the convolution 
integral). It even displays the causal nature of the dependence, in that the value of g(v) cannot 
influence y(t) until t = v. 

A proof of Theorem 12 that does not involve Laplace transforms is outlined in Group 
Project E in Chapter 4. 

In the next example, we use Theorem 12 to find a formula for the solution to an initial 
value problem. 


A linear system is governed by the differential equation 


QD y" +2y'+S5y=e(); (0-22, y(0)=-2. 


Find the transfer function for the system, the impulse response function, and a formula for the 
solution. 


According to formula (15), the transfer function for (21) is 


H(s) = 1 2 1 = 1 
as?-bstc s*+254+5 (st+1)? +270 
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The inverse Laplace transform of H(s) is the impulse response function 


h(t) = (HY) = ra 


2 


(s +1) + aig 


= je "sin 2t . 

To solve the initial value problem, we need the solution to the corresponding homoge- 
neous problem. The auxiliary equation for the homogeneous equation is r? + 2r + 5 = 0, 
which has roots r = —1 + 2i. Thus a general solution is Cye ‘cos 2t + Cye ‘sin 2t. Choos- 
ing C, and C; so that the initial conditions in (21) are satisfied, we obtain y,(t) = 2e 'cos 2t. 

Hence, a formula for the solution to the initial value problem (21) is 


1 


(h * g)(t) + y(t) = 5 Jet sin| 2(t - v) ]g(v)dv -2e'cos2t. 9 


7.7 EXERC|SES NN 


In Problems 1-4, use the convolution theorem to obtain a 
formula for the solution to the given initial value prob- 
lem, where g(t) is piecewise continuous on [0, oo) and of 


exponential order. 


14. Find the Laplace transform of 
t 

foy | esu = av. 
0 


1. y'"—2y -y- g(t) ; In Problems 15—22, solve the given integral equation or 
yid ee y y'(0)=1 integro-differential equation for y(t). 
n" = " = Li mE t 
2. y” -9y-g();  y(0)=1, y'(0)=0 15. y(t) + af y(v)sin(t — v)dv = t 
3. y" + 4y' + 5y = g(t) ; : 
E— r = : 
xo) 1, y(0)=1 16. y(t) + | e/7"y(v)dv = sint 
45" *y-s();: »y(0-0, y(0-1 0 


In Problems 5-12, use the convolution theorem to find 
the inverse Laplace transform of the given function. 


1 
" s(s? + 1) 
14 
MX 


0 


fe — v)e”dv . 


17. 


: I 18. 6) [67 yow 
tee ys +2) j 
1 19. y(t) + | t- vYy(v)dv = P +3 
8. (s? + 4° id i i i ' 
ii TEE 20. y'() + K aa (uiuo 
int: fle Sa 21. y’(t) + y(t) - i y(v)sin(t — v)dv = —sint , 
y(0) = 1 
22. y’(t) - 2 | e' "y(v)dv- t, y(0) = 2 


In Problems 23-28, a linear system is governed by the 
given initial value problem. Find the transfer function 
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H(s) for the system and the impulse response function 
h(t) and give a formula for the solution to the initial 
value problem. 


23. y" + 9y = g(t) : 
»(0) 22. 

24. y" — 9y = g(t) ; 

25. y” — y' — 6y = 


y0-21,  y(0-28 
26. y" + 2y' — 15y = g(t) : 
X020,  y(0-28 


27. y" — 2y' + 5y ^ g 


28. y” — 4y' + Sy =g 


In Problems 29 and 30, the current I(t) in an RLC 
circuit with voltage source E(t) is governed by the 
initial value problem 


LI" (t) + RI (t) 4 


«Io = elt) , 
I(0)=a, rO=s, 


where e(t) = E'(t) (see Figure 7.25). For the given 
constants R, L, C, a, and b, find a formula for the solu- 
tion I(t) in terms of e(t) . 


Resistance R 


Voltage 


source Inductance L 


Capacitance C 


Figure 7.25 Schematic representation of an RLC series circuit 


29. 


30. 


31. 


32. 


33. 
34. 
35. 


36. 


37. 


R = 20 Q, L=5 H, C=0.005 F, a = -1 A, 
b = 8 A/sec. 

R = 80 Q, L= 10 H, C = 1/410 F a= 2 A, 
b = —8 Alsec. 

Use the convolution theorem and Laplace transforms 


to compute 1 * 1 * 1. 


Use the convolution theorem and Laplace transforms 
to compute 1 * ¢ * £?. 


Prove property (5) in Theorem 10. 
Prove property (6) in Theorem 10. 


Use the convolution theorem to show that 


where F(s) = S f(s). 


Using Theorem 5 in Section 7.3 and the convolution 
theorem, show that 


| [10 dzdv = s (9o 


where F(s) — S fy). 


Prove directly that if A(t) is the impulse response func- 
tion characterized by equation (16), then for any con- 
tinuous g(t), we have (h * g)(0) = (h * g)'(0) = 0. 
[Hint: Use Leibniz's rule, described in Group Project E 
of Chapter 4.] 


7. 8 IMPULSES AND THE DIRAC DELTA FUNCTION 


In mechanical systems, electrical circuits, bending of beams, and other applications, one 
encounters functions that have a very large value over a very short interval. For example, the 
strike of a hammer exerts a relatively large force over a relatively short time, and a heavy 
weight concentrated at a spot on a suspended beam exerts a large force over a very small 
section of the beam. To deal with violent forces of short duration, physicists and engineers use 
the delta function introduced by Paul A. M. Dirac. Relaxing our standards of rigor for the 
moment, we present the following somewhat informal definition. 


Section 7.8 Impulses and the Dirac Delta Function 405 


Dirac Delta Function 


Definition 10. The Dirac delta function ó(:) is characterized by the following two 
properties: 


2^ t40, 


“infinite,” t=0, 


for any function f(t) that is continuous on an open interval containing t = 0. 


By shifting the argument of (t), we have 8(t — a) = 0, t # a, and 


oo 

(3) | FNEl — a)dt = fla) 
—oo 

for any function f(t) that is continuous on an interval containing t = a. 

It is obvious that 5(t — a) is not a function in the usual sense; instead it is an example of 
what is called a generalized function or a distribution. Despite this shortcoming, the Dirac 
delta function was successfully used for several years to solve various physics and engineering 
problems before Laurent Schwartz mathematically justified its use! 

A heuristic argument for the existence of the Dirac delta function can be made by consid- 
ering the impulse of a force over a short interval. If a force F(t) is applied from time tọ to time 
tı, then the impulse due to & is the integral 


Impulse =| F(t) dt . 


to 


By Newton’s second law, we see that 


ti f 
(4) | F(t)dt = | mo dt = mv(tj) — mv(to) , 
fp 15 


where m denotes mass and v denotes velocity. Since mv represents the momentum, we can 
interpret equation (4) as saying: The impulse equals the change in momentum. 

When a hammer strikes an object, it transfers momentum to the object. This change in 
momentum takes place over a very short period of time, say, [ to, fi | If we let 9, (f) represent the 
force due to the hammer, then the area under the curve F(t) is the impulse or change in momentum 
(see Figure 7.26 on page 406). If, as is illustrated in Figure 7.27 on page 406, the same change in 
momentum takes place over shorter and shorter time intervals—say, [ to, ty | or [to t4 ]—then the 
average force must get greater and greater in order for the impulses (the areas under the curves 9,) 
to remain the same. In fact, if the forces F, having the same impulse act, respectively, over the inter- 
vals [ to, ti, ] , where t, — tọ as n — oo, then ?*, approaches a function that is zero for t # tọ but has 
an infinite value for t = fy. Moreover, the areas under the %,,’s have a common value. Normalizing 
this value to be 1 gives 


| g(t)dt—1  foralln. 


-00 
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À Á 
J 
Impulse 
>t >t 
0 to f 0 
Figure 7.26 Force due to a blow from a hammer Figure 7.27 Forces with the same impulse 


When tọ = 0, we derive from the limiting properties of the %,,’s a "function" ô that satisfies 
property (1) and the integral condition 


(5) |. adr i. 


Notice that (5) is a special case of property (2) that is obtained by taking f(t) = 1. It is inter- 
esting to note that (1) and (5) actually imply the general property (2) (see Problem 33). 

The Laplace transform of the Dirac delta function can be quickly derived from property 
(3). Since 6(t — a) = 0 for t + a, then setting f(t) = e~™ in (3), we find fora = 0 


| e "S(t — a)dt = | e "S(t — a)dt-e ^. 
0 


Thus, for a = 0, 
(6) L{S(t = a)}(s) =e, 


An interesting connection exists between the unit step function and the Dirac delta func- 
tion. Observe that as a consequence of equation (5) and the fact that (x — a) is zero for x < a 
and for x > a, we have 


j | ate ajar = [i t<a, 
0?) M E m 
= u(t — a). 


If we formally differentiate both sides of (7) with respect to f (in the spirit of the fundamental 
theorem of calculus), we find 


lt- a) 2 w(t— a). 
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Thus it appears that the Dirac delta function is the derivative of the unit step function. That is, 
in fact, the case if we consider “differentiation” in a more general sense." 

The Dirac delta function is used in modeling mechanical vibration problems involving an 
impulse. For example, a mass-spring system at rest that is struck by a hammer exerting an 
impulse on the mass might be governed by the symbolic initial value problem 


(8) x" +x = &(t) ; x(0) =O, z'(0) =O, 


where x(t) denotes the displacement from equilibrium at time t. We refer to this as a symbolic 
problem because while the left-hand side of equation (8) represents an ordinary function, the 
right-hand side does not. Consequently, it is not clear what we mean by a solution to problem (8). 
Because Ó(t) is zero everywhere except at t = 0, one might be tempted to treat (8) as a 
homogeneous equation with zero initial conditions. But the solution to the latter is zero every- 
where, which certainly does not describe the motion of the spring after the mass is struck by 
the hammer. 

To define what is meant by a solution to (8), recall that ó(f) is depicted as the limit of 
forces F,(t) having unit impulse and acting over shorter and shorter intervals. If we let y,(1) be 
the solution to the initial value problem 


(9) Yn tx» 9. (0: yil0)=0, (0-0, 


where 8 is replaced by %,, then we can think of the solution x(t) to (8) as the limit (as n — oo) 
of the solutions y,,(t). 
For example, let 


n, 0cr« ln; 


0, otherwise . 


ge (t) =n — nu(t — 1/n) = { 


Taking the Laplace transform of equation (9), we find 


(4 DE) S (Eu, 


and so 
n = n 
Y. = s/n 
(s) s(s? + 1) à s(s? + 1) 
Now 
n n ns 


= = Lyn = : 
s(s? + 1) RY s +1 iu vem 5) 


(10) y, (t) =n ^ ncost — In — ncos(t — 1/n) u(t — 1/n) 
fro rest 0cr«I/n, 
ncos(t — 1/n) — ncost , l/n € t. 


"See Distributions, Complex Variables, and Fourier Transforms, by H. J. Bremermann (Addison-Wesley, Reading, 
Mass., 1965). 
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Fix t 2 0. Then for n large enough, we have 1/n « t. Thus, 


lim y,(t) = lim [ncos(t — 1/n) — n cos t] 


cos(t — 1/n) — cost 


n—oo — 1 /n 
. cos(t + h) — cost 
lim h (where h = —1/n) , 


2.4 T 
= AS D) dunt. 


Also, for t = 0, we have lim, ,,,y,(0) = 0 = sin 0. Therefore, 
lim y,(t) = sin t . 
Hence, the solution to the symbolic initial value problem (8) is x(t) = sin t. 
Fortunately, we do not have to go through the tedious process of solving for each y, in 
order to find the solution x of the symbolic problem. It turns out that the Laplace transform 
method when applied directly to (8) yields the derived solution x(t). Indeed, simply taking the 


Laplace transform of both sides of (8), we obtain from (6) (with a = 0) 


(s? + 1)X(s) 


Il 
= 


which gives 


x(t) = gen l 0 = sint. 


s+] 


A peculiarity of using the Dirac delta function is that the solution x(t) = sin t of the sym- 
bolic initial value problem (8) does not satisfy both initial conditions; that is, x'(0) = 1 # 0. 
This reflects the fact that the impulse (f) is applied at t = 0. Thus, the momentum x’ (observe 
that in equation (8) the mass equals 1) jumps abruptly from x'(0) = 0 to x'(0*) = 1. 

In the next example, the Dirac delta function is used in modeling a mechanical vibration 
problem. 


Example 1 A mass attached to a spring is released from rest 1 m below the equilibrium position for the 
mass-spring system and begins to vibrate. After 7r seconds, the mass is struck by a hammer 
exerting an impulse on the mass. The system is governed by the symbolic initial value 
problem 


dx 
(11) qp fo ole — m) : x(0) —1, 


where x(t) denotes the displacement from equilibrium at time t. Determine x(t). 


Solution Let X(s) = £{x}(s). Since 


sey) ex) -s and B- m) e. 
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taking the Laplace transform of both sides of (11) and solving for X(s) yields 


s?X(s) — s + 9X(s) = 3e ^5 
s E 3 

X(s) = i 

(s) s +9 i +9 


S{cos ars) + e ™P{sin 3t}(s) 


Using the translation property (cf. page 386) to determine the inverse Laplace transform of 
X(s), we find 


x(t) = cos 3t + [sin 3(t — ar) Ju(t — q) 


AN Ie umm 
cos 3f — sin 3t , T «t 
cos 3t , IIT, 


T 
Vico) ; T Xt. 


The graph of x(t) is given in color in Figure 7.28. For comparison, the dashed curve depicts the 
displacement of an undisturbed vibrating spring. Note that the impulse effectively adds 3 units 
to the momentum at time t = 7. 9 

In Section 7.7 we defined the impulse response function for 
(12) ay" + by' + cy = g(t) 


as the function A(t) := £~'{H}(t), where H(s) is the transfer function. Recall that H(s) is the 
ratio 


Figure 7.28 Displacement of a vibrating spring that is struck by a hammer at f = 7 


410 Chapter7 Laplace Transforms 


where Y(s) is the Laplace transform of the solution to (12) with zero initial conditions and G(s) 
is the Laplace transform of g(t). It is important to note that H(s), and hence h(t), does not 
depend on the choice of the function g(t) in (12) [see equation (15) in Section 7.7]. However, it 
is useful to think of the impulse response function as the solution of the symbolic initial value 


problem 


(13) ay" + by’ + cy = ó(t) ; 


y0)=0, y(0)=0. 


Indeed, with g(t) = 6(t), we have G(s) = 1, and hence H(s) = Y(s). Consequently h(t) = y(t). 
So we see that the function h(t) is the response to the impulse (f) for a mechanical system 
governed by the symbolic initial value problem (13). 


7.8 EXERC|S:S 1 ] L]  . 


In Problems 1—6, evaluate the given integral. 


1. B (P — 1)8(t)dt 


—co 


2. e"'8(t) dt 


—co 


(sin o; — a 


| 
4. e e “8(t + 1)dt 
| 


e “8(t — 1)dt 


6. | ' (cos 20 (0) at 


In Problems 7-12, determine the Laplace transform of 
the given generalized function. 


7. lt — 1) — &(t — 3) 8. 36(t — 1) 
9. tó(t — 1) 10. 1°8(t — 3) 
11. ó(t — w)sint 12. e'ó(t — 3) 


In Problems 13—20, solve the given symbolic initial value 
problem. 


13. w" +w = é(t — 7) ; 
w(0)=0,  w'(0)20 
14. y" + 2y' + 2y = S(t — 7) ; 
X021, »y(0- 
15. y” + 2y' — 3y = 6(t— 1) — 6(1— 2) ; 
y'(0) = -2 


16. y” — 2y' - 3y = 28(t — 1) - &(t — 3) ; 
X022, y(0- 

17. y" y 246(t- 2) +2; 
X020,  y(0-2 

18. y" -y' - 2y = 36(t—- 1) + e' ; 
y0)=0,  y(0- 


19. w” + 6w' + 5w = e'ó(t — 1) ; 


20. y" + 5y' 


In Problems 21—24, solve the given symbolic initial value 
problem and sketch a graph of the solution. 


21. y” + y = &(t - 2) ; 
X020, (021 

22. y" + y = &(t — 1/2); 
y0)=0,  y(0-21 

23. y" + y= —é(t T) + é(t 27) : 
X020,  y(021 

24. y" + y = 6(t — m) — S(t — 2m) ; 
X020,  y(021 


In Problems 25-28, find the impulse response function 
h(t) by using the fact that h(t) is the solution to the sym- 
bolic initial value problem with g(t) = 8(t) and zero ini- 
tial conditions. 

25. y" + 4y’ + 8y = g(t) 
26. y" — 6y' + 13y = g(t) 
27. y" — 2y' + 5y = g(t) 


28. y” - y = g(t) 


29. 


30. 


31. 


32. 


33. 
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A mass attached to a spring is released from rest 1 m 
below the equilibrium position for the mass-spring 
system and begins to vibrate. After 7/2 sec, the 
mass is struck by a hammer exerting an impulse on 
the mass. The system is governed by the symbolic 
initial value problem 


2 
dX 4 oy = s 3 
dt 2 
E dx (o _ 
amd, "m0; 


where x(t) denotes the displacement from equilib- 
rium at time f. What happens to the mass after it is 
struck? 


You have probably heard that soldiers are told not to 
march in cadence when crossing a bridge. By solv- 
ing the symbolic initial value problem 


y" +y= PE — 2k) ; 


explain why soldiers are so instructed. [Hint: See 
Section 4.10.] 


A linear system is said to be stable if its impulse 
response function h(t) remains bounded as t —> +00. 
If the linear system is governed by 
ay" + by' + cy = g(t) , 
where b and c are not both zero, show that the system 
is stable if and only if the real parts of the roots to 
ar? + br+c=0 
are less than or equal to zero. 
A linear system is said to be asymptotically stable 
if its impulse response function satisfies h(t) — 0 as 
t — +oo. If the linear system is governed by 
ay" + by + cy = g(t) , 
show that the system is asymptotically stable if and 
only if the real parts of the roots to 
ar? +br+c=0 
are strictly less than zero. 


The Dirac delta function may also be characterized 
by the properties 


ain = (0° 


"infinite," 


t*0, 
t=0, 


and 


34. 


35. 


Imbedded 
in support 
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Formally using the mean value theorem for definite 
integrals, verify that if f(t) is continuous, then the 
above properties imply 


Also show that, in general, 


[7 rosa = Cayroto 


—00 


Figure 7.29 shows a beam of length 2A that is 
imbedded in a support on the left side and free on the 
right. The vertical deflection of the beam a distance x 
from the support is denoted by y(x). If the beam has 
a concentrated load L acting on it in the center of the 
beam, then the deflection must satisfy the symbolic 
boundary value problem 

Ely ^(x) = L8(x — A) ; 

y(0) = »'(0) = y"(2a) = y"(2a) - 0 , 
where E, the modulus of elasticity, and Z, the 
moment of inertia, are constants. Find a formula for 
the displacement y(x) in terms of the constants 
A, L, E, and I. [Hint: Let y” (0) = A and y"(0) = B. 
First solve the fourth-order symbolic initial value 


problem and then use the conditions y"(2A) — 
y" (2A) = 0 to determine A and B.] 


| 
| y@) 


Free 


Figure 7.29 Beam imbedded in a support 
under a concentrated load at x = A 
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SOLVING LINEAR SYSTEMS WITH LAPLACE 
FA 9 TRANSFORMS 


Example 1 


Solution 


We can use the Laplace transform to reduce certain systems of linear differential equations 
with initial conditions to a system of linear algebraic equations, where again the unknowns are 
the transforms of the functions that make up the solution. Solving for these unknowns and 
taking their inverse Laplace transforms, we can then obtain the solution to the initial value 


problem for the system. 


Solve the initial value problem 


a) 


Taking the Laplace transform of both sides of the differential equations gives 
, 4 
st) - 2209) = 5. 
(2) 
$ 4 2 
Py Ys + 22bY9 - 4£(3(9 = — - =. 


S 


Let X(s) :— L{x}(s) and Y(s) := SyY(s). Then, we have, by Theorem 4 on page 361, 


Six' Ys) = sX(s) — x(0) = sx(s) ^ 4 , 
s[y'Ks) = Ys) = y(0) = sls) 5 . 


Substituting these expressions into system (2) and simplifying, we find 


2 
sX(s) — 2Y(s) = L + 2 ; 
5 


(3) 
5s? + 2s +4 


n 


—AX(s) + (s + 2)Y(s) = 


To eliminate Y(s) from the system, we multiply the first equation by (s + 2) and the 


second by 2 and then add to obtain 


[s(s + 2) - 8]x(s) = (s + 2)(4s7 + 4) 105? + 4s + 8 


M M 


This simplifies to 
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To compute the inverse transform, we first write X(s) in the partial fraction form 


3 1 
pir 


Hence, from the Laplace transform table on the inside back cover, we find that 
(4) x(t) = 3e7* eM. 


To determine y(t), we could solve system (3) for Y(s) and then compute its inverse Laplace 
transform. However, it is easier just to solve the first equation in system (1) for y(t) in terms of 
x(t). Thus, 


y(t) = 5x Q) —2t. 
Substituting x(r) from equation (4), we find that 


(5) y(t) = 


The solution to the initial value problem (1) consists of the pair of functions x(t), y(t) given by 
equations (4) and (5). 9 


—-6e ^ e? — o, 


In Problems 1—19, use the method of Laplace transforms 9. x" -2y = =x; x(0)=2, x(02-7, 
n e a’ Hes 
bol D. 10. x" +y=1; xi) 1, 0) =1, 
eee gots 310)5 4 
1, x' 23x —2y ; x(0)=1, 11. x' + y=1-u(t-2); x(0)=0, 
y -3y-2x; y(0)=1 +y =0; y(0) = 0 
2x =x-y; x(0) = -1, 1x yx; x0)50, y0)=1, 
gc CP yos 2x' + y" = u(t — 3) ; y'(0) = -1 
3.z +w=z-w; z(0) 51, i 
A i0) = 13. x' — y' = (sint)u(t — 7) ; x(0) 9 1, 
4.x —3x -2y sint; x(0)=0, Eg ea y0) = 1 
4x — y! - y 2 cost ; y(0) =0 14. x" = y+ u(t— 1) ; x0)=1, x'(0)=0, 
5.x =y + sint ; x(0) 22, "=xt1—ule—1); (0-0, 
y =x+2cost; y(0) 20 y'(0) 2 0 
6.x —x—y717; x(0) = 0, 15. x' -2y 22; xd) 1. 
—x+y'-y=0; y(0) = —5/2 '+y—-y=P42t-1; y(1) =0 
7. (D — 4)|x] + 6y = 9e” ; x0) = -9 , 16. x' — 2x + y' (cost + 4sint); x(7)=0, 
x —(D-1)[y] = 5e” ; y(0) = 2x + y + y= sint + 3cost ; ylr)=3 
* Dx] HERE x(0) = 7/4 , 17. x! +x—y' 2 2(t - 2)? ; x(2)=0, 
4x + D[y] =3 ; »(0) = x'—x —2y2-e?i; x(2)=1, yp(2)=1 
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18. x’ —2y 20; x(0) m0, networks given by the schematic diagrams; the initial 
f= 29 y(0) EO currents are all assumed to be zero. Solve for the 
ipyre: (0) -2 currents in each branch of the network. (See Section 5.7 

19. x’ f ki ^ T (0) 6 for a discussion of electrical networks.) 

.X —3xd4y?z: x(0) = —6, 
y '=-x+2y+z; (0-2, 25 rv 1 
z =4x+ty-3z; z(0) = -12 
L 3 

20. Use the method of Laplace transforms to solve 

x" +y =2; a(0)23 , x'(0) 20. 6v 19 0.1 H 


4x + y'=6; y(1)=4. 
[Hint: Let y(0) = c and then solve for c.] 

21. For the interconnected tanks problem of Section 5.1, 
page 242, suppose that the input to tank A is now 02H 1, 
controlled by a valve which for the first 5 min deliv- 
ers 6 L/min of pure water, but thereafter delivers 6 
L/min of brine at a concentration of 2 kg/L. Assuming 
that all other data remain the same (see Figure 5.1, 
page 242), determine the mass of salt in each tank for 
t > Oif xo = Oand yọ = 4. 

22. Recompute the coupled mass-spring oscillator 
motion in Problem 1, Exercises 5.6 (page 289), 
using Laplace transforms. 


Figure 7.30 RL network for Problem 23 


In Problems 23 and 24, find a system of differential equa- Figure 7.31 RL network for Problem 24 
tions and initial conditions for the currents in the 


Chapter Summary 


The use of the Laplace transform helps to simplify the process of solving initial value problems 
for certain differential and integral equations, especially when a forcing function with jump 
discontinuities is involved. The Laplace transform Pi fi of a function f(t) is defined by 


sU) [eoa 


for all values of s for which the improper integral exists. If f(t) is piecewise continuous on 
[0, oo) and of exponential order o [that is, |f(t)| grows no faster than a constant times e% as 
t — oo], then S fis) exists for all s > a. 

The Laplace transform can be interpreted as an integral operator that maps a function f(t) 
to a function F(s). The transforms of commonly occurring functions appear in Table 7.1, page 359, 
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and on the inside back cover of this book. The use of these tables is enhanced by several impor- 
tant properties of the operator $. 


Linearity: (af + bg} = aff) + bg]. 
Translation in s: L{e“f(t)}(s) = F(s — a), where F = $4 f}. 


Translation in £: L{g(r)u(t — a)}(s) =e “L{e(t + a)}(s), where u(t — a) is the step 
function that equals 1 for t > a and 0 for t < a. If f(t) is continuous and f(0) = 0, then 


Ee “F(s)}() = f(t — aut — a) , 
where f = g Wr. 


Convolution Property: S f* Hi = S fg, where f * g denotes the convolu- 
tion function 


(r+ 900° | “A= velvav 


One reason for the usefulness of the Laplace transform lies in the simple formula for the 
transform of the derivative f": 


(1) S f' Xs) = sF(s) - f(0) , where F= L{f}. 


This formula shows that by using the Laplace transform, “differentiation with respect to t" can 
essentially be replaced by the simple operation of “multiplication by s.” The extension of (1) to 
higher-order derivatives is 


Q LL FO }(s) = s"F(s) - s" (0) — s”? (o) - + — fe (0). 


To solve an initial value problem of the form 


(3) ay" + by *tcy 2 f(); yO)=a, y(0)=B6 


via the Laplace transform method, one takes the transform of both sides of the differential equa- 
tion in (3). Using the linearity of £ and formula (2) leads to an equation involving the Laplace 
transform Y(s) of the (unknown) solution y(t). The next step is to solve this simpler equation for 
Y(s). Finally, one computes the inverse Laplace transform of Y(s) to obtain the desired solution. 
This last step of finding £ “Hy ) is often the most difficult. Sometimes it requires a partial frac- 
tions decomposition, a judicious use of the properties of the transform, an excursion through the 
Laplace transform tables, or the evaluation of a contour integral in the complex plane. 

For the special problem in (3), where a, b, and c are constants, the differential equation is 
transformed to a simple algebraic equation for Y(s). Another nice feature of this latter equation 
is that it incorporates the initial conditions. When the coefficients of the equation in (3) depend 
on f, the following formula may be helpful in taking the transform: 


PLFA Ys) = (-1 45 , where F = S . 


If the forcing function f(t) in equation (3) has jump discontinuities, it is often convenient to 
write f(t) in terms of unit step functions u(t — a) before proceeding with the Laplace transform 
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method. For this purpose, the rectangular window function II, p(t) — u(t — a) — u(t — b) is 
useful. The transform of a periodic forcing function f(t) with period T is given by 


0 


]- e 


Sf) = 


| Í e "f(r)dt 


The Dirac delta function (t) is useful in modeling a system that is excited by a large force 
applied over a short time interval. It is not a function in the usual sense but can be roughly 
interpreted as the derivative of a unit step function. The transform of 8(t — a) is 


Stt — a)Y(s) =e“, 


REVIEW PROBLEMS 


In Problems 1 and 2, use the definition of the Laplace 
transform to determine ef fh 


LA) = (O e 

6—t, 2«t 

249-4 Osrtss, 
—1, 5«t 


In Problems 3—10, determine the Laplace transform of 
the given function. 


3. e ^? 4. e* sin 4t 

. e?! — P+" — sin 5t 

. Te? cos 3t — 2e" sin 5t 

. t cos 6t 

. (t+ 3 — (e + 3p 9. Pult — 4) 

10. f(t) = cos t, —7/2 t = m/2 and f(t) has period m. 


5 
6 
7 
8 


In Problems 11—17, determine the inverse Laplace trans- 
form of the given function. 
7 25—1 
5 (s + 3) = s?— 45s +6 
4s? + 13s + 19 
(s — 1)(s? + 4s + 13) 
s? + los +9 
(s + 1)(s + 3)(s — 2) 
2s? 391 6 1 
(s-E-39(5 4-2) "(2 + 9p 
e (4s + 2) 
(s — 1)(s + 2) 


13. 


14. 


15. 


azo. 


18. Find the Taylor series for f(t) = e^" about t = 0. 
Then, assuming that the Laplace transform of f(t) 
can be computed term by term, find an expansion for 
S4 fY(s) in powers of 1/s. 


In Problems 19—24, solve the given initial value problem 
for y(t) using the method of Laplace transforms. 


19. y" — 7y' + 10y 2 0 ; 
»020, y'(0)=-3 
20. y" + 6y' + 9y 20; 
y0)=-3,  y(0)- 10 
21. y" + 2y, -2y 2 D * 4t; 
X020, y(0-2-1 
22. y" + 9y = 10e” ; 
x0-2-1., (0-25 
23. y" + 3y’ + 4y = u(t — 1) ; 
y0)=0,  y(0-1 
24. y" — Ay! + 4y = Pe! ; 
y(0)=0, (0-0 


In Problems 25 and 26, find solutions to the given initial 
value problem. 


25. ty" + 2(t — 1)! -2y 20; 
y0)=0, (0-0 

26. ty" + 2(t— Dy + (t- 2) =0 ; 
021, y(0)=-1 


In Problems 27 and 28, solve the given equation for y(t). 
t 


27. y(t) + K — v)y(v)dv = e^* 


28. y (0 - 2 | Wad: 


29. A linear system is governed by 
y” — 5y' + 6y = g(t) . 


Find the transfer function and the impulse response 
function. 


TECHNICAL WRITING EXERCISES 


1. Compare the use of Laplace transforms in solving 
linear differential equations with constant coeffi- 
cients with the use of logarithms in solving algebraic 
equations of the form x’ = a. 


2. Explain why the method of Laplace transforms 
works so well for linear differential equations with 
constant coefficients and integro-differential equa- 
tions involving a convolution. 

3. Discuss several examples of initial value problems 
in which the method of Laplace transforms cannot 
be applied. 
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30. Solve the symbolic initial value problem 


In Problems 31 and 32, use Laplace transforms to solve 
the given system. 


31. X! +y=0; x(0) 20, 
x+y =1-u(t-2); y(0) = 0 

32. x" +2y'=u(t-3); x(0)=1, x(0)=-1, 
x+y =y; y(0)=0 


4. A linear system is said to be asymptotically stable if 
its impulse response function h(t) > 0 as t — +00. 
Assume H(s), the Laplace transform of h(t), is a 
rational function in reduced form with the degree of 
its numerator less than the degree of its denominator. 
Explain in detail how the asymptotic stability of the 
linear system can be characterized in terms of the 
zeros of the denominator of H(s). Give examples. 

5. Compare and contrast the solution of initial value 


problems by Laplace transforms versus the methods 
of Chapter 4. 


E 


Group Projects for Chapter 7- 


A Duhamel's Formulas 


For a linear system governed by the equation 
O ay" + by’ + cy= g(t), 
where a, b, c are real constants, the function 
— Si»)  L{output} 
S[s)(s)  L{input} ' 
where all initial conditions are taken to be zero, is called the transfer function for the system. 
(As mentioned in Section 7.7, the transfer function H(s) depends only on the constants a, b, c of 


the system; it is not affected by the choice of g.) If the output function g(t) is the unit step func- 
tion u(t), then equation (2) yields 


Q) H(s): 


H(s) l 


Liy}(s) = L{u}(s)H(s) = 


The solution (output function) in this special case is called the indicial admittance and is 
denoted by A(t). Hence, £{A}(s) = H(s)/s. 

It is possible to express the response y(t) of the system to a general input function g(r) in 
terms of g(r) and the indicial admittance A(t). To derive these relations, proceed as follows: 


(a) Show that 


(3) SiyYs) = sf{A}(s)L{eh(s) : 


(b) Now apply the convolution theorem to (3) and show that 
d {' d| [{' 
& =t | ae v)elo)dv! - 2 | one vav! , 
0 0 


(c) To perform the differentiation indicated in (4), one can use Leibniz's rule: 


b(r) b(t) a 
el | fes jav - Í ao av + f(b.) 200) — ral) 2 . 


a(t alt 


where f and df/dt are assumed continuous in v and t, and a(t), b(t) are differentiable 
functions of t. Applying this rule to (4), derive the formulas 


& y= | ae visa 


0 


© v(i) = [ Asi — vido + A (0 


[Hint: Recall that the initial conditions on A are A(0) — A'(0) — 0.] 
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(d) In equations (5) and (6), make the change of variables w = t — v and show that 


(n vl) = | Awet- waw 


0 


t 
& = | Al- whe" wid + Alde) 
0 

Equations (5)-(8) are referred to as Duhamel's formulas, in honor of the French mathe- 
matician J. M. C. Duhamel. These formulas are helpful in determining the response of the system 
to a general input g(t), since the indicial admittance of the system can be determined experimen- 
tally by measuring the response of the system to a unit "n function. 


(e) The impulse response function h(t) is defined as h(t gum X(t) , where H(s) is the 
transfer function. Show that h(t) = A’ (f), so that unes (5) and (7) can be written in 
the form 


t t 
(9) y(t) = | h(t — v)g(v)dv = | h(v)g(t — v)dv . 
0 0 

We remark that the indicial admittance is the response of the system to a unit step function, 
and the impulse response function is the response to the unit impulse or delta function (see Sec- 
tion 7.8). But the delta function is the derivative (in a generalized sense) of the unit step function. 
Therefore, the fact that h(t) = A'(r) is not really surprising. 


B Frequency Response Modeling 


Frequency response modeling of a linear system is based on the premise that the dynamics of a 
linear system can be recovered from a knowledge of how the system responds to sinusoidal 
inputs. (This will be made mathematically precise in Theorem 13.) In other words, to determine 
(or identify) a linear system, all one has to do is observe how the system reacts to sinusoidal inputs. 

Let's assume that we have a linear system governed by 
140 y” +py' +qy= g(t), 
where p and q are real constants. The function g(t) is called the forcing function or input func- 
tion. When g(t) is a sinusoid, the particular solution to (10) obtained by the method of undeter- 
mined coefficients is the steady-state solution or output function y(t) corresponding to g(t). 
We can think of a linear system as a compartment or block into which goes an input function g 
and out of which comes the output function y,, (see Figure 7.32). To identify a linear system 
means to determine the coefficients p and q in equation (10). 

It will be convenient for us to work with complex variables. A complex number z is usually 
expressed in the form z = a + iB, with o, B real numbers and i denoting V/—1. We can also 
express z in polar form, z = re”, where r? = o? + B? and tan 0 = B/a. Here r (Z0) is called 
the magnitude and 0 the phase angle of z. 


Input Linear system 
g(t) y"+py'+qy=s) 


Figure 7.32 Block diagram depicting a linear system 
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The following theorem gives the relationship between the linear system and its response to 
sinusoidal inputs in terms of the transfer function H(s) [see Project A, equation (2)]. 


Steady-State Solutions to Sinusoidal Inputs 


Theorem 13. Let H(s) be the transfer function for equation (10). If H(s) is finite ats = iw, 
iot : 


with c real, then the steady-state solution to (10) for g(t) = e'^' is 


(41) — ys(t) = H(iw)e = H(ic)(cos wt + i sin wt} . 


(a) Prove Theorem 13. | Hint: Guess y,,(t) = Ae'^' and show that A = H(io).) 

(b) Use Theorem 13 to show that if g(t) = sin ct, then the steady-state solution to (10) is 
M(w)sin| ot + N(o)]. where H(iw) = M(w)eN) is the polar form for H(iw). 

(c) Solve for M(w) and M(w) in terms of p and q. 

(d) Experimental results for modeling done by frequency response methods are usually pre- 
sented in frequency response’ or Bode plots. There are two types of Bode plots. The 
first is the log of the magnitude M(w) of H(iw) versus the angular frequency c using a 
log scale for w. The second is a plot of the phase angle or argument N(w) of H(iw) ver- 
sus the angular frequency using a log scale for w. The Bode plots for the transfer func- 
tion H(s) = (1 + 0.2s + s?) ! are given in Figure 7.33. 


Phase angle (deg) 
| 
oo 
S 


2.0 HH +—+—++-+H —t—+ +++} H = 
01 02 04 0.71.0 2 4 7 10 01 02 04 0.71.0 2 4 7 10 
Angular frequency w Angular frequency w 


Figure 7.33 Bode plots for H(iw) = [1 + 0.2(iw) + (io) ] ' 


Sketch the Bode plots of the linear system governed by equation (10) with p = 0.4 and q = 
1.0. Use w = 0.3, 0.6, 0.9, 1.2, and 1.5 for the plot of M(o) and w = 0.5, 0.8, 1, 2, and 5 for the 
plot of N(c). 


(e) Assume we know that q = 1. When we input a sine wave with w = 2, the system settles 
into a steady-state sinusoidal output with magnitude M(2) — 0.333. Find p and thus 
identify the linear system. 

(f) Suppose a sine wave input with w = 2 produces a steady-state sinusoidal output with 
magnitude M(2) = 0.5 and that when w = 4, then M(4) = 0.1. Find p and q and thus 
identify the system. 


"Frequency response curves are also discussed in Section 4.10. 
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In most applications there are some inaccuracies in the measurement of the magnitudes and 
frequencies. To compensate for these errors, sinusoids with several different frequencies are used 
as input. A least-squares approximation for p and q is then found. For a discussion of frequency 
response modeling as a mathematical modeling tool, see the chapter by W. F. Powers, “Modeling 
Linear Systems by Frequency Response Methods,” in Differential Equations Models, by 
M. Braun, C. Coleman, and D. Drew (eds.) (Springer-Verlag, New York, 1983), Chapter 9. Additional 
examples may be found in Schaum's Outline on Feedback and Control Systems, by J. J. DiStefano, 
A. R. Stubberud, and I. J. Williams (McGraw-Hill, New York, 1995, 3rd edition), Chapter 15. 


C Determining System Parameters 


In mechanical design one sometimes must determine system parameters even though information 
on the system forces is incomplete. For example, the differential equation governing the motion x(t) 
of an externally forced damped mass-spring oscillator was shown in Section 4.1 (page 153) to be 


d?x dx 
—++b—+kx =fi(t), 
dt’ "Ross fe 


m 


where f(t) is the external force; the other parameters are defined in Section 4.1. Assume the sys- 
tem is underdamped (b? < 4mk; see Section 4.9) and starts from rest [x(0) = 0, x'(0) = 0] and 
that the force is bounded: | f(t)| = A for all t. 
(a) Show that the transforms X(s) and F(s) of x(t) and f(t) are related by 
1 
X(s) = — — — —Fts). 
(s) ms? + bs +k (s) 
(b) Use the convolution theorem to derive the formula 
t 
x(t) : | flt- v)e~bu/2m sin Bu dv , 


Bm Jo 


where 
p= 5) Vink =P 
(c) Show that the motion x(t) is bounded under these circumstances by 
|x(¢)| = At/Bm 
and also by 
|x(t)| = 2A/Bb . 


(d) Suppose the mass m = 5 kg, the spring constant k = 3000 N/m, and the force is 
bounded by A = 10 N. What range of values for the damping constant b will ensure a 
displacement of 1 cm (0.01 m) or less? 


CHAPTER 8 
Series Solutions of 


Differential Equations 


INTRODUCTION: THE TAYLOR 
9.1 POLYNOMIAL APPROXIMATION 


Probably the best tool for numerically approximating a function f(x) near a particular point xo 
is the Taylor polynomial. The formula for the Taylor polynomial of degree n centered at x, 
approximating a function f(x) possessing n derivatives at xo, is given by 


w add) -ige ees 
"Xo (n) Xo 
eae rr de = ap)" 
n f(x, 
- EO 


This polynomial matches the value of f and the values of its derivatives, up to the order of the 
polynomial, at the point x: 


Pulxo) = f(xo) » 
Pi(Xo) = f'(xo) , 
py xo) =f "(xo) s 
po) fag) - 


For example, the first four Taylor polynomials for e*, expanded around x9 = 0, are 


po(x) =1, 
pilx)=1+x, 
5 
(2) plz)=ltxt7, 
2 3 
= Xx 
p3(x) =1+x+ 2 + gs 


Their efficacy in approximating the exponential function is demonstrated in Figure 8.1. 
The Taylor polynomial of degree n differs from the polynomial of the next lower degree 
only in the addition of a single term: 


(X 
TEE ae, 
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Example 1 


Solution 
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Figure 8.1 Graphs of Taylor polynomials for e* 


so a listing like (2) is clearly redundant—one can read off po(x), p,(x), and p;(x) from the 
formula for p;(x). In fact, if f is infinitely differentiable, p,(x) is just the (n + 1)st partial sum 
of the Taylor series' 


3) Xr e-u. 


Determine the fourth-degree Taylor polynomials matching the functions e", cos x, and sin x at 
xo = 2: 


For f(x) = e* we have f(2) = e? for each j = 0, 1,..., so from (1) we obtain 


2 2 2 


" e e 3,€ 
eX = e? + ex — 2) + 21 (x — 2)? + are 2p + Ji (x — 2)*. 
For f(x) 2 cosx, we have f(x) = —sin x, f'(x) = —cos x, f"(x) = sin x, f(x) = cos x, 
so that 
cos x = cos 2 — (sin 2)(x — 2) a 2 2p + Bas (x—-2P + cosa (x-2. 


2! 3! 4! 


In a similar fashion we find 


sin x ^ sin 2 + (cos 2)(x — 2) m ay a 2 & 2) 


sin 2 
4! 


(x-2)4. @ 


‘Truncated Taylor series were introduced in Section 3.7 (page 132) as a tool for constructing recursive formulas for 
approximate solutions of differential equations. 
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To relate this approximation scheme to our theme (the solution of differential equations), 
we alter our point of view; we regard a differential equation not as a "condition to be satisfied," 
but as a prescription for constructing the Taylor polynomials for its solutions. Besides provid- 
ing a very general method for computing accurate approximate solutions to the equation near 
any particular "starting" point, this interpretation also provides insight into the role of the 
initial conditions. The following example illustrates the method. 


Example 2 Find the first few Taylor polynomials approximating the solution around x, = O of the initial 
value problem 


y'-23y +xPy;  y(0-210, y'(0)=5. 


Solution To construct 


"(0 "(0 (Xo 
$515) = y(0) F y'(0)x + ) 2 + ) 3 + n + M ( ) n 


we need the values of y(0), y’(0), y"(0), y” (0), etc. The first two are provided by the given 
initial conditions. The value of y"(0) can be deduced from the differential equation itself and 
the values of the lower derivatives: 


y'(0) = 3y'(0) + 07y(0) = 3-5 0-10 = 15. 


Now since y" = 3y' + x7 3y holds for some interval around x = 0, we can differentiate both 
sides to derive 
7 
y" — 3y” aps To + xy! : 
14 43 Tyr , 


y = 3y” 4 28 a Shy e t y! +x 


y) = 3y 4 Sx hy elada 
Thus on substituting x = 0 we deduce, in turn, that 
y"(0) 2 3«154-— 7 g^ .10 + 078.5 — 45 , 
y"(o) = 3-45 + 78. o^. 10 + 1.0.5 + 08.15 = 135 , 
y(0) = 3-135 r =. 0725. 10 + ( --- ) does not exist! 


Consequently, we can only construct the Taylor polynomials of degree 0 through 4 for the 
solution, and p,(x) is given by 


15 5, 45 4, 135 , 
pa(x) 10 + 5x + yx + Ex ta 


1532 15.3, 45 4 
10 + 5x + 2* ! 2* t g“ 


.* 


The next example demonstrates the application of the Taylor polynomial method to a 
nonlinear equation. 


Example 3 


Solution 
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Determine the Taylor polynomial of degree 3 for the solution to the initial value problem 


1 


(4) y! c deu y(0) = 0. 


Using y(0) = 0, we substitute x = 0 and y = 0 into equation (4) and find that y'(0) = 1. To 
determine y"(0), we differentiate both sides of the equation in (4) with respect to x, thereby 
getting an expression for y" (x) in terms of x, y(x), and y’ (x). That is, 


& y" = (Dle + y) + 171 y' 9] . 

Substituting x — 0, y(0) — 0, and y'(0) — 1 in (5), we obtain 
y"(0) = (=1)0)?0 + 1) = -2 . 

Similarly, differentiating (5) and substituting, we obtain 
»"(x) = 2[x + x6) + rT - [x a + 1] ?»'G9 . 
y^(0) = 20) UE 1} = 3) (92) 530 . 

Thus, the Taylor polynomial of degree 3 is 


pix) =O+%x P+ Pear els. e 


In a theoretical sense we can estimate the accuracy to which a Taylor polynomial p,(x) 
approximates its target function f(x) for x near xo. Indeed, if we let £,(x) measure the accuracy 
of the approximation, 


e,(x) = f(x) > Pn(X) > 


then calculus provides us with several formulas for estimating £„. The most transparent is due 
to Lagrange: if the (n + 1)st derivative of f exists and is continuous on an interval containing 
xo and x, then 


fe» 


TEN DEL 


(6) E,(x) = 


where &, although unknown, is guaranteed to lie between x, and x. 


Figure 8.1 and equation (6) suggest that one might control the error in the Taylor polyno- 
mial approximation by increasing the degree n of the polynomial (i.e., taking more terms), 
thereby increasing the factor (n + 1)! in the denominator. This possibility is limited, of course, 
by the number of times f can be differentiated. In Example 2, for instance, the solution did not 
have a fifth derivative at xy = 0 (f (9)(Q) is "infinite"). Thus, we could not construct ps(x), nor 
could we conclude anything about the accuracy of p4(x) from the Lagrange formula. 

However, for Example 3 we could, in theory, compute every derivative of the solution y(x) 
at xy = 0, and speculate on the convergence of the Taylor series 


oo JU) n Q) 

y (xo) ; : y (xo) ; 
5 j (x = xo) = lim > le ay)! 
jo d jo d 


"Equation (6) is proved by invoking the mean value theorem; see, e.g., Principles of Mathematical Analysis, 3rd ed., 
by Walter Rudin (McGraw-Hill, New York, 1976). 


426 


Chapter 8 


Series Solutions of Differential Equations 


to the solution y(x). Now for nonlinear equations such as (4), the factor f*(€) in the 
Lagrange error formula may grow too rapidly with n, and the convergence can be thwarted. 
But if the differential equation is linear and its coefficients and nonhomogeneous term enjoy a 
feature known as analyticity, our wish is granted; the error does indeed diminish to zero as the 
degree n goes to infinity, and the sequence of Taylor polynomials can be guaranteed to con- 
verge to the actual solution on a certain (known) interval. For instance, the exponential, sine, 
and cosine functions in Example 1 all satisfy linear differential equations with constant coeffi- 
cients, and their Taylor series converge to the corresponding function values. (Indeed, all their 
derivatives are bounded on any interval of finite length, so the Lagrange formula for their 
approximation errors approaches zero as n increases, for each value of x.) This topic is the 
theme for the early sections of this chapter. 

In Sections 8.5 and 8.6 we'll see that solutions to second-order linear equations can 
exhibit very wild behavior near points x, where the coefficient of y" is zero; so wild, in fact, 
that no Euler or Runge-Kutta algorithm could hope to keep up with them. But a clever modifi- 
cation of the Taylor polynomial method, due to Frobenius, provides very accurate approxima- 
tions to the solutions in such regions. It is this latter feature, perhaps, that underscores the value 
of the Taylor methodology in the current practice of applied mathematics. 


EXE 


In Problems 1—8, determine the first three nonzero terms 
in the Taylor polynomial approximations for the given 


initial value problem. 


1. 


IAW eR Wh 


10. 


(b) Using the error formula (6), show that 


He) -»(9| - B- ^O) *$- 


(c) Compare the estimate in part (b) with the actual 
error by calculating | In(1.5) = p3(1.5)| : 

(d) Sketch the graphs of In x and p3(x) (on the same 
axes) for 0 « x « 2. 

(a) Construct the Taylor polynomial p3(x) of 
degree 3 for the function f(x) = 1/ (2 — x) 
around x = 0. 


y =x +y; yO)=1 
y =y; y(0) = 2 (c) Compare the estimate in part (b) with the actual 
.y =siny + e* ; y(0) = 0 "nS 
. y! = sin(x + y) ; y(0) = 0 2 -»(4) . 
x" - 1x0; x(0)=1, x'(0) =0 : A2 
y'-y-20; y(0) =0, y'(0) = 1 (d) Sketch the graphs of 1/(2 — x) and p(x) (on 
. y" (0) + (8? = sin ; the same axes) for —2 < x < 2. 
y(0) = 0 y'(0) =0 11. Argue that if y = (x) is a solution to the differential 
HAN 7 "E equation y" + p(x)y' + q(x)y = g(x) on the interval 
.y'-siny-0; y(0)=1, y'(0) 2 0 (a, b), where p, q, and g are each twice-differentiable, 
then the fourth derivative of $(x) exists on (a, b). 
. (a) Construct the Taylor polynomial p(x) of degree . . . : . 
3 for the function f(x) — In x around x 1 12. Argue that if y = (x) is a solution to the differential 
(b) Using the error formula (6), show that equation y" 4 p(x)y É q(x)y =E (x) on the interval 
a,b), where p, g, and g possess derivatives o 
, b hi q, and g p derivati f 
| T 5) (1 5) (0.5)* 0.015625 all orders, then ¢ has derivatives of all orders on (a, b). 
= — = 
| Bits Py. | EE! : : 13. Duffing's Equation. In the study of a nonlinear 


spring with periodic forcing, the following equation 
arises: 

y” + ky + ry? = A cos ot . 
Letk = r = A = 1 and o = 10. Find the first three 
nonzero terms in the Taylor polynomial approxima- 


tions to the solution with initial values y(0) — 0, 
»'(0) — 1. 


14. Soft versus Hard Springs. 
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For Duffing's equation 
given in Problem 13, the behavior of the solutions 
changes as r changes sign. When r > 0, the restoring 
force ky + ry? becomes stronger than for the linear 
spring (r — 0). Such a spring is called hard. When 
r < 0, the restoring force becomes weaker than the 
linear spring and the spring is called soft. Pendu- 
lums act like soft springs. 


(a) Redo Problem 13 with r = —1. Notice that for 


15. 


16. 
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The solution to the initial value problem 


xy" (x) + 2y'(x) + xy(x) = 0 ; 
y0)=1,  y(0-20 


has derivatives of all orders at x = 0 (although this is 
far from obvious). Use L’H6pital’s rule to compute 
the Taylor polynomial of degree 2 approximating 
this solution. 


van der Pol Equation. In the study of the vacuum 


the initial conditions y(0) = 0, y'(0) = 1, the 
soft and hard springs appear to respond in the 
same way for t small. 


tube, the following equation is encountered: 


y” + (0.1)(y? — lly’ +y =0. 


(b) Keeping k = A = 1 and w = 10, change the i 2 : 
initial conditions to y(0) = 1 and y'(0) = 0. Find the Taylor polynomial of degree 4 approximat- 
Now redo Problem 13 withr= +1 ing the solution with the initial values y(0) = 1, 

(c) Based on the results of part (b), is there a differ- y (0) =0. 


ence between the behavior of soft and hard 
springs for t small? Describe. 


8.2 POWER SERIES AND ANALYTIC FUNCTIONS 


The differential equations studied in earlier sections often possessed solutions y(x) that could 
be written in terms of elementary functions such as polynomials, exponentials, sines, and 
cosines. However, many important equations arise whose solutions cannot be so expressed. In 
the previous chapters, when we encountered such an equation we either settled for expressing 
the solution as an integral (see Exercises 2.2, Problem 27, page 43) or as a numerical approxi- 
mation (Sections 3.6, 3.7, and 5.3). However, the Taylor polynomial approximation scheme of 
the preceding section suggests another possibility. Suppose the differential equation (and initial 
conditions) permit the computation of every derivative y? at the expansion point x9. Are there 
any conditions that would guarantee that the sequence of Taylor polynomials would converge 
to the solution y(x) as the degree of the polynomials tends to infinity: 


5 y (xo) (x — xo} S y (xo) 


noo j=0 j! j=0 jl! 


(x = xo)! = y(x) ? 


In other words, when can we be sure that a solution to a differential equation is represented by 
its Taylor series? As we'll see, the answer is quite favorable, and it enables a powerful new 
technique for solving equations. 

The most efficient way to begin an exploration of this issue is by investigating the 
algebraic and convergence properties of generic expressions that include Taylor series— "long 
polynomials" so to speak, or more conventionally, power series. 


Power Series 


A power series about the point xo is an expression of the form 


oo 


(1) > Ay (x — Kay = ao + a(x = xo) + a(x = Xo) Jd mei ; 
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where x is a variable and the a,,’s are constants. We say that (1) converges at the point x = c if the 
infinite series (of real numbers) £? o a,(c — xo)" converges; that is, the limit of the partial sums, 


exists (as a finite number). If this limit does not exist, the power series is said to diverge at 
x = c. Observe that (1) converges at x = xo, since 


oo 
25 a (o — xo)" = ay + 0 +0+ =a. 


But what about convergence for other values of x? As stated in the following Theorem 1, a 
power series of the form (1) converges for all values of x in some “interval” centered at xọ and 
diverges for x outside this interval. Moreover, at the interior points of this interval, the power 
series converges absolutely in the sense that X7 o|a,(x — xo)"| converges. [Recall that 
absolute convergence of a series implies (ordinary) convergence of the series.] 


Radius of Convergence 


Theorem 1. For each power series of the form (1), there is a number p (0 = p = oo), 
called the radius of convergence of the power series, such that (1) converges absolutely 
for |x — xo| < p and diverges for |x — xọ| > p. (See Figure 8.2.) 

If the series (1) converges for all values of x, then p = oo. When the series (1) con- 
verges only at xo, then p = 0. 


Absolute 
Divergence ? convergence ? Divergence 
Xo=p Xo Xot p 


Figure 8.2 Interval of convergence 


Notice that Theorem | settles the question of convergence except at the endpoints xo + p. 
Thus, these two points require separate analysis. To determine the radius of convergence p, one 
method that is often easy to apply is the ratio test. 


Ratio Test for Power Series 


Theorem 2. If, for n large, the coefficients a, are nonzero and satisfy 


an 
lim =L (xL); 


noo | dn+1 


then the radius of convergence of the power series Z5. a,(x — xo)" is pH=L. 


Remark. We caution that if the ratio |a,,/a,,,| does not have a limit, then methods other 
than the ratio test (e.g., root test) must be used to determine p. In particular, if infinitely many 
of the a,’s are zero, then the ratio test cannot be directly applied. (However, Problem 7 demon- 
strates how to apply the result for series containing only "even-order" or *odd-order" terms.) 


Example 1 


Solution 
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Determine the convergence set of 


B xau 9 
Since a, = (—2)"/(n + 1), we have 
lim | im | pee 
n00}An4+1| — n0] (72) * !(n + 1) 
mu l. 


By the ratio test, the radius of convergence is p = 1/2. Hence, the series (2) converges abso- 
lutely for |x — 3| < 1/2 and diverges when |x — 3| > 1/2. It remains only to determine what 
happens when |x — 3| = 1/2, that is, when x = 5/2 and x = 7/2. 

Set x = 5/2, and the series (2) becomes the harmonic series X9. o (n + 1) !, which is 
known to diverge. When x — 7/2, the series (2) becomes an alternating harmonic series, 
which is known to converge. Thus, the power series converges for each x in the half-open 
interval (5/2, 7/2 |; outside this interval it diverges. € 


For each value of x for which the power series X2*.9 a, (x — xo)" converges, we get a 
number that is the sum of the series. It is appropriate to denote this sum by f(x), since its value 
depends on the choice of x. Thus, we write 


oo 


f(x) = È a x — x0)" 


n=0 


for all numbers x in the convergence interval. For example, the geometric series 27^ o x" has 
the radius of convergence p = 1 and the sum function f(x) = 1/(1 — x); that is, 


oo 
(3) ppusitr4x&tecsel Et for -l<x<1. 


In this chapter we'll frequently appeal to the following basic property of power series. 


Power Series Vanishing on an Interval 


Theorem 3. If X* ja,(x — xo)" = 0 for all x in some open interval, then each 


coefficient a, equals zero. 


Given two power series 


(4) f(x) = 2s ay (x ni xo)" , g(x) = D>) b,(x ED xo)" , 

with nonzero radii of convergence, we want to find power series representations for the sum, 
product, and quotient of the functions f(x) and g(x). The sum is simply obtained by termwise 
addition: 


fijate > RE 


n=0 
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Example 2 


Solution 


for all x in the common interval of convergence of the power series in (4). The power series 
representation for the product f(x)g(x) is a bit more complicated. To provide motivation for the 
formula, we treat the power series for f(x) and g(x) as “long polynomials,” apply the distribu- 
tive law, and group the terms in powers of (x — xo): 


[ao + aj(x — xo) + a(x — Xo) af es ] . [ bo + bi(x — Xo) + bo(x — Xo deo ere ] 
= agbo + (agb, T ajbo)(x = Xo) + (agb, + a,b, + a5bg)(x = Xa Toce 


The general formula for the product is 


6) fasa) = È eal — xo) , 


(6) Cn ‘= = Abn y H 


The power series in (5) is called the Cauchy product, and it will converge for all x in the 
common open interval of convergence for the power series of f and g.t 

The quotient f(x)/g(x) will also have a power series expansion about xo, provided 
g(xo) * 0. However, the radius of convergence for this quotient series may be smaller than that 
for f(x) or g(x). Unfortunately, there is no nice formula for obtaining the coefficients in the 
power series for f(x)/g(x). However, we can use the Cauchy product to divide power series 
indirectly (see Problem 15). The quotient series can also be obtained by formally carrying out 
polynomial long division (see Problem 16). 

The next theorem explains, in part, why power series are so useful. 


Differentiation and Integration of Power Series 


Theorem 4. If the series f(x) = =o a,(x — xo)" has a positive radius of 
convergence p, then f is differentiable in the interval |x — xo| < p and termwise 
differentiation gives the power series for the derivative: 


Fur = na,(x — xo) ! for |x — xg <p. 


Furthermore, termwise integration gives the power series for the integral of f: 


[ie - 3 


n-0 n + 


a 
“—(x—x)"t!+C fo |x-xj| € p. 


Starting with the geometric series (3) for 1/(1 — x), find a power series for each of the following 
functions: 


1 
a) —. b) — — 3 c) arctan x . 
(ellas Op © 
(a) Replacing x by —x? in (3) immediately gives 
1 
7 =] -x +xt— 6 E... + (—])yxy + .. 
(7) mos x x x ( fh 


"Actually, it may happen that the radius of convergence of the power series for f(x)g(x) or f(x) + g(x) is larger than 
that for the power series of f or g. 
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(b) Notice that 1/(1 — x)’ is the derivative of the function f(x) = 1/(1 — x). Hence, on 
differentiating (3) term by term, we obtain 


(8) f(x) =_= 1 + 2x + 3x27 +4 7 nl H e 


(1 = x) 
(c) Since 


x 


1 
arctan x = | ~ zit " 
ol +t 


we can integrate the series in (7) termwise to obtain the series for arctan x. Thus, 


Ix zat = ft fpem qe ode Qe PP een hdt 
0 t 0 


à 1 4 " 1 $ 1 4 i " (-1)n*! » ^" 
(9) arctan x — x 3* s* 7X mnt . 


It is important to keep in mind that since the geometric series (3) has the (open) interval 
of convergence (- l, 1), the representations (7), (8), and (9) are at least valid in this interval. 
[Actually, the series (9) for arctan x converges for all |x| = 1.] 


Shifting the Summation Index 


The index of summation in a power series is a dummy index just like the variable of integration 
in a definite integral. Hence, 


oo oo oo 
2; a,(x iil xo)" = ay(x = xo)* = = aj(x a xo)! . 
= = 


n=0 


Just as there are times when we want to change the variable of integration, there are situa- 
tions (and we will encounter many in this chapter) when it is desirable to change or shift the 
index of summation. This is particularly important when one has to combine two different 
power series. 


Example 3 Express the series 


oo 
= n(n — 1)a,x"~? 
n= 


as a series where the generic term is x^ instead of x" ?. 


Solution Setting k = n — 2, we haven = k + 2andn — 1 =k + 1. Note that when n = 2, then k = 0. 
Hence, substituting into the given series, we find 


> n(n — lax"? = P + 2)(k + lau. 


Example 4 Show that 


>> n?(n — 2)a,x" = > (n — 3Y(n — 5)a,_3x” . 


n=0 n=3 
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Solution 


Example 5 


Solution 


We start by taking the x? inside the summation on the left-hand side: 


oo oo 
x > n(n — 2)a,x" = XC -= 2)ax"*? . 
n- n- 


To rewrite this with generic term x*, we set k =n + 3. Thus n = k — 3, and n = 0 corre- 


sponds to k — 3. Straightforward substitution thus yields 


> n(n — 2)a,x" ^ = 2 (k — 3)?(k — 5)a, ax* . 
By replacing k by n, we obtain the desired form. 9 
Show that the identity 

> na,—\x" 1 + > br eg 


implies that ay = a; = a) = Oanda, = —b,_\/(n + 1) forn = 3. 


First, we rewrite both series in terms of x^. For the first series, we set k — n — 1, and hence 
n = k + 1, to write 


b» fia, x" = > (k + l)ayx* . 


n=1 k=0 


Then with k = n + 1,n = k — 1, the second series becomes 


The identity thus states 


> (k+ Day + p b, Xx =0, 


k=0 


and so we have a power series that sums to zero; consequently, by Theorem 3, each of its 
coefficients equals zero. For k = 3, 4, . . . , both series contribute to the coefficient of x^, and 
thus we confirm that 


(k + 1)a, + by- = 0 


or a, = —b, /(k + 1) for k = 3. For k = 0, 1, or 2, only the first series contributes, and we 
find, in turn, 


(0 + 1)ay =0, 
(1+ 1,20, 
(2 + 1)a20 


Hence, dg = a) =a, = 0. 9 
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Analytic Functions 


Not all functions are expressible as power series. Those distinguished functions that can be so 
represented are called analytic. 


Analytic Function 


Definition 1. A function fis said to be analytic at x9 if, in an open interval about xo, 


this function is the sum of a power series E? 9 a,(x — xo)" that has a positive radius of 
convergence. 


For example, a polynomial function bọ + bjx + ++: + b,x" is analytic at every xo, since 
we can always rewrite it in the form ag + ai(x — xo) + : + a,(x — xo)". A rational func- 
tion P(x)/Q(x), where P(x) and Q(x) are polynomials without a common factor, is an analytic 
function except at those x9 for which Q(xọ) = 0. As you may recall from calculus, the 
elementary functions e", sin x, and cos x are analytic for all x, while In x is analytic for x > 0. 
Some familiar representations are 


Fr x? x3 " oo x" 
(10) pega a dep Er 
3 5 oo —]y 
(11) sin x X = + - ies = b CU onn : 
3 5 n=0 (2n + 1)! 
2 4 oo —]y 
(12 cosx=1 ager ve 2y ( ym 
2! 4! n-0 (2n)! 
1 1 c E n-1 
(i tee @=1)—{e-1P - 69 9 p : (x— 1)", 


where (10), (11), and (12) are valid for all x, whereas (13) is valid for x in the half-open 
interval (0, 2]. 

From Theorem 4 on the differentiation of power series, we see that a function f analytic at 
Xo is differentiable in a neighborhood of x9. Moreover, because f" has a power series represen- 
tation in this neighborhood, it too is analytic at x9. Repeating this argument, we see that f", f (3), 
etc., exist and are analytic at xg. Consequently, if a function does not have derivatives of all 
orders at xo, then it cannot be analytic at xg. The function f(x) = |x — 1| is not analytic at 
Xo = 1 because f'(1) does not exist; and f(x) = x7’ is not analytic at xy = 0 because f"(0) 
does not exist. 

Now we can deduce something very specific about the possible power series that can 
represent an analytic function. If f(x) is analytic at xo, then (by definition) it is the sum of some 
power series that converges in a neighborhood of x9: 


fle) = Bayle = 0) 
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By the reasoning in the previous paragraph, the derivatives of f have convergent power series 
representations 


fx) = > na,(x — xo)" ! = 0 + È na,(x — a , 


aS Z n(n — la(x ^x = 0 +0 + py n(n — l)a,(x — xo)? , 


n=0 n=2 


that is, a; = f (Nx9)/ /j! and the power series must coincide with the Taylor series? 


SS 


$ radi Xo ; 
p j (x — xo) 

about x9. Any power series—regardless of how it is derived—that converges in some neighbor- 
hood of xo to a function has to be the Taylor series of that function. For example, the expan- 
sion for arctan x given in (9) of Example 2 must be its Taylor expansion. 

With these facts in mind we are ready to turn to the study of the effectiveness of power 
series techniques for solving differential equations. In the next sections, you will find it helpful 
to keep in mind that if f and g are analytic at xo, then so are f + g, cf, fg, and f/g if g(xo) # 0. 
These facts follow from the algebraic properties of power series discussed earlier. 


In Problems 1—6, determine the convergence set of the Sn S 4 
; >È (yay ; le = 3)" 
given power series. n=0 2" n=1 p? + 2n 
oo 


—n 


po 3^ 
x — 1 2 cm yt Qo +2)! 
l 6 > fot 2) x 


1. J po 
n=0n + 1 n-0 n! 5. > 


"When the expansion point x, is zero, the Taylor series is also known as the Maclaurin series. 
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7. Sometimes the ratio test (Theorem 2) can be 
applied to a power series containing an infinite 
number of zero coefficients, provided the zero 
pattern is regular. Use Theorem 2 to show, for 
example, that the series 


oo 
dg d a,x? ! ax" H Bex” per > igen 
k=0 


has a radius of convergence p = VL, if 


. ak 
lim =L, 
k> | A2k+2 
and that 
ajx + dax" + asx’ t ax? t 
oo 
> 2k+1 
= a x 
m UE 


has a radius of convergence p — VM, if 


. A2k+1 
lim | ——— 


k—oo 


=M. 


Ok 3 
[Hint: Let z = x?.] 
8. Determine the convergence set of the given power series. 


(a) > 9 2ky 2k (b) 5 22 A 2k+1 
k=0 k=0 


(c) sin x [equation (11)] (d) cos x [equation (12)] 


oo 


(e) (sin x)/x = > (- 1" fan +1)! 
2k Ak 
(f) = 22 
In Problems 9 and 10, find the power series expansion 
2n=0 4X” for f(x) + g(x), given the expansions for 
f(x) and g(x). 
9. f(x) = 


Ms 
= 

= 

= 
= 
t 

Il 
M 
N 

d 
aa 

1 


i 
o 
E 
+ 
— 
i 


Ms 
[^2 


! 
we 
= 
RJ. c 


10. f(x) = 


[tis] 

oe 

E 

— 
i 

iMs | 
E 

slm 

= a 
| | 
= — 


y =] 
In Problems 11-14, find the first three nonzero terms in 


the power series expansion for the product f(x)g(x). 


11. f(x) = e* = > Lgs ; 


n-0 n! 


à 
9| 


14. f(x) = e* = > ly ; 


15. Find the first few terms of the power series for the 
quotient 


w= (8293/82) 


by completing the following: 

(a) Let g(x) = EX 9 a,x", where the coefficients a, 
are to be determined. Argue that E7?. o x"/2" is 
the Cauchy product of q(x) and E% 9 x"/n!. 

(b) Use formula (6) of the Cauchy product to 
deduce the equations 


1 

70 40> -~= aota, 
ao 

3:75 t6 T9. 

] 4o, 01, 

23 6 HD es 


(c) Solve the equations in part (b) to determine the 
constants do, 41, A2, a3. 


16. To find the first few terms in the power series for the 
quotient q(x) in Problem 15, treat the power series in 
the numerator and denominator as “long polynomi- 
als” and carry out long division. That is, perform 


pb door ee dos 
|ptxt4x 3 ]|!tyxctqx 4 


In Problems 17-20, find a power series expansion for 
f (x), given the expansion for f ( x). 

17. f(x) = (1 t gr" = > 1)"x" 

18. f(x) = şin x = 5 ( ) 2k+1 
k=0 (2k + 1)! 


19. f(x) = = dx 
= > na,x" ! 


20. f(x) 
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In Problems 21 and 22, find a power series expansion for 
glx) := fa f(t) dt, given the expansion for f(x). 


21. f) = (+x) = > Cow 


sinx & (-1F 
22 gg "2 à (2k + To 


In Problems 23-26, express the given power series as a 
series with generic term x*. 


oo oo 
23. z aux! 24. by n(n — l)a,x" *? 
n= n=2 
oo oo 
a 
25. Mai"! 26. 25 a? 
n=0 n=1n +3 


27. Show that 


x > n(n + l)a,x" = >, (n — 2)(n — 1)a, 2x" . 
28. Show that 


oo oo 
22 ax" *! + = nb,x" | 
n=0 n=1 
oo 


=b + by [25i + (n+ 10440" 


n=1 


In Problems 29-34, determine the Taylor series about the 
point x for the given functions and values of x. 


29. f(x) 2 cosx , X9 = T 

30. f(x) 2 x^! , X9 = 1 

31. fx) =77*, x =0 

32. f(x) = In(1— x), Xo = 0 
33. f(x) =x? +3x-4, xy = 1 
34. f(x) = Vx, xy = 1 


35. The Taylor series for f(x) = In x about xy = 1 given 
in equation (13) can also be obtained as follows: 
(a) Starting with the expansion 1/(1— s) = 
22-9 s" and observing that 


1 1 


x 1+ (x - 1)’ 
obtain the Taylor series for 1/x about xọ = 1. 
(b) Since In x = Jf} 1/t dt, use the result of part (a) 
and termwise integration to obtain the Taylor 
series for f(x) = In x about x9 = 1. 

36. Let f(x) and g(x) be analytic at xy. Determine 
whether the following statements are always true or 
sometimes false: 

(a) 3f(x) + g(x) is analytic at xo 

(b) f(x)/g(x) is analytic at xo 

(c) f'(x) is analytic at xo 

(d) [ f(x) P = ee g(t)dt is analytic at xq 


37. Let 
e M ; x#0, 
xX. = 
i ) i ; x=0. 
Show that fo) = 0 for n = 0, 1, 2,... and 


hence that the Maclaurin series for f(x) is 
0+0+0+4 ---, which converges for all x but is 
equal to f(x) only when x = 0. This is an example of 
a function possessing derivatives of all orders (at 
xo = 0), whose Taylor series converges, but the 
Taylor series (about x; = 0) does not converge to 
the original function! Consequently, this function is 
not analytic at x = 0. 


38. Compute the Taylor series for f(x) = In(1 + x?) 
about x) = 0. [Hint: Multiply the series for 
(1 + x?)^! by 2x and integrate. ] 


POWER SERIES SOLUTIONS TO LINEAR 
9.3 DIFFERENTIAL EQUATIONS 


In this section we demonstrate a method for obtaining a power series solution to a linear differ- 
ential equation with polynomial coefficients. This method is easier to use than the Taylor series 
method discussed in Section 8.1 and sometimes gives a nice expression for the general term in 
the power series expansion. Knowing the form of the general term also allows us to test for the 
radius of convergence of the power series. 


Example 1 


Solution 
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We begin by writing the linear differential equation 
D — ax)" + aiG)y' + ao(a)y = 0 
in the standard form 
Q  »'*p(y *a()y-0, 


where p(x) = ai (x)/ax(x) and q(x) = ao(x)/ap(x). 


Ordinary and Singular Points 


Definition 2. A point xo is called an ordinary point of equation (1) if both p = a/a 


and q = do/ap are analytic at xo. If xo is not an ordinary point, it is called a singular 
point of the equation. 


Determine all the singular points of 
xy" + x(1 — x)^!y' + (sinx)y 20. 
Dividing the equation by x, we find that 


X 


» 40)- 


p(x) = es) * 


The singular points are those points where p(x) or q(x) fails to be analytic. Observe that p(x) 
and q(x) are the ratios of functions that are everywhere analytic. Hence, p(x) and q(x) are 
analytic except, perhaps, when their denominators are zero. For p(x) this occurs at x — 0 and 
x = 1. But since we can cancel an x in the numerator and denominator of p(x), that is, 

x 1 


gue 


we see that p(x) is actually analytic at x = 0.' Therefore, p(x) is analytic except at x = 1. For 
q(x), the denominator is zero at x — 0. Just as with p(x), this zero is removable since q(x) has 
the power series expansion 


Thus, q(x) is everywhere analytic. Consequently, the only singular point of the given equation 
isx=1. € 


At an ordinary point xo of equation (1) (or (2)), the coefficient functions p(x) and g(x) are 
analytic. Hence, we might expect that the solutions to these equations inherit this property. 
From the discussion in Section 6.1 on linear equations, the continuity of p and q in a neighbor- 
hood of xo is sufficient to imply that equation (2) has two linearly independent solutions 
defined in that neighborhood. But analytic functions are not merely continuous—they possess 


"Such points are called removable singularities. In this chapter we assume in such cases that the function has been 
defined (or redefined) so that it is analytic at the point. 
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Example 2 


Solution 


derivatives of all orders in a neighborhood of xp. Thus we can differentiate equation (2) to 
show that y9 exists and, by a “bootstrap” argument, prove that solutions to (2) must likewise 
possess derivatives of all orders. Although we cannot conclude by this reasoning that the solu- 
tions enjoy the stronger property of analyticity, this is nonetheless the case (see Theorem 5 in 
Section 8.4). Hence, in a neighborhood of an ordinary point x, the solutions to (1) (or (2)) can 
be expressed as a power series about xy. 

To illustrate the power series method about an ordinary point, let's look at a simple first- 
order linear differential equation. 


Find a power series solution about x = 0 to 
(3) y + 2xy=0. 


The coefficient of y is the polynomial 2x, which is analytic everywhere, so x = 0 is an ordinary 
point! of equation (3). Thus, we expect to find a power series solution of the form 


oo 
(4) yx) = ap + ax + ax? + = È ayx" ; 
R= 


Our task is to determine the coefficients a,. 
For this purpose we need the expansion for y'(x) that is given by termwise differentiation 
of (4): 


oo 
y (x) = 0 + a, + 2ax + 3a? + © = 2 na", 
n-— 
We now substitute the series expansions for y and y' into (3) and obtain 


oo oo 
> na,x" | + 2x à a,x" —0, 
n= 


n=1 


which simplifies to 


oo 


oo 
(5) 2 na,x" | + 1 ga e eed. 


n= 


To add the two power series in (5), we add the coefficients of like powers of x. If we write out 
the first few terms of these summations and add, we get 


(a, + 2ayx + 3a3x? + Aayx? + e) + (2aox + ax + Düsx" + e) =0, 
(6) a, + (2a; + 2ag)x + (3a3 + 2a;)x? + (4a, + 2az)x? ter =O. 


For the power series on the left-hand side of equation (6) to be identically zero, we must have 
all the coefficients equal to zero. Thus, 


a,=0, 2a, + 2ay9 = 0, 
3a4 + 2a, =0, 4a, + 2a, =0, etc. 


Solving the preceding system, we find 


a,—0, ay = —a , a = - 3a, = ; 
1 1 1 
a4 50 2 ao) 540 - 


By an ordinary point of a first-order equation y' + q(x)y = 0, we mean a point where g(x) is analytic. 
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Hence, the power series for the solution takes the form 
1 
(7) y(x) = dy) — agx? + 2 m ipe ges 


Although the first few terms displayed in (7) are useful, it is sometimes advantageous to 
have a formula for the general term in the power series expansion for the solution. To achieve 
this goal, let's return to equation (5). This time, instead of just writing out a few terms, let's 
shift the indices in the two power series so that they sum over the same powers of x, say, x^. To 
do this we shift the index in the first summation in (5) by letting k = n — 1. Thenn =k + 1 
and k = 0 when n = 1. Hence, the first summation in (5) becomes 


(8) > na,x" ~! = = (k + Vays 1x" 


In the second summation of (5), we put k = n + 1 so that n = k — 1 and k = 1 when n = 0. 
This gives 


(9) 2 Ja = » Du. qi" s 


Substituting (8) and (9) into (5) yields 
(10) 2 (k + Lays ix" + > Ia ix =O. 
Since the first summation in (10) begins at k = 0 and the second at k = 1, we break up the 
first into 
> (k + Dax =q + X (k + Dags" 
Then (10) becomes 
(11) a, + X + dac 2a, .]x* —-0. 


When we set all the coefficients in (11) equal to zero, we find 
a,=0, 
and, for all k = 1, 
42  (k-*1)ug,. + 2a}-1=0. 


Equation (12) is a recurrence relation that we can use to determine the coefficient a,+, in 
terms of ag—1; that is, 
arı = -a 
k+1 k+1 k=1 


Setting k = 1,2, ..., 8 and using the fact that a, = 0, we find 


2 2 

a, = — 5a = ~ao (K=1), 4-7-54-0 (k=2), 
2 1 2 

a4 = — 40» = 540 (k = 3) , ds = -z3 = 0 (k=4), 
2 1 2 

ag. M . um 73129 (k = 5) " ay — 7445-0 (k = 6) > 
2 1 2 

ds = —g46 = 4/00 (k—7), ag = -ġa = 0 (k = 8). 
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After a moment’s reflection, we realize that 


n! 
dj44170, n=0,1,2,... 


Substituting back into the expression (4), we obtain the power series solution 


1 oo —])» 
(13) y(x) = ao — aox? + 5,aox* + e m ay 2c "S 


Since do is left undetermined, it serves as an arbitrary constant, and hence (13) gives a general 
solution to equation (3). € 


Applying the ratio test as described in Problem 7, Exercises 8.2 (page 435), we can verify 
that the power series in (13) has radius of convergence p — oo. Moreover, (13) is reminiscent 
of the expansion for the exponential function; you can check that it converges to 

ya) = age 
This general solution to the simple equation (3) can also be obtained by the method of separa- 
tion of variables. : 

The convergence of the partial sums of (13), with ag = 1, to the actual solution e " is 
depicted in Figure 8.3. Notice that taking more terms results in better approximations around 
x = 0. Note also, however, that every partial sum is a polynomial and hence must diverge at 
x = +00, while e " converges to zero, of course. Thus, each partial sum approximation even- 
tually deteriorates for large |x|. This is a typical feature of power series approximations. 

In the next example we use the power series method to obtain a general solution to a linear 
second-order differential equation. 


degree 4 


fat 


degree 20 


degree 0 


degree 2 


Figure 8.3 Partial sum approximations to e* 


Example 3 


Solution 
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Find a general solution to 
(14) 2y" + xy’ +y=0 
in the form of a power series about the ordinary point x = 0. 


Writing 
(15) y(x) = ap + ax + ax? + o = > Unk" a 


we differentiate termwise to obtain 


oo 
y (x) = ay + 2axx + 3a? + © = > nax"! , 
R= 
oo 
y'(x) = 2a; + 6ayx + 12aax? + = = È> n(n — l)a,x" 
= 


Substituting these power series into equation (14), we find 
(16) > 2n(n — l)a,x" ? + > na,x" + > a,x" = 


To simplify the addition of the three summations in (16), let’s shift the indices so that the general 
term in each is a constant times x“. For the first summation, we substitute k = n — 2 and get 


> 2n(n — 1)a,x" = 39 2(k + 2)(k + 1)a,,x* 


In the second and third summations, we simply substitute k for n. With these changes of 
indices, equation (16) becomes 


2 2(k + 2(k + Laps ox* + = ka,x* + 25 ax! - 0. 


Next, we separate the x° terms from the others and then combine the like powers of x in the 
three summations to get 


4a, + ag + 2. o [2 (k + 2)(k + ayy. + ka, + a, |x" =0. 


Setting the coefficients of this power series equal to zero yields 
(17) 4a, + a9 = 0 
and the recurrence relation 
48)  2(kc-2)(k-l)au,;*(k- l1) 20, k21. 
We can now use (17) and (18) to determine all the coefficients a, of the solution in terms of ag 
and a,. Solving (18) for aj...» gives 


()  a57——À jae, REL. 


2(k +2 
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Thus, 
NS 
"b reds 
pw, (k= 1) 
343 
m 1 
= = iex. 
a4 2.4 2 22.5.4 ^? ( ) 
-1 1 
= = k =3), 
a5 2.5” 22.3.5” ( ) 
E = = 
a = a4 = dg = a k= 4), 
*U- Ba ^ R De ^ a3 
=f =j 
a= as = a k=5), 
T27 2.35 es 
=i 1 1 
- = = k=6). 
453575 agg a "5 


The pattern for the coefficients is now apparent. Since a and a, are not restricted, we find 


(=I? 


= —— => 
22y! ao > nzl , 


An 


and 


(-1) 


PIG x j^ 


5g41 = n=l, 


From this, two linearly independent solutions emerge; namely, 


(20) xx) = = cy g^ (takeag = 1,a, = 0) , 


n=0 27"! 


S [1 2n+1 - - 
(21) yx) = 2 7[1-3-5 "Um 1] x (take ay = 0,a; = 1). 


Hence, a general solution to (14) is ajy,(x) + a,y2(x). Approximations to the solutions 
yi(x), y2(x) are depicted in Figure 8.4 on page 443. € 


The method illustrated in Example 3 can also be used to solve initial value problems. Sup- 
pose we are given the values of y(0) and y'(0); then, from equation (15), we see that ay = y(0) 
and a, = y'(0). Knowing these two coefficients leads to a unique power series solution for the 
initial value problem. 

The recurrence relation (18) in Example 3 involved just two of the coefficients, ag+2 and 
ag, and we were fortunate in being able to deduce from this relation the general form for the 
coefficient a,. However, many cases arise that lead to more complicated two-term or even to 
many-term recurrence relations. When this occurs, it may be impossible to determine the 
general form for the coefficients a,. In the next example, we consider an equation that gives 
rise to a three-term recurrence relation. 
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partial sums 
for y 1 (x) 


partial sums 
for y,(x) 


Degree 21 
Degree 9 mee 


p Degree 5 


Figure 8.4 Partial sum approximations to solutions for Example 3 


Example 4 Find the first few terms in a power series expansion about x = 0 for a general solution to 
(22) (+x) -y +y=0. 


Solution Since p(x) = —(1 + x2)! and q(x) = (1  x?)^! are analytic at x = 0, then x = 0 is an 
ordinary point for equation (22). Hence, we can express its general solution in the form 


y(x) = > asx^ i 


Substituting this expansion into (22) yields 


oo 


oo oo 
(1 + x) n(n — la," ? — > na,x" | + 2 a,x" —0, 
oo oo 


(23) z n(n — l)a,x" ? + 2; n(n — 1)a,x" — > na,x" | + > au =0. 


n= n=2 n=1 


To sum over like powers x“, we put k = n — 2 in the first summation of (23), k = n — 1 in the 


third, and k = n in the second and fourth. This gives 
Dk + lk Dao! E klk = Iaat- È (kt Yager Sat = 0. 


Separating the terms corresponding to k = 0 and k = 1 and combining the rest under one sum- 
mation, we have 


(2a; — a, + ag) + (6a3 — 2a; + aix 
+ = [(k + 2)(k + Vader — (k + Dag + (Kk - 1) + 1a] = 0. 
Setting the coefficients equal to zero gives 


(24) 2a — a; t+an=0, 


(25) 6a, — 2a +a, =0, 
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and the recurrence relation 
(26)  (k-2Yk-c1)g.o;— (k+ Dau; + (RP -—k+1)aq,=0, kze2. 
We can solve (24) for a» in terms of a; and a: 


a, ~ do 


a5 = 2 


Now that we have a», we can use (25) to express a3 in terms of dp and a: 


j _2m-a (a = a) = a _ =% 
3 6 6 6 


Solving the recurrence relation (26) for aj. », we obtain 


(k + ayy, — (kK? — k + lla, 
27 = ; kzm2. 
QT) deia (k+ 2)(k + 1) 


For k = 2, 3, and 4, this gives 


MEE C eee 
zb 
6 : 2 a (k=2), 
ae — i» a, (k - 3) : 
= “ts Da s a e ib di 


We can now express a general solution in terms up to order 6, using ag and a, as the arbitrary 
constants. Thus, 


(28) y(x) = ag + aux + SE — Ed 


; 2ao an 3a, 4 | 3ag — aj 5 36a, = 17ag 6 
(nz je: ar 7 720 ud 


= al Le tx} + : x^ + 2 P 17 x$ + «) 


Given specific values for a, and a), will the partial sums of the power series representation (28) 
yield useful approximations to the solution when x — 0.5? What about when x — 2.3 or 
x — 7.8? The answers to these questions certainly depend on the radius of convergence of the power 
series in (28). But since we were not able to determine a general form for the coefficients a, in this 
example, we cannot use the ratio test (or other methods such as the root test, integral test, or com- 
parison test) to compute the radius p. In the next section we remedy this situation by giving a simple 
procedure that determines a lower bound for the radius of convergence of power series solutions. 
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8.3 ExXERC|S:S 0 0 5 — 


In Problems 1—10, determine all the singular points of [| n Problems 29-31, use the first few terms of the power 


the given differential equation. 


1. (x + 1)y" — x*y’ + 3y 2 0 

2. xy" + 3y! - xy 20 

3. (09? — 2)y" + 2y' + (sin dy = 0 

4. (x? + x)y" + 3y' - 6xy = 0 

5. (£ —t — 2)x" + (t+ 1x -(r-2x20 

6. (x? — 1)y" + (1 — x + (x? — 2x + y = 0 
7. (sin x)y" + (cos x)y = 0 

8. e*y" — (x? — 1)y' + 2xy = 0 

9. (sin 0)y" — (In @)y = 0 

10 [In(x — 1)]»" + (sin 2x)y’ — ey = 0 


In Problems 11-18, find at least the first four nonzero 
terms in a power series expansion about x = 0 for a 
general solution to the given differential equation. 


11. y' + (x + 2)y=0 12.  - y » 0 

13. z” — xz = 14. (x2 + 1)jy"+y=0 
15. y" - (x - Dy'* y 20 

16. y” — 2y' +y = 

17. w" — xw +w= 

18. (2x 


In Problems 19-24, find a power series expansion about 
x = 0 for a general solution to the given differential 
equation. Your answer should include a general formula 
for the coefficients. 

19. y' - 2xy = 0 20. y" +y=0 

21. y" — xy’ + 4y =0 22. y" — xy 2 0 

23. z" — x*&' — xz =0 

24. (x? Dy" - xy! +y 20 


In Problems 25—28, find at least the first four nonzero 
terms in a power series expansion about x = 0 for the 
solution to the given initial value problem. 


25. w” + 3xw’ -w=0; 


w(0)=2,  w'(020 

26. (x xd y" '—y=0; 
X020,  y(0-21 

27. (x + 1y'—y-20; 
y0)=0,  y(0-21 

28. y'"-*(x-2y'-y- : 
»02-1, y(0)= 


series expansion to find a cubic polynomial approxima- 
tion for the solution to the given initial value problem. 
Graph the linear quadratic, and cubic polynomial 
approximations for —5 =x x 5. 

29. y" + y' - xy 20; 


x0 -1. y'(0) = 


30. y” — 4xy’ + 5y =0; 
y(0) = —1, »'(0) 2 1 

31. (x? + 2)" + 2xy’ + 3y 20 ; 
»x0-1, (0-2 


32. Consider the initial value problem 
y" — 2y - 2y 20; 
y(0)= ap, »(0-a. 


where a and a, are constants. 


(a) Show that if ay = 0, then the solution will be an 
odd function [that is, y(—x) = —y(x) for all x]. 
What happens when a, — 0? 
(b) Show that if ag and a, are positive, then the 
solution is increasing on (0, oo). 
(c) Show that if ag is negative and a, is positive, 
then the solution is increasing on (—oo, 0). 
(d) What conditions on a, and a, would guarantee 
that the solution is increasing on (—oo, oo)? 
33. Use the ratio test to show that the radius of conver- 
gence of the series in equation (13) is infinite. [Hint: 
See Problem 7, Exercises 8.2, page 435.] 
34. Emden's Equation. A classical nonlinear equa- 
tion that occurs in the study of the thermal behavior 
of a spherical cloud is Emden's equation 


2 
"o ae n — 
y "RM 0, 


with initial conditions y(0) = 1, y'(0) = 0. Even 
though x = 0 is not an ordinary point for this equa- 
tion (which is nonlinear for n # 1), it turns out that 
there does exist a solution analytic at x = 0. Assum- 
ing that n is a positive integer, show that the first few 
terms in a power series solution are 


[Hint: Substitute y = 1 + cox? + c4x? + c4x^ 4 


cgX? + +++ into the equation and carefully compute 
the first few terms in the expansion for 35] 
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0.1 henrys 


2 farads 
q(0) 2 10 coulombs 
q'(0) = 0 amps 


R(t) 214 1/10 ohms 


Figure 8.5 An RLC circuit whose resistor is being heated 


35. Variable Resistor. In Section 5.7, we showed that 
the charge q on the capacitor in a simple RLC circuit 
is governed by the equation 


La" (1) + Ra (0) + ca) = Ele) , 


where L is the inductance, R the resistance, C the 
capacitance, and E the voltage source. Since the 
resistance of a resistor increases with temperature, 
let’s assume that the resistor is heated so that the resis- 
tance at time tis R(t) = 1 + t/10 Q (see Figure 8.5). 
If L = 0.1 H, C = 2 F, E(t) = 0, q(0) = 10 C, and 
q'(0) = OA, find at least the first four nonzero terms 


1 N-sec/m 


TII EN 
Cur "he SM 


k(t) = 6 - t N/m 


Figure 8.6 A mass-spring system whose spring is being heated 


in a power series expansion about f = 0 for the 
charge on the capacitor. 

36. Variable Spring Constant. As a spring is heated, 
its spring "constant" decreases. Suppose the spring 
is heated so that the spring "constant" at time t is 
k(t) = 6 — t N/m (see Figure 8.6). If the unforced 
mass-spring system has mass m — 2 kg and a damp- 
ing constant b = | N-sec/m with initial conditions 
x(0) = 3 m and x'(0) = 0 m/sec, then the displace- 
ment x(t) is governed by the initial value problem 


2x" (t) + x’(t) + (6 — Axt) = 0 ; 

x(0)=3, 20) og. 
Find at least the first four nonzero terms in a power 
series expansion about t = 0 for the displacement. 


8.4 EQUATIONS WITH ANALYTIC COEFFICIENTS 


In Section 8.3 we introduced a method for obtaining a power series solution about an ordinary 
point. In this section we continue the discussion of this procedure. We begin by stating a basic 


existence theorem for the equation 


(1) y" (x) + py (x) + aG9y(x) = 0 , 


which justifies the power series method. 


Existence of Analytic Solutions 


Theorem 5. Suppose x, is an ordinary point for equation (1). Then (1) has two 
linearly independent analytic solutions of the form 


oo 


5 a,(x — Xo)" . 


n=0 


Moreover, the radius of convergence of any power series solution of the form given by 
(2) is at least as large as the distance from x to the nearest singular point (real or complex- 
valued) of equation (1). 


Example 1 


Solution 


Example 2 


Solution 


Example 3 
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The key element in the proof of Theorem 5 is the construction of a convergent geometric 
series that dominates the series expansion (2) of a solution to equation (1). The convergence of 
the series in (2) then follows by the comparison test. The details of the proof can be found in 
more advanced books on differential equations. 

As we saw in Section 8.3, the power series method gives us a general solution in the same 
form as (2), with ag and a, as arbitrary constants. The two linearly independent solutions 
referred to in Theorem 5 can be obtained by taking ao = 1,a, = O for the first and ag = 0, 
a, = 1 for the second. Thus, we can extend Theorem 5 by saying that equation (1) has a 
general solution of the form (2) with ag and a, as the arbitrary constants. 

The second part of Theorem 5 gives a simple way of determining a minimum value for the 
radius of convergence of the power series. We need only find the singular points of equation (1) 
and then determine the distance between the ordinary point x, and the nearest singular point. 


Find a minimum value for the radius of convergence of a power series solution about x — 0 to 
(3) 2y" -xy'ty-0. 


For this equation, p(x) = x/2 and q(x) = 1/2. Both of these functions are analytic for all real 
or complex values of x. Since equation (3) has no singular points, the distance between the 
ordinary point x = 0 and the nearest singular point is infinite. Hence, the radius of convergence 
is infinite. 9 


The next example helps to answer the questions posed at the end of the last section. 


Find a minimum value for the radius of convergence of a power series solution about x — 0 to 
(4) (+x) -y +y=0. 


Here p(x) = —1/(1 + x2), q(x) = 1/(1 + x°), and so the singular points of equation (4) 


occur when 1 + x? = 0; that is, when x = X V-] = +i. Since the only singular points of 
equation (4) are the complex numbers +i, we see that x = 0 is an ordinary point. Moreover, the 
distance! from 0 to either +i is 1. Thus, the radius of convergence of a power series solution 
about x = 0 is atleast 1. 9 


In equation (28) of Section 8.3, we found the first few terms of a power series solution 
to equation (4). Because we now know that this series has radius of convergence at least 1, 
the partial sums of this series will converge to the solution for |x| < 1. However, when 
|x| = 1, we have no basis on which to decide whether we can use the series to approximate 
the solution. 

Power series expansions about x9 = 0 are somewhat easier to manipulate than expansions 
about nonzero points. As the next example shows, a simple shift in variable enables us always 
to expand about the origin. 


Find the first few terms in a power series expansion about x — 1 for a general solution to 

(8) 2y" +x +y=0. 

Also determine the radius of convergence of the series. 

‘See, for example, Ordinary Differential Equations, 4th ed., by G. Birkhoff and G.-C. Rota (Wiley, New York, 1989). 


“Recall that the distance between the two complex numbers z= a+ bi and w=c+di is given by 
(a — c + (b — dy. 
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Solution As seen in Example 1, there are no singular points for equation (5). Thus, x = 1 is an ordinary 


Example 4 


Solution 


point, and, as a consequence of Theorem 5, equation (5) has a general solution of the form 
(6) y(x) = > a,(x — 1)". 


Moreover, the radius of convergence of the series in (6) must be infinite. 

We can simplify the computation of the coefficients a, by shifting the center of the expan- 
sion (6) from x; = 1 to fọ = 0. This is accomplished by the substitution x = f + 1. Setting 
Y(t) = y(t + 1), we find via the chain rule 


dy dY dy dY 

dc dt^ dê dé 
and, hence, equation (5) is changed into 

giá dY 


7 2— +(t+1)—+Y=0. 

o dr? dt 

We now seek a general solution of the form 

© = Daw", 

where the a,'s in equations (6) and (8) are the same. Proceeding as usual, we substitute the 


power series for Y(t) into (7), derive a recurrence relation for the coefficients, and ultimately 
find that 


" luda us ca dg 
Y(t) a1 af wt EPI at — gt t 


(the details are left as an exercise). Thus, restoring f = x — 1 we have 


(9) X9 = ai iG IP + ole De] 


taf 1) T(x 1? (x pes] 


When the coefficients of a linear equation are not polynomials in x, but are analytic func- 
tions, we can still find analytic solutions by essentially the same method. 


Find a power series expansion for the solution to 
a0  y'Q)-ey(x)-(üu-x()-0; »(0-21, y(0-o. 


Here p(x) = e* and g(x) = 1 + x’, and both are analytic for all x. Thus, by Theorem 5, the 
initial value problem (10) has a power series solution 


aD  »X9)- Za 


that converges for all x (p — oo). To find the first few terms of this series, we first expand 
p(x) = e” in its Maclaurin series: 


2 3 
X LX 


e&-bitxt4 3l 


Section 8.4 Equations with Analytic Coefficients 449 


Substituting the expansions for y(x), y' (x), y" (x), and e* into (10) gives 
o0 2 3 4 
(12) > n(n — lax"? + ( +x+%+ + a + «) > na,x" | 


+ (1 + x?) È a,x" =0. 


Because of the computational difficulties due to the appearance of the product of the power 
series for e* and y'(x), we concern ourselves with just those terms up to order 4. Writing out 
(12) and keeping track of all such terms, we find 


(13) (2a, + 6a3x + 12a4x? + 20agx + 30agx^ + =) 
+ (a, + 2ayx + 3a3x7 + Aa4x? + Sagx^ + +++) -———————— 1: X na,x 
+ (ajx + 2ax” + 3ay? + 4ayx4 + +--+) 


1 3 x _ 
+ Gar + ax? + zax + «) << 5 Ena, x 
1 1 
+ (Law + 3x + =) 


Mi aug 
+ (ios + ) 


+ (ag + ax + a4x? + ax? + a4x* + +++) -«——————————Ó— 1: 3 a,x" 
+ (apx? + ap? + ayx* + +++) = 0 .<«——___ x" - X a,x" 


Grouping the like powers of x in equation (13) (for example, the x? terms are shown in color) 
and then setting the coefficients equal to zero yields the system of equations 


2d, + a, + dy = 0 (x° term) ! 
6a; + 2a, + 2a, = 0 (x! term) ; 
12a, E 3a; ia 3a; $ ju + ay = 0 (x? term) , 
7 3 
20as + 4a4 + 4a; + a + gà = 0 (x° term) , 
30ag + 5a5 + 5 +2 nu 2 =0 (x* term) 
a6 üs GA 545 322 247! X $ 


The initial conditions in (10) imply that y(0) = aọ = 1 and y'(0) = a, = 0. Using these 
values for ag and a;, we can solve the above system first for a», then a3, and so on: 


2a, 0170247 -3, 


65-140-02a 77. 
lii ula d edidi 
4T 3 4 i 
2 1 7 zr wii 
2045 c0*7—5t*0—0-a;— 120 ’? 
3&3; *0*i-2*0-0- a5 = 2 
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Thus, the solution to the initial value problem in (10) is 


[32 ds 


x +n. e 


Uc ep 


a4)  yX9)-1-53x +3 


Thus far we have used the power series method only for homogeneous equations. But the 
same method applies, with obvious modifications, to nonhomogeneous equations of the form 


Q5) — y'(x) + pG)y'G) + a(ax)y(x) = g(x) , 


provided the forcing term g(x) and the coefficient functions are analytic at xg. For example, to 
find a power series about x = 0 for a general solution to 


xy’ (x) 


16)  y'(x) 


y(x) = sinx , 


we use the substitution y(x) = X a,x" to obtain a power series expansion for the left-hand side 
of (16). We then equate the coefficients of this series with the corresponding coefficients of the 


Maclaurin expansion for sin x: 


oo — )" 
sin x = = aA; 


n=0 (2n + 1)! 


Carrying out the details (see Problem 20), we ultimately find that an expansion for a general 


solution to (16) is 


Q7) — yx) = agxi(x) + aix) + y(x) , 


where 
(18) Geit diiy xo foe 
o 2% 8% "48 
(19) (x) =x + i54 E l x! oe 
a 3% "15" "05 
are the solutions to the homogeneous equation associated with equation (16) and 
sols, 1355 DF ae uu 
(20) y(x) 6* + 40* + x + 


is a particular solution to equation (16). 


(8.4 EXERCISES | EXERCISES 


In Problems 1—6, find a minimum value for the radius of 
convergence of a power series solution about Xo. 


1. (x + 1)y" — 3xy' + 2y=0; xy = 1 

2. y" — xy - 3y=0; X9 = 2 

3. (1 +x -x)y" -3y 20; xy =1 

4. (x? — 5x + 6)y" — 3xy’ -y=0; x=0 
5. y" — (tanx)y’ - y 20; X9 = 0 

6. (1 + x3)y" — xy! + 30y =0; X9 = 1 


In Problems 7-12, find at least the first four nonzero 
terms in a power series expansion about xo for a general 
solution to the given differential equation with the given 
value for x. 


7. y + 2(x - 1)y 20; xy = 1 

8. y — 2xy=0; XQ = — 

9. (x? — 2x)" + 2y 20; xo = 1 
10. x2" — xy! + 2y 20 ; X9 —72 
11. xy"  - y - y 2 0 ; Xp = 2 


12. y" + (3x - 1)’ - y 20; Xo = —1 

In Problems 13—19, find at least the first four nonzero 
terms in a power series expansion of the solution to the 
given initial value problem. 

13. x’ + (sint)x = 0 ; x(0) = 1 

14. y- ey 20; 


15. 


16. 


17. 


18. > 


19. 


20. 
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(x? + 1y" -ey +y=0; 
yO)=1, »y(0-1 

y' t ty' +ey=0; 
0-0, y(0--1 

y" — (sinx)y = 0 ; 
ym)=1, »y(m-0 

y” — (cosx)y’ - y 20; 
y(m/2)=1,  y(w/2-1 
y" — e*y' + (cosx)y = 0 ; 
Sate jue 
To derive the general solution given by equations 


(17)- (20) for the nonhomogeneous equation (16), 

complete the following steps: 

(a) Substitute y(x) = E99 a,x" and the Maclaurin 
series for sin x into equation (16) to obtain 


(2a; — a) + È [206 + assa — (k+ Dau] 


= * (-1) xnl . 
2-0 (2n + 1)! 
(b) Equate the coefficients of like powers of x on 
both sides of the equation in part (a) and thereby 
deduce the equations 


ao 1 a, ao 
=> 4 5 E a4 = > 
1 aj u ao 
757 40 15° "5^ 48^ 
u 19 + ay 
“7 5040 ™ 105 ^ 


(c) Show that the relations in part (b) yield the gen- 
eral solution to (16) given in equations (17)—(20). 


In Problems 21-28, use the procedure illustrated in 
Problem 20 to find at least the first four nonzero terms in 
a power series expansion about x = 0 of a general 
solution to the given differential equation. 


21. 
22. 
23. 
24. 
25. 
26. 


y — xy = sinx 


w + xw = e* 


z" +x! +z=x+2x+1 
y” — 2xy' + 3y = x? 

(1 + x3)y"—xy'-y-2e- 
y" — xy’ + 2y = cosx 


x 


27. 
28. 


29. 


30. 


31. 
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(1 x2)y" y + y = tanx 
y" — (sin x)y = cos x 
The equation 
(1 x2)y" 2xy' 4 n(n H 1)y =0, 


where n is an unspecified parameter, is called 

Legendre’s equation. This equation occurs in appli- 

cations of differential equations to engineering sys- 

tems in spherical coordinates. 

(a) Find a power series expansion about x = 0 for a 
solution to Legendre’s equation. 

(b) Show that for n a nonnegative integer, there 
exists an nth-degree polynomial that is a 
solution to Legendre’s equation. These polyno- 
mials, up to a constant multiple, are called 
Legendre polynomials. 

(c) Determine the first three Legendre polynomials 
(up to a constant multiple). 

Aging Spring. As a spring ages, its spring “con- 

stant" decreases in value. One such model for a 

mass-spring system with an aging spring is 


mx" (t) + bx' (t) + ke "x(r) 20 , 


where m is the mass, b the damping constant, k and 
n positive constants, and x(t) the displacement of the 
spring from its equilibrium position. Let m = 1 kg, 
b = 2 N-sec/m, k = 1 N/m, and ņ = 1(sec) !. The 
system is set in motion by displacing the mass 1 m 
from its equilibrium position and then releasing it 
(x(0) = 1, x'(0) = 0). Find at least the first four 
nonzero terms in a power series expansion about 
t = 0 for the displacement. 

Aging Spring without Damping. In the mass- 
spring system for an aging spring discussed in Prob- 
lem 30, assume that there is no damping (ie., 
b = 0), m = 1, and k = 1. To see the effect of aging, 
consider 7 as a positive parameter. 


(a) Redo Problem 30 with b = 0 and 7 arbitrary but 
fixed. 

(b) Set n = 0 in the expansion obtained in part (a). 
Does this expansion agree with the expansion for 
the solution to the problem with n = 0? [Hint: 
When 7 = 0, the solution is x(t) = cos t.] 
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CAUCHY-EULER (EQUIDIMENSIONAL) 
8.5 EQUATIONS 


In the previous sections we considered methods for obtaining power series solutions about an 
ordinary point for a linear second-order equation. However, in certain cases we may want a 
series expansion about a singular point of the equation. To motivate a procedure for finding such 
expansions, we consider the class of Cauchy-Euler equations. In Section 4.7 we studied this 
topic briefly. Here we will use the operator approach to rederive and extend our conclusions. 

A second-order homogeneous Cauchy-Euler equation has the form 


(1) ax?y" (x) + bxy'(x) + cy(x) 20, x0, 


where a(#0), b, and c are (real) constants. Since here p(x) = b/(ax) and q(x) = c/(ax?), it 
follows that x — O is a singular point for (1). 

Equation (1) has solutions of the form y = x”. To determine the values for r, we can proceed 
as follows. Let L be the differential operator defined by the left-hand side of equation (1), that is, 


(2) L| y] (x) = ax?y" (x) + bxy'(x) + cy(x) , 

and set 

(3) w(r, x) =x". 

When we substitute w(r, x) for y(x) in (2), we find 
Ew) ear o y d rt deor 

lar^ + (b — a)r + echt. 


From this, we see that w = x” is a solution to (1) if and only if r satisfies 
(4) ar? + (b -ar +c =0. 


This equation is referred to as the characteristic, or indicial, equation for (1). 
When the indicial equation has two distinct roots, we have 


L|w](x) - a(r - n)(r - rx , 
from which it follows that equation (1) has the two solutions 
(5) y(x) = wlr x) =x", x>0, 
(6) yo(x) = w(r», x) = x^, x0, 


which are linearly independent. 
When r; and r, are complex conjugates, a + ifo, we can use Euler's formula to express 


xetiB = elatip\nx — galnxcos(g In x) + jg? sin(B In x) 
= x“ cos(B In x) + ix“ sin(B In x) . 


Since the real and imaginary parts of x^^? must also be solutions to (1), we can replace (5) 
and (6) by the two linearly independent real-valued solutions 


yi(x) = x* cos(B In x) , y(x) = x* sin(B In x) . 


If the indicial equation (4) has a repeated real root rọ, then it turns out that x"? and x^ In x 
are two linearly independent solutions. This can be deduced using the reduction of order 
approach of Section 4.7. However, it is more instructive for later applications to see how these 


Example 1 


Solution 
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two linearly independent solutions can be obtained via the operator approach. If rp is a repeated 
root, then 


(7) L|w](x) = a(r — rox! . 
Setting r = ro gives the solution 
8 ya) = wrx) = 2, x20. 


To find a second linearly independent solution, we make the following observation. The right- 
hand side of (7) has the factor (r — ro)’, so taking the partial derivative of (7) with respect to r 
and setting r = rp, we get zero. That is, 


(9) 2 {t[w](x)} = {a(r — rox" lnx + 2a(r — rox} == 0. 


rh r=r 


While it may not appear that we have made any progress toward finding a second solution, a 
closer look at the expression on the left in (9) will soon vindicate our efforts. 

First note that w(r, x) = x" has continuous partial derivatives of all orders with respect to 
both r and x. Hence, the mixed partial derivatives are equal: 


w _ dw w | ðw 
ðrðx? àx?ór ' orox axdr | 


Consequently, for the differential operator L, we have 


2 
d L|w] = T = + bx + e] 
x 


or or ax? 
2 aw aw ow 
= ax 2 + bx tc 
orox Orox or 
2 ow aw _ OW 
= 5 b. FE 
ox ðr ðxðr or 


ðw 
ZH 


that is, the operators 0/dr and L commute. With this fact, (9) can be written as 


itd 


Thus for the case of a repeated root rọ, a second linearly independent solution to (1) is 


=0. 


r=ro 


ow 


(10) yx) = 2 (nx) = l) 


= x"Inx, x0. 
or 


r=ro 

Find a general solution to 

(11) Ax?y"(x) + y(x) =0, x20. 

Let w(r, x) = x” and let L denote the left-hand side of (11). A short calculation gives 
L|w](x) = (ar? —4r t 1)x" 3 


Solving the indicial equation 


2 
4r? — 4r + 1 = (2r y = a(r r) 0 
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Figure 8.7 Graph of x^?cos(12 In x) 


yields the repeated root ry = 1/2. Thus, a general solution to (11) is obtained from equations 
(8) and (10) by setting ry — 1/2. That is, 


y(x) = CyVx + C, VxlInx , x>0.¢@ 


In closing we note that the solutions to Cauchy—Euler equations can exhibit some extraor- 
dinary features near their singular points—features unlike anything we have encountered in the 
case of constant coefficient equations. Observe that: 


1. x" and x" In x, for 0 <r < 1, have infinite slope at the origin; 

2. x', for r « 0, grows without bound near the origin; and 

3. x“ cos(B In x) and x^ sin(f In x) oscillate “infinitely rapidly” near the origin. (See 
Figure 8.7.) 


Numerical solvers based on Euler or Runge-Kutta procedures would be completely frustrated 
in trying to chart such behavior; analytic methods are essential for characterizing solutions 
near singular points. 

In Section 8.7 we discuss the problem of finding a second linearly independent series 
solution to certain differential equations. As we will see, operator methods similar to those 
described in this section will lead to the desired second solution. 


In Problems 1—10, use the substitution y = x' to find a 7. xy" (x) + 4x2y" (x) E 10xy' (x) — 10y(x) = 0 
general solution to the given equation for x > 0. 8. x3y" (x) + Axty" (x) + xy'(x) = 0 

1. x?y" (x) + 6xy'(x) + 6y(x) = 0 9. xy” (x) + 3x2y" (x) + 5xy'(x) — 5y(x) = 0 

2. 2x?y" (x) + 13xy'(x) + 15y(x) = 0 10. x3y" (x) + 9x?y" (x) + 19xy'(x) + 8y(x) = 0 

3. x?y" (x) — xy'(x) + 17y(x) = 0 

^ Y y "(x) + 2xy'(x) - 3y(z) = 0 In Problems 11 and 12, use a substitution of the form 

5. d'y 5dy E y= (x — cY to find a general solution to the given 

d^ o xd x equation for x c. 
6 d?y | ddy 4 11. 2(x — 3Yy" (x) + 5(x — 3)y'(x) - 2y(x) = 0 
"d? xda x? ? 12. 4(x + 2Yy"(x) + 5y(x) = 0 


In Problems 13 and 14, use variation of parameters to 
find a general solution to the given equation for x > 0. 


13. x?y" (x) — 2xy'(x) + 2y(x) = x^? 
14. x?y" (x) + 2xy'(x) — 2y(x) = 6x ? + 3x 


In Problems 15—17, solve the given initial value problem. 
15. Px" (t) — 12x(t) = 0 ; 


x) m3, xis 

16. x?y"(x) + 5xy' (x) + 4y(x) = 0 ; 
X093. Sume 

17. xy” (x) + 6x?y" (x) + 29xy'(x) - 29y(x) = 0 ; 
30)22, v=, y"(1)=19 


18. Suppose rọ is a repeated root of the auxiliary 
equation ar? + br - c — 0. Then, as we well 


19. 
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know, y,(t) =e” is a solution to the equation 
ay" + by’ + cy = 0, where a, b, and c are con- 
stants. Use a derivation similar to the one given in 
this section for the case when the indicial equation 
has a repeated root to show that a second linearly 
independent solution is y(t) = te". 

Let L| y] (x) = xy" (x) + xy'(x) — y(x) . 

(a) Show that L| x" ] (x) -(r—1. 

(b) Using an extension of the argument given in this 
section for the case when the indicial equation 
has a double root, show that L| y] — 0 has the 
general solution 

y(x) = Cix + Cx In x + Cax(In x) . 


In the previous section we showed that a homogeneous Cauchy-Euler equation has a solution 
of the form y(x) = x^, x > 0, where r is a certain constant. Cauchy—Euler equations have, of 
course, a very special form with only one singular point (at x — 0). In this section we show 
how the theory for Cauchy—Euler equations generalizes to other equations that have a special 


type of singularity. 


To motivate the procedure, let's rewrite the Cauchy—Euler equation, 


(1) ax’y" (x) + bxy'(x) + cy(x) 2 0, 


in the standard form 


Q) y" (x) + pGx)y' (x) + a(x)y(x) 


where 


x20, 


0, x. 


and po, qo are the constants b/a and c/a, respectively. When we substitute w(r, x) = x" for y 


into equation (2), we get 


[rí(r — 1) + por + ag] ? 2 0, 


which yields the indicial equation 


(3) r(r - 1) - per - qq 70. 


Thus, if r; is a root of (3), then w(ri, x) = x" is a solution to equations (1) and (2). 
Let's now assume, more generally, that (2) is an equation for which xp(x) and x?q(x), 
instead of being constants, are analytic functions. That is, in some open interval about x — 0, 


(4) xp(x) = po + pix + px? + = = & pax” , 
(5) x'q(x) = qo + qx t+ qx? +o = È qnx" . 
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It follows from (4) and (5) that 
(6) — limxp(x) = po and limx^q(x) = qo . 


and hence, for x near 0 we have xp(x) ~ po and x?q(x) ~ qo. Therefore, it is reasonable to expect 
that the solutions to (2) will behave (for x near 0) like the solutions to the Cauchy—Euler equation 


xy" + poy + qy =0. 


When p(x) and q(x) satisfy (4) and (5), we say that the singular point at x = 0 is regular. 
More generally, we state the following. 


Regular Singular Point 


Definition 3. A singular point xg of 


(7) y" (x) + p(x)y'(x) + qG)y(x) = 0 


is said to be a regular singular point if both (x — xo)p(x) and (x — xoq(x) are 
analytic at x9.’ Otherwise xp is called an irregular singular point. 


Example 1 Classify the singular points of the equation 
D -ya + (x + Dy’) - yx) = 0 . 
Solution Here 
p(x) _ yri _ 1 
(x? = 1} (x + 1)(x — 1) ; 
q(x) > = mi e , 
Gh -1* etie- 
from which we see that —1 are the singular points of (8). For the singularity at 1, we have 
1 
— 1 = ; 
(x — Iph) ae Ey 
which is not analytic at x = 1. Therefore, x = 1 is an irregular singular point. 
For the singularity at —1, we have 
_ i —1l. 
(x - iP" (x - iy" 


both of which are analytic at x = —1. Hence, x = —1 is a regular singular point. 9 


(x + I)p(x) = (x + 1)°q(x) = 


Let’s assume that x = 0 is a regular singular point for equation (7) so that p(x) and q(x) 
satisfy (4) and (5); that is, 


09 pa) = X». gle) = Bean”. 


"In the terminology of complex variables, p has a pole of order at most 1, and q has a pole of order at most 2, at xo. 
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The idea of the mathematician Frobenius was that since Cauchy—Euler equations have solu- 
tions of the form x’, then for the regular singular point x = 0, there should be solutions to (7) of 
the form x" times an analytic function.’ Hence we seek solutions to (7) of the form 


(40  w(rx)-2x > a,x" = grt > x»0. 


In writing (10), we have assumed aj is the first nonzero coefficient, so we are left with 
determining r and the coefficients a,, n = 1. Differentiating w(r, x) with respect to x, we have 


(41) w'(r,x) = È (n + rax" ®t, 


(12) w”"(r, x) = > (n + r)(n +r- ax? . 


If we substitute the above expansions for w(r, x), w'(r, x), w"(r, x), p(x), and q(x) into (7), we obtain 


(13) >. (n + r)(n Top Dax" + (X»e-)(Xo as dat) 


n-0 n= 
+ (È a) (È a) =0. 


Now we use the Cauchy product to perform the series multiplications and then group like 
powers of x, starting with the lowest power, x”. This gives 


(14) [r(r 2€ 1) + por + 4o]aox" ? 
+ IC + 1)ra, + (r + 1)poay + pyray + qoa, + qao |x"! + =O. 


For the expansion on the left-hand side of equation (14) to sum to zero, each coefficient must 
be zero. Considering the first term, x' 2, we find 


(15) [r(r — 1) + por + qo]ao = O . 


We have assumed that ao # 0, so the quantity in brackets must be zero. This gives the indicial 
equation; it is the same as the one we derived for Cauchy—Euler equations. 


Indicial Equation 


Definition 4. If x is a regular singular point of y" + py’ + qy = 0, then the indicial 
equation for this point is 


(16) r(r — 1) + por + qo = 0 3 


where 


Po = lim(x — xo)p(x) , qo = lim(x — xoj/q(x) . 


XX X—Xg 


The roots of the indicial equation are called the exponents (indices) of the singularity xo. 


‘Historical Footnote: George Frobenius (1848-1917) developed this method in 1873. He is also known for his 
research on group theory. 
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Example 2 


Solution 


Example 3 


Solution 


Find the indicial equation and the exponents at the singularity x — —1 of 
a7 è- 1)*y"(x) + (x + Dy’) - x69 = 0 . 
In Example 1 we showed that x — —1 is a regular singular point. Since p(x) — 


(x + 1) !(x — 1) ?andq(x) = —(x + 1)? (x — 1) 2, we find 


Po = lim (x + Dp(x) = lim (x = 1)? s= 


qo = lim (x + 1q(x) = lim [-(x - 1) ?] : 


Substituting these values for pp and qo into (16), we obtain the indicial equation 


(18) r(r — 1) 4 Ir - 0. 


Multiplying by 4 and factoring gives (4r + 1)(r — 1) = 0. Hence, r = 1, —1/4 are the 
exponents. 9 


As we have seen, we can use the indicial equation to determine those values of r for which 


the coefficient of x^^? in (14) is zero. If we set the coefficient of x"! in (14) equal to zero, we 
have 


(19) [(r + 1)r + (r+ 1)po + qo]ai + (pir + qyjag = 0. 

Since do is arbitrary and we know the p;’s, q;'s, and r, we can solve equation (19) for ay, 
provided the coefficient of a, in (19) is not zero. This will be the case if we take r to be the 
larger of the two roots of the indicial equation (see Problem 43).' Similarly, when we set the 
coefficient of x" equal to zero, we can solve for a; in terms of the p;'s, g;’s, r, ao, and a;. Con- 
tinuing in this manner, we can recursively solve for the a,’s. The procedure is illustrated in the 
following example. 

Find a series expansion about the regular singular point x = 0 for a solution to 

(20) (x + 2)x2y"(x) ^ xy'(x) + (1 + ax)y(x) 20, x20. 

Here p(x) = —x !(x + 2)7! and q(x) = x ?(x + 2) (1 + x), so 


; : = 1 
po = lim xp(x) = lim[-(x + 27] = 75. 
qo = lim x°q(x) = lim (x + 2)'(1 +x) = 5 f 
Since x = 0 is a regular singular point, we seek a solution to (20) of the form 


oo oo 
(21) wlr, x) = x" È ayx" = z ax s 
A= n-— 


""Larger" in the sense of Problem 43. 
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By the previous discussion, r must satisfy the indicial equation (16). Substituting for po and qo 
in (16), we obtain 


r(r 1) jrt2-0. 


which simplifies to 2r? — 3r + 1 = (2r — 1)(r — 1) = 0. Thus, r = 1 and r = 1/2 are the 
roots of the indicial equation associated with x = 0. 

Let's use the larger root r = 1 and solve for aj, a», etc., to obtain the solution w(1, x). We 
can simplify the computations by substituting w(r, x) directly into equation (20), where the 
coefficients are polynomials in x, rather than dividing by (x + 2)x and having to work with 
the rational functions p(x) and q(x). Inserting w(r, x) in (20) and recalling the formulas for 
w'(r, x) and w” (r, x) in (11) and (12) gives (with r = 1) 


oo 


(22) (x + 2) > (n + Dna,x" ! — x È (n + l)a,x" 


n= 
oo 


+ (1 +x) 2 n =0, 


which we can write as 


oo oo 


(23) 2 (n + 1)na,x"*? + > 2(n + 1)na,x"*! — > (n + 1)a,x"*! 


n=0 


oo oo 
ox a,x"*! + > i =O 5 
n=0 n=0 


Next we shift the indices so that each summation in (23) is in powers x* With k = n + 2 inthe 
first and last summations and k = n + 1 in the rest, (23) becomes 


(24) = [(k — 1)(k — 2) + 1]as-2x* + 2 [2k(k — 1) - & + 1]a-* - 0 . 
Separating off the k — 1 term and combining the rest under one summation yields 
Q5) [| 2(1)(0) — 1 + 1]aox + » [(k? — 3k + 3)a4 5 + Qk — 1)(k — 1a, -1]x* - 0 . 


Notice that the coefficient of x in (25) is zero. This is because r — 1 is a root of the indicial 
equation, which is the equation we obtained by setting the coefficient of the lowest power of x 
equal to zero. 

We can now determine the a,’s in terms of ag by setting the coefficients of x^ in equation 
(25) equal to zero for k — 2, 3, etc. This gives the recurrence relation 


(26) (k? — 3k + 3)ay_ + (2k - D(k — Da, 0, 


or, equivalently, 


Q7)  ay1- je jo k22. 
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degree 4 


degree 20 


Figure 8.8 Partial sums approximating the solution y; (x) of Example 3 


Setting k — 2, 3, and 4 in (27), we find 


di = —340 (k—2), 
3 1 

a= "107! ^ o (k = 3) , 
1 1 

83 = 77402 — 396 (k = 4) 


Substituting these values for r, a), a», and a3 into (21) gives 


= 1 1 La T 3 TT 
(28) w(1, x) = aox ( 30 t 10* 30* + ) ; 


where ay is arbitrary. In particular, for ag = 1, we get the solution 


yix) =x Ly + — 3 xt tone (c0. 
See Figure 8.8. 9 


To find a second linearly independent solution to equation (20), we could try setting 
r = 1/2 and solving for aj, a, . . . to obtain a solution w(1/2, x) (see Problem 44). In this par- 
ticular case, the approach would work. However, if we encounter an indicial equation that has a 
repeated root, then the method of Frobenius would yield just one solution (apart from constant 
multiples). To find the desired second solution, we must use another technique, such as the 
reduction of order procedure discussed in Section 4.7 or Exercises 6.1, Problem 31. We tackle 
the problem of finding a second linearly independent solution in the next section. 
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The method of Frobenius can be summarized as follows. 


Method of Frobenius 
To derive a series solution about the singular point xo of 
Q9) ag(x)y"(x) + aly Go) + alaya) =0, x > xo: 


(a) Set p(x) = ay(x)/ag(x), g(x) = ao(x)/ag(x). If both (x — xo)p(x) and (x — x9)’g(x) 
are analytic at xo, then x, is a regular singular point and the remaining steps apply. 
(b) Let 


(30)  w(r,x) = (x — xy > a,(x — Xo)" = È ax xt, 


and, using termwise differentiation, substitute wlr, x) into equation (29) to obtain an 
equation of the form 
Ao(x — gj + A(x — grs tes =O. 


(c) Set the coefficients Ag, Aj, A», . . . equal to zero. [Notice that the equation Ag = 0 is 
just a constant multiple of the indicial equation r(r — 1) + por + qo = 0.] 
(d) Use the system of equations 


Ap=0, A,=0, ..., A-0 


to find a recurrence relation involving a; and dp, a, . . . , —}. 

(e) Take r = rj, the larger root of the indicial equation, and use the relation obtained in 
step (d) to determine aj, a», . . . recursively in terms of ay and r. 

(f) A series expansion of a solution to (29) is 


(31)  w(r, x) = (x — xo)" EXE — xo , X 2 X9, 


where ag is arbitrary and the a,’s are defined in terms of dp and ry. 


One important question that remains concerns the radius of convergence of the power 
series that appears in (31). The following theorem contains an answer.' 


Frobenius s Theorem 


Theorem 6. If xq is a regular singular point of equation (29), then there exists 
at least one series solution of the form (30), where r = r; is the larger root of the 


associated indicial equation. Moreover, this series converges for all x such that 
0 < x — xo < R, where R is the distance from x to the nearest other singular point 
(real or complex) of (29). 


For simplicity, in the examples that follow we consider only series expansions about the 
regular singular point x = 0 and only those equations for which the associated indicial equa- 
tion has real roots. 


‘For a proof of this theorem, see Ordinary Differential Equations, by E. L. Ince (Dover Publications, New York, 1956), 
Chapter 16. 
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Example 4 


Solution 


The following three examples not only illustrate the method of Frobenius but also are 
important models to which we refer in later sections. 


Find a series solution about the regular singular point x = 0 of 
(32) xy" (x) ^ xy'(xX) + (1 3)(3) 20, x0. 


Here p(x) = —x7! and q(x) = (1 — x)x ?. It is easy to check that x = 0 is a regular singular 
point of (32), so we compute 


po = lim xp(x) = lim(-1) = -1 , 


qo = lim x°q(x) = lim(1 —x)=1. 


Then the indicial equation is 


r(r 1) rt+1=r 2r - 1-5 í(r- 1, -0, 


which has the roots 7; = n = 1. 
Next we substitute 


oo oo 
(33) wlr, x) = x" > a,x" = 2 ax" T 
n= = 


into (32) and obtain 


(34) x z (n+ r(n*r-1)x*"?-x 2 (n + r)a,x" ^"! 


+ (1 —x) È ayx"*" =0, 


which we write as 
oo 


(35) > (n+ r)(n +r — 1)a,x"*" — > (n + r)a,x"*" 


n= 


oo oo 
+ a,x" — by pa meg, 
n-0 


= 
Il 
(æ) 


Shifting the indices so that each summation in (35) is in powers x^^", we take k = n + 1 in the 
last summation and k = n in the rest. This gives 


G9  Z[( D r-1)- ktea Za iaxt "= 0. 
Singling out the term corresponding to k — 0 and combining the rest under one summation yields 
Q7)  [r(r- 1) — r+ 1]aox* 

+ > {[(k + r)(k +r- 1) -— (k +r) + 1a- apt =0. 


When we set the coefficients equal to zero, we recover the indicial equation 


(38) [ír - 1) - r* 1]ag - 0, 


Example 5 


Solution 
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and obtain for k = 1, the recurrence relation 

(39  [(k*-r?—-2(k-r-*1]a —a,5170, 
which reduces to 

(40 — (k-r-— Ifa, 


Relation (40) can be used to solve for a, in terms of aj. ,: 


GKk—1 —-0. 


(4) a= kml. 


1 
(e+r—12%!? 
Setting r = r} = 1 in (38) gives (as expected) 0+ ay = 0, and in (41) gives 
(42) a= Tym, kl. 


For k = 1, 2, and 3, we now find 


1 
d pe = 1), 
1 1 1 
a» "T (2.1y ^ 4j (k=2), 
1 1 1 
k=3 
a3 32 72 (3 2.1y ^? 36 0 ( ) 


In general, we have 


(43) ay — ap^ x 


Hence, equation (32) has a series solution given by 


_ Ju T d gus 
(44) (3) = ape [1 e + 3e* + } 


x>0.¢ 
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Since x = 0 is the only singular point for equation (32), it follows from Frobenius’s theo- 


rem or directly by the ratio test that the series solution (44) converges for all x > 0. 


In the next two examples, we only outline the method; we leave it to you to furnish the 


intermediate steps. 


Find a series solution about the regular singular point x = 0 of 


(45)  xy'(x)-4y()—-»(x)20, x20. 


Since p(x) = 4/x and q(x) = —1, we see that x = 0 is indeed a regular singular point and 


po = limxp(x) 24, qo = limxq(x) = 0. 
The indicial equation is 
rr —-1)*-*4r2 r? c3r- r(r- 3) 20, 


with roots r; = 0 andr, = —3. 
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Example 6 


Solution 


Now we substitute 
oo oo 
(46) wlr, x) = x" > a,x" = > a,x" 
n= n= 


into (45). After a little algebra and a shift in indices, we get 
(47) [r(r — 1) + 4rJagx’' + [(r + Dr + 4(r + 0]aix* 


+ 2 [et rt kt rt ager = arp" = 0. 


Next we set the coefficients equal to zero and find 

(48) [r(r —1)+ 4r |ao =0, 

49) [(r + 1)r+4(r + 1)]a =0, 

and, for k = 1, the recurrence relation 

(80 (k+r+1)\(k+r+ 4a- aq) =0. 

For r =r, = 0, equation (48) becomes 0:a) = 0 and (49) becomes 4-a, = 0. Hence, 
although ap is arbitrary, a, must be zero. Setting r = r; = 0 in (50), we find 


1 
51 — ea 
(51)  ak+1 (k+ Dk xay 1 


from which it follows (after a few experimental computations) that a5,,; = 0 fork —20,1,..., 
and 
1 
a 
[2+4--- (2k) ]| 5-7 -= (2k + 3)] 
_ 1 " 
2d[5-7-- (2k + 3)]] 9" 


(52) ax = 


k21. 


Hence equation (45) has the power series solution 


(53) v0.3) =a +> : E 


ot} 
i 25-7 (2k + 3)] à 
If in Example 5 we had worked with the root r — r; — —3, then we would actually have 
obtained two linearly independent solutions (see Problem 45). 
Find a series solution about the regular singular point of x — 0 of 
(54) xy" (x) + 3y'(x) - xy(x) 20, x0. 
Since p(x) = 3/x and q(x) = —1, we see that x = 0 is a regular singular point. Moreover, 
po = dimap(x)-3, — qo— limx'q(x) = 0. 
So the indicial equation is 
65  rr-1)*3r2r? *2r-2 i(r*2)-0, 
with roots r; = 0 andr, = —2. 


Substituting 


oo oo 
(56) w(r, x) = x a,x" = > atr 
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into (54) ultimately gives 
(57) [r(r — 1) + 3r]aox" !  [(r + Dr  3(r + 1) Jayx’ 
+ > [(k +r * Dk +r + 3aj1— dag =0. 


Setting the coefficients equal to zero, we have 
(58) [r(r — 1) + 3r]ao = 0, 
(59) [(r + 1)r + 3(r + 1)]ai =0, 
and, for k = 1, the recurrence relation 


(60 (k+r+1)(k+r +3) —ar1=0. 


With r = rı = 0, these equations lead to the following formulas: a5, = 0, k = 0, 1,..., and 
D due l nno e 
[2:4--- (2k) ] [4-6 (2k + 2)] 22 Mk + 1)! 
Hence equation (54) has the power series solution 
(62) w(0, x) = 00> Ga yt x>0. ¢ 
Unlike in Example 5, if we work with the second root r = r; = —2 in Example 6, then we 


do not obtain a second linearly independent solution (see Problem 46). 

In the preceding examples we were able to use the method of Frobenius to find a series 
solution valid to the right (x > 0) of the regular singular point x = 0. For x < 0, we can use the 
change of variables x = —t and then solve the resulting equation for f > 0. 

The method of Frobenius also applies to higher-order linear equations (see Problems 
35-38). 


|8.6 EXERCISES | EXERCISES 


In Problems 1-10, classify each singular point (real or 11. xl" — 2xy' — 10y=0, at x=0 
complex) of the given equation as regular or irregular. 12. x 2 "+ 4xy -2y 20, at x-0 
1. (x? — Dy" + xy’ + 3y = 0 13. k —-x-2Yz + (x? — 4)z’ — 6xz =0, 
2. x2y" + 8xy! — 3xy = 0 a x=2 
3. F D se ques 3xz = 0 14. (x? — 4)y" + (x + 2)y’ + 3y 20, 
4. x*y" — 5xy' + Ty =0 at x= -2 
5. (à — 1Yy" — (x - Dy + 3y = 0 15. 05y" + 6(sin0)y' — (tan6)y - 0, at 6-0 
6. (x? — 4)y" + (x + 2)y’ + 3y = 0 16. (x? — Dy" (x D)y' -—3y=0, at x=1 
7. (t? —t — 2yx" + (P — 4)x’ ^ ix =0 17. (x — 1»y" + (x? - )y' — 12y 20, 
8. (x? — x)y" + xy’ + Ty =0 at x—-l 
9. (x? + 2x — 8Py" + (3x + 12)y’ — xy 20 18. 4x(sinx)y" -3y 20, at x=0 


= 
> 


. x(x — Dy" + (x? — 3x)(sinx)y! — xy = 0 


In Problems 19—24, use the method of Frobenius to find 
at least the first four nonzero terms in the series expan- 


In Problems 11—18, find the indicial equation and the sion about x = 0 for a solution to the given equation for 
exponents for the specified singularity of the given differ- x > 0. 


ential equations. 


19. 9x?y" + 9x7y' + 2y = 0 
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20. 2x(x — 1)y" + 3(x — 1)y' 
21. x?y" + xy! + x’y =0 

22. xy" + y' - 4y =0 

23. x?g + (x? + xg -—z-0 
24. 3xy" + (2 — x)y’ 


y=0 


In Problems 25-30, use the method of Frobenius to find a 
general formula for the coefficient a, in a series expan- 
sion about x = 0 for a solution to the given equation for 
x20. 


25. Ax?y"  2x2y! — (x + 3y =0 


26. xy" + (x? — xy! +y 20 

27. xw" — w' — xw = 0 

28. 3x2y" + 8xy’ + (x —2y =0 
29. xy" + (x — 1y' - 2y =0 

30. x(x + Dy" + (x + 5)y’ — 4y 20 


In Problems 31-34, first determine a recurrence formula 
for the coefficients in the (Frobenius) series expansion of 
the solution about x = 0. Use this recurrence formula to 
determine if there exists a solution to the differential 
equation that is decreasing for x > 0. 

31. xy" + (1 —x)y’ - y 20 

32. xy" —x(1 + x)! +y 20 

33. 3xy" + 2(1 — x)! - 4y = 0 

34. xy" + (x + 2)! - y 20 


In Problems 35—38, use the method of Frobenius to find 
at least the first four nonzero terms in the series expan- 
sion about x = 0 for a solution to the given linear third- 
order equation for x > 0. 


35. 6x?y"  13x?y" + (x + x7)y’ + xy = 0 
36. 6«y" + L1x’y” — 2xy' - (x — 2)y =0 
37. 6x7y" + 13x2y" — (x? + 3x)y’ — xy = 0 
38. 6x7y"” + (13x? — x)y" + xy’ - xy = 0 


about z = 0. In Problems 41 and 42, show that infinity is 
a regular singular point of the given differential equation 
by showing that z = 0 is a regular singular point for the 
transformed equation in z. Also find at least the first four 
nonzero terms in the series expansion about infinity of a 
solution to the original equation in x. 

41. xy" — xy’ —y =0 

42. 18(x — 4)?(x — 6)y" + 9x(x — 4)y' 


32y-0 


43. Show that if r; and r, are roots of the indicial equa- 
tion (16), with rı the larger root (Re rı = Re r2), 
then the coefficient of a, in equation (19) is not zero 
whenr =r. 

44. To obtain a second linearly independent solution to 
equation (20): 

(a) Substitute w(r, x) given in (21) into (20) and 
conclude that the coefficients ap, k = 1, must 
satisfy the recurrence relation 
(k + r — 1)(2k + 2r — l)a, 

E[(k&*r—-1(k*r-2)*1]a-1720. 

(b) Use the recurrence relation with r = 1/2 to 

derive the second series solution 


1/2 3 3/2 4 7 5/2 133 7A 4p... 
a(x 4% ^32 192) 


(c) Use the recurrence relation with r — 1 to obtain 
w(1, x) in (28). 

45. In Example 5, show that if we choose r = r; = —3, 
then we obtain two linearly independent solutions to 
equation (45). [Hint: ag and a3 are arbitrary constants.] 

46. In Example 6, show that if we choose r = r; = —2, 
then we obtain a solution that is a constant multiple 
of the solution given in (62). [Hint: Show that ap and 
a, must be zero while a» is arbitrary.] 


In Problems 39 and 40, try to use the method of (47. In applying the method of Frobenius, the following 


Frobenius to find a series expansion about the irregular 
singular point x = 0 for a solution to the given differen- 
tial equation. If the method works, give at least the first 
four nonzero terms in the expansion. If the method does 
not work, explain what went wrong. 

39. xy" + (3x — y! +y 20 

40. xy" + y' — 2y - 0 


In certain applications, it is desirable to have an expan- 
sion about the point at infinity. To obtain such an expan- 
sion, we use the change of variables z = 1/x and expand 


recurrence relation arose: a4, = 15/a,/(k + 1}, 

k=0,1,2,.... 

(a) Show that the coefficients are given by the 
formula a, = 15/“ao/(k!)?, k = 0,1,2,.... 

(b) Use the formula obtained in part (a) with ag = 1 
to compute as, 410, 415,429, and a55 on your 
computer or calculator. What goes wrong? 

(c) Now use the recurrence relation to compute a, 
fork = 1,2,3,...,25, assuming dg = 1. 

(d) What advantage does the recurrence relation 
have over the formula? 
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INDEPENDENT SOLUTION 


9 7 FINDING A SECOND LINEARLY 


Example 1 


Solution 


In the previous section we showed that if x = 0 is a regular singular point of 
0 — »'Q)-*pryGQ)*aG»6)-0., x0, 


then the method of Frobenius can be used to find a series solution valid for x near zero. The first 
step in the method is to find the roots r; and r; (Re rj = Re r2) of the associated indicial equation 


(2) r(r - 1) + per - q9 70. 


Then, utilizing the larger root r;, equation (1) has a series solution of the form 
oo oo 
(3) wri, x) = x^ arri = p e ; 
n= n= 


where a 7 0. To find a second linearly independent solution, our first inclination is to set 
r = n and seek a solution of the form 


oo oo 
(4) wlr, x) = x” 2 a,x" = 2 amm. 


We'll see that this procedure works, provided r, — r is not an integer. However, when r; — r 
is an integer, the Frobenius method with r = ry may just lead to the same solution that we 
obtained using the root r;. (This is obviously true when r, = r2.) 


Find the first few terms in the series expansion about the regular singular point x = O for a 
general solution to 


(5) (x + 2)x?y"(x) — xy'(x) + (1 + x)y() 20, x20. 


In Example 3 of Section 8.6, we used the method of Frobenius to find a series solution for (5). 
In the process we determined that pọ = —1/2, qy = 1/2 and that the indicial equation has 
roots r, = 1, r; = 1/2. Since these roots do not differ by an integer (r; — r; = 1/2), the 
method of Frobenius will give two linearly independent solutions of the form 


oo co 
(6) w(r, x) = xd a,x" = = a atto . 


In Problem 44 of Exercises 8.6, you were requested to show that substituting w(r, x) into (5) 
leads to the recurrence relation 


(7) (k+r—1)(2k+ 2r — 1)a, + [(k- r- (k*r-2) t1]ag 70, k=1. 
With r = r; = 1 and aj = 1, we find 
l5 1 1 4 


3 44 
(8) vila) =x 3" + 19* 30* ^ 


as obtained in the previous section. Moreover, taking r = r; = 1/2 and ap = 1 in (7) leads to 
the second solution, 


-a2 3 amu. T ub. D gu. 
(9) yx) x qx + 35% 1920" + 


Consequently, a general solution to equation (5) is 


(10) w(x) = ey (x) + coy), x0, 


where y(x) and y,(x) are the series solutions given in equations (8) and (9). See Figure 8.9 on 
page 468. 9 
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0.8 T 


0.6 + . 
Equation (8) 


04 + 


Equation (9) 
021 


0 0.2 0.4 0.6 0.8 1 


Figure 8.9 Partial sums approximating solutions to Example 1 


When the indicial equation has repeated roots, rj = 7, obviously substituting r = r, just 
gives us back the first solution and gets us nowhere. One possibility is to use the reduction of 
order method described in Section 4.7 or Exercises 6.1, Problem 31. However, this method has 
drawbacks in that it requires manipulations of series that often make it difficult to determine 
the general term in the series expansion for the second linearly independent solution. A more 
direct approach is to use the next theorem, which provides the form of this second solution. 
You will not be surprised to see that, analogous to the situation for a Cauchy—Euler equation 
whose indicial equation has repeated roots, a second linearly independent solution will involve 
the first solution multiplied by a logarithmic function. 

In the following theorem, we give the general form of two linearly independent solutions 
for the three cases where the roots of the indicial equation (a) do not differ by an integer, 
(b) are equal, or (c) differ by a nonzero integer. 


Form of Second Linearly Independent Solution 


Theorem 7. Let x, be a regular singular point for y" + py’ + qy = 0 and let r; and 

r, be the roots of the associated indicial equation, where Re r; = Re r. 

(a) If rj — r, is not an integer, then there exist two linearly independent solutions of the 
form 


(11) y(x) = a(x = xpi a,#O0, 


a) yo(x) = È By (x — xot by #0. 


n=0 


(b) If r; = r, then there exist two linearly independent solutions of the form 


oo 


(13) Za(x-x ^. ay #0, 


(14) y(x) E yi (x) In(x = xo) + > b,(x = xo) 


(c) If r, — n is a positive integer, then there exist two linearly independent solutions of 
the form 


"For a proof of Theorem 7, see the text Ordinary Differential Equations, 4th ed., by G. Birkhoff and G.-C. Rota (Wiley, 
New York, 1989). 


Example 2 


Solution 


Section 8.7 Finding a Second Linearly Independent Solution 469 


(15) yy (x) = > a,(x — xe : a9 *0, 


16 — yale) = Cyl) inf - x) + È bax = x)" ^. — b HO, 


where C is a constant that could be zero. 


In each case of the theorem, y,(x) is just the series solution obtained by the method of Frobe- 
nius, with r = rj. When r; — r is not an integer, the method of Frobenius yields a second linearly 
independent solution by taking r = r;. Let's see how knowing the form of the second solution 
enables us to obtain it. Again, for simplicity, we consider only indicial equations having real roots. 


Find the first few terms in the series expansion about the regular singular point x = 0 for two 
linearly independent solutions to 


(17) xly'(x) ^ xy'(xX) + (1 3)() 20, x0. 


In Example 4 of Section 8.6, we used the method of Frobenius to obtain a series solution to 
equation (17). In the process, we found the indicial equation to be r? — 2r + 1 = 0, which has 
roots 7; = r; = 1. Working with r; = 1, we derived the series solution 


l 1 1 AT 
18 x) =x +x + x3 + x4 + Pt = — ytt 
as) ae 4' 36 576 2 (KI? 


[see equation (44) in Section 8.6 with ay = 1]. 

To find a second linearly independent solution y;(x), we appeal to Theorem 7, part (b), 
which asserts that (with xy = 0) y;(x) has the form 
Q9) — ya) = yx)mx Z ptt. 


Our goal is to determine the coefficients b, by substituting y,(x) directly into equation (17). 
We begin by differentiating y;(x) in (19) to obtain 


ya) = yila)In x + xy (x) + È (a eut. 
y3(x) = yt(x)In x — x 7y,(x) -2x yx) + 2 n(n + l),x" !. 
Substituting y;(x) into (17) yields 
(20) eb In x — x 7y,(x) + 2x lyt(x) + > n(n + beet" 
E SEE + x7ly (x) + pi (n + Doe 
+(1- SECLE + 2 ht ex. 


which simplifies to 


(21) {x*yi(x) — xix) + (1 — x)y(x) fin x — 2n) + 29) 


oo 


+ n(n + l)b,x"*! — 2 (n + Do,x"*! + È b,x” t! — 2 bat =O . 


n=1 n=1 
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Notice that the factor in front of In x is just the left-hand side of equation (17) with y = yı. 
Since y; is a solution to (17), this factor is zero. With this observation and a shift in the indices 
of summation, equation (21) can be rewritten as 


Q2) — 2xy(x) — 2y,(x) + bx? + = (b, — b, xt 20. 
To identify the coefficients in (22) so that we can set them equal to zero, we must substi- 


tute back in the series expansions for y,(x) and y(x). From (18), we get that yi(x) = 
Polk + 1)x*/(k!)?. Inserting this series together with (18) into (22), we find 


$2k-1-2,, 24 Sip kl 
(23) à quo^ + bx? + 2 (kb, — bp ixt! = 0. 
Listing separately the k = 0 and k = 1 terms and combining the remaining terms gives 


Qà  Q-b)? +S |E eb, b -0. 

= L(A) 
Next, we set the coefficients in (24) equal to zero. From the x? term we have 2 + b, = 0, so 
b, = —2. From the x**! term, we obtain 


or 


(25) n= Bn 25] (k=2). 


ke ky 
Taking k = 2 and 3, we compute 

1 =3 11 3 6 -— 
26 b, = 5b -1| = —, b ; 
an) : il pn 4 3 | 4 s| 108 
Hence, a second linearly independent solution to (17) is 
(27) yo(x) = yy(x)In x — 2x? iy UE xt tone 

z T 4 108 


See Figure 8.10. € 


Equation (18) 


Equation (27) 


-24 


Figure 8.10 Partial sum approximations to solutions of Example 2 


Example 3 


Solution 
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In the next two examples we consider the case when the difference between the roots of 
the indicial equation is a positive integer. In Example 3, it will turn out that the constant C in 
formula (16) must be taken to be zero (1.e., no In x term is present), while in Example 4, this 
constant is nonzero (i.e., a In x term is present). Since the solutions to these examples require 
several intermediate computations, we do not display all the details. Rather, we encourage you 
to take an active part by bridging the gaps. 


Find the first few terms in the series expansion about the regular singular point x = 0 for a 
general solution to 


(28) xy" (x) + 4y' (x) — xyy(x) 20, x20. 


In Example 5 of Section 8.6, we used the method of Frobenius to find a series expansion 
about x = 0 for a solution to equation (28). There we found the indicial equation to be 
r? + 3r = 0, which has roots r; = 0 and m = —3. Working with r; = 0, we obtained the 
series solution 


Lay 


[see equation (53) in Section 8.6, with ay = 1]. 


Since rj — r; = 3 is a positive integer, it follows from Theorem 7 that equation (28) has a 
second linearly independent solution of the form 


(30) yo(x) = Cy,(x)In x + > bat. 
When we substitute this expression for y; into equation (28), we obtain 
(31) «ott In x + 2Cx7!y}(x) — €x ?y(x) + 2 (n — 3)(n — bur} 
+ soi) + Cx ly(x) + 
= «ost + > br} =0, 
which simplifies to 
(32) qoi) + Ayia) — ayi(x)}CInx + 36x Ty) + 2Cyi (x) 
+ > (n — 3)(n — 4)b,x"~4 + > A(n — 3)b,x" 4 — > b,x"? =0. 


The factor in braces is zero because y;(x) satisfies equation (28). After we combine the summa- 
tions and simplify, equation (32) becomes 


(33)  3€x-x(x) + 2Cy)(x) — 2byx? + > [k(k — 3)b, — b,.4]x* ^ = 0 . 
Substituting in the series for y; (x) and writing out the first few terms of the summation in (33), 
we obtain 

—2b\x ? + (—2b, — box ? + (3C — bj)x ! + (4b, — bo) 


7 11 
+ (Ze + 10b; — by) + (18bg — by)x? + (thc + 28b; — bs) 


+o =O, 
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Next, we set the coefficients equal to zero: 


—2b, =0>b),=0, -2b — by = 0= b, = -3b , 
1 1 1 

3C — b =O C= 3h, =0, 4b, — b; = O=> by = pb) = — bo, 
7 Bi 1 
19€ * 106s — b = 0> bs = 10 = 0% > 

1 1 

18b¢6 ES by = 0 — bg = ig^ = — 144 Po , 
11 

EN 
1 E 280 I 
gge + 28b7 — bs = 0c by Mu = gggb - 


Note, in particular, that C must equal zero. Substituting the above values for the b,,’s and C = 0 
back into equation (30) gives 


z e oc ep d l d uus 
(34) sale) = [s 2% 8% I4” T } 


d 2z} oe ds uus 
es + 10* + 280" + } ; 


where b, and b; are arbitrary constants. Observe that the expression in braces following b; is just 
the series expansion for y; (x) given in equation (29). Hence, in order to obtain a second linearly 
independent solution, we must choose bp to be nonzero. Taking bọ = 1 and b} = 0 gives 

-3 l., 1 1 


3 ns 
(35) yx) = x 2* g“ T jaar + 


Therefore, a general solution to equation (28) is 


(36) y(x) = cyilx) + e») , x20, 


where y;(x) and y;(x) are given in (29) and (35). [Notice that the right-hand side of (34) 
coincides with (36) if we identify bo as c» and b; as c,.] See Figure 8.11. 9 


» 


Equation (29) Equation (35) 


0 0.5 1.0 


Figure 8.11 Partial sum approximations to solutions of Example 3 


Example 4 


Solution 
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Find the first few terms in the series expansion about the regular singular point x = 0 for two 
linearly independent solutions to 


(37) xy" (x) + 3y'(x) — x(x) 20, x20. 


In Example 6 of Section 8.6, we used the method of Frobenius to find a series expansion about 
x — 0 for a solution to equation (37). The indicial equation turned out to be r? 2r — 0, 


which has roots r; = 0 and r; = —2. Using r; = 0, we obtained the series solution 
(38) poite l 44 1 "n 
i 8 192 9216: 


[see equation (62) in Section 8.6 and put ay = V. 
Because r; — m = 2 is a positive integer, it follows from Theorem 7 that equation (37) 
has a second linearly independent solution of the form 


(39) y(x) = Cyi(x) In x + È b,x"? , 


Plugging the expansion for y (x) into equation (37) and simplifying yields 
(40) Eoi) + 31() — ayi(x)}CInx + 2€x Ty) + 2Cyi (x) 


+ X (n — 2)(n — 3)b,x"3 + > 3(n — 2)b,x" 3 — Db x"! =0. 


n=0 


Again the factor in braces is zero because y;(x) is a solution to equation (37). If we combine 
the summations and simplify, equation (40) becomes 


(4) | 2Cx!y, (x) + 2Cy' (x) — bx? + = [K(k — 2)by — bpa] = 0 . 


Substituting in the series expansions for y,(x) and y(x) and writing out the first few terms of 
the summation in (41) leads to 


(42)  -byx ?- (2C — bx ! + (3b, — by) + (ic + 8b, — bn) 


+ (15bs — b3)x? + (&c + 24b — bs) de, shee), 


When we set the coefficients in (42) equal to zero, it turns out that we are free to choose C and 
b» as arbitrary constants: 


=b =0>b),=0, 
2C — bo = 0— bg =2C — (C arbitrary), 


p= do ES eii eni. 


3 
Bo 
hee CoS AE ce veers (b, arbitrary) 
VOS d j 8 Qo ag pu 
15bs — by = 0= bs = 75b =0 , 
5 
by — >C 
5 96 1 7 
Ab, by tC SOS bg = — = e a 
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4 + 
34 E : 
quation (44) 
2 4 
14 : 
Equation (38) 
+ + + + =x 
0 0.5 1 15 2 


Figure 8.12 Partial sum approximations to the solutions of Example 4 


Substituting these values for the b,,’s back into (39), we obtain the solution 


7 NM RM eee ee MEM 
(43) y(x) = csi + 2x 32* i152” + } 


thy + bt eate =} : 


where C and b, are arbitrary constants. Since the factor multiplying b» is the first solution 
yi (x), we can obtain a second linearly independent solution by choosing C = 1 and b, = 0: 


u E) 3 2 7 4 
(44) yx) = yi(x) nx + 2x 32* ~ 11527 


See Figure 8.12. 9 


In closing we note that if the roots r; and r, of the indicial equation associated with a dif- 
ferential equation are complex, then they are complex conjugates. Thus, the difference r; — r; 
is imaginary and, hence, not an integer, and we are in case (a) of Theorem 7. However, rather 
than employing the display (11)—(12) for the linearly independent solutions, one usually takes 
the real and imaginary parts of (11); Problem 26 provides an elaboration of this situation. 


BESGA 1 8 


In Problems 1-14, find at least the first three 4. xy" +y — 4y ^ 0 
nonzero terms in the series expansion about x — 0 fora 5. x72" + (x? + x)z’ —2 =0 
general solution to the given equation for x > 0. 6. 3xy" 2—-x3y -y-0 
(These are the same equations as in Problems 19—32 of 7, Ay + Oxy" — (x43 =0 
Exercises 8.6.) 8. x2y" i ) : i 
1. 9x?y" + 9x?y' + 2y 20 my » "rcd 
9. xw" —w' — xw 20 


2. 2x(x — 1)” + 3(x - y - y 20 


2." 4 Fd = 
3. x2y" + xy’ + xly =0 10. 3x?y" + 8xy' + (x -2y =0 
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11. xy” + (x - 1)y’ - 2y 20 

12. x(x + Dy" + (x + 5)y' — 4y = 0 
13. xy" + (1 — x)! - y =0 

14. x?y" — x(1 + x)y' - y =0 


In Problems 15 and 16, determine whether the given 
equation has a solution that is bounded near the origin, 
all solutions are bounded near the origin, or none of the 
solutions are bounded near the origin. (These are the 
same equations as in Problems 33 and 34 of Exercises 
8.6.) Note that you need to analyze only the indicial 
equation in order to answer the question. 


15. 3xy" + 2(1 — x)' — 4y = 0 

16. xy" + (x -2y' - y 20 

In Problems 17—20, find at least the first three nonzero 
terms in the series expansion about x — 0 for a general 


solution to the given linear third-order equation for 
x > 0. (These are the same equations as in Problems 
35-38 in Exercises 6.6.) 


17. 6x3y"  13x?y" + (x  x?)y' + xy 20 
18. 6x?y" + 11x?y" — 2xy' — (x -2)y = 0 
19. 6x?y" + 13x?y" — (x? + 3x)y’ - xy 20 
20. 6x?y" + (13x? — x3)y" + xy’ xy = 0 


21. Buckling Columns. In the study of the buckling 
of a column whose cross section varies, one encoun- 
ters the equation 
(45) x"y"(x) ta’y(x)=0, x0, 
where x is related to the height above the ground 
and y is the deflection away from the vertical. 
The positive constant a depends on the rigidity 
of the column, its moment of inertia at the top, 
and the load. The positive integer n depends on 
the type of column. For example, when the column 
is a truncated cone [see Figure 8.13(a)], we have 
n — 4. 

(a) Use the substitution x = t^! to reduce (45) with 
n — 4to the form 


2 
E 


d? tdt 
(b) Find at least the first six nonzero terms in the 
series expansion about t = 0 for a general solu- 
tion to the equation obtained in part (a). 
(c) Use the result of part (b) to give an expansion 
about x — oo for a general solution to (45). 


(20. 


22. In Problem 21 consider a column with a rectangular 
cross section with two sides constant and the other 


23. 


24. 


25. 


26. 
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"A 


(a) Truncated 
cone 


(b) Truncated pyramid with 
fixed thickness T and varying width 


Figure 8.13 Buckling columns 


two changing linearly [see Figure 8.13(b)]. In this 
case, n = 1. Find at least the first four nonzero terms 
in the series expansion about x = 0 for a general 
solution to equation (45) when n = 1. 


Use the method of Frobenius and a reduction of 
order procedure (see page 198) to find at least the 
first three nonzero terms in the series expansion 
about the irregular singular point x = 0 for a general 
solution to the differential equation 

xy" +y —2y=0. 
The equation 

xy"(x) + (1 — xy'(x) + n(x) 20, 
where n is a nonnegative integer, is called Laguerre’s 
differential equation. Show that for each n, this 
equation has a polynomial solution of degree n. These 
polynomials are denoted by L,(x) and are called 
Laguerre polynomials. The first few Laguerre poly- 
nomials are 

Lo(x)=1, Lyx) =—-x+1. 

L(x) =x? — Ax +2. 
Use the results of Problem 24 to obtain the first few 
terms in a series expansion about x = 0 for a general 
solution for x > 0 to Laguerre’s differential equation 
for n = O and 1. 


To obtain two linearly independent solutions to 
(469  x»"-(x-x)y-y20, x0, 
complete the following steps. 


(a) Verify that (46) has a regular singular point at 
x = 0 and that the associated indicial equation 
has complex roots +i. 
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(b) As discussed in Section 8.5, we can express 


(e) Taking aj = 1, compute the coefficients a, and 


xetiB = yoyiB a and thereby obtain the first few terms of a 


= x*cos(B In x) + ix^sin(8 In x) . 


complex solution to (46). 
(f) By computing the real and imaginary parts of the 


Deduce from this formula that d xetiBb = solution obtained in part (e), derive the following 
(a + iB)x* 1 +i., dx linearly independent real solutions to (46): 


(c) Set. y(x) = 


cients now are complex constants, and substi- 


EX pax” ti, where the coeffi- 


y(x) = [costm»)]{ 1 = 2x 5 ae 4 | 


tute this series into equation (46) using the : 1 1 
sesuft ot part Oy d d + [sin(In x) ] {x — x iid. 
(d) Setting the coefficients of like powers equal to 
zero, derive the recurrence relation yx) = [cos( (In x) I-i 1 + PE au \ 
= herus 2 gå 
"Gael? form 1. + [sin(in»)]{ 1 - ele. 2 


8.8 SPECIAL FUNCTIONS 


In advanced work in applied mathematics, engineering, and physics, a few special second-order 
equations arise very frequently. These equations have been extensively studied, and volumes have 
been written on the properties of their solutions, which are often referred to as special functions. 

For reference purposes we include a brief survey of three of these equations: the hypergeo- 
metric equation, Bessel's equation, and Legendre's equation. Bessel's equation governs the radial 
dependence of the solutions to the classical partial differential equations of physics in spherical 
coordinate systems (see Section 10.7, page 625); Legendre's equation governs their latitudinal 
dependence. C. F. Gauss formulated the hypergeometric equation as a generic equation whose 
solutions include the special functions of Legendre, Chebyshev, Gegenbauer, and Jacobi. For a 
more detailed study of special functions, we refer you to Basic Hypergeometric Series, 2nd ed., 
by G. Gasper and M. Rahman (Cambridge University Press, Cambridge, 2004); Special Func- 
tions, by E. D. Rainville (Chelsea, New York, 1971); and Higher Transcendental Functions, by 
A. Erdelyi (ed.) (McGraw-Hill, New York, 1953), 3 volumes. 


Hypergeometric Equation 
The linear second-order differential equation 


(0 — xü-xy + [y -(a* B + Ux) -oBy-0, 

where a, B, and y are fixed parameters, is called the hypergeometric equation. This equation has 
singular points at x = 0 and 1, both of which are regular. Thus a series expansion about x = 0 fora 
solution to (1) obtained by the method of Frobenius will converge at least for 0 < x « 1 (see Theo- 
rem 6, page 461). To find this expansion, observe that the indicial equation associated with x = 0 is 


r(r — 1) 4 yr = r|r (1 y)] =0, 
which has roots 0 and | — y. Let us assume that y is not an integer and use the root r = 0 to 
obtain a solution to (1) of the form 


(2) yi (x) = >» a,x” 
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Substituting y,(x) given in (2) into (1), shifting indices, and simplifying ultimately leads to the 
equation 


"Iur" 


Setting the series coefficients equal to zero yields the recurrence relation 

(4) n(n + y — l)a, - (n + a - 1)(n + B—1)ag, 70, nzl. 

Since n = 1 and y is not an integer, there is no fear of dividing by zero when we rewrite (4) as 

(n * a — 1)(n * B — 1) 
n(n * y — 1) 


(5) dy = 


an-1 - 


Solving recursively for a,, we obtain 
ala t+ 1): (a +n- UB(B 1): (8 n — 1) 
nM(y + 1): (y -n— 1) 


If we employ the factorial function (7), which is defined for nonnegative integers n by 


(6) ay — 


ag , n=l. 


(7) (t), = et + 1(r-2):-(t-*n—-1, nl, 
()y—1, +t#0, 


then we can express a, more compactly as 


8 a= (a) (B), < i 


nYy), 


[In fact, we can write n! as (1),.] If we take ay = 1 and then substitute the expression for a, in 
(8) into (2), we obtain the following solution to the hypergeometric equation: 


(9) y(x) 21-7 > (9B), i 
nd nYy), 


The solution given in (9) is called a Gaussian hypergeometric function and is denoted 
by the symbol F(a, B; y; x).' That is, 


(10) F (a, P; ys x) = 1 2^ * (@)(B)n n ; 
22i ny), 


Hypergeometric functions are generalizations of the geometric series. To see this, observe that 
for any constant £ that is not zero or a negative integer, 


F(1, B; Bx —icdzcx 4a ta ee 


It is interesting to note that many other familiar functions can be expressed in terms of the 
hypergeometric function. For example, 


(11) F(a, B; B;x) - (1— x^, 
(12) F(1, 1;2;x) = ~x! ln(1 — x) , 


‘Historical Footnote: A detailed study of this function was done by Carl Friedrich Gauss in 1813. In Men of 
Mathematics (Simon & Schuster, London, 1986), the mathematical historian E. T. Bell refers to Gauss as the Prince of 
Mathematicians. 
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EU NEN ]-ctx 
(13) (Luis) 2* »( 4) , 


I 2:3 23d 
(14) 2 1; > J X arctan x . 
We omit the verification of these formulas. 
To obtain a second linearly independent solution to (1) when y is not an integer, we use the 
other root, 1 — y, of the indicial equation and seek a solution of the form 


oo 


a5 yha) = È bat. 


n= 


Substituting y(x) into equation (1) and solving for b,, we eventually arrive at 


= alode » (o Bie y) (B TEe Yn ntiny 
x n2 — y), 


Factoring out x! ^, we see that the second solution y,(x) can be expressed in terms of a hyper- 
geometric function. That is, 


46) (x 


07) yx) =x F(a +1- y, B+1-y2- yx). 


When y is an integer, one of the formulas given in (9) or (16) (corresponding to the larger 
root, 0 or 1 — y) still gives a solution. We then use the techniques of this chapter to obtain a 
second linearly independent solution, which may or may not involve a logarithmic term. We 
omit a discussion of these solutions. 

In many books, the hypergeometric function is expressed in terms of the gamma function 
T(x) instead of the factorial function. Recall that in Section 7.6, we defined 


(18) T(x) = | gu du x20 
0 


and showed that 
49  I(x-1)-xTI(), x0. 
It follows from repeated use of relation (19) that 


T(t + n) 


(20) (tn “Ta 


for t > 0 and n any nonnegative integer. Using relation (20), we can express the hypergeometric 
function as 


T(y) * T(a + n)F(8 + n) 9 
I(a)F(B) »-o nil(y +n) ` 


QD = F(a, B; y3x) = 


Bessel's Equation 
The linear second-order differential equation 


Q2) x*y"+ xy’ + (x? - vy =0, 
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where v = 0 is a fixed parameter, is called Bessel’s equation of order v. This equation has a 
regular singular point at x = O and no other singular points in the complex plane. Hence, a 
series solution for (22) obtained by the method of Frobenius will converge for 0 < x < oo. 
The indicial equation for (22) is 


r(r-1-94r-9?z2í(r-vY(r-v)-0, 


which has roots r; = v and rm = —v. If 2v is not an integer, then the method of Frobenius 
yields two linearly independent solutions, given by 


S (=1)" 2ntv 
(23) yy (x) a = 2”n!(1 ER uh 


BS (- 1)" ES 
(24)  »()-b 2 Pl —v), oc 


^ 


If in (23) we take 


1 


^9 OT +p)” 


then it follows from relation (20) that the function 


us. adde oa E" 


2-0 nlT(1 +v +n) V2 


is a solution to (22). We call J,(x) the Bessel function of the first kind of order v.' Similarly, 
taking 


1 


braen 
* RTI =H) 


in equation (24) gives the solution 


Q6 J-y(x) = b inta Si i 


70 nIT(1 — v * n)A2 


which is the Bessel function of the first kind of order —v. When r, — r; — 2v is not an integer, 
we know by Theorem 7 of Section 8.7 that J,(x) and J_,(x) are linearly independent. More- 
over, it can be shown that if v is not an integer, even though 2v is, then J, (x) and J_,(x) are still 
linearly independent. 

What happens in the remaining case when v is a nonnegative integer, say v — m? While 
Js (x) is still a solution, the function J_,,(x) is not even properly defined because formula (26) 
will involve the gamma function evaluated at a nonpositive integer. From a more in-depth 
study of the gamma function, it turns out that 1/T(k) = 0, fork = 0, —1, —2, .... Hence, (26) 
becomes 


Gn Jad È —CV ()"7- S. (qu Gr. 


2-0 nIT(1 — m 4 n) A2 n=m nM (1 —m+n)\2 


‘Historical Footnote: Frederic Wilhelm Bessel (1784-1846) started his career in commercial navigation and later 
became an astronomer. In 1817 Bessel introduced the functions J,(x) in his study of planetary orbits. 
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Comparing (27) with the formula (25) for J,,(x), we see (after a shift in index) that 


Q8) Jim(x) = (-U"Z,(x) , 


which means that J_,,(x) and J,,(x) are linearly dependent. To resolve the problem of finding a 
second linearly independent solution in the case when v is a nonnegative integer, we can use 
Theorem 7 in Section 8.7. There is, however, another approach to this problem, which we now 
describe. 

For v not an integer, we can take linear combinations of J,(x) and J_,(x) to obtain other 
solutions to (22). In particular, let 


(29) Y,(x) = m 5 Jn) 3 v not an integer , 
in(vz 


for x > 0. The function Y, (x) is called the Bessel function of the second kind of order v, and, 
as can be verified, J,(x) and Y, (x) are linearly independent. Notice that when v is an integer, the 
denominator in (29) is zero; but, by formula (28), so is the numerator! Hence, it is reasonable 
to hope that, in a limiting sense, formula (29) is still meaningful. In fact, using L’ Hópital's rule, 
it is possible to show that for m a nonnegative integer, the function defined by 


G0) — Y,(x):— lim rm ET 


for x > 0 is a solution to (22) with v = m. Furthermore, J„(x) and Y,,(x) are linearly indepen- 
dent. We again call Y„(x) the Bessel function of the second kind of order m. In the literature the 
function Y,,(x) is sometimes denoted by N„(x); variations of it have been called the Neumann 
function and the Weber function. 

Figure 8.14 shows the graphs of Jo(x) and J,(x) and Figure 8.15 (page 481) the graphs of 
Yo(x) and Y; (x). Notice that the curves for Jo(x) and J,(x) behave like damped sine waves and 
have zeros that interlace (see Problem 28). The fact that the Bessel functions J, have an infinite 
number of zeros is helpful in certain applications (see Group Project A in Chapter 10). 


Figure 8.14 Graphs of the Bessel functions Jo(x) and J;(x) 
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Yo(x) 


Figure 8.15 Graphs of the Bessel functions Yo(x) and Y,(x) 


There are several useful recurrence relations involving Bessel functions. For example, 


en SRO =n — Gn  f57409]--7»409. 


G9 Iya) -Z9-xaQ. G6  La(Q)-Lna()-2n(). 


Furthermore, analogous equations hold for Bessel functions of the second kind. 
To illustrate the techniques involved in proving the recurrence relations, let's verify rela- 


tion (31). We begin by substituting series (25) for J,(x) into the left-hand side of (31). Differen- 
tiating, we get 


(35) TT EE SED md (y 


dx 2-0 nIT(1 +v t n)N2 
- d { $ (er ) 
dx &^-0 gl (1 + v  n)2?*" 
_ » (—1)"(2n + See 
2-0. AIT(1 +v + nj” 


Since T(1 + v + n) = (v + n)T(v + n), we have from (35) 


262] 7 > (—1)"2x20+ 27-1 


n=0 nlT(v + n)2?n*" ` 


Factoring out an x" gives 
d eo (-1)" x\2nt+v-1 
a EP 7 =x” > = E > 
aq eL US EIE CESEUENS, (:) x2, 


as claimed in equation (31). We leave the verifications of the remaining relations as exercises 
(see Problems 22-24). 
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The following approximations are useful when analyzing the behavior of Bessel functions 
for large arguments: 


A ou 2 | M T B 2 4 VT T 
(36) J (x) = 4) a cos(x 2 z) YET) =<) E snl 2 7) xl. 


This oscillatory behavior is demonstrated in Figures 8.14 and 8.15. Problem 41 provides some 
justification of formula (36). Of course, for small x the leading terms of the power series 
expansion dominate and we have 


G7  JZQ)ex/[rü-c-»)], Yxx)-(mnx/mw, Y,zqx)- -rv"'/x"), 
O<x<1l. 


Legendre's Equation 


The linear second-order differential equation 
(38) (1 — x2" — 2xy' + n(n + 1y 20, 


where n is a fixed parameter, is called Legendre's equation.’ This equation has a regular 
singular point at 1, and hence a series solution for (38) about x — 1 may be obtained by the 
method of Frobenius. By setting z — x — 1, equation (38) is transformed into 


d?y 


(99  zí*2)1*2(í:- )2 
dz 


qn tly =0. 


The indicial equation for (39) at z = 0 is 
r(r—-l1)+r=r=0, 


which has roots r; = r, = 0. Upon substituting 


— K 
x = È ag 


into (39) and proceeding as usual, we arrive at the solution 


40 y(x) =1+ p o ESL 


a 2 


where we have expressed y, in terms of the original variable x and have taken ay = 1. We have 
written the solution in the above form because it is now obvious from (40) that 


(41) (0) = rent). 


where F is the Gaussian hypergeometric function defined in (10). 
For n a nonnegative integer, the factor 


( ny = ( ny n+ 1)( nt2)-(-n*k-1) 


‘Historical Footnote: Solutions to this equation were obtained by Adrien Marie Legendre (1752-1833) in 1785 and are 
referred to as Legendre functions. 
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will be zero for k = n + 1. Hence, the solution given in (40) and (41) is a polynomial of degree n. 
Moreover, y;(1) = 1. These polynomial solutions of equation (38) are called the Legendre 
polynomials or spherical polynomials and are traditionally denoted by P,,(x). That is, 


(42) Bises mr =n) CI 1 (Lo = 1 
k=1 k 


2 


If we expand about x = 0, then P,„(x) takes the form 


[n/2] _4\m an ! 
ge (—1)"(2n — 2m)! gom 


(43) P,,(x) = m=0 (n — m)!m!(n = 2m)! 


» 


where [n/2] is the greatest integer less than or equal to n/2 (see Problem 34). The first three 
Legendre polynomials are 


The Legendre polynomials satisfy the orthogonality condition 
1 
(44) | P,,(x)P,(x)dx 20 forn#m. 
-1 


To see this, we first rewrite equation (38) in what is called the selfadjoint form: 
(45) ke — xy tn(n-l1y-0. 
Since P, (x) and P„(x) satisfy (45) with parameters n and m, respectively, we have 


(46) [(1 — x?)Pi(x)]’ + n(n + 0)P,() =0, 


(47) I = x*)Pt,(x) |’ + m(m + 1)P,,(x) = 0. 
Multiplying (46) by P,,(x) and (47) by P,(x) and then subtracting, we find 


Pm(x)[ (1 — x)mQ)] - P6)[0 — x7)Pin(x) ]’ 


+ [n(n + 1) — mm + 1)]Pn(x)Pa(x) = 0 . 
which can be rewritten in the form 
(48) (=m? n — m)PG)PG) = Pa(2)[ C1 = PPa] - Pru) = x)65509]' . 
Itis a straightforward calculation to show that the right-hand side of (48) is just 
{(1 = PPNP) - PG)P«Q)]Y - 


Using this fact and the identity n? — m? + n — m = (n — m)(n +m + 1), we rewrite equa- 
tion (48) as 


(49) (n — m)(n + m + LP,,(x)P,(x) = ta = x2) P,(x)PA(x) = P'(x)Pmn(x) |} . 
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Integrating both sides of (49) from x = —1 to x = 1 yields 
1 

(50) (n — m)(n * m + DÍ P „(x)P,(x) dx 
-1 


= [tà = POP — PPDa 


because | — x? = 0 for x = +1. Since n and m are nonnegative integers with n # m, then 
(n — m)(n + m + 1) + 0, and so equation (44) follows from (50). 
Legendre polynomials also satisfy the recurrence formula 


(81) (n+ 1)Pa4i(x) = Qn + 1)xP,(x) — nP,-1(x) 
and Rodrigues's formula 


1 d" 2 
= fnr MN n 
(52) P,(x) d 2"! a5 1) } 
(see Problems 32 and 33). 
The Legendre polynomials are generated by the function (1 — 2xz + 2) ? in the sense 
that 


63  (1-2x-2)?- € Pk, «1, jx «t1. 


n=0 


That is, if we expand (1 — 2xz + z2) 12 in a Taylor series about z = 0, treating x as a fixed 
parameter, then the coefficients of z” are the Legendre polynomials P,(x). The function 
(1 — 2xz + z2)!? is called a generating function for P,(x) and can be derived from the 
recurrence formula (51) (see Problem 35). 

The Legendre polynomials are an example of a class of special functions called classical 
orthogonal polynomials.’ The latter includes, for example, the Jacobi polynomials, PPX); 
the Gegenbauer or ultraspherical polynomials, C?(x); the Chebyshev (Tchebichef) polyno- 
mials, T,(x) and U,(x); the Laguerre polynomials, L2(x); and the Hermite polynomials, 
H,(x). The properties of the classical orthogonal polynomials can be found in the books 
mentioned earlier in this section or in the Handbook of Mathematical Functions with Formu- 
las, Graphs, and Mathematical Tables, by M. Abramowitz and I. A. Stegun (eds.) (Dover 
Publications, New York, 1972), Chapter 22. The latter has been updated by the National 
Institute of Standards and Technology and is freely available from their website 
http://dImf.nist.gov/. 

We close this chapter with a table listing the forms of various well-known differential 
equations, the names of the researchers associated with their solutions, and the areas of 
application in which they arise. Many of them have been discussed in the body or exercises 
of our text. 


"Here orthogonality is used in the more general sense that J^? Dal X)Pm(x)w(x) dx = 0 for n m, where w(x) is a 
weight function on the interval (a, b). 
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Differential Equation 


Researchers 


Areas of Application 


Solutions 


y" + Ay =0 


my" + by' + ky =0 

ax’y"” + bxy! + cy =0 

y” —~xy =0 

xl" + xy’ + (2-320 


xy" + xy’ — (x? + vy =0 


xy" + (a + 2bx")xy' 


+ [c + dx™ — b(1 — a — r)" + p?rly 


(1 — x?)y" — 2xy' 
= [A+ wf - x)y-0 


xy" + (k+1—x)y’ +ny=0 
y" — 2xy' + 2ny = 0 


y! + 2n-1-x2)y 20 


(1 — x2y" — xy’ + y =0 
y" + (a — 2qcos2x)y = 0 


x(1 — x)y" + [y -(a+Bt 1) x]y' 


— aBy = 0 
xy" +(e- x)y' —ay=0 


(Harmonic oscillator) 


(Damped oscillator) 

Cauchy, Euler, Mellin 

Airy 

Bessel, Weber, 
Neumann, Hankel 


(Modified Bessel) 


(Generalized Bessel) 


Legendre 


Laguerre 


Hermite 


Weber 


Chebyshev 
Mathieu 


Gauss 


Kummer, Whittaker 


Vibrations, waves in 
Cartesian coordinates 


Vibrations 
Electrostatics in polar coordinates 
Caustics 


Waves in cylindrical coordinates 


Electrostatics in cylindrical 
coordinates 


Spherical coordinates (x = cos) 


Hydrogen atom 


Quantum mechanical harmonic 
oscillator 


Quantum mechanical harmonic 
oscillator 


Approximation theory, filters 
Waves in elliptic coordinates 


Hypergeometric equation 


Confluent hypergeometric equation 


cos Vax, sin Vax, e EV- 
cosh V/— Ax, sinh V/— Ax 
e™ cos Bx, e" sin Bx 

x*cos (B Inx), x^sin (8 lnx) 
Ai(x), Bi(x) 

I(x), Y ex), HS? (x), HP (x) 


Lx), K,(x) 
xd "Duc hf y (A detis Vr 


p= (v(a ayl4 c )/s 
P?(x), Qf), A = —€(€ + 1) 


Ix) 
Hx) 


e “72H (x) 


Tx 
F(a, q, x) 
F(a, B; y; x) 


\F\(a; c; x) 
(Continued) 
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Differential Equation Researchers Areas of Application Solutions 
(1 = x2)y" + [b —a4-— (a +bt+ 2x]y' Jacobi Orthogonal Polynomials 
tn(n-tactbctly-0 
[(1— r2 abi: d i Gegenbauer Ultraspherical electrostatics 
+ n(n + 2a + 1)(1 -xy 20 (2a + 1 dimensions) 
: l-a-a l-b-b\, Riemann 
PR ( x E x= y 
aja bib C1C5 — aya, — bib, 
+ |S + se pris 142 e -0 
x (x — 1) x(x — 1) 
y" — u(1— y2)y * y 20 Rayleigh Limit cycle 
y" — ull — yy’ +y =0 van der Pol Vacuum tubes 
y! +yt+ ey =0 Duffing Nonlinear spring 


(^y) — x7y" = 0 


y' — p(x) - q(x)y — r(x)y? = 0 
y' + p(x)y - q(x)y” = 


Emden, Fowler 
Ricatti 


Bernoulli 


Reaction/diffusion 


Circuit synthesis, geometry 
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8.3 EXERCISES | EXERCISES 


In Problems 1—4, express a general solution to the given 
equation using Gaussian hypergeometric functions. 


1. x(1 — x)y" 4 (3 a)y 2y=0 


2. 3x(1 — x)y" + (1 — 27x)y' — 45y = 0 
3. 2x(1 — x)y” + (1 — 6x)y' - 2y = 0 
4. 2x(1 — x)y” + (3 — 10x)y’ - 6y = 0 


In Problems 5-8, verify the following formulas by 
expanding each function in a power series about x = 0. 


5. F(1,1;2; x)  —x !In(1 - x) 
6. F(a, B; B; x) = (1— x) * 


1 Ed 2 al =j 1l+x 
n e(4 1d) 5% in ++) 


8. «t LES 3 -2) = x | arctan x 


2 2 


In Problems 9 and 10, use the method in Section 8.7 to 
obtain two linearly independent solutions to the given 
hypergeometric equation. 


9. x1— xy" + (1 — 3x)y’ - y =0 


10. x(1 — x)y" + (2 — 2x)y’ ty = 0 


11. Show that the confluent hypergeometric equation 


"| 


xy" + (y — x)y' -oy-0, 
where a and y are fixed parameters and y is not an 
integer, has two linearly independent solutions 


y,(x) = iF (a; y; x) =j #4 » (a), 
"71 nt(y), 


x" 


and 
yx) = x Filet 1 = y;2 yx). 
12. Use the property of the gamma function given in 
(19) to derive relation (20). 


In Problems 13—18, express a general solution to the 
given equation using Bessel functions of either the first 
or second kind. 


13. 4x?y" + 4xy' + ( 
14. 9x?y" + Oxy’ + (9x? — 16)y = 0 
15. x?y" + xy! + (x? 


16. x?y" + xy’ + x’y =0 
17. 9?x" + 9tx' + (91? — 4)x = 0 
18. x^z" + xz’ + (x? 


In Problems 19 and 20, a Bessel equation is given. For 
the appropriate choice of v, the Bessel function J,(x) is 
one solution. Use the method in Section 8.7 to obtain a 
second linearly independent solution. 

l)y =0 

4)y =0 


19. xy" + xy (x? 
20. x2y" + xy’ + (x? 


21. Show that x"J, (x) satisfies the equation 
xy" + (1 —25y' + xy 20, x20, 
and use this result to find a solution for the equation 


Xx c0 . 


xy" — 2y' + xy=0, 
In Problems 22 through 24, derive the indicated recur- 
rence formulas. 
22. Formula (32) 
24. Formula (34) 


25. Show that 
Jyp(x) = (2/mx)/? sinx and 
Jp(x) = QJax)? cos x . 

26. The Bessel functions of order v = n + 1/2, n any 
integer, are related to the spherical Bessel func- 
tions. Use relation (33) and the results of Problem 
25 to show that such Bessel functions can be repre- 
sented in terms of sin x, cos x, and powers of x. 
Demonstrate this by determining a closed form for 
Jp (x) and Jsp(x). 

27. Use Theorem 7 in Section 8.7 to determine a second 
linearly independent solution to Bessel's equation of 
order 0 in terms of the Bessel function Jo(x). 


23. Formula (33) 


28. Show that between two consecutive positive roots 
(zeros) of J;(x), there is a root of Jo(x). This interlac- 
ing property of the roots of Bessel functions is illus- 
trated in Figure 8.14. [Hint: Use relation (31) and 
Rolle's theorem from calculus.] 

29. Use formula (43) to determine the first five Legendre 
polynomials. 


30. Show that the Legendre polynomials of even degree 
are even functions of x, while those of odd degree 
are odd functions. 

31. (a) Show that the orthogonality condition (44) for 

Legendre polynomials implies that 


[| Paaa = 0 


for any polynomial g(x) of degree at most n — 1. 
[Hint: The polynomials Po, Pj,...,P,— are 
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linearly independent and hence span the space 
of all polynomials of degree at most n — 1. 
Thus, g(x) = agPo(x) + +++ + a, ,P, (x) for 
suitable constants ax. | 

Prove that if Q,(x) is a polynomial of degree n 
such that 


(b 


=~ 


| i Q,(x)P,(x)dx = 0 


for k 20,1,...,n — 1 , then Q,(x) = cP,(x) 
for some constant c. 
[Hint: Select c so that the coefficient of x" 


for Q,(x) — cP,(x) is zero. Then, since 
Po, ..., P4 is a basis, 

Q,(x) m cP (x) = agPo(x) dp n dy 3Pa iln) . 
Multiply the last equation by  Pj(x) 
(0 <k <n — 1) and integrate from x = —1 to 


x = 1 to show that each a, is zero.] 


32. Deduce the recurrence formula (51) for Legendre 
polynomials by completing the following steps. 


(a) Show that the function 
On—1(x) = (n + 1)Py41(x) — Qn + 1)xP,(x) 


is a polynomial of degree n — 1. [Hint: Compute the 
coefficient of the x”*! term using the representation 
(42). The coefficient of x” is also zero because 
P, (x) and xP,(x) are both odd or both even func- 
tions, a consequence of Problem 30.] 

(b) Using the result of Problem 31(a), show that 


1 
| Q,-i(x)P(x)dx = 0 fo k=0,1,...,.n-2. 
=] 


(c) From Problem 31(b), conclude that Q,,_ (x) = 
cP, (x) and, by taking x = 1, show that 
c = —n. [Hint: Recall that P,(1) = 1 for all m.] 
From the definition of Q,,— ,(x) in part (a), the 
recurrence formula now follows. 


33. To prove Rodrigues’s formula (52) for Legendre 
polynomials, complete the following steps. 

(a) Let v, :— (d"/dx"){(x? — 1)"} and show that 
v,(x) is a polynomial of degree n with the coeffi- 
cient of x" equal to (2n)!/n!. 

(b) Use integration by parts n times to show that, for 
any polynomial q(x) of degree less than n, 


| Colas zd 


Hint: For example, when n — 2, 


| a rta — 1° }q(x)dx 


- 
= glx) (9? = |^. - fa? - 9|. 


" | MIS - qas. 


Since n — 2, the degree of q(x) is at most 1, and 
so q" (x) = 0. Thus 


[ 4 (G2 — 1P}qlalde = 0. 


=| dx 2 
(c) Use the result of Problem 31(b) to conclude that 
P,(x) = cu,(x) and show that c = 1/2"n! by 
comparing the coefficients of x" in P,(x) and 
vx) . 
34. Use Rodrigues's formula (52) to obtain the represen- 
tation (43) for the Legendre polynomials P,(x). 
Hint: From the binomial formula, 


1 d” n 
P,(x) zn 2"! dx” {(x? 1) } 


1 d” { p^ au acte) 
= x ; 
2"n! dx” | m=0 (n — m)!m! 

35. The generating function in (53) for Legendre poly- 
nomials can be derived from the recurrence formula 
(51) as follows. Let x be fixed and set 
f(z) = TX P,(x)z". The goal is to determine an 
explicit formula for f(z). 


(a) Show that multiplying each term in the recur- 
rence formula (51) by z" and summing the terms 
from n — 1 to co leads to the differential equation 

df x—4 

= : f 
d; 1-—2xz+z 
Hint: 


oo 


> (n + 1)P, pa (x)z” 


1— 


= y (n + 1)P,41(x)z" — Pi(x) 


(b) Solve the differential equation derived in part (a) 
and use the initial conditions f(0) = Po(x) = 1 
to obtain f(z) = (1 — 2xz + z) P. 


36. 


37. 


38. 


39. 


Find a general solution about x — 0 for the equation 
(1 — x2y" 2y 20 
by first finding a polynomial solution and then using 


the reduction of order formula given in Exercises 
6.1, Problem 31 to find a second (series) solution. 


2xy' 4 


The Hermite polynomials H,(x) are polynomial 
solutions to Hermite's equation 
y" — 2xy' + 2ny - 0. 


The Hermite polynomials are generated by 


gh 
n=0 n! 


n 
Use this equation to determine the first four Hermite 
polynomials. 
The Chebyshev (Tchebichef) polynomials T,,(x) are 
polynomial solutions to Chebyshev's equation 

(1 — xy 
The Chebyshev polynomials satisfy the recurrence 
relation 

Tala) = 2xT, (x) ~~ Lusia) , 
with To(x) = 1 and Tj(x) = x. Use this recurrence 
relation to determine the next three Chebyshev 
polynomials. 


xy +ry=0. 


The Laguerre polynomials L,(x) are polynomial 
solutions to Laguerre’s equation 


xy” +(1—x)y’ t+ny=0. 
The Laguerre polynomials satisfy Rodrigues’s 
formula, 
= e^ d" Hu 
Lx) = n! dx” (x e 2 * 


Use this formula to determine the first four Laguerre 
polynomials. 


40. 


41. 
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Reduction to Bessel’s Equation. The class of 


equations of the form 

(84 . y'(x)-cx"(xX)20, x0, 

where c and n are positive constants, can be solved 

by transforming the equation into Bessel's equation. 

(a) First, use the substitution y — x!/2z to transform 
(54) into an equation involving x and z. 

(b) Second, use the substitution 


2Ve y 


T= aF? 


to transform the equation obtained in part (a) 
into the Bessel equation 


2 1 ) 
s Fs His =0,s>0. 
ds? — ds ( (n + 2)2/* 


(c) A general solution to the equation in part (b) can 
be given in terms of Bessel functions of the first 
and second kind. Substituting back in for s and 
z, obtain a general solution for equation (54). 


(a) Show that the substitution z(x) = Vx y(x) ren- 
ders Bessel’s equation (22) in the form 


1 — 4p? 
JA )e=o. 


(55) z" 4 (i H 


(b) For xœ 1, equation (55) would apparently be 
approximated by the equation 
(56) zi +z=O0. 
Write down the general solution to (56), reset 
y (x) = z(x)/ Vx, and argue the plausibility of 
formula (36). 

(c) For v = +1/2, equation (55) reduces to equa- 
tion (56) exactly. Relate this observation to 
Problem 25. 


Chapter Summary 


Initial value problems that do not fall into the “solvable” categories that have been studied 
(such as constant-coefficient or equidimensional equations) can often be analyzed by interpret- 
ing the differential equation as a prescription for computing the higher derivatives of the 
unknown function. The Taylor polynomial method uses the equation to construct a polyno- 
mial approximation matching the initial values of a finite number of derivatives of the 
unknown. If the equation permits the extrapolation of this procedure to polynomials of arbitrar- 
ily high degree, power series representations of the solution can be constructed. 
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Power Series 


Every power series E?*. a,(x — xo)" has a radius of convergence p, 0 = p = oo, such that the 
series converges absolutely for |x — xo| < p and diverges when |x — xo| > p. By the ratio test, 


(a, 


= lim ; 
P Testes |a, +1 | 
provided that this limit exists as an extended real number. A function f(x) that is the sum of a 
power series in some open interval about x, is said to be analytic at x). If fis analytic at xo, its 
power series representation about xo is the Taylor series 


Power Series Method for an Ordinary Point 
In the case of a linear equation of the form 
GQ) — »'*py *a()»-0, 


where p and q are analytic at xo, the point xo is called an ordinary point, and the equation has 
a pair of linearly independent solutions expressible as power series about xo. The radii of con- 
vergence of these series solutions are at least as large as the distance from x to the nearest sin- 
gularity (real or complex) of the equation. To find power series solutions to (1), we substitute 
y(x) = &.o a(x — xo)" into (1), group like terms, and set the coefficients of the resulting 
power series equal to zero. This leads to a recurrence relation for the coefficients a„, which, in 
some cases, may even yield a general formula for the a,. The same method applies to the non- 
homogeneous version of (1), provided the forcing function is also analytic at x. 


Regular Singular Points 


If, in equation (1), either p or q fails to be analytic at xo, then xo is a singular point of (1). If xo 
is a singular point for which (x — xo)p(x) and (x — xo)?q(x) are both analytic at xo, then xo is a 
regular singular point. The Cauchy—Euler equation, 

2 


,dy dy 
(2) am LESE Oe x0, 


has a regular singular point at x = 0, and a general solution to (2) can be obtained by substitut- 
ing y = x’ and examining the roots of the resulting indicial equation ar? + (b — a)r + c = 0. 


Method of Frobenius 


For an equation of the form (1) with a regular singular point at xo, a series solution can be 
found by the method of Frobenius. This is obtained by substituting 


w(r.x) = (x = xg! Dayle = xo)" 
into (1), finding a recurrence relation for the coefficients, and choosing r = r, the larger root 
of the indicial equation 
(3) r(r — 1) + por * q, 70, 


where po = lim, (x — xo)pla), o = Him, sylt — xy)". 
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Finding a Second Linearly Independent Solution 


If the two roots r1, r2 of the indicial equation (3) do not differ by an integer, then a second lin- 
early independent solution to (1) can be found by taking r — r» in the method of Frobenius. 
However, if rj = r; or r} — m is a positive integer, then discovering a second solution requires 
a different approach. This may be a reduction of order procedure or the utilization of Theorem 7, 
page 468, which gives the forms of the solutions. 


Special Functions 


Some special functions in physics and engineering that arise from series solutions to linear 
second-order equations with polynomial coefficients are Gaussian hypergeometric functions, 
F(a, B; y; x); Bessel functions J,(x); and orthogonal polynomials such as those of Legendre, 


Chebyshev, Laguerre, and Hermite. 


REVIEW PROBLEMS 


1. Find the first four nonzero terms in the Taylor polyno- 
mial approximation for the given initial value problem. 
@ y'2xy—-»y; (0-21 
(b) z” = x?z' +xz?=0; az(0--1, 

z'(0)=1 

2. Determine all the singular points of the given equa- 
tion and classify them as regular or irregular. 

(a) (x? — 4Yy" + (x — 4)y! + xy 20 
(b) (sinx)y" + y 20 

3. Find at least the first four nonzero terms in a power 
series expansion about x = 0 for a general solution 
to the given equation. 


(a) y" + xy! - 2y - 0 
b) y" ey —yco 
4. Find a general formula for the coefficient a, in a 


power series expansion about x = 0 for a general 
solution to the given equation. 


(a) (1 — x?)y” + xy’ + 3y 20 
(b) (2 — 2)y" + 3y = 0 

5. Find at least the first four nonzero terms in a power 
series expansion about x = 2 for a general solution to 


"| 


w" -(x-2)w -w=0. 


6. Use the substitution y = x’ to find a general solution 
to the given equation for x > 0. 


(a) 2x?y" (x) + 5xy'(x) — 12y(x) = 0 
(b) x*y" (x) + 3a2y" (x) — 2xy'(x) — 2y(x) = 0 


10. 


. Use the method of Frobenius to find at least the first 


four nonzero terms in the series expansion about 
x = 0 for a solution to the given equation for x > 0. 


(a) xy" — 5xy' + (9 - xy =0 
(b) x2y" + (x? + 2x)y’ -2y = 0 


. Find the indicial equation and its roots and state (but 


do not compute) the form of the series expansion 
about x — 0 (as in Theorem 7 on page 468) for two 
linearly independent solutions of the given equation 
for x » 0. 

(a) xy" + (sinx)y' — 4y = 0 

(b) 2xy" + Sy’ + xy = 0 

(c) (x sin x)y" + xy’ + (tan x)y = 0 


. Find at least the first three nonzero terms in the 


series expansion about x = 0 for a general solution 
to the given equation for x > 0. 

(a) xy" — x(1 + x)y’ +y =0 

(b) xy" + y' — 2y=0 

(c) 2xy" + 6y’ +y=0 

(d) x’y" + (x — 2y = 0 

Express a general solution to the given equation 


using Gaussian hypergeometric functions or Bessel 
functions. 


ta) xl — xy" 4 (4 ax) 6y =0 


(b) 96?y" + 96y' + (967 — 1)y = 0 
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TECHNICAL WRITING EXERCISES 


1. 


Knowing that a general solution to a nonhomoge- 
neous linear second-order equation can be expressed 
as a particular solution plus a general solution to the 
corresponding homogeneous equation, what can you 
say about the form of a general power series solution 
to the nonhomogeneous equation about an ordinary 
point? 


Discuss advantages and disadvantages of power 
series solutions over numerical solutions generated 
by the Euler or Runge-Kutta methods. 


3. 


0.3 0. 0.3 4- 12i 


The factors x9??, x°? In x, x 9?, and x all can 
arise in solutions generated using the method of 
Frobenius to solve a differential equation with 0 as a 
regular singular point. Discuss the problems encoun- 
tered in attempting to approximate such solutions 
using the methods of Euler and of Runge-Kutta. 


Discuss the issues involved when attempting to use 
the Taylor polynomials (expanded around x = 0) to 
study the asymptotic behavior (as t— + oo) of 
solutions to the differential equation y" + y = 0. 


Group Projects for Chapter 8 


A Alphabetization Algorithms 


In 1961, C. A. R. Hoare published the algorithm Quicksort, for alphabetizing a large list of words 
(“Algorithm 64: Quicksort;" by C. A. R. Hoare, Comm. ACM 4 (1961): 324). First, one of the n 
words is selected at random, and the rest of the list is separated into two sublists—those that pre- 
cede the selected word and those that follow it. This entails (n — 1) comparisons. Then the same 
procedure is applied to each sublist, and so on. 

If the selected words happen to belong in the middle of the collections—say, 50th out of 100— 
then the sort is very efficient. One sort involving 99 comparisons, then 2 sorts of 49 comparisons 
each, and so forth. But in the worst case, if the randomly selected words happen to belong at the 
beginning or end of the list, the number of comparisons is 99 + 98 + 97 + = + I. 


(a) Show that, for a list of length n, if all the selected words happen to belong at the mid- 
point of their sublists, then the total number of comparisons is roughly n Inn . 
(b) Show that if all the selected words happen to belong at the beginning of their sublists, 
the number of comparisons is 9, ik = n(n — 1)/2. 
(c) Show that if e, is the expected number of comparisons (in the statistical sense) to alpha- 
betize n words, then e, = 0, e; = 1, and for all n > 0, 
n=l n-—1 
é, =n- 1 EON eae ied =- 4g 1, 
nr=0 nr=0 
where ej = 0 by definition. 

To express e, explicitly, we are going to construct a differential equation whose solutions 
have Taylor coefficients satisfying the same recursion as in part (c), solve the equation explicitly, 
and perform the Taylor expansion to extract e,. 

Consider the nonhomogeneous linear equation y' = 2y/(1 — x) + f(x). It is singular at 
x = 1, of course, but it is regular at x = 0 if (the known function) f(x) is analytic 


there. Assume y(x) = 2 din” and f(x) = Zhan 


(d) Substitute these series directly into the differential equation and, recalling the geometric 
series 1/(1 — x) = X%_x”, derive the recursion relation a, = Z 2 a, + b, fn. 

(e) Identify the value of b, that renders the recursion relations in (c) and (d) identical, and 
explicitly construct f(x) — 25 sf [Hint: Use the derivatives of the geometric series.] 


(f) Solve the above differential equation, with initial condition y(0) = e; = 0, explicitly to 
obtain y(x) = —[2x + 2In(1 — x)]/(1 — x}. [You may find it convenient to refer to 
Section 2.3.] 

(g) Multiply out the Taylor series for In (1 — x) and (1 — x) ? in y(x) and deduce the 
Quicksort comparisons formula 


pag ped. m um ee ae ing 
3 4 n r=2 r 
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Several authors have devised improvements to Quicksort to reduce the probability of 
worst-case scenarios. (For example, instead of choosing one word at random, one 
chooses three words and uses the median for comparison.) The article "An Asymptotic 
Theory for Cauchy-Euler Differential Equations with Applications to the Analysis of 
Algorithms,” by H.-H. Chern, H.-K. Hwang, and T.-H. Tsai (Journal of Algorithms, 44 
(2002); 177—225) shows how the methodology in this project can be extended to ana- 
lyze many of these strategies. 


B Spherically Symmetric Solutions to 
Schródinger's Equation for the 
Hydrogen Atom 


In quantum mechanics one is interested in determining the wave function and energy states of an 
atom. These are determined from Schródinger's equation. In the case of the hydrogen atom, it is 
possible to find wave functions y/ that are functions only of r, the distance from the proton to the 
electron. Such functions are called spherically symmetric and satisfy the simpler equation 


1 1 2 j= nm ( i) 
(Y r dr? ii h? wa 


where e, m, and h are constants and E, also a constant, represents the energy of the atom, which 
we assume here to be negative. 


(a) Show that with the substitutions 
h? 23^ me$ 


z ; E= E, 
Aa? mel" h? 


where e is a negative constant, equation (1) reduces to 
d'(py) |. ( z) " 

dp* p/ ^ 
(b) If f= py, then the preceding equation becomes 


Q) 2 ety. 


dp p 
Show that the substitution f(p) = e ^?e(p), where a is a positive constant, transforms 
(2) into 
gd" d 2 
(3) a a% + ( ZI 
dp dp \p 
(c) If we choose a? = —e (e negative), then (3) becomes 
d?g dg 2 
4 2a 0. 
(4) dp? do p? 


Show that a power series solution g(p) = Mi p* (starting with k — 1) for (4) must 
have coefficients a, that satisfy the recurrence relation 
2(ak — 1) 


(5) ak+1 = k(k + 1) 


ak ; k2=1. 
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(d) Now for a, = 1 and k very large, a4. ^ (2a/k)a, and so ap}; ^ (2a) /k!, which are 
the coefficients for pe?^?. Hence, g acts like pe?^?, so f(p) = e ^?g(p) is like pe”. 
Going back further, we then see that y ~ e^?. Therefore, when r = /?p/Aa?mej is 
large, so is y. Roughly speaking, ^ (r) is proportional to the probability of finding an 
electron a distance r from the proton. Thus, the above argument would imply that the 
electron in a hydrogen atom is more likely to be found at a very large distance from the 
proton! Since this makes no sense physically, we ask: Do there exist positive values for 
a for which y; remains bounded as r becomes large? 

Show that when o = 1/n, n = 1,2, 3,. . . , then g(p) is a polynomial of degree n and 
argue that y is therefore bounded. 

(e) Let E, and y; (p) denote, respectively, the energy state and wave function correspond- 
ing toa = 1/n. Find E, (in terms of the constants e$, m, and h) and y,(p) for n = 1, 
2, and 3. 


C Airy's Equation 


{J In aerodynamics one encounters the following initial value problem for Airy's equation: 
y rx-0, Or, y(0)=0. 


(a) Find the first five nonzero terms in a power series expansion about x — 0 for the solu- 
tion and graph this polynomial for —10 = x = 10. 

(b) Using the Runge-Kutta subroutine (see Section 5.3) with h = 0.05, approximate the 
solution on the interval [0, 10], i.e., at the points 0.05, 0.1, 0.15, etc. 

(c) Using the Runge-Kutta subroutine with A = 0.05, approximate the solution on the 
interval [ — 10, 0]. [Hint: With the change of variables z = —x, it suffices to approxi- 
mate the solution to y" — zy = 0; y(0) = 1, y'(0) = 0, on the interval [0, 10].] 

(d) Using your knowledge of constant-coefficient equations as a basis for guessing the 
behavior of the solutions to Airy's equation, decide whether the power series approxi- 
mation obtained in part (a) or the numerical approximation obtained in parts (b) and (c) 
better describes the true behavior of the solution on the interval [ — 10, 10]. 


D Buckling of a Tower 


A tower is constructed of four angle beams connected by diagonals (see Figure 8.16 on page 496). 
The deflection curve y(x) for the tower is governed by the equation 


(6) T ET : ac xcd. 


where x is the vertical coordinate measured down from the extended top of the tower, y is the 
deflection from the vertical passing through the center of the unbuckled tower, L is the tower 
height, a is the length of the truncation, P is the load, E is the modulus of elasticity, and Z is the 
moment of inertia. The appropriate boundary conditions for this design are 


(7) y(a) =0, 
(8) y(a+L)=0. 
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Vertical 


(a) Unbuckled (b) Buckled 


Figure 8.16 Buckling tower 


Clearly, the solution y(x) = 0 is always at hand. However, when the load P is heavy enough, 


the tower can buckle and a nontrivial solution y(x) is also possible. We want to predict this 
phenomenon. 


(a) Solve equation (6). [Hint: Equation (6) is a Cauchy—Euler equation.] 
(b) Show that the first boundary condition (7) implies 


y- Ax? sin[ B In(x/a)] , 


where A is an arbitrary constant and 8 := V Pa?/EI — 1/4. 


(c) Show that the second boundary condition (8) gives 


Ferree ee eae 


(d) Use the result of part (c) to argue that no buckling takes place (i.e., the only possibility 
is A = 0) if0 < B < Ba, where f, is the smallest positive real number that makes 
the expression in braces zero. 

(e) The value of the load corresponding to B, is called the critical load P... Solve for P, in 
terms of B., a, E, and I. 

(f) Find the critical load P, if a = 10, L = 40, and EI = 1000. 
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E Aging Spring and Bessel Functions 


In Problems 30 and 31 in Exercises 8.4, page 451, we discussed a model for a mass-spring sys- 
tem with an aging spring. Without damping, the displacement x(t) at time t is governed by the 
equation 

(9) mx" (t) + ke~™x(t) 20, 

where m, k, and ņ are positive constants. The general solution to this equation can be expressed 
using Bessel functions. 


(a) The coefficient of x suggests a change of variables of the form s = ae”. Show that (9) 
transforms into 


2 —7/B 
(10) pres | ga H e(s) im 
d 


ds m\a 


(b) Show that choosing a and f to satisfy 
= k 
—1 2 and — —- = 
B mp2 7" 


transforms (10) into the Bessel equation of order 0 in s and x. 


1 


(c) Using the result of part (b), show that a general solution to (9) is given by 
x(t) = Te V kmet) + (a V knew ; 
where Jp and Yọ are the Bessel functions of order 0 of the first and second kind, 
respectively. 

(d) Discuss the behavior of the displacement x(t) for c; positive, negative, and zero. 


(e) Compare the behavior of the displacement x(t) for 7 a small positive number and n a 
large positive number. 


CHAPTER 9 
Matrix Methods for Linear 


Systems 


9. 1 INTRODUCTION 
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In this chapter we return to the analysis of systems of differential equations. When the equa- 
tions in the system are linear, matrix algebra provides a compact notation for expressing the 
system. In fact, the notation itself suggests new and elegant ways of characterizing the solution 
properties, as well as novel, efficient techniques for explicitly obtaining solutions. 


In Chapter 5 we analyzed physical situations wherein two fluid tanks containing 
brine solutions were interconnected and pumped so as ultimately to deplete the 
salt content in each tank. By accounting for the various influxes and outfluxes of 
brine, a system of differential equations for the salt contents (x(t) and y(t)) of each 
tank was derived; a typical model is 


dx/dt = —4x + 2y , 
dy/dt = 4x — 4y . 


(1) 


Express this system in matrix notation as a single equation. 


The right-hand side of the first member of (1) possesses a mathematical structure that is famil- 
iar from vector calculus; namely, it is the dot product of two vectors: 


Q) —4x + 2y=[-4 2]-[x y]. 
Similarly, the second right-hand side in (1) is the dot product 
4x — 4y = [4 —4]+[x y] : 


The frequent occurrence in mathematics of arrays of dot products, such as evidenced in 
the system (1), led to the development of matrix algebra, a mathematical discipline whose 
basic operation—the matrix product—is the arrangement of a set of dot products according to 
the following plan: 


-4 2||x| |l-4 2I-[x »]|] |-4x+ 2y 

4 -4||y [4 -4]-[x y] 4x — 4y 

In general, the product of a matrix—i.e., an m by n rectangular array of numbers—and a 
column vector is defined to be the collection of dot products of the rows of the matrix with the 


"Recall that the dot product of two vectors u and v equals the length of u times the length of v times the cosine of the 
angle between u and v. However, it is more conveniently computed from the components of u and v by the “inner 
product” indicated in equation (2). 
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vector, arranged as a column vector: 


row #1 [row #1]-v 
row #2 _| [row #2]-v 
row #m [row £m] A 


where the vector v has n components; the dot product of two n-dimensional vectors is com- 
puted in the obvious way: 


[ai ay e a, | * [xi Xo °"° 3] = aX, t dX, t c + ax, 


Using the notation for the matrix product, we can write the system (1) for the intercon- 
nected tanks as 


x'| |-—4 2|x 
y 4 =4] ty) 
The following example demonstrates a four-dimensional implementation of this notation. 
Note that the coefficients in the linear system need not be constants. 


Example 1 Express the system 


x, = 2x, + x, + (4t + e)x, , 
x5 = (sin t)x + (cos t)x; , 
X3 — X1 +X + X34 x4 " 


x470 


as a matrix equation. 


Solution We express the right-hand side of the first member of (3) as the dot product 


2x, + tx + (4t + e)x, = [2 DOO (4+ e')] . [xi X2 X3 x4] , 


The other dot products are similarly identified, and the matrix form is given by 


x} X ue 0 (4t+e') |} x, 

xy} [0 sint cost 0 n| e. 
x4 1 1 1 1 x3] 
XA 0 0 0 0 X4 


In general, if a system of differential equations is expressed as 


x! = ay, (t)x, T a (t)x; ep ay (t)x, 
X) = a>, (Àx; us Ayo (t)x> tcc Ay, (t)x, 


Xs = Ay (t)x} a Ang ( t) x2 me ee al ERG > 


500 


Chapter9 Matrix Methods for Linear Systems 


Example 2 


Solution 


it is said to be a linear homogeneous system in normal form.’ The matrix formulation of such 
a system is then 


x t ÁN, 


where A is the coefficient matrix 


aii) a(t) UT a(t) 
A = A(t) = anli) an(t) ds aalt) 


aml) a) = aw) 


and x is the solution vector 


, 


xi x] 

, 

x’ = " 12 
: ; 

Xn Xn 


Express the differential equation for the undamped, unforced mass-spring oscillator (recall 
Section 4.1, page 154) 


(4) my" + ky =0 
as an equivalent system of first-order equations in normal form, expressed in matrix notation. 


We have to express the second derivative, y", as a first derivative in order to formulate (4) as a 
first-order system. This is easy; the acceleration y" is the derivative of the velocity v — y', so 
(4) becomes 


(5) mv' + ky 20. 
The first-order system is then assembled by identifying v with y', and appending it to (5): 
y =v 
mv’ = —ky. 


To put this system in normal form and express it as a matrix equation, we need to divide the 
second equation by the mass rn: 


HEEEL E 


"The normal form was defined for general systems in Section 5.3, page 253. 


Example 3 


Solution 
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In general, the customary way to write an nth-order linear homogeneous differential 
equation 


an (t)y + a, ()y "79 + ++ + ay + ay = 0 


as an equivalent system in normal form is to define the first (n — 1) derivatives of y (including 
y, the zeroth derivative, itself) to be new unknowns: 


xi) = yO). 


Then the system consists of the identification of x; 2 t) as the derivative of X;— i(t), together with 
the original differential equation expressed in these variables (and divided by a,(t)): 


X1 = X2, 
X2 = X3 5 
i 

Xn-1 Xn > 


a,(t) 


x = x " asi) 
í -a y(t)" 


For systems of two or more higher-order differential equations, the same procedure is applied 
to each unknown function in turn; an example will make this clear. 


The coupled mass-spring oscillator depicted in Figure 5.26 on page 285 was shown to be 
governed by the system 


m 
233 + 6 - 2y - 0, 
dt 
(6) 
d?y 
a m DL 


Write (6) in matrix notation. 

We introduce notation for the lower-order derivatives: 
(7) xy =X, 
In these variables, the system (6) states 
2x5 + 6x, — 2x, =0, 

x4 + 2x3, — 2x =0. 


The normal form is then 


— , — -— , 
X»)—-X , X3—y; X4 — y 


(8) 


xX, =X, 

xa = —3x, + x3, 
|! I 

X3 — X4 , 


x4 = 2x, — 2x4 
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or in matrix notation 


Xi 0 1 0 OF} |x 

X%2| 1-73 0 1 Of] | x " 
X3 0 0 O Ly | x3 4° 

X4 20-20|!|x 


In Problems 1—6, express the given system of differential 


equations in matrix notation. 


1. x’ = 7x + 2y, 


y! = 3x — 2y 
2x =y, 
y = =x 
3.x, =x+ty+z, 
y =2z-x, 
z = 4y 
4. xi =X — X + X3 — X4, 
xy = Xr t X4, 
x4 = Vax, — X, 
x, = 0 
5. x' = (sin tx + e , 
y' = (cos t)x + (a + bP?)y 
6. x = (cos 2t)x; , 
x} = (sin 2t)x , 
Xj = Xy — x, 


In Problems 7—10, express the given higher-order differ- 
ential equation as a matrix system in normal form. 
damped  mass-spring oscillator 
my" + by’ + ky 20 
. Legendre's equation (1 


. The Airy equation y" — ty = 0 


. Bessel's equation y" 


In Problems 11—13, express the given system of higher- 
order differential equations as a matrix system in normal 


— 3x' + y — (cost)x 2 0 , 


9.2 REVIEW 1: LINEAR ALGEBRAIC EQUATIONS 


Here and in the next section we review some basic facts concerning linear algebraic systems 
and matrix algebra that will be useful in solving linear systems of differential equations in 
normal form. Readers competent in these areas may proceed to Section 9.4. 

A set of equations of the form 


aux, + ajax tcs taux = b, 
Ay 1X1 + d5X; + cU taux = b2, 
yqX] + An2X2 P Bsp Annn 7 bn 


(where the aj;’s and bys are given constants) is called a linear system of n algebraic equations 
in the n unknowns x), X?,...,x,. The procedure for solving the system using elimination 
methods is well known. Herein we describe a particularly convenient implementation of the 


Example 1 


Solution 


Example 2 
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method called the Gauss-Jordan elimination algorithm.’ The basic idea of this formulation is 
to use the first equation to eliminate x, in all the other equations; then use the second equation 
to eliminate x; in all the others; and so on. If all goes well, the resulting system will be 
“uncoupled,” and the values of the unknowns x), x», . . . , x, will be apparent. A short example 
will make this clear. 


Solve the system 
2x + 6x» + 8x3 = 16 " 
4x, + 15x. + 19x3 = 38 , 
2x + 3x3 =6. 
By subtracting 2 times the first equation from the second, we eliminate x, from the latter. Sim- 
ilarly, x, is eliminated from the third equation by subtracting 1 times the first equation from it: 
2x + 6X2 + 8x5 = 16 š 
3x2 + 3x3 =6, 
—6x, — 5x3 = —10. 
Next we subtract multiples of the second equation from the first and third to eliminate x in 
them; the appropriate multiples are 2 and —2, respectively: 
2x 1 + 2x3 =4 š 
3x, + 3x3 = 6, 
X3 = 2. 


Finally, we eliminate x5 from the first two equations by subtracting multiples (2 and 3, respec- 
tively) of the third equation: 


2x =0, 
3x; =0, 
x3 = 2 


The system is now uncoupled; i.e., we can solve each equation separately: 
x1 =0, mM =0, X4,72.9 
Two complications can disrupt the straightforward execution of the Gauss-Jordan algo- 
rithm. The first occurs when the impending variable to be eliminated (say, x;) does not occur in 


the jth equation. The solution is usually obvious; we employ one of the subsequent equations to 
eliminate x;. Example 2 illustrates this maneuver. 


Solve the system 


Xx; + 2x3 + 4x3 + x4 = 0, 


=x] — 2x, — 2x3 =1, 
—2x, — 4x, — 8x3 + 2x4=4, 
X, + 4x5 + 2x3 =-3. 


"The Gauss-Jordan algorithm is neither the fastest nor the most accurate computer algorithm for solving a linear 
system of algebraic equations, but for solutions executed by hand it has many pedagogical advantages. Usually it is 
much faster than Cramer s rule, described in Appendix D. 
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Solution The first unknown x, is eliminated from the last three equations by subtracting multiples of the 


Example 3 


first equation: 


xX, + 2x. + 4x3 +x, =0, 


2x3 + x4 = 1 y 
4x4 = 4, 
2x2 — 2x4 — x4 = —3 . 


Now, we cannot use the second equation to eliminate the second unknown because x» is not 
present. The next equation that does contain x» is the fourth, so we switch the second and 


fourth equation: 


xj + 2x. + 4x3 x40, 


2x, — 2x3 — x4 = —3 $ 
4x4 = 4, 
2x3 + x4 = 1 $ 


and proceed to eliminate x»: 


xX; + 6x3 + 2x4=3, 
2x5 — 2x3 X47 —3, 
4x, = 4, 

2x3 + x= 1. 


To eliminate x5, we have to switch again, 


X1 + 6x3 + 2x, =3 , 


2x, — 2x3 — xX4= —3, 
2x3 + X4 = 1 " 
4x4 =4 5 


and eliminate, in turn, x4 and x4. This gives 


X; —x4,70, Xi 
2X5 —7 —2, and 
2X4 + X4 — 1 , 
4x4 =4 " 


The solution to the uncoupled equations is 


xy=l, X47 —1, 


x,70, 


X471.9€ 


The other complication that can disrupt the Gauss-Jordan algorithm is much more pro- 
found. What if, when we are “scheduled” to eliminate the unknown Xj, it is absent from all of 
the subsequent equations? The first thing to do is to move on to the elimination of the next 


unknown x;4;, as demonstrated in Example 3. 


Apply the Gauss-Jordan algorithm to the system 


2x, + 4x; x4— 8, 
(1) 2x, + 4x, =6, 
—4x, — 8x; + x3 = —10 . 


Section 9.2 Review 1: Linear Algebraic Equations 505 


Solution Elimination of x, proceeds as usual: 
2x, + 4x. + x3 = 8 , 
—X44——2, 
3x4 =6. 
Now since x, is absent from the second and third equations, we use the second equation to 
eliminate x : 
2x1 + 4x» = 6 5 
(2) =x; = —2, 
0-0. 

How do we interpret the system (2)? The final equation contains no information, of course, 
and we ignore it." The second equation implies that x4 = 2. 

The first equation implies that x, = 3 — 2x», but there is no equation for x2. Evidently, x2 
is a "free" variable, and we can assign any value to it—as long as we take x; to be 3 — 2x5. 
Thus (1) has an infinite number of solutions, and a convenient way of characterizing them is 

x1,73-—25, X278, X372; -o<s<o. 


We remark that an equivalent solution can be obtained by treating x, as the free variable, 
say x, = s, and taking x; = (3 — s)/2, x3 = 2. € 


The final example is contrived to demonstrate all the features that we have encountered. 


Example 4 Find all solutions to the system 
Xq— Xx + 2x3 + 2x4 =0, 
2x1 — 2x9 + 4x3 + 3x, = 1, 

3x, m 3x, aa 6x3 F 9x4 = -3 > 

4x, — Ax; + 8x3 + 8x4 = 


| 
© 


Solution We use the first equation to eliminate x;: 


Xq— X2 + 2x4 + 2x, =0, 


— x4,71, 
3X4 = —3, 
0-0. 


Now, both x» and x4 are absent from all subsequent equations, so we use the second equation 
to eliminate x4. 


X] — X3 + 2x4 


—X4 = 


| 
O O =. N 


0= 
0 


"The occurrence of the identity 0 — 0 in the Gauss-Jordan algorithm implies that one of the original equations was 
redundant. In this case you may observe that the final equation in (1) can be derived by subtracting 3 times the second 
equation from the first. 
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There are no constraints on either x»? or x3; thus we take them to be free variables and charac- 


terize the solutions by 


x,=2+s-—2t, 


X471, x47—1, -co<s,t<c.@ 


In closing, we note that if the execution of the Gauss-Jordan algorithm results in a display 
of the form 0 = 1 (or 0 =k, where k # 0), the original system has no solutions; it is 
inconsistent. This is explored in Problem 12. 


ESEA å ë 


In Problems 1—11, find all solutions to the system using 
the Gauss-Jordan elimination algorithm. 


1. x, + 2x, + 2x3 =6, 
2x, X2 X476, 
X, + XxX, + 3x, = 6 

2. xı Xj + x3 + x4 = 1 
Xj +x,=0 
2x, + 2x. — x3 + x4 = 0 
xı + 2x. — x3 + x4 = 0 

3. x(tx;—x470, 
—xX;—X5,tx4,-70, 
x +X, — x3 = 0 

4. X4 + x,=0 
XQ +X + x3 x4= 1 
2x1 — x2 + x4 + 2x4 = 0 
2x, —% + x43 + X= 0 

5. —x, + 2x47 0, 
2x; + 3x, = 0 

6. —2x, + 2x x370, 

x(— 3%. + x4-70, 
4x, — 4x, + 2x4 = 0 

7. —x,+3x.=0, 
—3x, + 9x, = 0 

8. x + 2x. + x= —3, 
2x, + 4x, = x3 =0, 
x, + 3x. — 2x3 = 3 

9. (1—i)x,; + 2x, =0, 


—x,—(1+i)x,=0 


> 


11. 


12. 


13. 


14. 


3x + X5 4x4— 1, 


Use the Gauss-Jordan elimination algorithm to 
show that the following systems of equations are 
inconsistent. That is, demonstrate that the exis- 
tence of a solution would imply a mathematical 
contradiction. 
(a 2x, - x72, 

—6x, + 3% = 4 
(b) 2x, + m= -1, 

3x) +x. + 4x3,=1, 


xX, + xX + 5x3 = 1 
Use the Gauss—Jordan elimination algorithm to 
show that the following system of equations has a 
unique solution for r = 2, but an infinite number of 
solutions for r = 1. 
2x, — 3x. = rx, , 
X, — 2x) = rx, 


Use the Gauss-Jordan elimination algorithm to 
show that the following system of equations has a 


unique solution for r = —1, but an infinite number 
of solutions for r — 2. 

Xi + 2x. - x47^rX,, 

X| + X47 1X2, 


4x, — 4x, + 5x4 = rx; 
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9.3 REVIEW 2: MATRICES AND VECTORS 


A matrix is a rectangular array of numbers arranged in rows and columns. An m X n 
matrix—that is, a matrix with m rows and n columns—is usually denoted by 


4, 412 dij ` dj 

a a a d a 
A= 2r i 23 2n 

Am è Am Am3 NT Ann 


where the element in the ith row and jth column is a; The notation [a;;] is also used to desig- 
nate A. The matrices we will work with usually consist of real numbers, but in certain 
instances we allow complex-number entries. 

Some matrices of special interest are square matrices, which have the same number of 
rows and columns; diagonal matrices, which are square matrices with only zero entries off the 
main diagonal (that is, a; = 0 if i 7 j); and (column) vectors, which are n X 1 matrices. For 


example, if 
3 4 -1 3.00 4 
A=|2 6 Dd} 4 B= {0 0 0l, x=/2]|, 
0 1 4 0 0 7 1 


then A is a square matrix, B is a diagonal matrix, and x is a vector. An m X n matrix whose 
entries are all zero is called a zero matrix and is denoted by 0. For consistency, we denote 
matrices by boldfaced capitals, such as A, B, C, I, X, and Y, and reserve boldfaced lowercase 
letters, such as c, x, y, and z, for vectors. 


Algebra of Matrices 


Matrix Addition and Scalar Multiplication. The operations of matrix addition and scalar mul- 
tiplication are very straightforward. Addition is performed by adding corresponding elements: 


1 2 3f; |i 1 1|,]2 3 4 
4 5 6 1 1 1 5.6 7| 


Formally, the sum of two m X n matrices is given by 


A +B = [a;] + [bj] = [ay + 5j]. 


(The sole novelty here is that addition is not defined for two matrices whose dimensions m, n 
differ.) 

To multiply a matrix by a scalar (number), we simply multiply each element in the matrix 
by the number: 


git 2 Sls s de 
4 5 6| |12 15 18] ° 


In other words, rA = r[aj;] = [ raj]. The notation —A stands for (—1)A. 
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Properties of Matrix Addition and Scalar Multiplication. Matrix addition and scalar 
multiplication are nothing more than mere bookkeeping, and the usual algebraic properties 
hold. If A, B, and C are m X n matrices and r, s are scalars, then 


A+(B+C)=(A+B)+C, A+B=BH+A, 
A+0=A, A + (-A)=0, 
r(A +B) 2 rA* rB , (r * s) 2 rA t^ 5A , 
r(sA) = (rs) = s(rA) . 


Matrix Multiplication. The matrix product is what makes matrix algebra interesting and 
useful. We indicated in Section 9.1 that the product of a matrix A and a column vector x is the 
column vector composed of dot products of the rows of A with x: 


"MI 


More generally, the product of two matrices A and B is formed by taking the array of dot 
products of the rows of the first “factor” A with the columns of the second factor B; the dot 
product of the ith row of A with the jth column of B is written as the ijth entry of the 
product AB: 


| 2 l l bcr 


4 56 : 77 Labs HS Sed] sed 


1 0 1 d E "| [10-54 2+0+1 x+0+z 
: 34-148 6-142 3x-y+2z 


5 3 x+z 
12 9 3x-yt2z 


Note that AB is only defined when the number of columns of A matches the number of rows of 
B. A useful formula for the product of an m X n matrix A and an n X p matrix B is 


n 


AB — [cj] . where cj:— » aibyj - 


The dot product of the ith row of A and the jth column of B is seen in the "sum of products" 
expression for cj. 

Since AB is computed in terms of the rows of the first factor and the columns of the second 
factor, it should not be surprising that, in general, AB does not equal BA (matrix multiplication 
does not commute): 


allt ol-[ s m fall snl al 


In fact, the dimensions of A and B may render one or the other of these products undefined: 


JE- (Je J ane. 
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By the same token, one might not expect (AB)C to equal A(BC), since in (AB)C we take 
dot products with the columns of B, whereas in A(BC) we employ the rows of B. So it is a 
pleasant surprise that this complication does not arise, and the “parenthesis grouping” rules are 
the customary ones: 


Properties of Matrix Multiplication 


(AB)C = A(BC) (Associativity) 
(A + B)C = AC + BC (Distributivity) 
A(B + C) = AB + AC (Distributivity) 
(rA)B = r(AB) = A(rB) (Associativity) 


To summarize, the algebra of matrices proceeds much like the standard algebra of num- 
bers, except that we should never presume that we can switch the order of matrix factors. 


Matrices as Linear Operators. Let A be an m X n matrix and let x and y be n X 1 vectors. 
Then Ax is an m X 1 vector, and so we can think of multiplication by A as defining an operator 
that maps n X 1 vectors into m X 1 vectors. A consequence of the distributivity and associa- 
tivity properties is that multiplication by A defines a linear operator, since A(x + y) = 
Ax + Ay and A(rx) = rAx. Moreover, if A is an m X n matrix and B is an n X p matrix, then the 
m X p matrix AB defines a linear operator that is the composition of the linear operator defined 
by B with the linear operator defined by A. That is, (AB)x — A(Bx), where x is a p X 1 vector. 

Examples of linear operations are 

(i) stretching or contracting the components of a vector by constant factors; 
(ii) rotating a vector through some angle about a fixed axis; 
(iii) reflecting a vector in a plane mirror. 


The Matrix Formulation of Linear Algebraic Systems. Matrix algebra was developed to 
provide a convenient tool for expressing and analyzing linear algebraic systems. Note that the 
set of equations 

xit 2x; x42 = 1, 

xj + 3x. + 2x3 = —1, 

X| + x40 


can be written using the matrix product 


1 2 alla 1 
(1) 13 2||x|2|-1 
10 1/|x 0 


In general, we express the linear system 


aX + ayx + occ + aux, = bi , 


ü51X1 + ü55X25 r2 E AnXn = bz š 


Anti t AggXq t = t dax, = bn 
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in matrix notation as Ax — b, where A is the coefficient matrix, x is the vector of unknowns, 
and b is the vector of constants occurring on the right-hand side: 


ai di) "77 Ain Xi b, 
a dj ^" a x by 
Jud Ru MEL ETE 
an Am UT Ann Xn b, 


If b = 0, the system Ax = b is said to be homogeneous (analogous to the nomenclature of 
Section 4.2). 


Matrix Transpose. The matrix obtained from A by interchanging its rows and columns is 
called the transpose of A and is denoted by A’. For example, if 


a=] L 2 Ap then 


-1 2 -1 
1 -1 
AT-|2 2 
6 -1 


In general, we have [a 
Problem 7. 


i] Pe LA , where b;; = aj. Properties of the transpose are explored in 


Matrix Identity. There is a “multiplicative identity” in matrix algebra, namely, a square 
diagonal matrix I with ones down the main diagonal. Multiplying I on the right or left by any 
other matrix (with compatible dimensions) reproduces the latter matrix: 


100 2 1 2 1 2 1};/1 0 0 

0 1 0l 3 2)/=)]1 3 2)=]1 3 2/)0 1 0 

0 0 1 0 1 10 1 O 1/|0. 0 1 

(The notation IL, is used if it is convenient to specify the dimensions, n X n, of the identity 
matrix.) 


Matrix Inverse. Some square matrices A can be paired with other (square) matrices B 
having the property that BA = I: 


3 L 1 

2 2 
i21 100 
(2) ; 0 -j|132|-]010 
10 1 0 0 1 

_3 1 

2 2 


When this happens, it can be shown that 


(i) B is the unique matrix satisfying BA = I, and 
(ii) B also satisfies AB = I. 


In such a case, we say that B is the inverse of A and write B = A. 
Not every matrix possesses an inverse; the zero matrix 0, for example, can never satisfy 
the equation 0B — I. A matrix that has no inverse is said to be singular. 


Example 1 
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If we know an inverse for the coefficient matrix A in a system of linear equations Ax = b, 
the solution can be calculated directly by computing A !b, as the following derivation 
shows: 


Ax = b implies A !Ax = A !b implies x = A lb . 


Using (2), for example, we can solve equation (1) quite efficiently: 


3 1 5 

2 7 9 2 

“1 1 1 : 1 

x2 2 0 ZI} TIF] 3 
X3 0 

-3 , 1 E 

2 2 2 


When A`! is known, this calculation is certainly easier than applying the Gauss-Jordan 
algorithm of the previous section. So it would appear advantageous to be able to find matrix 
inverses. Some inverses can be obtained directly from the interpretation of the matrix as a 
linear operator. For example, the inverse of a matrix that rotates a vector is the matrix that 
rotates it in the opposite direction. A matrix that performs a mirror reflection is its own inverse 
(what do you get if you reflect twice?). But in general one must employ an algorithm to com- 
pute a matrix inverse. The underlying strategy for this algorithm is based on the observation 
that if X denotes the inverse of A, then X must satisfy the equation AX = I; finding X amounts 


to solving n linear systems of equations for the columns {X,, X,...,X,} of X: 
1 0 0 
0 1 0 
AX, — E > AX» = : , UT, AX, = 
0 0 0 
0 0 1 


The implementation of this operation is efficiently executed by the following variation of the 
Gauss-Jordan algorithm. 


Finding the Inverse of a Matrix. By a row operation, we mean any one of the following: 
(a) Interchanging two rows of the matrix 
(b) Multiplying a row of the matrix by a nonzero scalar 
(c) Adding a scalar multiple of one row of the matrix to another row. 


If the n X n matrix A has an inverse, then A ! can be determined by performing row opera- 
tions on the n X 2n matrix [A | I| obtained by writing A and I side by side. In particular, we 
perform row operations on the matrix [A j I| until the first n rows and columns form the iden- 
tity matrix; that is, the new matrix is [I | B]. Then A! = B. We remark that if this procedure 
fails to produce a matrix of the form [I ' B], then A has no inverse. 


2 
Find the inverse of A = |1 3 
0 


— Oe 
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Solution We first form the matrix [A i I] and row-reduce the matrix to [I i A). Computing, we find 
the following: 


12 1 1 0 0 
The matrix [A | I] i 3.2 0 10 
10 1 0 0 1 
Subtract the first row from l : ] H 2 
B ; 0 1 1 —1 1 0 
the second and third to obtain 
0 — -1 0 1 
Add 2 times the second row i : l ! B ^ : 
to the third row to obtain 002 b 1 
Subtract 2 times the second : : E E i 1 : 
row from the first to obtain 0 0 2 3 2 1 
1 0 -1 3: 2 0 
Multiply the third row by u 
1/2 to obtain ? ! Fou l Low 
3 1 
0 0 1 E 1 ^ 
100 2-1 5 
Add the third row to the first and 
then subtract the third row from 0 1 0 1 0 — 1 
; 2 2 
the second to obtain 
0 0 1 -ij 1 1 


The matrix shown in color is A’ !. [Compare equation (2).] € 


Determinants. Fora2 X 2 matrix A, the determinant of A, denoted det A or |A|, is defined 
by 
a a 
det A := |^ 1! 12| = q any — apod». 
dj ayy 11422 12021 


We can define the determinant of a 3 X 3 matrix A in terms of its cofactor expansion about the 
first row; that is, 


cn d du a a a a an 
det A := |a; 4» ag| = ay) P| -an P| tag” =| 
432 033 a31 433 a3; 432 
d3; 032 433 
For example, 
1 2 1 
3 3 0 5 0 3 
0 3 s|- | |-2| E | | 
2 1-1 1 1 2 1 2 1 
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The determinant of an n X n matrix can be similarly defined by a cofactor expansion 
involving (n — 1)st-order determinants. However, a more practical way to evaluate the deter- 
minant when 7 is large involves the row-reduction of the matrix to upper triangular form. Here 
we will deal mainly with 2 X 2 and 3 X 3 matrices, and leave further discussion of evaluating 
determinants to an introductory text on linear algebra.' 

Determinants— particularly the higher-order ones—are laborious to compute directly. 
They have a geometric interpretation: det A is the volume (in n-dimensional space) of the 
parallelepiped whose edges are given by the column vectors of A. But their chief value lies in 
the role they play in the following theorem, which summarizes many of the results from linear 
algebra that we shall need, and in Cramer's rule, described in Appendix D. 


Matrices and Systems of Equations 


Theorem 1. Let A bean n X n matrix. The following statements are equivalent: 
(a) A is singular (does not have an inverse). 

(b) The determinant of A is zero. 

(c) Ax = 0 has nontrivial solutions (x # 0). 


(d) The columns (rows) of A form a linearly dependent set. 


In part (d), the statement that the n columns of A are linearly dependent means that there 
exist scalars ci, . . . , c,, not all zero, such that 


C184 + C245 Toe oc C48, = 0 " 


where a; is the vector forming the jth column of A. 

If A is a singular square matrix (so det A = 0), then Ax = 0 has infinitely many solutions. 
Indeed, Theorem 1 asserts that there is a vector xo # 0 such that Ax; = 0, and we can get 
infinitely many other solutions by multiplying xo by any scalar, i.e., taking x = cx. Further- 
more, Ax = b either has no solutions or it has infinitely many of them of the form 


X—7X, tX, 


where x, is a particular solution to Ax = b and x, is any of the infinity of solutions to Ax = 0 
(see Problem 15). The resemblance of this situation to that of solving nonhomogeneous linear 
differential equations should be quite apparent. 

To illustrate, in Example 3 of Section 9.2 (page 504) we saw that the system 


2 4 ailla 8 
2 4 0| n»|- 6 
-4 -8 1]| x; =10 


has solutions 


xj =3-2s, X275, X472; -o<s<o. 


*See Linear Algebra and Its Applications, 3rd updated ed., by David C. Lay (Addison-Wesley, Reading, Mass., 2006). 


514 


Chapter9 Matrix Methods for Linear Systems 


Example 2 


Solution 


Writing these in matrix notation, we can identify the vectors x, and x, mentioned above: 
3 —325$ 3 = 
x= s -|0|ts l|x tx. 
2 


Note further that the determinant of A is indeed zero, 


2 4 


E 4 0 
det A= 2) _ 4 -8 


0 2 no E 
s -a |a |-24 4-2+1-0=0, 


and that the linear dependence of the columns of A is exhibited by the identity 


If A is a nonsingular square matrix (i.e., A has an inverse and det A # 0), then the homo- 
geneous system Ax = 0 has x = 0 as its only solution. More generally, when det A # 0, the 
system Ax = b has a unique solution, (namely, x = A '!b). 


Calculus of Matrices 


If we allow the entries at) in a matrix A(t) to be functions of the variable t, then A(t) is a 
matrix function of t. Similarly, if the entries x;(t) of a vector x(t) are functions of t, then x(t) is 
a vector function of t. 

These matrix and vector functions have a calculus much like that of real-valued functions. 


A matrix A(t) is said to be continuous at tọ if each entry a;(t) is continuous at fo. Moreover, 


A(t) is differentiable at tọ if each entry a i) is differentiable at fọ, and we write 


dA , — r 
(3) di (to) = A' (to) = [aj(t)] . 
Similarly, we define 


(4) | foe | | "ajout 


1 
Find: (a) A’(t). — (b) | A(t)dt . 
0 


Using formulas (3) and (4), we compute 


m 1 4 TE 
(a) A'(r) = E: Ua EE | (ar am. 
È 


0 
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Example3 Show that x(t) = |n "i is a solution of the matrix differential equation x' — Ax, where 
_|0 =w 
Solution We simply verify that x'(r) and Ax(t) are the same vector function: 
x'(i) _ le sin el ; xx |: Elles M _ e sin A E" 
@ COS wt w O || sin wt w COS wt 


The basic properties of differentiation are valid for matrix functions. 


Differentiation Formulas for Matrix Functions 


In the last formula, the order in which the matrices are written is very important because, 
as we have emphasized, matrix multiplication does not always commute. 


[2 1 _[-1 0 [1-2 10 
scd J and B: | 2 E 5. Let A: i E B: |. jr and 
Find: (a A+B. (D 3A- B. | 1 1 

- C:= zs 
daa O3 ang p=) oi i A 

L Find: (a) AB. (b AC. (©) A(B+C). 
Find: (a) A+B. (b) 7A — 4B. 

r . 1 2 . 0 3 

ne 24 ipe -1 3 6. Let A = RE B := 12l and 
. Let =i 1 an = 52| 
Find: (a) AB . (b A? = AA. (Q B - BB. e d l 
E 1 1-4 Find: (a) AB. (b) (ABJC . (© (A & BIC . 

. Let A = 0 4 and B= f : 

—1 3 0 3 1 7. (a) Show that if u and v are each n X 1 column vec- 


tors, then the matrix product u’y is the same as 
Find: (a) AB. (b) BA . the dot product u - v. 
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(b Let v be a 3X1 column vector with gl gb git 
v — [2 3 5]. Show that, for A as given in 19. X) = | e! —e^ 2e” 
Example 1, (Av)? = vA". el gt Ae” 

(c) Does (Av) = vA" hold for every m X n : 
matrix A and n X 1 vector v? e” l 


t 
= 3t 
(d) Does (AB)! = BA” hold for every pair of 20. X(r) = | 3e" 0 1 


matrices A, B such that both matrix products are 


defined? Justify your answer. ] : 
In Problems 21—26, evaluate the given determinant. 


2; =] IL 2 
8. Let A := and B-— i 4 3 12 8 
E i | 2] 21. = ; 22. 32 
Verify that AB BA. 
1 0 0 1 0 2 
In Problems 9—14, compute the inverse of the given 23. |3 1 2 24. 0 3 —] 
matrix, if it exists. 1 5 —2 EST 2 
6 [2 1] w. 21 1 4 3 1 44 
i b 25, |-l =1 2 26. |3 0 -3 
1 1 1 1 1 1 2 1 6 2 
11. 1 2 1 12. 1 2 3 
[2 3 2 L0 1 1 In Problems 27—29, determine the values of r for which 
r det(A — 7I) = 0. 
=2 -]1 1 1 1 "ue 
13.| 2 1 0 14. |]1 -1 2 =| t4 £ 
3 A ; 4 27. A | 2 4 28. A | 2 l 


15. Prove that if x, satisfies Ax, = b, then every solu- 0.0 
tion to the nonhomogeneous system Ax — b is of the 29.A — 0 1 
form x = x, + x,, where x, is a solution to the 1 0 


corresponding homogeneous system Ax = 0. . . . 
30. Illustrate the equivalence of the assertions (a)—(d) in 


2 =l 1 Theorem 1 (page 513) for the matrix 
16. Let A = | -1 2 1 
1 1 2 4-2 2 
(a) Show that A is singular. A=|-2 4 2 
4 2 2 4 
3 
(b) Show that Ax = | 1 | has no solutions. as follows. 
3 | (a) Show that the row-reduction procedure applied 
3] to [A I| fails to produce the inverse of A. 
= : . (b) Calculate det A. 
(o Shope far Ax : HS iinit ly many (c) Determine a nontrivial solution x to Ax = 0. 


= (d) Find scalars c,, c2, and c3, not all zero, so that 
cya, + Coa) + c3a3 = 0, where aj, a», and az 

In Problems 17-20, find the matrix function X !(r) are the columns of A. 

whose value at t is the inverse of the given matrix X(t). 


solutions. 


In Problems 31 and 32, find dx/dt for the given vector 


e e unctions. 
17. X(1) = | 7 i ý 
e e 3t =f s 
e e 'sin3t 
| | sin 2t cos 2t 31. x(t) = | 2e* 32. x(t) = 0 
18. X(1) = k cos 2t —2 sin 3l — e? —e ' sin 3t 


In Problems 33 and 34, find dX [dt for the given matrix 
functions. 


5t 2t 
e 3e 
33. X(r) = —2g9 — 92 
sin2t cos2t e 7 
34. X(t) = | —sin2t 2cos2t 3e ? 
| 3sin2t cos 2t e? 


In Problems 35 and 36, verify that the given vector 
function satisfies the given system. 


Il 
T———3 
N 
Q a 
w w 
x S 
i AE 


PEAN 1 1 
35. x' = E TER x(t) 


0 0 0 0 
36x -|0 1 O|x, x(t) =] e 
] 0 -ï —3e! 


In Problems 37 and 38, verify that the given matrix 
function satisfies the given matrix differential equation. 


DNE ME IE 
37. X' = E ! X, X(t) = E E 
1 0 0 
38. X' = | 0 3 —2|X, 
0 -2 3 
e' 0 0 
X()2|.0 e e” 
0 e! =g” 
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In Problems 39 and 40, the matrices A(t) and B(t) are 
given. Find 


(a) | A()dr. (b) N Bid. © 2[A()B()] . 


dt 
Pg cost —sint 
39. A(t) = l | , B(r) = = cos j 
40 A(t) E E B() _ e e' 
» 4 etl? —-e! 3e% 


41. An n X n matrix A is called symmetric if A? = A; 


that is, if Ay = ji, for alli, j = 1,...,n. Show that 
if Ais ann X n matrix, then A + A’ isa symmetric 
matrix. 


42. Let A bean m X n matrix. Show that ATA is a sym- 
metric n X n matrix and AA’ is a symmetric 
m X m matrix (see Problem 41). 

43. The inner product of two vectors is a generalization 
of the dot product, for vectors with complex entries. 


It is defined by 
(x, y) = = Xiyi > where 
x = col xoa: Ka). y = col (Y1, yo, ..., Yn) 


are complex vectors and the overbar denotes 
complex conjugation. 

(a) Show that (x, y) = xTy, where 
y — col i. Y» E S» : 

(b) Prove that for any n X 1 vectors x, y, z and any 
complex number A, we have 


(x, y- (y, x) > 
(xy +z) = (x,y) + (xz), 
(Ax,y) = Ax, y), (x, Ay) = A(x, y) . 


94 LINEAR SYSTEMS IN NORMAL FORM 


In keeping with the introduction presented in Section 9.1, we say that a system of n linear 
differential equations is in normal form if it is expressed as 


(1) x’ (t) = A(t)x(t) + f(r) , 


where x(t) = col(xi(r), dint iis). f(t) = col( 103 T A). and A(t) = [ajt)] is an 
n X n matrix. As with a scalar linear differential equation, a system is called homogeneous 
when f(t) = 0; otherwise, it is called nonhomogeneous. When the elements of A are all 
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constants, the system is said to have constant coefficients. Recall that an nth-order linear dif- 
ferential equation 


D IA + pay" + t polyA = ale) 

can be rewritten as a first-order system in normal form using the substitution x,(t) = y(t), 
xo(t):=y'(),...,x,(f) = yD); indeed, equation (2) is equivalent to x’(t) = A(t)x(t) + 
f(t), where x(t) = col(x,(2), SA x,(t)), f(t) = col(0, T g(t), and 


0 1 0 0 0 
0 0 1 0 0 
A(t) = 
0 0 0 0 1 
pot) —pilt) =p) + —pa—2(t) peu) 


The theory for systems in normal form parallels very closely the theory of linear differen- 
tial equations presented in Chapters 4 and 6. In many cases the proofs for scalar linear differ- 
ential equations carry over to normal systems with appropriate modifications. Conversely, 
results for normal systems apply to scalar linear equations since, as we showed, any scalar lin- 
ear equation can be expressed as a normal system. This is the case with the existence and 
uniqueness theorems for linear differential equations. 

The initial value problem for the normal system (1) is the problem of finding a differen- 
tiable vector function x(t) that satisfies the system on an interval / and also satisfies the initial 
condition x(tj) = xy, where tọ is a given point of J and xp = col(x; o 2s zn) is a given 
vector. 


Existence and Uniqueness 


Theorem 2. Suppose A(t) and f(t) are continuous on an open interval 7 that contains 
the point fp. Then, for any choice of the initial vector x, there exists a unique solution 


x(t) on the whole interval / to the initial value problem 


x'(t) = A(t)x(t) + f(t) , xj y. 


We give a proof of this result in Chapter 13^ and obtain as corollaries the existence and 
uniqueness theorems for second-order equations (Theorem 4, Section 4.5) and higher-order 
linear equations (Theorem 1, Section 6.1). 

If we rewrite system (1) as x’ — Ax = f and define the operator L|x] =x’ — Ax, then 
we can express system (1) in the operator form L|x] — f. Here the operator L maps vector 
functions into vector functions. Moreover, L is a linear operator in the sense that for any 
scalars a, b and differentiable vector functions x, y, we have 


L|ax + by] = aL[x] + bL|y] . 


The proof of this linearity follows from the properties of matrix multiplication (see Problem 27). 


‘All references to Chapters 11—13 refer to the expanded text Fundamentals of Differential Equations and Boundary 
Value Problems, 6th ed. 


Example 1 


Solution 


Example 2 


Solution 


Example 3 


Solution 
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As a consequence of the linearity of L, if xj, . . . , x, are solutions to the homogeneous sys- 
tem x’ = Ax, or Els] = 0 in operator notation, then any linear combination of these vectors, 
CjX, + ++: + C,X,, 1s also a solution. Moreover, we will see that if the solutions xj, . . . , x, are 
linearly independent, then every solution to L|x] = 0 can be expressed as cix1 + ^: + c,X, 
for an appropriate choice of the constants c4, . . . , Cp 


Linear Dependence of Vector Functions 


Definition 1. The m vector functions xj, .. . , X,, are said to be linearly dependent on 
an interval / if there exist constants c4, . . . , Cm, not all zero, such that 


(3) exi (t) a Geld) =0 


for all t in Z. If the vectors are not linearly dependent, they are said to be linearly 
independent on /. 


Show that the vector functions x,(t) = col(e’, 0, e"), x(t) = col(3e’, 0, 3e^), and 
x,(t) = col(t, 1, 0) are linearly dependent on (—oo, oo). 


Notice that x, is just 3 times x, and therefore 3x,(t) — x,(t) + 0-x4(t) = 0 for all t. Hence, 
X,, X», and x; are linearly dependent on (—00, oo). € 


Show that 


XIII 


are linearly independent on (—oo, oo). 


Note that at every instant fp, the column vector x; (tọ) is a multiple of x2(tọ); indeed, x, (to) = xo(to) 
for tọ = 0, and xj(t) = —x»(to) for tọ = 0. Nonetheless, the vector functions are not depen- 
dent, because the c’s in condition (3) are not allowed to change with t; for t < 0, the equation 
cX;(f) + coxo(t) = 0 implies cı — c; = 0, but for t > O it implies c} c; = 0. Thus 
cı = Cy = O and the functions are independent. 9 


Show that the vector functions x(t) = col(e?', 0, e??), x;(t) = col(e?', e”, —e”), and 
x3(t) = col(e’, 2e', e") are linearly independent on (—oo, 00). 
To prove independence, we assume cj, c», and c3 are constants for which 

c1X,(t) + cx) (1) t caxa(t) =0 


holds at every t in (—0o, oo) and show that this forces c, = c; = c4 = 0. In particular, when 
t — 0 we obtain 


1 1 1 
C1 0 + c 1 + c4 2 =0, 
1 el 1 


which is equivalent to the system of linear equations 
Cy + C5 + C3 — 0 > 

(4) €, + 2c3 = 0, 
Cy — C2 + C3 — 0 s 
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Either by solving (4) or by checking that the determinant of its coefficients is nonzero (recall 
Theorem 1 on page 513), we can verify that (4) has only the trivial solution c; = c5 = c3 = 0. 
Therefore the vector functions x,, x», and x; are linearly independent on (— oo, oo) (in fact, on 
any interval containing t = 0). 9 


As Example 3 illustrates, if x;(z), x.(t),...,x,(¢) are n vector functions, each having n 
components, we can establish their linear independence on an interval / if we can find one 
point tọ in I where the determinant 


det[ x; (to) shee Xn(fo) | 


is not zero. Because of the analogy with scalar equations, we call this determinant the 
Wronskian. 


Wronskian 


Definition 2. The Wronskian of n vector functions x,(t) = col(x,),..-,p1)s-+ +> 
x col(x, n T FN is defined to be the real-valued function 


Slt) Gua) cU Bald) 
- NO x222) gi xat) 


xa) x) c Analt) 


We now show that if x), X», . . . , x, are linearly independent solutions on I to the homoge- 
neous system x' — Ax, where A is an n X n matrix of continuous functions, then the 
Wronskian W(t) = det| xi, Xo, x, is never zero on /. For suppose to the contrary that 
W(to) = 0 at some point ty. Then by Theorem 1, page 513, the vanishing of the determinant 
implies that the column vectors x;(t)), xo(15), . . - , x,(t9) are linearly dependent. Thus there 
exist scalars c4, . . . , C, not all zero, such that 


ey (to) a eee CnXp(to) =0. 


However, c;x;(t) + = + c,x,(t) and the vector function z(t) = 0 are both solutions to 
x’ = Ax on/, and they agree at the point tọ. So these solutions must be identical on / according 
to the existence-uniqueness theorem (Theorem 2). That is, 


c1X (1) se ote 6x =0 


for all t in I. But this contradicts the given information that x;, . . . , x, are linearly independent 
on I. We have shown that W(t)) # 0, and since tọ is an arbitrary point, it follows that W(t) # 0 
for all t € I. 

The preceding argument has two important implications that parallel the scalar case. First, 
the Wronskian of solutions to x' = Ax is either identically zero or never zero on I (see also 
Problem 33). Second, a set of n solutions xi, . . . , X, to x' = Ax on l is linearly independent on 
I if and only if their Wronskian is never zero on I. With these facts in hand, we can imitate the 
proof given for the scalar case in Section 6.1 (Theorem 2) to obtain the following representa- 
tion theorem for the solutions to x’ = Ax. 


Example 4 
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Representation of Solutions (Homogeneous Case) 


Theorem 3. Let x;,..., x, ben linearly independent solutions to the homogeneous system 
© x()- Alx) 


on the interval J, where A(t) is an n X n matrix function continuous on J. Then every 


solution to (5) on / can be expressed in the form 
(6) x(t) = c,x,(t) + = + cux, , 


where c4, . . . , c, are constants. 


A set of solutions ixi, T Xn} that are linearly independent on / or, equivalently, whose 
Wronskian does not vanish on /, is called a fundamental solution set for (5) on 7. The linear 
combination in (6), written with arbitrary constants, is referred to as a general solution to (5). 

If we take the vectors in a fundamental solution set and let them form the columns of a 
matrix X(t), that is, 


x(t) xi(t) Heg Xinlt) 
X) = [O x6) ... x) = |" 72209 al 
xu) xs) ce xy) 


then the matrix X(t) is called a fundamental matrix for (5). We can use it to express the 
general solution (6) as 


, 


where € = col(c;,...,c,) is an arbitrary constant vector. Since det X = Wlx;, Peas x, | is 
never zero on J, it follows from Theorem 1 in Section 9.3 that X(r) is invertible for every t in 7. 


Verify that the set 


e” —e! 0 
Sie 0 ; e! 
gat gt prt 


is a fundamental solution set for the system 
0 1 1 

(7) x()-|1 0 I1|x(r) 
1 1 0 


on the interval (—oo, oo) and find a fundamental matrix for (7). Also determine a general 
solution for (7). 


Solution Substituting the first vector in the set S into the right-hand side of (7) gives 


0 1 1lle* 2e” 
Ax=|1 OT ee Be | x(t). 
1 1 O|] e% 2e” 
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Hence this vector satisfies system (7) for all t. Similar computations verify that the remaining 
vectors in S are also solutions to (7) on (—oo, oo). For us to show that S is a fundamental solu- 
tion set, it is enough to observe that the Wronskian 


is never zero. 
A fundamental matrix X(t) for (7) is just the matrix we used to compute the Wronskian; 


that is, 
eg —eg'! 0 
(8) X():-—|e* 0 et 
e” e =e? 


g" —e! 0 
x(t) = X()e = c e" | * e 0 + c4 e'|.¢ 
e” e! —e! 


Itis easy to check that the fundamental matrix in (8) satisfies the equation 
O0 1 I 
X'üne|tío 1) XG): 
1 1 0 


indeed, this is equivalent to showing that x’ = Ax for each column x in S. In general, a funda- 
mental matrix for a system x’ = Ax satisfies the corresponding matrix differential equation 
X' = AX. 

Another consequence of the linearity of the operator L defined by LÍx] := x' — Ax is the 
superposition principle for linear systems. It states that if x, and x, are solutions, respectively, 
to the nonhomogeneous systems 


L|x] = $1 and L|x] —-8. 
then cx, + Cx) is a solution to 
L[x] = agi + og . 


Using the superposition principle and the representation theorem for homogeneous systems, 
we can prove the following theorem. 


Representation of Solutions (Nonhomogeneous Case) 
Theorem 4. Let x, be a particular solution to the nonhomogeneous system 
9)  x()- A(0x(n + f() 


on the interval J, and let {xi era Xn} be a fundamental solution set on / for the corre- 
sponding homogeneous system x(t) = A(r)x(r). Then every solution to (9) on J can be 
expressed in the form 


10)  x()) xj) + cyxy(t) + + + ox). 


where cj, ..., c, are constants. 
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The proof of this theorem is almost identical to the proofs of Theorem 4 in Section 4.5 and 
Theorem 4 in Section 6.1. We leave the proof as an exercise. 


The linear combination of Xp, Xp. 


. , X, in (10) written with arbitrary constants c4, . . . , Cy 


is called a general solution of (9). This general solution can also be expressed as 
X = X, + Xc, where X is a fundamental matrix for the homogeneous system and c is an 


arbitrary constant vector. 


We now summarize the results of this section as they apply to the problem of finding a 
general solution to a system of n linear first-order differential equations in normal form. 


Approach to Solving Normal Systems 


1. To determine a general solution to the n X n homogeneous system x’ = Ax: 


(a) Find a fundamental solution set ix, ‘ 


.. , Xj that consists of n linearly 


independent solutions to the homogeneous system. 
(b) Form the linear combination 


x = Xe =c x, + --- 


where c = col(cy, . .. 


F CX 


, €) is any constant vector and X = [xi iu 


n 


$] is the 


fundamental matrix, to obtain a general solution. 


2. To determine a general solution to the nonhomogeneous system x’ = Ax + f: 


(a) Find a particular solution x, to the nonhomogeneous system. 
(b) Form the sum of the particular solution and the general solution Xe = 


cyX; + ee 


X=x, +t Xe=x, + cx, + --- 


+ c,X, to the corresponding homogeneous system in part 1, 


+ c,X 


n ^ 


to obtain a general solution to the given system. 


We devote the rest of this chapter to methods for finding fundamental solution sets for homo- 
geneous systems and particular solutions for nonhomogeneous systems. 


94 CS MM 


In Problems 1—4, write the given system in the matrix 
form x' = Ax + f. 


1. x’(t) = 3x(t) - y(t) + e , 
y'(t) = —x(t) + 2y(t) + e' 

2. r'(t) = 2r(t) + sint , 
6'(t) = r(t) — O(t) + 1 


dx _ 5 dx _ 

* Iu yw. 4. d i Ve Zs 
dy, dy _ 
d 6*5, dq 7 »t*, 
dz _ 1 t dz _ 
di ix —y + 3z—e un =x + 5z 


In Problems 5—8, rewrite the given scalar equation as a 
first-order system in normal form. Express the system in 
the matrix form x' = Ax + f. 


5. y” (t) — 3y' (t) — 10y(t) = sint 


4 
6. x"(t) + x(t) 2 ? 7 a t+w=f 
dt 
i ge 
haa ae y = cost 


In Problems 9-12, write the given system as a set of 


scalar equations. 
S 2 
xte? 


" 5 0 
E 4 
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10. x' = E |x e i 
10 1| 1 0 

11.x 2|-1 2 5|x-e |0|-—t|1 
0 5 1| 0 0 
0 1 0l 

12. x’ = 0 0 l}|x+t]-— tl 
—] 1 


In Problems 13—19, determine whether the given vector 
functions are linearly dependent (LD) or linearly inde- 
pendent (LI) on the interval (—oo, oo). 


TE MEME 


da 9-3 sin t sin 2t 
15. e E > € I 16. cosf| ’ cos 2t 


i 
17. e” |}0}, e” 1], ev} 
5 rx 
sin t sin f cos t 
18. à i , 
COS Í sin f COS Í 
1 t t? 
19. | 0] , 05, 0 
1 t P 
20. Let 
COS t sin f cos Í 
x, =| 0 , X;,7|cosf|, x3; =] sint 
0 cos f cos Í 


(a) Compute the Wronskian. 

(b) Are these vector functions linearly independent 
on (— oo, co)? 

(c) Is there a homogeneous linear system for which 
these functions are solutions? 


In Problems 21—24, the given vector functions are solu- 
tions to the system x'(t) — Ax(t). Determine whether 
they form a fundamental solution set. If they do, find a 
fundamental matrix for the system and give a general 


solution. 
1 —2 
21. X; = e” M $ X, = e” | : 


Chapter9 Matrix Methods for Linear Systems 


22. 


23. 


24. 


25. 


26. 


3 1 
=k 4t 
xX; =e X% =e 
! E ) g =1 
et e! e 
Xj — 2e! n X, = (0) 7 X3 = — e” 
et e! 2e? 
r. , 
e sin f 
x,;=|e'l, X,=| cost] , 
e! —sin t 
—cos t 
X4 = sin f 
cos f 
Verify that the vector functions 


e! e! 
X; = M and x, = Eel 


are solutions to the homogeneous system 
NM _ |2 =1 
x’ = Ax = E u X, 


on (—oo, oo), and that 


_ 3 | te’ l|e|, |t 0 
X» 2 e| 4|3e| [a] |1 
is a particular solution to the nonhomogeneous 


system x’ = Ax + f(t), where f(t) = col(e’, t). 
Find a general solution to x’ = Ax + f(t). 


Verify that the vector functions 
e? — e’! =ë —3t 
X= 0 > X, = e?! $- 2X4 — —e 
et 0 e 3t 


are solutions to the homogeneous system 


1 -2 2 
X = Ax =| -2 1 2|x 
2 2 1 


on (—oo, oo), and that 


5t t1 
x, = 2t 
4t+ 2 


is a particular solution to x’ = Ax + f(t), where 
f(t) = col(—9t, 0, — 181). Find a general solution to 
x’ = Ax + f(t). 


27. Prove that the operator defined by L|x] =x’ — Ax, 
where A is an n X n matrix function and x is an 
n X l differentiable vector function, is a linear oper- 
ator. 

28. Let X(t) be a fundamental matrix for the system 
x’ = Ax. Show that x(t) = X(t)X~'(to)xo is the 
solution to the initial value problem x’ = Ax, 
x(t) = Xm 


In Problems 29-30, verify that X(t) is a fundamental 
matrix for the given system and compute X ! (t). Use the 
result of Problem 28 to find the solution to the given 
initial value problem. 


0 6 0 =1 
29. x'=|1 0 1/x, x0)-| 0|; 
1 1 0 1 
6e! —3e 7 2e” 
X(t) = —et e * e 
—5e! e 2t e 


30. v=? a] x. o=]: 


31. Show that 
e tlt 
2t 2]|t| 


on (—oo, oo), but that the two vector functions 


i. [A 


are linearly independent on (—oo, oo). 


32. Abel’s Formula. If x,,..., x, are any n solutions 
to the n X n system x'(r) = A(r)x(t), then Abel's 
formula gives a representation for the Wronskian 
W(t) = W[x,....,x,](t). Namely, 


w(t) = wies fauls) + +++ + am(s)}) ‘ 


where a;;(5), .. . , aj, (s) are the main diagonal ele- 
ments of A(s). Prove this formula in the special case 
when n — 3. [Hint: Follow the outline in Problem 30 
of Exercises 6.1.] 

33. Using Abel’s formula (Problem 32), prove that the 
Wronskian of n solutions to x’ = Ax on the interval 
Iis either identically zero on J or never zero on 1. 


t 


to 


34. Prove that a fundamental solution set for the homo- 
geneous system x'(r) = A(r)x(r) always exists on an 
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interval J, provided A(t) is continuous on I. | Hint: 
Use the existence and uniqueness theorem (Theorem 2) 
and make judicious choices for xo. ] 
35. Prove Theorem 3 on the representation of solutions 
of the homogeneous system. 
36. Prove Theorem 4 on the representation of solutions 
of the nonhomogeneous system. 
37. To illustrate the connection between a higher-order 
equation and the equivalent first-order system, con- 
sider the equation 
aD — y"() — 6y") + 11y'(t) - 6(0- 0 . 
(a) Show that te^. e”, e" is a fundamental solution 
set for (11). 

(b) Using the definition of Section 6.1, compute the 
Wronskian of te^. e”, gi 

(c) Setting x; = y, x? = y', x4 = y", show that 
equation (11) is equivalent to the first-order 


system 
(12) x’ = Ax, 
where 
0 1 0 
A:—10 0 1 
6 -ll 6 
(d) The substitution used in part (c) suggests that 
e! e e 
S:= {| et |, |2e* |, | 3e* 
t 4e?t 9e?! 


is a fundamental solution set for system (12). 
Verify that this is the case. 

(e Compute the Wronskian of S. How does it 
compare with the Wronskian computed in part (b)? 


38. Define x,(t), x;(1), and x,(1), for -oo < t < oo, by 


sin f sin f 0 
x,(t) = |sinz| , x(t) = |0 , x(t) = |sint |. 
0 sin f sin ź 


(a) Show that for the three scalar functions in each 
individual row there are nontrivial linear combi- 
nations that sum to zero for all t. 

(b) Show that, nonetheless, the three vector functions 
are linearly independent. (No single nontrivial 
combination works for each row, for all t.) 

(c) Calculate the Wronskian W(x, Xo, xà] (t). 

(d) Is there a linear third-order homogeneous differen- 
tial equation system having x(t), x(t), and x3(t) 
as solutions? 
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CONSTANT COEFFICIENTS 


In this section we discuss a procedure for obtaining a general solution for the homogeneous 
system 


(1) x'(r) = Ax(z) , 


9 5 HOMOGENEOUS LINEAR SYSTEMS WITH 


where A is a (real) constant n X n matrix. The general solution we seek will be defined for all 
t because the elements of A are just constant functions, which are continuous on (—oo, oo) 
(recall Theorem 2, page 518). In Section 9.4 we showed that a general solution to (1) can be 
constructed from a fundamental solution set consisting of n linearly independent solutions to (1). 
Thus our goal is to find n such vector solutions. 

In Chapter 4 we were successful in solving homogeneous linear equations with constant 
coefficients by guessing that the equation had a solution of the form e”. Because any scalar 
linear equation can be expressed as a system, it is reasonable to expect system (1) to have 
solutions of the form 


x(t) = eu, 


where r is a constant and u is a constant vector, both of which must be determined. Substituting 
e"u for x(t) in (1) gives 


re"u = Ae"u = e"Au . 
Canceling the factor e” and rearranging terms, we find that 
(2) (A — ru =0, 


where rI denotes the diagonal matrix with r's along its main diagonal. 

The preceding calculation shows that x(t) = e"u is a solution to (1) if and only if r and u 
satisfy equation (2). Since the trivial case, u = 9, is of no help in finding linearly independent 
solutions to (1), we require that u # 0. Such vectors are given a special name, as follows. 


Eigenvalues and Eigenvectors 


Definition 3. Let A = [aj] be ann X n constant matrix. The eigenvalues of A are 
those (real or complex) numbers r for which (A — rI)u = 0 has at least one nontrivial 


solution! u. The corresponding nontrivial solutions u are called the eigenvectors of A 
associated with z: 


As stated in Theorem | of Section 9.3, a linear homogeneous system of n algebraic equa- 
tions in n unknowns has a nontrivial solution if and only if the determinant of its coefficients is 
zero. Hence, a necessary and sufficient condition for (2) to have a nontrivial solution is that 


(3) |A—7I|/=0. 


Expanding the determinant of A — rI in terms of its cofactors, we find that it is an nth- 
degree polynomial in r; that is, 


(4) |A — rl = p(r). 


*We will allow u to have complex-number entries. 


Example 1 


Solution 
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Therefore, finding the eigenvalues of a matrix A is equivalent to finding the zeros of the poly- 
nomial p(r). Equation (3) is called the characteristic equation of A, and p(r) in (4) is the 
characteristic polynomial of A. The characteristic equation plays a role for systems similar to 
the role played by the auxiliary equation for scalar equations. 

Many commercially available software packages can be used to compute the eigenvalues 
and eigenvectors for a given matrix. Three such packages are MATLAB, available from The 
MathWorks, Inc.; MATHEMATICA, available from Wolfram Research; and MAPLE, avail- 
able from Waterloo Maple Inc. Although you are encouraged to make use of such packages, the 
examples and most exercises in this text can be easily carried out without them. Those exer- 
cises for which a computer package is desirable are flagged with the icon 


Find the eigenvalues and eigenvectors of the matrix 
|» 3 
ae 
The characteristic equation for A is 


|A — l| = 


Pe 2b ou dio cpede ghe es, 


1 =2 =F 


Hence the eigenvalues of A are r; = 1, r = —1. To find the eigenvectors corresponding to 
rı = 1, we must solve (A — r;I)u = 0. Substituting for A and 7; gives 


s [poli]: 


Notice that this matrix equation is equivalent to the single scalar equation uj — 3u = 0. 
Therefore, the solutions to (5) are obtained by assigning an arbitrary value for u, (say, u) = s) 
and setting u; = 3u = 3s. Consequently, the eigenvectors associated with r; = 1 can be 
expressed as 


(6) TH : 


For r, = —1, the equation (A — r;I)u = 0 becomes 


b aliel- bl: 


Solving, we obtain u; = s and u = s, with s arbitrary. Therefore, the eigenvectors associated 
with the eigenvalue r) = —1 are 


1 


(7) ws! . © 


We remark that in the above example the collection (6) of all eigenvectors associated with 
rı = l forms a one-dimensional subspace when the zero vector is adjoined. The same is true 
for r; = —1. These subspaces are called eigenspaces. 
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Example2 Find the eigenvalues and eigenvectors of the matrix 


i 2 -I 
A-—|[1 0 1| 
4 -4 5 


Solution The characteristic equation for A is 


]-r 2 -1 
|A — rl| = 1 —r 1 =0, 
4 -4 S-r 


which simplifies to (r — 1)(r — 2)(r — 3) 2 0. Hence, the eigenvalues of A are 
ry = l,m = 2, and r4 = 3. To find the eigenvectors corresponding to r; = 1, we set r = 1 in 
(A — rI)u = 0. This gives 


0 2 —-l||u 0 
(8) 1 —1 1}}u}|= 0 
4 —4 4 | | u3 0 
Using elementary row operations (Gaussian elimination), we see that (8) is equivalent to 
the two equations 
uj — Uy + Hua = 0 " 
2u — Ua — 0. 


Thus, we can obtain the solutions to (8) by assigning an arbitrary value to u, (say, u = s), 
solving 2u, — uz = 0 for us to get u4 = 2s, and then solving u, — uy + uz = O for u to get 


u, — —s. Hence, the eigenvectors associated with r, — 1 are 
ex 
(9) uj=s 1 
2 


For r, = 2, we solve 


in a similar fashion to obtain the eigenvectors 


-2 
140  uw-s| 1 
4 


Finally, for r4 — 3, we solve 
=2 2 -l|[|u 0 
1 —3 1 Uy | = 0 
4 —4 2 | | u 0 


and get the eigenvectors 


aD) w=s| 1|. % 
4 
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Let’s return to the problem of finding a general solution to a homogeneous system of 
differential equations. We have already shown that e"u is a solution to (1) if r is an eigenvalue 
and u a corresponding eigenvector. The question is: Can we obtain n linearly independent solu- 
tions to the homogeneous system by finding all the eigenvalues and eigenvectors of A? The 
answer is yes, if A has n linearly independent eigenvectors. 


n Linearly Independent Eigenvectors 


Theorem 5. Suppose the n X n constant matrix A has n linearly independent 
eigenvectors Uj, W, .. . , U,. Let r; be the eigenvalue" corresponding to u;. Then 


(12) (eui, e"u,..., eu, } 


is a fundamental solution set (and X(r) = [e"'u, e", °° e™u,] is a fundamental 


matrix) on (—oo, oo) for the homogeneous system x’ = Ax. Consequently, a general 
solution of x’ = Ax is 


(13)  x(r) = cye™ uy + c;e^'u; + + + c,e"fu, , 


where c4, . . . , c, are arbitrary constants. 


Proof. As we have seen, the vector functions listed in (12) are solutions to the homo- 
geneous system. Moreover, their Wronskian is 


W(t) = det[e"'u,, . .. , e'u,] = elit +r) det[u;, ..., u,] - 


Since the eigenvectors are assumed to be linearly independent, it follows from Theorem 1 in 
Section 9.3 that det[ uj, — u, | is not zero. Hence the Wronskian W(t) is never zero. This 
shows that (12) is a fundamental solution set, and consequently a general solution is given 
by (13). € 


An application of Theorem 5 is given in the next example. 
Example 3 Find a general solution of 
, 2 =3 
(14) x'(t) = Ax(t), where A = 1 2 


Solution In Example 1 we showed that the matrix A has eigenvalues r; = 1 and r) = —1. Taking, 
say, s = 1 in equations (6) and (7), we get the corresponding eigenvectors 


Because u, and u, are linearly independent, it follows from Theorem 5 that a general solu- 
tion to (14) is 


(15) x(t) = cie : 


+ ce! Re * 


"The eigenvalues r;,..., r, may be real or complex and need not be distinct. In this section the cases we discuss have 
real eigenvalues. We consider complex eigenvalues in Section 9.6. 


530 


Chapter9 Matrix Methods for Linear Systems 


Figure 9.1 Trajectories of solutions for Example 3 


If we sum the vectors on the right-hand side of equation (15) and then write out the 
expressions for the components of x(t) = col (x(t), x,(1)) , we get 


xilt) = 3cje’ + ce, 


x(t) = ce! + ce. 
This is the familiar form of a general solution for a system, as discussed in Section 5.2. 
Example 3 nicely illustrates the geometric role played by the eigenvectors u, and ub. If the 
initial vector x(0) is a scalar multiple of u;(i.e., x(0) = c,u,), then the vector solution to the 
system, x(t) = c,e‘u,, will always have the same or opposite direction as u,. That is, it will lie 
along the straight line determined by u, (see Figure 9.1). Furthermore, the trajectory of this 
solution, as f increases, will tend to infinity, since the corresponding eigenvalue r; = 1 is posi- 
tive (observe the e' term). A similar assertion holds if the initial vector is a scalar multiple of 
Up, except that since r; = — 1 is negative, the trajectory x(t) = c;e ‘uy will approach the origin 
as f increases (because of e ‘). For an initial vector that involves both u, and u,, such as 


x(0) = jui + w), the resulting trajectory is a blend of the above motions, with the contri- 


bution due to the larger eigenvalue r; = 1 dominating as f increases; see Figure 9.1. 

The straight-line trajectories in the xjx5-plane (the phase plane), then, point along the 
directions of the eigenvectors of the matrix A. (See Section 5.4, Figure 5.10, for example.) 

A useful property of eigenvectors that concerns their linear independence is stated in the 
next theorem. 


Linear Independence of Eigenvectors 


Theorem 6. If 7r,,..., r,, are distinct eigenvalues for the matrix A and u; is an eigen- 
vector associated with r;, then u;, . . . , u,, are linearly independent. 


Proof. Let's first treat the case m = 2. Suppose, to the contrary, that u; and u, are 
linearly dependent so that 


(16) Uu, = CU) 
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for some constant c. Multiplying both sides of (16) by A and using the fact that u; and u, are 
eigenvectors with corresponding eigenvalues r; and r», we obtain 


(17) rū; = Cru, . 
Next we multiply (16) by r, and then subtract from (17) to get 
(n -5)ju 70. 
Since u; is not the zero vector, we must have r; = r». But this violates the assumption that the 


eigenvalues are distinct! Hence u, and u; are linearly independent. 
The cases m > 2 follow by induction. The details of the proof are left as Problem 48. € 


Combining Theorems 5 and 6, we get the following corollary. 


n Distinct Eigenvalues 


Corollary 1. If then X n constant matrix A has n distinct eigenvalues rj, ..., r, and 
u; is an eigenvector associated with r;, then 


{e"™u,,..., e’"u,} 


is a fundamental solution set for the homogeneous system x’ = Ax. 


Example 4 Solve the initial value problem 


1 2 — =] 
(18) x'(t) 2|1 0 1} x(t), x(0) = 0 
4 —4 0 


Solution In Example 2 we showed that the 3 X 3 coefficient matrix A has the three distinct eigenvalues 
ri = l, ry = 2, andr; = 3. If we set s = 1 in equations (9), (10), and (11), we obtain the cor- 
responding eigenvectors 


= - -1 
u = 1 3 u, = 1 3 us — 1 > 
2 4 4 


whose linear independence is guaranteed by Theorem 6. Hence, a general solution to (18) is 


(19) x(t) = ce] 1| + ce” 1] +ce*] 1 
2 4 
=e! —2e* -g||c 
24 3t 
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Example 5 


Solution 
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To satisfy the initial condition in (18), we solve 


ex =2 STG =I 
x(0) = 1 1 Iila] = 
4 4 C3 (0) 
and find that c, = 0, cy = 1, and c4 = — 1. Inserting these values into (19) gives the desired 


solution. € 


There is a special class of n X n matrices that always have real eigenvalues and always 
have n linearly independent eigenvectors. These are the real symmetric matrices. 


Heal Symmetric Matrices 


Definition 4. A real symmetric matrix A is a matrix with real entries that satisfies 
AT — A. 


Taking the transpose of a matrix interchanges its rows and columns. Doing this is equiva- 
lent to “flipping” the matrix about its main diagonal. Consequently, A’ = A if and only if A is 
symmetric about its main diagonal. 

If A is ann X n real symmetric matrix, it is known’ that there always exist n linearly inde- 
pendent eigenvectors. Thus, Theorem 5 applies and a general solution to x’ = Ax is given 
by (13). 


Find a general solution of 


1 -2 2 
(20) x'(r) = Ax(t), where A-|-2 1 2 
2 2 1 


A is symmetric, so we are assured that A has three linearly independent eigenvectors. To find 
them, we first compute the characteristic equation for A: 


l-r -2 2 
|A — rl| = 2 l-r 2 |-2-(r-3yf(r-3)-0. 
2 2 1-r 


Thus the eigenvalues of A are rj; = r, = 3 andr; = —3. 

Notice that the eigenvalue r = 3 has multiplicity 2 when considered as a root of the 
characteristic equation. Therefore, we must find two linearly independent eigenvectors 
associated with r = 3. Substituting r = 3 in (A — rI)u = 0 gives 


-2 =2 2 || uy 0 
-2 -2 2.|u5|7|0 
2 2 —-2|!u 0 


This system is equivalent to the single equation —u; — u + u3 = 0, so we can obtain its solu- 
tions by assigning an arbitrary value to u», say u = v, and an arbitrary value to us, say u3 = s. 


"See Linear Algebra and Its Applications, 3rd updated ed., by David C. Lay (Addison-Wesley, Reading, Mass., 2006). 
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Solving for u;, we find u; = u3 — u = s — v. Therefore, the eigenvectors associated with 
rı = ro = 3 can be expressed as 


By first taking s = 1, v = 0 and then taking s = 0, v = 1, we get the two linearly independent 
eigenvectors 


1 
QD u-|0|, w=] 1 
1 


For r4 = —3, we solve 


0 
(A*3)u2|-2 4 2]||um|-10 
2 2 4 | | us 0 


to obtain the eigenvectors col( —s, —s, s). Taking s = 1 gives 
-1 


us; = =1 
1 


Since the eigenvectors uy, u,, and u; are linearly independent, a general solution to (20) is 


1 =] =] 
x(t) = cie” | 0 | + ce” 1|*ce?|-1|/.9 
1 0 1 


If a matrix A is not symmetric, it is possible for A to have a repeated eigenvalue but not to 
have two linearly independent corresponding eigenvectors. In particular, the matrix 


a: end 
(22) a-l] 2 


has the repeated eigenvalue r; = r = —1, but Problem 35 shows that all the eigenvectors 
associated with r = —1 are of the form u = s col(1, 2). Consequently, no two eigenvectors are 
linearly independent. 

A procedure for finding a general solution in such a case is illustrated in Problems 
35-40, but the underlying theory is deferred to Section 9.8, where we discuss the matrix 
exponential. 

A final note. If an n X n matrix A has n linearly independent eigenvectors u; with eigen- 
values r;, a little inspection reveals that property (2) is expressed columnwise by the equation 


: Ti 0 s 0 
(23) A ~ = Uu, u? Rr u, 0 T2 d 0 


0 0 = r, 
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or AU = UD, where U is the matrix whose column vectors are eigenvectors and D is a diago- 
nal matrix whose diagonal entries are the eigenvalues. Since U's columns are independent, U is 


invertible and we can write 


(24 A=UDU! or D = UAU, 


and we say that A is diagonalizable. [In this context equation (24) expresses a similarity trans- 
Jormation.] Because the argument that leads from (2) to (23) to (24) can be reversed, we have a 
new characterization: An n X n matrix has n linearly independent eigenvectors if, and only if, 


it is diagonalizable. 


9.5 rxncos MM 


In Problems 1—6, find the eigenvalues and eigenvectors 
of the given matrix. 


=4 7» Bend 
ewe «|: i 
i =i 1 5 
«| «p i] 
1 0 0] Ü- 1.1 
5.1002 él 0 1 
0 2 0] 110 
1 0 0| —— tf uw) 
7/2 3 1 8&.| 0 -3 1 
024 4 =g 2 


In Problems 9 and 10, some of the eigenvalues of the 
given matrix are complex. Find all the eigenvalues and 
eigenvectors. 


1 2 -1 
0 -1 
9. d ] 10. | 0 1 1 


In Problems 11-16, find a general solution of the system 
x'(t) = Ax(t) for the given matrix A. 


rl 3 

4 1 3 

11. A = 12. A =| | 
-5 3 


l 22 
13.A=|2 0 3 
2.30 


-i 1 0 
14. A= 1 2 1 
0 3. —] 


n 
» 

I 
D O m 
eS ev 
NO Ww 

| 


17. Consider the system x'(t) = Ax(t), t = 0, with 


1 V3 
v3 ed 


(a) Show that the matrix A has eigenvalues r, = 2 
and rz = —2 with corresponding eigenvectors 
u = col (V3, 1) and u, = col(1, - VA). 

(b) Sketch the trajectory of the solution having 
initial vector x(0) = —u;. 

(c) Sketch the trajectory of the solution having 
initial vector x(0) = up. 

(d) Sketch the trajectory of the solution having 
initial vector x(0) = uy — u4. 


18. Consider the system x’(t) = Ax(t), t = 0, with 


a=[2 1|. 


(a) Show that the matrix A has eigenvalues r; = —1 
and r = —3 with corresponding eigenvectors 
u; = col(1, 1) and u, = col(1, —1). 

(b) Sketch the trajectory of the solution having 
initial vector x(0) = uy. 
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(c) Sketch the trajectory of the solution having 
initial vector x(0) = —u;. 

(d) Sketch the trajectory of the solution having 
initial vector x(0) = u; — u;. 


In Problems 19-24, find a fundamental matrix for the 
system x'(t) = Ax(t) for the given matrix A. 


_f-1 1 |54 
w.a=| ; i TOE 1 
0 1! 0 
2.A=|0 0 1 
8 -14 7 
3 d -1 
22. A=|1 3 -1 
3 3—1 
> i I 
16 -1 o0 d 
23.A=] o 3 ] 
0 0 0 7 
4 -1 0 0 
lo 0 0 O0 
WA=|, o 2 3 
0.0 1 -2 


25. Using matrix algebra techniques, find a general solu- 
tion of the system 


x =xt+2y-z, 


y-xtz, 
z —4x—4y-c 5z. 
26. Using matrix algebra techniques, find a general solu- 
tion of the system 
x —3x—4y, 
y -4x— Ty. 


In Problems 27—30, use a linear algebra software pack- 
age such as MATLAB, MAPLE, or MATHEMATICA to 
compute the required eigenvalues and eigenvectors and 
then give a fundamental matrix for the system 
x’(t) = Ax(t) for the given matrix A. 


0 11 0 211 
27.A=|0 0 13. 28A-|-1 1 0 
[09 1.1 —69 333 
Ü 1 0 9 
a o 2 9 
%A=|, 9 9 | 
2-6 3 3 


30. A = 
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0 1 0 0 
1 =1 0 0 
0 0 0 1 
0 0 -2 4 


In Problems 31-34, solve the given initial value problem. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


7. _|6 -3 —10 
wo- 1x9. x=] 12 
| 1-2 2 
x(t) = |-2 1 —2] x(t), 
| 2 -2 1 
=2 
x(0) = | -3 
2 
0 1 1] -1 
xli 9 fixe, xD | 4 
1 1 0|] 0 
(a) Show that the matrix 
MINI 
=a =3| 
has the repeated eigenvalue r = —1 and that 


all the eigenvectors are of the form u — 
sS col(1, 2). 

(b) Use the result of part (a) to obtain a nontrivial 
solution x;(f) to the system x’ = Ax. 

(c) To obtain a second linearly independent solution 
to x’ = Ax, try x(t) = te ‘u, + e “Wy. | Hint: 
Substitute x, into the system x’ = Ax and 
derive the relations 


(A *Du,-0, (A + Iu, = u; . 


Since u, must be an eigenvector, set u, = 
col(1, 2) and solve for uz. | 

(d) What is (A + I)?u;? (In Section 9.8, u, will be 
identified as a generalized eigenvector.) 


Use the method discussed in Problem 35 to find a 
general solution to the system 


vo- iso. 


(a) Show that the matrix 


1 
2 
0 


NUA 
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38. 


39. 


40. 
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has the repeated eigenvalue r — 2 with multi- 
plicity 3 and that all the eigenvectors of A are of 
the form u = s col(1, 0, 0). 

(b) Use the result of part (a) to obtain a solution to 
the system x’ = Ax of the form x; (ft) = e?'u,. 

(c) To obtain a second linearly independent solution 
to x’ = Ax, try x(t) = te?u, + e™ wy. | Hint: 
Show that u, and u, must satisfy 
(A —2Du, =0, (A — 2Du; = u. | 

(d) To obtain a third linearly independent solution 
tox’ = Ax, try 


x(t) = 7° Uu, 7 te?'u, I e?^u, P 


| Hint: Show that u,, Uy, and u; must satisfy 
(A —2Du, = 0, (A — 21u, =u, , 
(A — 2Du, = uy. | 

(e) Show that (A — 2I)?u, = (A — 21)*u, = 0. 


Use the method discussed in Problem 37 to find a 
general solution to the system 


3 -2 1 
x()-| 2 -1 1 | x(r). 
—4 4 1 
(a) Show that the matrix 
2 1 1 
A= 1 2 1 
=) 2 =] 


has the repeated eigenvalue r = | of multiplicity 
3 and that all the eigenvectors of A are of the 
formu = s col(—1, 1,0) + vcol(—1, 0, 1). 

(b) Use the result of part (a) to obtain two linearly 
independent solutions to the system x’ = Ax of 
the form 
x(t) = eu, and x(t) = e'u. 

(c) To obtain a third linearly independent solution 
to x' = Ax, try x(t) = te'u, + e’u,. [| Hint: 
Show that u, and u4 must satisfy 
(A-Du,-0, (A — Iju, = w . 
Choose us, an eigenvector of A, so that you can 
solve for u4. | 

(d) What is (A — I)?u4? 


Use the method discussed in Problem 39 to find a 
general solution to the system 


1 3 =2 
x()0-|0 7 -4|x(t0) 
0 9. —5 


41. Use the substitution x, — y, x; — y' to convert the 
linear equation ay" + by' + cy = 0, where a, b, 
and c are constants, into a normal system. Show that 
the characteristic equation for this system is the same 
as the auxiliary equation for the original equation. 


42. (a) Show that the  Cauchy-Euler equation 
at?y" + bty' + cy =0 can be written as a 


Cauchy-Euler system 
Q5) 


with a constant coefficient matrix A, by setting 
x; = y/t and x; = y'. 

(b) Show that for t > 0 any system of the form (25) 
with A an n X n constant matrix has nontrivial 
solutions of the form x(t) = f’u if and only if r 
is an eigenvalue of A and u is a corresponding 
eigenvector. 


tx’ = Ax 


In Problems 43 and 44, use the result of Problem 42 to 
find a general solution of the given system. 


exp D Slay, ro 


x0 [7i 2] x0), cmo 


45. Mixing Between Interconnected Tanks. Two 
tanks, each holding 50 L of liquid, are intercon- 
nected by pipes with liquid flowing from tank A into 
tank B at a rate of 4 L/min and from tank B into tank 
A at | L/min (see Figure 9.2). The liquid inside each 
tank is kept well stirred. Pure water flows into tank A 
at a rate of 3 L/min, and the solution flows out of 
tank B at 3 L/min. If, initially, tank A contains 
2.5 kg of salt and tank B contains no salt (only 
water), determine the mass of salt in each tank at 
time f = 0. Graph on the same axes the two quanti- 
ties x; (f) and x;(t), where x,(t) is the mass of salt in 
tank A and x(t) is the mass in tank B. 


3 L/min 


— > 


4 L/min 


Pure water 


3 L/min 
1 L/min 


Figure 9.2 Mixing problem for interconnected tanks 


46. Mixing with a Common Drain. 


Section 9.5 Homogeneous Linear Systems with Constant Coefficients 


Two tanks, each 
holding 1 L of liquid, are connected by a pipe 
through which liquid flows from tank A into tank B 
at a rate of 3 — a L/min (0 < a < 3). The liquid 
inside each tank is kept well stirred. Pure water 
flows into tank A at a rate of 3 L/min. Solution flows 
out of tank A at a L/min and out of tank B at 3 — a 
L/min. If, initially, tank B contains no salt (only 
water) and tank A contains 0.1 kg of salt, determine 
the mass of salt in each tank at time t = 0. How does 
the mass of salt in tank A depend on the choice of o? 
What is the maximum mass of salt in tank B? (See 
Figure 9.3.) 


A B-a) B 


3 L/min L/min 


———— 


Pure water 


(3 — o) L/min 
3 L/min 


Figure 9.3 Mixing problem for a common drain, 0 < a < 3 


47. To find a general solution to the system 


1 3 =l 
x’ = Ax = 3 0 T fi. ae 
—1 jl 2 


proceed as follows: 

(a) Use a numerical root-finding procedure to 
approximate the eigenvalues. 

(b) If ris an eigenvalue, then letu = col (uj, us, u3) 
be an eigenvector associated with r. To solve for 
u, assume u; = 1. (If not u,, then either u, or us 
may be chosen to be 1. Why?) Now solve the 


system 
1 0 
(A — A) | wm} =| 0 
U3 0 


for u, and us. Use this procedure to find approx- 
imations for three linearly independent eigen- 
vectors for A. 

(c) Use these approximations to give a general solu- 
tion to the system. 


48. 


49. 


50. 
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To complete the proof of Theorem 6, assume the 
induction hypothesis that u;,...,u,, 2 =k, are 
linearly independent. 


(a) Show that if 


c,u, i at CU, + Cr+ {Ug = 0 $ 
then 
eru 7 rau t oe + er = nuu E O 


(b) Use the result of part (a) and the induction hypoth- 
esis to conclude that u;,...,u;,, are linearly 
independent. The theorem follows by induction. 

Stability. A homogeneous system x' — Ax with 

constant coefficients is stable if it has a fundamental 

matrix whose entries all remain bounded as 

t — t oo. (It will follow from Lemma 1 in Section 

9.8 that if one fundamental matrix of the system has 

this property, then all fundamental matrices for the 

system do.) Otherwise, the system is unstable. A 

stable system is asymptotically stable if all solu- 

tions approach the zero solution as t > - oo. Stabil- 

ity is discussed in more detail in Chapter 12.* 

(a) Show that if A has all distinct real eigenvalues, 
then x'(r) = Ax(r) is stable if and only if all 
eigenvalues are nonpositive. 

(b) Show that if A has all distinct real eigenvalues, 
then x'(t) = Ax(t) is asymptotically stable if 
and only if all eigenvalues are negative. 

(c) Argue that in parts (a) and (b), we can replace 
“has distinct real eigenvalues" by “is symmet- 
ric" and the statements are still true. 

In an ice tray, the water level in any particular ice 

cube cell will change at a rate proportional to the dif- 

ference between that cell's water level and the level 
in the adjacent cells. 

(a) Argue that a reasonable differentiable equation 
model for the water levels x, y, and z in the sim- 
plified three-cell tray depicted in Figure 9.4 is 
given by 

x —y-x, y^x-tz-2y, z—-y-z. 

(b) Use eigenvectors to solve this system for the ini- 
tial conditions x(0) = 3, y(0) = z(0) = 0. 


Figure 9.4 Ice tray 


" AII references to Chapters 11-13 refer to the expanded text Fundamentals of Differential Equations and Boundary 


Value Problems, 6th ed. 
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9.6 COMPLEX EIGENVALUES 


In the previous section, we showed that the homogeneous system 
(1) x'(t) = Ax(t) , 


where A is a constant n X n matrix, has a solution of the form x(t) = ew if and only if r is an 
eigenvalue of A and u is a corresponding eigenvector. In this section we show how to obtain 
two real vector solutions to system (1) when A is real and has a pair! of complex conjugate 
eigenvalues a + iB anda — if. 

Suppose r; = a + iB (a and B real numbers) is an eigenvalue of A with corresponding 
eigenvector z = a + ib, where a and b are real constant vectors. We first observe that the com- 
plex conjugate of z, namely z:— a — ib, is an eigenvector associated with the eigenvalue 
ry = a — if. To see this, note that taking the complex conjugate of (A — rI)z = 0 yields 
(A — r,E)z = 0 because the conjugate of the product is the product of the conjugates and A 


and I have real entries (A = A, I = I). Since r = ri, we see that Z is an eigenvector associ- 
ated with r2. Therefore, two linearly independent complex vector solutions to (1) are 


(2) w,(t) = e"'z = e@* (a + ib) , 
(3) w(t) = ez = eei (a — ib) . 


As in Section 4.3, where we handled complex roots to the auxiliary equation, let’s use one 
of these complex solutions and Euler’s formula to obtain two real vector solutions. With the aid 
of Euler’s formula, we rewrite w;(t) as 


w(t) = e"'(cos Bt + isin Bt)(a + ib) 
= e“{(cos Bra — sin Btb) + i(sin Bra + cos Brb)} . 


We have thereby expressed w(t) in the form w;(r) = x,(t) + ixo(t), where x,(f) and x(t) are 
the two real vector functions 


(4) x,(t) = e“cos Bta — e“'sin Btb , 
(5) x,(t) = e"'sin Bta + e“cos Btb . 


Since w;(ż) is a solution to (1), then 


wi (1) = Aw, (2) , 
x, + ix, = Ax, + iAx, . 


Equating the real and imaginary parts yields 
x(t) = Axi(t) ana. x2(t) = Ax:(t) . 


Hence, x,(t) and x,(t) are real vector solutions to (1) associated with the complex conjugate 
eigenvalues a + if. Because a and b are not both the zero vector, it can be shown that x, (t) 
and x»(t) are linearly independent vector functions on (—oo, oo) (see Problem 15). 


"Recall that the complex roots of a polynomial equation with real coefficients must occur in complex conjugate pairs. 


Example 1 


Solution 
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Let's summarize our findings. 


Complex Eigenvalues 


If the real matrix A has complex conjugate eigenvalues a + iß with corresponding 
eigenvectors a + ib, then two linearly independent real vector solutions to 


x'(t) = Ax(t) are 
(6) e*' cos Bta — e“sin Btb , 
(7) e“sin Bta + e*'cos Btb . 


Find a general solution of 

PENT il 2 
(8) x'(t) = E E x(t). 
The characteristic equation for A is 


|A — rī| = 


=l—7 2 


] =P+4r+5=0. 


Hence, A has eigenvalues r = —2 + i. 


To find a general solution, we need only find an eigenvector associated with the eigenvalue 
r = —2 + i. Substituting r = —2 + i into (A — rD)z = 0 gives 


1-i 2 £pl 0 

=] sbs] uz 0|" 
The solutions can be expressed as z; = 2s and z = (—1 + i)s, with s arbitrary. Hence, the eigen- 
vectors associated with r = —2 + iarez = scol(2, —1 + i). Taking s = 1 gives the eigenvector 


[2 d 


We have found that a = —2, B = 1, and z =a + ib with a = col(2, —1), and b = 
col(0, 1), so a general solution to (8) is 


2 


" 
zd 4s $ 


Z— 


x(t) = cı 4e "cost E — e ?'sint H 
+c Ve "sint Ei + e^?cost bi 


7 2e "cost 2e ?'sint 
(9) x(t) = c "s t+ sin »| Te ms — sint) | ' k 
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Example 2 


Solution 


Figure 9.5 Coupled mass-spring system with fixed ends 


Complex eigenvalues occur in modeling coupled mass-spring systems. For example, the 
motion of the mass-spring system illustrated in Figure 9.5 is governed by the second-order 
system 


mxi = —kyxy + kx) — xi), 
(10) 


mx = k(x xi) Kax» , 


where x, and x, represent the displacements of the masses m, and m, to the right of their equi- 
librium positions and ky, k>, kz are the spring constants of the three springs (see the discussion 
in Section 5.6). If we introduce the new variables y, =, y; :— X1, Y3 = X2, y4— x5, then we 
can rewrite the system in the normal form 


0 1 0 0 
HA 78 +k)/m 0 kom, 0 
ka m3 0 —(k; + ks)/m; 0 


For such a system, it turns out that A has only imaginary eigenvalues and they occur in 
complex conjugate pairs: —i,, —i,. Hence, any solution will consist of sums of sine and 
cosine functions. The frequencies of these functions 


fi =f and fae 


are called the normal or natural frequencies of the system (9; and 9; are the angular 
frequencies of the system). 

In some engineering applications, the only information that is required about a particular 
device is a knowledge of its normal frequencies; one must ensure that they are far from the fre- 
quencies that occur naturally in the device's operating environment (so that no resonances will 
be excited). 


Determine the normal frequencies for the coupled mass-spring system governed by system 
(11) when m, = m»; = 1 kg, ky = 1 N/m, ky = 2 N/m, and k; = 3 N/m. 


To find the eigenvalues of A, we must solve the characteristic equation 


—r 1 0 0 
= _ =3 = 2 0 Lcd 2 e 
|A — rI| = 0o Xo 1 r*t8r —-101 20. 


2 0 -5 =r 
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From the quadratic formula we find 7? = —4 + V5, so the four eigenvalues of A are 


ci = and —i + . Hence, the two normal frequencies for this system are 
iV 4 — V5 and +i V4 + V5. H h 1 frequencies for this sy 
4- V5 4+ V5 


nm = 0.211 and T deer <F 0.397 cycles per second. 9 


In Problems 1—4, find a general solution of the system F 


0 1 0 0 
x'(t) = Ax(t) for the given matrix A. 
_ | 0 0 1 0 
: 10. A = 
2 —4 =2 c5 0 3 9 : 
1. A = 2 -2 2. A= 1 > | 13 —4 —12 4 
[i 2 = |o 1 0 0 
3.A—|0 1 " 0 0 1 0 
0 — mun 0 0 0 1 
be 2 2-3 2 
5 =5 =3 
4.A-—7|-1 4 2 100 0 0 
da s 001 0 0 
12,A=/0 1 0 0 0 
In Problems 5—6, find a fundamental matrix for the sys- 9.9 0 ! 
tem x'(t) = Ax(t) for the given matrix A. - 2 m Ml 
MEZ NE -2 
5. A = 8 -1 6. A= 4 2 In Problems 13 and 14, find the solution to the given sys- 
: tem that satisfies the given initial condition. 
lo 6. 4 ced 
7T. A-|0 © -1 13. x'(r) = x(t), 
2 =] 
L0 1 
E -1 1 
0 1 0 0 (a) x(0) — (b) x(a) = 
0 -1 
8. A = 1 0 0 0 
` 0 0 0 1 
| 0 =13 4 (e) x(-27) = H (d) x(v/2) = H 
In Problems 9—12, use a linear algebra software package 
to compute the required eigenvalues and eigenvectors for 1 0 -1 
the given matrix A and then give a fundamental matrix 14. x'(t) = | 0 2 0 | x(t) , 
for the system x'(t) = Ax(t). 1 0 1 
0 1 1 =A 0 
9.A-|-1 0 1 (a) x(0)=] 2 (b x(—7) =] 1 


-1 -1 0 -1 1 
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15. Show that x, (t) and x,(t) given by equations (4) and 
(5) are linearly independent on (—oo, oo), provided 
B + 0 and a and b are not both the zero vector. 

16. Show that x,(t) and x,(t) given by equations (4) and 
(5) can be obtained as linear combinations of w;(r) 
and w;,(t) given by equations (2) and (3). [Hint: 
Show that 


wilt) + walt) 


xis : wi(t) — win) 


x(t) = 2i 


In Problems 17 and 18, use the results of Problem 42 in 
Exercises 9.5 to find a general solution to the given 
Cauchy—Euler system for t > 0. 


=|. =1 0 
17.:x() 2| 2 -1 1] x(2) 
0 1 =1 


is x71 C1 so 


19. For the coupled mass-spring system governed by sys- 
tem (10), assume m, = m, = 1 kg, ky = ky = 2 N/m, 
and ką = 3 N/m. Determine the normal frequencies 
for this coupled mass-spring system. 

20. For the coupled mass-spring system governed by 
system (10), assume m; = m; = 1 kg, ky = ky = 
ks = 1 N/m, and assume initially that x,(0) = 0 m, 
x'(0) = 0 m/sec, x;(0) = 2 m, and x5(0) = 0 m/sec. 
Using matrix algebra techniques, solve this initial 
value problem. 

21. RLC Network. The currents in the RLC network 
given by the schematic diagram in Figure 9.6 are 
governed by the following equations: 


AD(t) + 52q,(t) = 10 , 
131,(t) + 52q,(t) = 10 , 
L(t)= h(t) + Blt) , 


Pz 
z farads 
52 


I h I 


10 volts 4 henries 13 ohms 


I 


Figure 9.6 RLC network for Problem 21 


where q(t) is the charge on the capacitor, 
I(t) = q'i(t), and initially g,(0) = 0 coulombs and 
I,(0) = 0 amps. Solve for the currents J,, J5, and 14. 
| Hint: Differentiate the first two equations, elimi- 
nate J}, and form a normal system with x; = h, 
x; = D, and x3 = h. | 

22. RLC Network. The currents in the RLC network 
given by the schematic diagram in Figure 9.7 are 
governed by the following equations: 


SOn(r) + 801,(t) = 160 , 
50/;(t) + 800g3(t) = 160 , 
L(t) = b(t) + b(t), 


where q3(t) is the charge on the capacitor, 
h(t) = q(t), and initially q4(0) = 0.5 coulombs 
and /4(0) = 0 amps. Solve for the currents 74, J, and 
I. | Hint: Differentiate the first two equations, use 
the third equation to eliminate 7}, and form a normal 
system with x, = Ji, x» = Ij, and x4 = 1. | 


50 henries I, 


i h 


160 volts 80 ohms 


1 
Figure 9.7 RLC network for Problem 22 


23. Stability. In Problem 49 of Exercises 9.5, we 
discussed the notion of stability and asymptotic sta- 
bility for a linear system of the form x'(t) = Ax(ż). 
Assume that A has all distinct eigenvalues (real or 
complex). 

(a) Show that the system is stable if and only if all 
the eigenvalues of A have nonpositive real part. 

(b) Show that the system is asymptotically stable if 
and only if all the eigenvalues of A have nega- 
tive real part. 

24. (a) For Example 1, page 539, verify that 


E E s 
_ —e "cost +e ~sint 
x(t) = cif -a 
e "cost 
ua . an 

—e "sint — e ~ cost 
+ C5 =y 

e "sint 


is another general solution to equation (8). 

(b) How can the general solution of part (a) be directly 
obtained from the general solution derived in 
(9) on page 539? 
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9.7 NONHOMOGENEOUS LINEAR SYSTEMS 


Example 1 


Solution 


The techniques discussed in Chapters 4 and 6 for finding a particular solution to the nonhomo- 
geneous equation y" + p(x)y' + q(x)y = g(x) have natural extensions to nonhomogeneous 
linear systems. 


Undetermined Coefficients 


The method of undetermined coefficients can be used to find a particular solution to the 
nonhomogeneous linear system 


x'(r) = Ax(r) + f(r) 


when A is an n X n constant matrix and the entries of f(t) are polynomials, exponential func- 
tions, sines and cosines, or finite sums and products of these functions. We can use the proce- 
dure box in Section 4.5 and reproduced on the inside back cover as a guide in choosing the 
form of a particular solution x,(t). Some exceptions are discussed in the exercises (see 
Problems 25-28). 


Find a general solution of 


] =2 2 —9 
(1) x'(t) = Ax(r) + tg, where A-|-2 1 2| and g= 0 
2 2 1 —18 


In Example 5 in Section 9.5, we found that a general solution to the corresponding homoge- 
neous system x' — Ax is 


1 -1 -1 
(2) x(t) = cje” | 0 | + ce 1| + ce? |-1 
1 0 1 


Since the entries in f(t) := rg are just linear functions of t, we are inclined to seek a partic- 
ular solution of the form 


ay bi 
x,(t) = fa + b =f a» + by s 
a3 b3 


where the constant vectors a and b are to be determined. Substituting this expression for x,(t) 
into system (1) yields 


a = A(ta*- b) zg, 
which can be written as 
í(Aa + g) + (Ab -a)=0. 
Setting the “coefficients” of this vector polynomial equal to zero yields the two systems 


(3) Aa = -g , 
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By Gaussian elimination or by using a linear algebra software package, we can solve (3) for 
a and we find a — col(5, 2, 4). Next we substitute for a in (4) and solve for b to obtain 
b = col(1, 0, 2). Hence a particular solution for (1) is 


5 1 5t t1 
(5) x()-1 *b-:|2| *|0|-| 2t 
4 2 4t+2 


A general solution for (1) is x(t) = x,(t) + xy(t), where x,(t) is given in (2) and xy(t) 
in (5). € 


In the preceding example, the nonhomogeneous term f(t) was a vector polynomial. If, 
instead, f(r) has the form 


f(t) = col(1, t, sin t) , 
then, using the superposition principle, we would seek a particular solution of the form 


x,(t) = ta + b + (sin t)e + (cos t)d . 


p 
Similarly, if 
f(t) = col(t, ef, t°) ; 


we would take 


x(t) 7 ^a * tibt ced. 


Of course, we must modify our guess, should one of the terms be a solution to the corre- 
sponding homogeneous system. If this is the case, the annihilator method [equations (15) and 
(16) of Section 6.3, page 336] would appear to suggest that for a nonhomogeneity f(t) of the 
form e"t"g, where r is an eigenvalue of A, m is a nonnegative integer, and g is a constant vec- 
tor, a particular solution of x' = Ax + f can be found in the form 


Se a por aed Heee + taj + ao, 


for a suitable choice of s. We omit the details. 


Variation of Parameters 


In Section 4.6 we discussed the method of variation of parameters for a general constant- 
coefficient second-order linear equation. Simply put, the idea is that if a general solution to the 
homogeneous equation has the form x,(t) = cix; (t) + cx2(t), where x,(r) and x(t) are lin- 
early independent solutions to the homogeneous equation, then a particular solution to the non- 
homogeneous equation would have the form xy(t) = vi(t)x, (f) + v(t)x,(t), where v(t) and 
v»(t) are certain functions of t. A similar idea can be used for systems. 


Let X(t) be a fundamental matrix for the homogeneous system 
(0 — x'()- A(nx(). 


where now the entries of A may be any continuous functions of t. Because a general solution to 
(6) is given by X(t)e, where c is a constant n X 1 vector, we seek a particular solution to the 
nonhomogeneous system 


0) x = Alle) + £0) 
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of the form 
(8 x(t) = X(nw), 


where v(t) = col (vili), Sieg v,(t)) is a vector function of t to be determined. 


To derive a formula for v(t), we first differentiate (8) using the matrix version of the 
product rule to obtain 


x(t) = X(t)v'(t) + X' (t)v(t) : 
Substituting the expressions for x,(t) and x(t) into (7) yields 
(9) X(r)v'(r) + X'()w(r) = A(X (tvlt) + flt) . 


Since X(t) satisfies the matrix equation X'(r) = A(t)X(t), equation (9) becomes 


Xv’ + AXv = AXv +f, 
Xv’ =f. 


Multiplying both sides of the last equation by X~ '(t) [which exists since the columns of X(t) 
are linearly independent] gives 


Integrating, we obtain 


vi) = | x (roa . 


Hence, a particular solution to (7) is 
ao) vo = Xv = xi) [ xO ae 


Combining (10) with the solution X(t)c to the homogeneous system yields the following 
general solution to (7): 


"m x(t) = X()e xo | XMM ae 


The elegance of the derivation of the variation of parameters formula (10) for systems 
becomes evident when one compares it with the more lengthy derivations for the scalar case in 
Sections 4.6 and 6.4. 

Given an initial value problem of the form 


a2) x()- A()x() + £0), xlo) = xo. 


we can use the initial condition x(tọ) = x to solve for c in (11). Expressing x() using a defi- 
nite integral, we have 
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Using the initial condition x(tọ) = xo, we find 


ES E | " X" (sf(s)ds = X(&)e . 


to 
Solving for e, we have c = X !(tọ)xọ. Thus, the solution to (12) is given by the formula 


13). x() = X(OX t), + X(0) | X" (9f(s)ds . 


to 


To apply the variation of parameters formulas, we first must determine a fundamental 
matrix X(t) for the homogeneous system. In the case when the coefficient matrix A is constant, 
we have discussed methods for finding X(t). However, if the entries of A depend on t, the 
determination of X(t) may be extremely difficult (entailing, perhaps, a matrix power series!). 


Example 2 Find the solution to the initial value problem 


a) x()- 2 3 x(1) + 


Solution In Example 3 in Section 9.5, we found two linearly independent solutions to the corresponding 
homogeneous system; namely, 


3e! e! 
xi(r) = | s and X,(t) = p . 
Hence a fundamental matrix for the homogeneous system is 
| |3e e“ 
eee 


Although the solution to (14) can be found via the method of undetermined coefficients, 
we shall find it directly from formula (13). For this purpose, we need X~!(t). One way! to 
obtain X~!(t) is to form the augmented matrix 


3e e! | 1 0 
ee’ i 0 1 


and row-reduce this matrix to the matrix [I i X-'(0]. This gives 


"This procedure works for an invertible matrix of any dimension. For an arbitrary 2 X 2 invertible matrix U(?), a 
formula for U~!(t) is derived in Problem 32. 
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Substituting into formula (13), we obtain the solution 


3e! e! 
e' et 


-3 

2 6 
5 

6 


In Problems 1—6, use the method of undetermined coeffi- 
cients to find a general solution to the system x' (t) = 
Ax(t) + f(r), where A and f(t) are given. 


{6 1 _|-11 
nafs i]. e [2] 
MP _| -t-1 
SEE eee 
1 - 2 2e! 
3A=/-2 1 ; f(r) 2| 4e 
2 1 —2e! 
a2 2 —4 cost 
dg E 1 ; f() | —sin 1 
ò =1 0 e” 
5.A— -1 0 0|,  f()-|sint 
0 0 1 t 
-IE I]. -sat 
gael dle a 


2 
t 
| 
351,1, = 
—7e + 5e 
+ 
dl r 
2€ + 5e 
! - 
+ 


2€ wie e2 
ds 
-lgs 3 os l 
2 2 


e+ te” +3 


x = >e f + ze” +2 
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In Problems 7-10, use the method of undetermined coeffi- 
cients to determine only the form of a particular solution 
for the system x' (t) = Ax(t) + f(t), where A and f(t) are 


given. 
foa — [sin 3t 
na=[2 i. a= [e 
a1. NN 
ee | 2 Jr W= eee 
| 9 -1 0 e? 
9.A-|-1 0 1|, f(t) =| sint 
[0 01 t 
ala a NE 
mac Ja t= [25 


In Problems 11—16, use the variation of parameters for- 
mula (11) to find a general solution of the system 


x'(t) = Ax(t) + f(r), where A and f(t) are given. 
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Hr 2 1 0 2 4t 
12. A = : f(t) = > xig = 
| 3 À (t) E 22 x'(r) b E x(t) + Ec 5 
Llc il _ [2e e x(0)= | _4] & x)=]! 
Rm EC ()-| 1 Q-! 
: r 23. Using matrix algebra techniques and the method 
14. A = 0 —I f( t) _ {ft of undetermined coefficients, find a general solution 
i 1 0|" 1 for 
PNE. E x"(t) + y(t) ^ x(t) + yl) = -1, 
=| = j ! = sig 
15.A- , E f(t) Aa am xA - y'()-x0)0228. 
" Compare your solution with the solution in Example 
E 0 1 _ [8sint 4 in Section 5.2. 
16. A = -1 0l" f(z) = 0 24. Using matrix algebra techniques and the method of 
" undetermined coefficients, solve the initial value 
bl 
E Jn Problems 17-20, use the variation of parameters for- prostem 
mulas (11) and possibly a linear algebra software pack- x'(r) — 2y(t) = 4t , x0) 24; 
age to find a general solution of the system x'(t) = y'(t) + 2y(t) — 4x(t) = -4t - 2 , y0) 2-5. 
Ax(t) + f(r), where A and f(t) are given. Compare your solution with the solution in Example 
0 1 1 3e 1 in Section 7.9. 
17..A-7|1 0 1], f(t) = | -e 25. To find a general solution to the system 
1 1 0 =¢ 01 t 
x'(t) = s. : x(t) + f(t) , where f(t) = H : 
1 el 1 0 
18. A= |0 0 l|; f(r) =| e' proceed as follows: 
t 
0 -1 2 E (a) Find a fundamental solution set for the corre- 
sponding homogeneous system. 
0 1 00 t (b) The obvious choice for a particular solution 
_|—l1 0 0 0 _| 0 would be a vector function of the form 
19. A = ; ROI. 
000 1 e x,(t) = e'a; however, the homogeneous system 
0 0 1 0 t has a solution of this form. The next choice 
would be x,(t) = te'a. Show that this choice 
0 1 0 0 et does not work. 
0 0 1 0 0 (c) For systems, multiplying by ¢ is not always 
20. A = 0 0 © LI? f(t) = 1 sufficient. The proper guess is 
8 4 -2 =] 0 x,(t) = te'a  e'b . 
Use this guess to find a particular solution of the 
In Problems 21 and 22, find the solution to the given sys- given system. 
tem that satisfies the given initial condition. (d) Use the results of parts (a) and (c) to find a 
general solution of the given system. 
: 0 2 e! 
21. x'(t) = -1 3 x(t) + EIE 26. For the system of Problem 25, we found that a 


proper guess for a particular solution is x,(t) = 


5 te'a + e'b. In some cases a or b may be zero. 
(a) x(0) = 4 (b) x(1) = 1 (a) Find a particular solution for the system of 
Problem 25 if f(t) = col(3e', 6e"). 
1 -4 (b) Find a particular solution for the system of 
€) x(5) = d) x(-1) = 
© x(5) H () x(-1) | J Problem 25 if f(t) = col(e’, e"). 


27. Find a general solution of the system 


x'(r) = 


0 1 
1 0 
1 1 


| Hint: Try x,(t) = e~a 4 


c. | 


28. Find a particular solution for the system 
WY E 1 
v=] 1 x(t) + 


| Hint: Try x,(t) =tat b. ] 


In Problems 29 and 30, find a general solution to the 
given Cauchy—Euler system for t > 0. (See Problem 42 
in Exercises 9.5.) Remember to express the system in the 


form x'(t) = A(t)x(t) + f(t) before using the variation 
of parameters formula. 

| pd 
29. ix'(t) = É E (t) + i | 


30. ix'(r) = $ 3 x(t) + 


31. Use the variation of parameters formula (10) to 
derive a formula for a particular solution y, to the 
scalar equation y" + p(t)y’ + q(t)y = g(t) in terms 
of two linearly independent solutions y,(t), yo(t) of 
the corresponding homogeneous equation. Show 
that your answer agrees with the formulas derived in 
Section 4.6. [Hint: First write the scalar equation in 
system form.] 


32. Let U(t) be the invertible 2 X 2 matrix 


- Jat). s0 
ve [2 As 


Show that 


m = l 
Ui [a(t)a(r) — b(t)c(t)] E 


33. RL Network. The currents in the RL network 
given by the schematic diagram in Figure 9.8 are 
governed by the following equations: 


2n(t) + 90L(t) =9 , 

B(t) + 301,(t) — 901,(¢) = 0 , 
601;(t) — 301,(t) = 0 , 

L(t)= h(t) + h(t) , 


L(t) = L(t) + 1st). 
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9 volts 


34. 


35. 
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2 henries hd 1 henry Í; 


90 ohms 


" b 


Figure 9.8 RL network for Problem 33 


Assume the currents are initially zero. Solve for 
the five currents [,,..., Is. | Hint: Eliminate all 
unknowns except J, and /5, and form a normal sys- 
tem with x, = J, and x; = Is. | 

Conventional Combat Model. A simplistic model 
of a pair of conventional forces in combat yields the 
following system: 


q 


where x = col(x,, x2). The variables x,(t) and x(t) 
represent the strengths of opposing forces at time t. 
The terms —ax, and — dx» represent the operational 
loss rates, and the terms — bx» and — cx, represent 
the combat loss rates for the troops x, and x», 
respectively. The constants p and q represent the 
respective rates of reinforcement. Let a = 1, b = 4, 
c=3, d 2, and p=q=5. By solving the 
appropriate initial value problem, determine which 
forces will win if 


(a) x,((0 220, x,(0)=20. 
(b (0221, x(0)=20. 
(c) x,(0) 220, — x,(0)-221. 


Mixing Problem. Two tanks A and B, each hold- 
ing 50 L of liquid, are interconnected by pipes. The 
liquid flows from tank A into tank B at a rate of 
4 L/min and from B into A at a rate of 1 L/min (see 
Figure 9.9). The liquid inside each tank is kept well 


4 L/min 


] L/min 


] L/min 


Figure 9.9 Mixing problem for interconnected tanks 
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stirred. A brine solution that has a concentration of If, initially, tank A contains pure water and tank B 
0.2 kg/L of salt flows into tank A at a rate of 4 L/min. contains 0.5 kg of salt, determine the mass of salt in 
A brine solution that has a concentration of 0.1 kg/L each tank at time t = 0. After several minutes have 
of salt flows into tank B at a rate of 1 L/min. The elapsed, which tank has the higher concentration of 
solutions flow out of the system from both tanks— salt? What is its limiting concentration? 


from tank A at 1 L/min and from tank B at 4 L/min. 


9.8 THE MATRIX EXPONENTIAL FUNCTION 


In this chapter we have developed various ways to extend techniques for scalar differential 
equations to systems. In this section we take a substantial step further by showing that with the 
right notation, the formulas for solving normal systems with constant coefficients are identical 
to the formulas for solving first-order equations with constant coefficients. For example, we 
know that a general solution to the equation x’(t) = ax(t), where a is a constant, is x(t) = ce“. 
Analogously, we show that a general solution to the normal system 


(1) x'(r) = Ax(t) , 


where A is a constant n X n matrix, is x(t) = e^'c. Our first task is to define the matrix 
exponential e^'. 

If A is a constant n X n matrix, we define e^' by taking the series expansion for e^ and 
replacing a by A; that is, 

P t? t" 

(2) ETRAFA P eA ee 
(Note that we also replace 1 by I.) By the right-hand side of (2), we mean the n X n matrix 
whose elements are power series with coefficients given by the corresponding entries in the 
matrices I, A, A?/2!,.... 

If A is a diagonal matrix, then the computation of e^' is straightforward. For example, if 


|.|-1 0 
then 
AAA D 9 gaa) e 8 patr o 
0 4|" 0 8|" i 0 2^|* 
and so 
v Yayo 
n i= ! =f 
e^ > Ant = ° i ad "Zl ES ja a 
n=0 n 0 > 2 e 
n=0 n: 
More generally, if A is an n X n diagonal matrix with rj, rj, . . . , r, down its main diagonal, 
then e^' is the diagonal matrix with e"!', e^, . . . , e"! down its main diagonal (see Problem 26). 


If A is not a diagonal matrix, the computation of e^' is more involved. We deal with this impor- 
tant problem later in this section. 
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It can be shown that the series (2) converges for all t and has many of the same properties" 
as the scalar exponential e^. 


Properties of the Matrix Exponential Function 


Theorem 7. Let A and B ben X n constant matrices and r, s, and t be real (or 
complex) numbers. Then, 


(a) 2) =e" =I. 


(b) eAltts) = e^e^ ] 


(c) (ey = e M . 
(d) e^*P! = £4/5B. provided that AB = BA . 


(8) e m gp. 


Property (c) has profound implications. First, it asserts that for any matrix A, the matrix 
e^ has an inverse for all t. Moreover, this inverse is obtained by simply replacing t by —t. 
(Note that (c) follows from (a) and (b) with s = —1.) In applying property (d) (the law of expo- 
nents), one must exercise care because of the stipulation that the matrices A and B commute 
(see Problem 25). 

Another important property of the matrix exponential arises from the fact that we can dif- 
ferentiate the series in (2) term by term. This gives 


d (an — a jÉ cous ae ARE ap aa 
£09) - Ai are t TA 
z po! 
— A -- A?t A5 boe + APLÓÁM + 
2 (n — 1)! 
1 po! 
=A |I-T At t AIL oe + ANIH 
2 (n — 1)! 
Hence, 
d 
ue? = Ae“ , 
and so e^ is a solution to the matrix differential equation X' = AX. Since e^ is invertible 


[property (c)], it follows that the columns of e^' are linearly independent solutions to system 
(1). Combining these facts we have the following. 
e^! [s a Fundamental Matrix 


Theorem 8. If Ais ann X n constant matrix, then the columns of the matrix exponen- 
At: 


tial e^' form a fundamental solution set for the system x’(t) = Ax(t). Therefore, e^ is a 
fundamental matrix for the system, and a general solution is x(t) = e^'c. 


‘For proofs of these and other properties of the matrix exponential function, see Matrix Computations, 3rd ed., by 
Gene H. Golub and Charles F. van Loan (Johns Hopkins University Press, Baltimore, 1996), Chapter 11. See also the 
amusing articles “Nineteen Dubious Ways to Compute the Exponential of a Matrix,’ by Cleve Moler and Charles van 
Loan, SIAM Review, Vol. 20, No. 4 (Oct. 1978), “Nineteen . . . Matrix, Twenty-Five Years Later,” ibid., Vol. 45, No. 1 
(Jan. 2003). 
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If a fundamental matrix X(t) for the system x’ = Ax has somehow been determined, it is 
easy to compute e^, as the next theorem describes. 


Relationship Between Fundamental Matrices 


Theorem 9. Let X(f) and Y(f) be two fundamental matrices for the same system x’ = 
Ax. Then there exists a constant matrix C such that Y(t) = X(r)C for all t. In particular, 


(3) g* XIX . 


Proof. Since X(t) is a fundamental matrix, every column of Y(t) can be expressed as 
X(t)c for a suitable constant vector c, so column-by-column we have 


Y(t) = X(t) c € Ug, | = XC. 
If we choose Y(t) = e^' = X(1)C, then (3) follows by setting t = 0. € 


If the n X n matrix A has n linearly independent eigenvectors u;, then Theorem 5 of Sec- 
tion 9.5 provides us with X(r) and (3) gives us 


(4) — e = [e"m ew o em] [ty m ew]. 


Are there any other ways that we can compute e^? As we observed, if A is a diagonal 
matrix, then we simply exponentiate the diagonal elements of Af to obtain e^. Also, if A is a 
nilpotent matrix, that is, A‘ = 0 for some positive integer k, then the series for e^' has only a 
finite number of terms—it "truncates"—since A% = A**! = --- =0. In such cases, e^ 
reduces to 


"nd 


e* =I+At+ + AR! A 
(k — 1)! 


———— +0+0+ +: =1+Art- c AF! 
(k — 1)! 

Thus e^' can be calculated in finite terms if A is diagonal or nilpotent. Can we take this 
any further? Yes; a consequence of the Cayley-Hamilton theorem’ is that when the characteris- 
tic polynomial for A has the form p(r) = (rj — 7)", then (rI - A)” 20z (-1)'(A — rD”. So 
if A has only one (multiple) eigenvalue r,, then A — rI is nilpotent, and we exploit that by 
writing A 7 rjiE +A — rjE 


et = gnltg(A 7 nDr — e"'[I -t(A—-nDt t: + (A-r! 
n 


"The Cayley-Hamilton theorem states that a matrix satisfies its own characteristic equation, that is, p(A) = 0. For a 
discussion of this theorem, see Matrices and Linear Transformation, 2nd ed., by Charles G. Cullen (Dover Publica- 
tions, New York, 1990), Chapter 5. 


Example 1 
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Find the fundamental matrix e^' for the system 


2 1 1 
x’ = Ax, where A= 1 2 1 
—2 -2 -1 


Solution We begin by computing the characteristic polynomial for A: 


2r 1 1 
p(r) = |A- Al = 1 2—r 1 =-pP+3r-3r+4+1=—-(r-1). 
2 2 Dr 
Thus, r = 1 is an eigenvalue of A with multiplicity 3. By the Cayley-Hamilton theorem, 
(A — I? = 0, and so 


2 
(5) e^ = e'e AD = efi t (A —Dt t (A— yet : 


2 


Computing, we find 


1 1 1 0 0 0 
A-I-| 1 1 1] and (A-I?-|0 0 0 
SQ. eJ. xc 0.0 0 
Substituting into (5) yields 
1 0 0 1 1 1 e! + te! te' te! 
(0 e*"-2e£|0 10|-t'| 1 1 1[- te! el + te! te! . + 
0 0 1 —2 -2 -2 —2te! | —2te! e' — 2te! 


We are not through with nilpotency yet. What if we have a nonzero vector u, an exponent m, 
and a scalar r satisfying (A — rI)” u = 0, so that A — rI is “nilpotent when restricted to u”? 
Such vectors are given a (predictable) name. 


Generalized Eigenvectors 


Definition 5. Let A be a square matrix. A nonzero vector u satisfying 


(7) (A - r)"u - 0 


for some scalar r and some positive integer m is called a generalized eigenvector 
associated with r. 

[Note that r must be an eigenvalue of A, since the final nonzero vector in the list u, 
(A — rD)u, (A — rI)u, ..., (A — rI)"^!uis a “regular” eigenvector.] 


A valuable feature of generalized eigenvectors u is that we can compute e^'u in finite 
terms without knowing e^', because 
Af ee ^ - tg 


m-—1 m 
t 


m— t m 
inen m 'u + LÀ EP Eos 
pnt 


(m — 1)! 


(8) =e" Tu + (A — rDu + 


= e" 


ut (A — Dut: + (A -Au 0 ct: 


Moreover, e^'u is a solution to the system x' — Ax (recall Theorem 8). Hence if we can find n 
generalized eigenvectors u; for the n X n matrix A that are linearly independent, the 
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Example 2 


corresponding solutions x;(?) = e^'u; will form a fundamental solution set and can be assem- 


bled into a fundamental matrix X(t). (Since the x;'s are solutions that reduce to the linearly 
independent u,’s at t = 0, they are always linearly independent.) Finally, we get the matrix 
exponential by applying (3) from Theorem 9: 


(9) e^! = X()X(0) ! = [e^'u, eA, «> e"u,][uyu = u]! , 
computed in a finite number of steps. 


Of course, any (regular) eigenvector is a generalized eigenvector (corresponding to m = 1), 
and if A has a full set of n linearly independent eigenvectors, then (9) is simply the representa- 
tion (4). But what if A is defective, that is, possesses fewer than n linearly independent eigen- 
vectors? Luckily, the primary decomposition theorem in advanced linear algebra‘ guarantees 
that when the characteristic polynomial of A is 


Q0)  p(r)-(n-r(n- ror", 
where the r;'s are the distinct eigenvalues of A and rn; is the multiplicity of the eigenvalue r;, 
then for each i there exist m; linearly independent generalized eigenvectors satisfying 


4D (A-rD™u=0. 


Furthermore, the conglomeration of these n = m, + m» + +- + m, generalized eigenvectors 
is linearly independent." 

We’re home! The following scheme will always yield a fundamental solution set, for any 
square matrix A. 


Solving x’ = Ax 
To obtain a fundamental solution set for x’ = Ax for any constant square matrix A: 


(a) Compute the characteristic polynomial p(r) = |A — rl]. 

(b) Find the zeros of p(r) and express it as p(r) = (rj — r)"(r; — ry- (r, — r)™, 
where r4, r2, ... , ry are the distinct zeros (i.e., eigenvalues) and mi, m», ... , m, are 
their multiplicities. 

(c) For each eigenvalue r; find m; linearly independent generalized eigenvectors by 
applying the Gauss-Jordan algorithm to the system (A — r;I)"u = 0. 

(d) Form n = m, + m»; + ++: + my linearly independent solutions to x’ = Ax by computing 


2 
x(t):= e*'u = e"[u + (A — Du + IS -Tut ] 


for each generalized eigenvector u found in part (c) and corresponding eigenvalue r. 
If r has multiplicity m, this series terminates after m or fewer terms. 


We can then, if desired, assemble the fundamental matrix X(t) from the n solutions and 
obtain the matrix exponential e^ using (9). ^ 


Find the fundamental matrix e^' for the system 


(12) x’ = Ax, where A= 


+ Matrices and Linear Transformations, 2nd ed., by Charles G. Cullen, ibid. 

** Some of the generalized eigenvectors satisfy (11) with a lower exponent, but such details do not concern us here. 
With defective matrices this algorithm is not recommended for computer implementation; rounding effects inevitably 
foil the machine’s ability to detect multiple eigenvalues. 
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Solution We begin by finding the characteristic polynomial for A: 


l-r 0 0 
p(r) = |A - “ll = 1 Z= r 0 = —(r— 1}(r- 3). 
0 1 l-r 


Hence, the eigenvalues of A are r = 1 with multiplicity 2 and r = 3 with multiplicity 1. 
Since r = 1 has multiplicity 2, we must determine two linearly independent associated 
generalized eigenvectors satisfying (A — I)? u = 0. From 


0 0 Of} } uy 0 
(A-TPu=|2 4 O|]wm]/=|0], 
1 2 Of | wy 0 
we find uy = s, uy 2u» 2s, and u3 = v, where s and v are arbitrary. 


Taking s = 0 and v = 1, we obtain the generalized eigenvector u; = col(0, 0, 1). The cor- 
responding solution to (12) is 


0 0 0 
(43)  xj()0-e'[uj + (A — Du} 2 e'l0 | + :e!|1 2 

1 0 1 
(u, is, in fact, a regular eigenvector). 


Next we take s = | and v = 0 to derive the second linearly independent generalized 
eigenvector u, = col(—2, 1, 0) and (linearly independent) solution 


(14) x(t) = e*'u; = e'[u; + (A — Duy} 


E) 0 0 0 =2 
=e! 1 +¢te'}1 2 0 1 
0 0 1 0 0 
—2 0 —2e! 
=e! 1} +e |O] = ej 
0 1 te! 


-2 0 Olly 0 
1 0 0 W2 | = 0 , 
1 —2 u3 0 


0 0 
(15) xi Ses = e” | 2 | = | 3e" 
1 e! 


"Note that x;(f) has been expressed in the format discussed in Problem 35 of Exercises 9.5, page 535. 
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The matrix X(t) whose columns are the vectors x,(t), x(t), and xs(t), 


0 -2e 0 
X(ü-]|0. e 2e” 
e' fe e 


is a fundamental matrix for (12). Setting t = 0 and then computing X ! (0), we find 


1 1 
7-3 73 1 
0 -2 0 
x(0)=|0 1 2| ad X'(0-|-; 0 o0 
1 0 1 l 
4 2 9 
It now follows from formula (3) that 
1 1 
zd l 
0 -2e 0 
e^ = X()X"(0) =| 0 e 28 |-; 0 0 
t te! e 
1 1 
7 5 0 
e! 0 0 
= l au 3t 3t 
= "1d + 2 e 0 + 
e! let re Paes 3t a 


Use of the fundamental matrix e^ 


At ,— As A(t—s) 


' simplifies many computations. For example, the prop- 
erties e^"e =e 


and (e4%)~! = e~ 4” enable us to rewrite the variation of parameters 
formula (13) in Section 9.7 in a simpler form. Namely, the solution to the initial value problem 
x’ = Ax + f(t), x(t) = Xo is given by 


t 
(16) x(t) = e*t + | eM -9f(s) ds , 
to 


which is a system version of the formula for the solution to the scalar initial value problem 
x' = ax + f(t), x(t) = xo. 

In closing, we remark that the software packages for eigenvalue computation listed in Sec- 
tion 9.5 (page 527) also contain subroutines for computing the matrix exponential. 
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9.8 EXERCISES | EXERCISES 


In Problems 1-6, (a) show that the given matrix A satis- In Problems 13-16, use a linear algebra software pack- 


fies (A — ri)‘ = 0 for some number r and some positive 
integer k and (b) use this fact to determine the matrix e^. 
[Hint: Compute the characteristic polynomial and use 


the Cayley-Hamilton theorem. ] 


NL EUN 
LA-|, 1 na-| J 
a E 
3A-2|-3 -1 1 
| 9 3 -4 
2 1 3 
4A-2|0 2 -1 
0 0 
[-2 0 0| 
5.A—-| 4-2 0 
| 1 0 -2] 
|o 1 ol 
6A-2| 0 0 1 
epo» 3 


In Problems 7-10, determine e™ by first finding a 
fundamental matrix X(t) for x' = Ax and then using 
formula (3). 


ME da 

TA-T qp &A-| i 
lo 1 0 [o2 2 

9.A-|0 0 1 10. A=|2 0 2 
E d 2 2 0 


In Problems 11 and 12, determine e^' by using general- 
ized eigenvectors to find a fundamental matrix and then 
using formula (3). 


5 -4 0 
FLA I. 0 2 
[o 2 5] 

MES M 
2A=/2 1 -1 
0-1 1 


age for help in determining e^'. 


0 1 0 0 0 
0 1 0 0 
13. A =|1 -3 3 0 0 
0 0 0 0 1 
0 0 0 =l 0 
1 0 0 0 0 
0 0 1 0 0 
14.4 =/0 -1 -2 0 0 
0 0 0 0 1 
0 0 0 =1 0 
0 1 0 0 0 
0 0 1 0 0 
15. A =|-1 -3 -3 0 0 
0 0 0 0 1 
L 0 0 0 4 pi 
= 0 0 0 0 
0 0 1 0 0 
16 A=| 0 -1 -2 0 0 
0 0 0 0 1 
0 0 0 -4 -4 
L 


In Problems 17-20, use the generalized eigenvectors of 
A to find a general solution to the system x'(t) = Ax(t), 
where A is given. 


0 1 0 0 0 I 
17. A= 0 0 1 18. A-|0 1 2 
—2 —5 -—4 0 0 1 
10 12 
11 2 1 
19. A = 0020 
0.0 1 1 
-] -8 1 
20. A=|-1 -3 2 
—4 -16 7 


21. Use the results of Problem 5 to find the solution to 
the initial value problem 


—2 0 0 
x'(r) = 4 —2 0 | x(f) , x(0) = 
1 0 —2 -1 
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22. 


23. 


24. 


25. 


26. 


Use your answer to Problem 12 to find the solution 
to the initial value problem 


1 1 1 -1 
x'() =| 2 1 -1] x(t), x(0) = 0 
0 =1 1 3 


Use the results of Problem 3 and the variation of 
parameters formula (16) to find the solution to the 
initial value problem 


2 E sl 0 
x()-|-3 -1 1|x()-|t|, 
9 3 —4 0 
0 
x(0) = | 3 
0 


Use your answer to Problem 9 and the variation of 
parameters formula (16) to find the solution to the 
initial value problem 


0 1 0 0 
x()-|0 0 I1|x()-4/|0|, 
1 -1 1 t 
x(0) = | -1 
Let 
|| 1 2 |. (2 1 
A= “i 23 and p= (2 i 


(a) Show that AB 7 BA. 

(b) Show that property (d) in Theorem 7 does not 
hold for these matrices. That is, show that 
e ^ +B) + e Atc Pt, 

Let A be a diagonal n X n matrix with entries 

rj... ,r, down its main diagonal. To compute e^', 

proceed as follows: 
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27. 


28. 


29. 


(a) Show that A* is the diagonal matrix with entries 
r5... , r% down its main diagonal. 

(b) Use the result of part (a) and definition (2) to 
show that e^' is the diagonal matrix with entries 
e"f, ,.. , e^! down its main diagonal. 

In Problems 35—40 of Exercises 9.5, page 535, some 
ad hoc formulas were invoked to find general solu- 
tions to the system x' — Ax when A had repeated 
eigenvalues. Using the generalized eigenvector 
procedure outlined on page 554, justify the ad hoc 
formulas proposed in 

(a) Problem 35, Exercises 9.5. 

(b) Problem 37, Exercises 9.5. 

(c) Problem 39, Exercises 9.5. 


Let 
5 2 —4 
A-—|0 3 | 
4 -5 -5 


(a) Find a general solution to x’ = Ax. 

(b) Determine which initial conditions x(0) = xo 
yield a solution x(t) = col(x,(t), x(t), x4(1)) that 
remains bounded for all t = 0; that is, satisfies 


IIx()|| = VA3() + 930) xi) S M 


for some constant M and all t = 0. 


For the matrix A in Problem 28, solve the initial 
value problem 


2 
x'(t) = Ax(r) + sin(2z)| 0| , 
4 
0 
x(0)=| 4d 


Chapter Summary 


In this chapter we discussed the theory of linear systems in normal form and presented 
methods for solving such systems. The theory and methods are natural extensions of the devel- 
opment for second-order and higher-order linear equations. The important properties and 


techniques are as follows. 


Homogeneous Normal Systems 


x'(t) = A(0x(r) 


The n X n matrix function A(t) is assumed to be continuous on an interval 7. 
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Fundamental Solution Set: {x1, sb ers xy). The n vector solutions xj(t), .. ., x,(t) of the 
homogeneous system on the interval / form a fundamental solution set, provided they are lin- 
early independent on / or, equivalently, their Wronskian 


W[x,. .... x,](f:— det[x,, .... x] = xu) xao) i alt 


1s never zero on /. 


Fundamental Matrix: X(t). An n X n matrix function X(t) whose column vectors form a 
fundamental solution set for the homogeneous system is called a fundamental matrix. The 
determinant of X(t) is the Wronskian of the fundamental solution set. Since the Wronskian is 
never zero on the interval Z, then X  ! (t) exists for t in I. 


General Solution to Homogeneous System: Xe = cx, + : + c,x,. If X(t) is a funda- 
mental matrix whose column vectors are X;,..., X,, then a general solution to the homoge- 
neous system is 


x(t) = X(t)c = cxi (t) + CoX.(t) ae ee le c,X, (f) í 


where ¢ = col(c,, . . . , c,) is an arbitrary constant vector. 


Homogeneous Systems with Constant Coefficients. The form of a general solution for a 
homogeneous system with constant coefficients depends on the eigenvalues and eigenvectors 
of the n X n constant matrix A. An eigenvalue of A is a number r such that the system 
Au = ru has a nontrivial solution u, called an eigenvector of A associated with the eigenvalue 
r. Finding the eigenvalues of A is equivalent to finding the roots of the characteristic equation 


|A— rl] =0. 


The corresponding eigenvectors are found by solving the system (A — rI)u = 0. 
If the matrix A has n linearly independent eigenvectors u4, . . . , u, and 7; is the eigenvalue 
corresponding to the eigenvector u;, then 


feu, eu, ..., eun} 


is a fundamental solution set for the homogeneous system. A class of matrices that always has 
n linearly independent eigenvectors is the set of symmetric matrices—that is, matrices that 
satisfy A = AT. 

If A has complex conjugate eigenvalues a + iß and associated eigenvectors z = a + ib, 
where a and b are real vectors, then two linearly independent real vector solutions to the homo- 
geneous system are 


e" cos Bta — e“sin Btb , e“sin Bta + e"'cos Btb . 


When A has a repeated eigenvalue r of multiplicity m, then it is possible that A does not 
have n linearly independent eigenvectors. However, associated with r are m linearly indepen- 
dent generalized eigenvectors that can be used to generate m linearly independent solutions to 
the homogeneous system (see page 561 under “Generalized Eigenvectors"). 
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Nonhomogeneous Normal Systems 
x’ (t) = A(t)x(t) + f(t) 


The n X n matrix function A(t) and the vector function f(t) are assumed continuous on an 
interval /. 


General Solution to Nonhomogeneous System: x, + Xc. If x, (f) is any particular solution 
for the nonhomogeneous system and X(t) is a fundamental matrix for the associated homoge- 
neous system, then a general solution for the nonhomogeneous system is 


x(t) = x(t) + X(t)e = x(t) + cıx(t) +e + c,X, (t) : 


where xj(t), .. . , x, (ft) are the column vectors of X(t) and c = col(c;, . . . , c,) is an arbitrary 
constant vector. 


Undetermined Coefficients. If the nonhomogeneous term f(r) is a vector whose components 
are polynomials, exponential or sinusoidal functions, and A is a constant matrix, then one can 
use an extension of the method of undetermined coefficients to decide the form of a particular 
solution to the nonhomogeneous system. 


Variation of Parameters: X(r)v(t). Let X(t) be a fundamental matrix for the homogeneous 
system. A particular solution to the nonhomogeneous system is given by the variation of 
parameters formula 


Matrix Exponential Function 


If A is a constant n X n matrix, then the matrix exponential function 


t t" 
e^ :—Ic Att ATL + e HA" 4+ 
2! n! 


is a fundamental matrix for the homogeneous system x'(r) = Ax(r). The matrix exponential 
has some of the same properties as the scalar exponential e^. In particular, 


A(t+s) — eAteAs (g^)! — g^ 


e =I, e 
If (A — rJ)! = 0 for some r and k, then the series for e^' has only a finite number of 
terms: 


k-1 
At — grt - T ak- 5 
e" =e TENA rr + + (A — rt) za 


A 


The matrix exponential function e^' can also be computed from any fundamental matrix X(t) 


via the formula 


e^ = X()X (0) . 


Review Problems 561 


Generalized Eigenvectors 


If an eigenvalue r; of a constant n X n matrix A has multiplicity m; there exist m; linearly 
independent generalized eigenvectors u satisfying (A — rA)" u = 0. Each such u determines 
a solution to the system x' — Ax of the form 


[nu 1 


x(t) = e"|I + (A - r;I)t + (A — riy 1———— 
(m; — 1)! 


u 


and the totality of all such solutions is linearly independent on (—oo, oo) and forms a funda- 
mental solution set for the system. 


REVIEW PROBLEMS 


In Problems 1—4, find a general solution for the system 2 —2 3 ent 
x'(r) = Ax(t), where A is given. 10.A-10 3 2], f(t) = 
MX EEI 0 —1 2 l 
vel TE. 


In Problems 11 and 12, solve the given initial value 
problem. 


CONF 
corn 
l2—-occ 
=. Noo 


12. x'()=| 7 J) x+ 
In Problems 5 and 6, find a fundamental matrix for the —4 2 
system x'(t) — Ax(t), where A is given. 


5 0 0 In Problems 13 and 14, find a general solution for the 
5. A= d 1| 6 A-2|0 -4 3 Cauchy—Euler system tx'(t) = Ax(t), where A is given. 
0 3 4 03 1 
13.A=]1 2 1 


In Problems 7-10, find a general solution for the sys- 


tem x'(t) = Ax(t) + f(t), where A and f(t) are given. Eo 
[3-5 5 1 2 -1 
7.A =|) VF o-i 14.A-| 2 1 1 
j -1 1 0 
saa|~4 ? t) - |. 
co La we Sak NK In Problems 15 and 16, find the fundamental matrix 
e for the system x'(t) = Ax(t), where A is given. 
[2 ru aie 423 014 
9% A=|-3 -1 1), f)-[O 15.A=| 2 1 2 16. A=|0 0 2 
Lom 4 l -1 2 0 000 
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TECHNICAL WRITING EXERCISES 


1. 


Explain how the theory of homogeneous linear 
differential equations (as described in Section 6.1) 
follows from the theory of linear systems in normal 
form (as described in Section 9.4). 


. Discuss the similarities and differences between the 


method for finding solutions to a linear constant 
coefficient differential equation (see Chapters 4 and 6) 
and the method for finding solutions to a linear sys- 
tem in normal form that has constant coefficients 
(see Sections 9.5 and 9.6). 


. Explain how the variation of parameters formulas 


for linear second-order equations derived in Section 


4.6 follow from the formulas derived in Section 9.7 
for linear systems in normal form. 


. Explain how you would define the matrix functions 


sin At and cos At, where A is a constant n X n 
matrix. How are these functions related to the matrix 
exponential and how are they connected to the solu- 
tions of the system x" -- A?x — 0? Your discussion 
should include the cases when A is 


ello of [i ol we [i =i: 


Í Group Projects for Chapter 9 


A Uncoupling Normal Systems 


The easiest normal systems to solve are systems of the form 

(0  x()-Dx(). 

where D is an n X n diagonal matrix. Such a system actually consists of n uncoupled equations 
(2) x(t) = djxj(t) ; i-]1,...,n, 

whose solution is 

x(t) = ce , 


where the c;'s are arbitrary constants. This raises the following question: When can we uncouple 
a normal system? 

To answer this question, we need the following result from linear algebra. An n X n matrix 
A is diagonalizable if and only if A has n linearly independent eigenvectors p4, ..., Pa. More- 
over, if P is the matrix whose columns are p;,..., Pn, then 


(3) P'!AP-D, 
where D is the diagonal matrix whose entry d;; is the eigenvalue associated with the vector p;. 
(a) Use the above result to show that the system 
4 — x'()-Ax(), 
where A is an n X n diagonalizable matrix, is equivalent to an uncoupled system 


(5) y(t) = Dy(r) . 


where y = P^!xandD = P™!AP. 
(b) Solve system (5). 
(c) Use the results of parts (a) and (b) to show that a general solution to (4) is given by 


x(t) = cye*"p, + cep, + + + c e™p, . 


(d) Use the procedure discussed in parts (a)-(c) to obtain a general solution for the system 


5 -4 4 
x'(t) = 1 0 1 | x(t) 
=i 2 1 


Specify P, D, P^ !, and y. 
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B Matrix Laplace Transform Method 


The Laplace transform method for solving systems of linear differential equations with constant 
coefficients was discussed in Chapter 7. To apply the procedure for equations given in matrix 
form, we first extend the definition of the Laplace operator £ to a column vector of functions 
x= col(x i)er , x,(t)) by taking the transform of each component: 


L{x}(s) = col ($i) (s), a L{x,}(s)) . 


With this notation, the vector analogue of the important property relating the Laplace transform 
of the derivative of a function (see Theorem 4, Chapter 7, page 361) becomes 


(6) Sx'Ms) = sS[x)(s) — x(0) . 
Now suppose we are given the initial value problem 
(7) x’ = Ax + f(r) , x(0) = x, 


where A is a constant n X n matrix. Let x(s) denote the Laplace transform of x(t) and f(s) denote 
the transform of f(t). Then, taking the transform of the system and using the relation (6), we get 


P{x'} = $(Ax + f), 


SX — X9 = Axt+f. 


ll 


Next we collect the X terms and solve for x by premultiplying by (sI — A)7!: 
(I-AR =f£+x), 


= (sI — AY f + xo) . 


»» 


Finally, we obtain the solution x(t) by taking the inverse Laplace transform: 
(85 x= Nz} = 3$ (st — A) (f+ xy) . 


In applying the matrix Laplace transform method, it is straightforward (but possibly tedious) 
to compute (sI — A) !, but the computation of the inverse transform may require some of the 
special techniques (such as partial fractions) discussed in Chapter 7. 


(a) In the above procedure, we used the property that S (Ax) = AL{x} for any constant 
n X n matrix A. Show that this property follows from the linearity of the transform in 
the scalar case. 

(b) Use the matrix Laplace transform method to solve the following initial value problems: 


(i v=[_° 2] x(t) , «9-71. 


(c) By comparing the Laplace transform solution formula (8) with the matrix exponential 
solution formula given in Section 9.8 [relation (16), page 556] for the homogeneous case 
f(t) = 0 and ty = 0, derive the Laplace transform formula for the matrix exponential 


(9) e™ = g-(s1 — A) h(x) . 


(d) What is e^' for the coefficient matrices in part (b) above? 
(e) Use (9) to rework Problems 1, 2, 7, and 8 in Exercises 9.8, page 557. 
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C Undamped Second-Order Systems 


We have seen that the coupled mass-spring system depicted in Figure 9.5, page 540, is governed 
by equations (10) of Section 9.6, which we reproduce here: 


mxi = —kyxy + kx) — xi) , 


mx; = kax xi) kx. 


This system was rewritten in normal form as equation (11) in Section 9.6; however, there is some 
advantage in expressing it as a second-order system in the form 


l EE 


This structure, 


k, + k =k 
=k, kz +F ka 


(10) Mx” = -Kx , 


with a diagonal mass matrix M and a symmetric stiffness matrix K, is typical for most undamped 
vibrating systems. Our experience with other mass-spring systems (Section 5.6) suggests that we 
seek solutions to (10) of the form 


(11) x=(coswt)v or x= (sinwt)v , 


where v is a constant vector and o is a positive constant. 
(a) Show that the system (10) has a nontrivial solution of the form (11) if and only if w and 
v satisfy the "generalized eigenvalue problem" Kv = w° Mv. 


(b) By employing the inverse of the mass matrix, one can rewrite (10) as 
x" = -M'!Kx— Bx. 


Show that — w? must be an eigenvalue of B if (11) is a nontrivial solution. 


(c) If B is ann X n constant matrix, then x" = Bx can be written as a system of 2n first- 
order equations in normal form. Thus, a general solution can be formed from 2n lin- 
early independent solutions. Use the observation in part (b) to find a general solution to 
the following second-order systems: 


— OÖ a 
(i) x | -4 E 
Re s Tem 3 
$e 2x. 
[-5 4 -4]| 
(iii) x" = | —1 0 —L. |x. 
| 1 -2 -1 
2 -1 -1| 
(iv) x” 2| -1 2 ojx. 
=i 0 2 


CHAPTER 10 


Partial Differential Equations 


10.1 INTRODUCTION: A MODEL FOR HEAT FLOW 


Develop a model for the flow of heat through a thin, insulated wire whose ends are 


kept at a constant temperature of 0°C and whose initial temperature distribution is 
to be specified. 


Suppose the wire is placed along the x-axis with x = 0 at the left end of the wire and x = L at 
the right end (see Figure 10.1). If we let u denote the temperature of the wire, then u depends 
on the time ¢ and on the position x within the wire. (We will assume the wire is thin and hence 
u is constant throughout a cross section of the wire corresponding to a fixed value of x.) 
Because the wire is insulated, we assume no heat enters or leaves through the sides of the wire. 

To develop a model for heat flow through the thin wire, let's consider the small volume 
element V of wire between the two cross-sectional planes A and B that are perpendicular to the 
x-axis, with plane A located at x and plane B located at x + Ax (see Figure 10.1). 

The temperature on plane A at time t is u(x, t) and on plane B is u(x + Ax, t). We will need 
the following principles of physics that describe heat flow.' 


1. Heat Conduction: The rate of heat flow (the amount of heat per unit time flowing 
through a unit of cross-sectional area at A) is proportional to du/dx, the temperature 
gradient at A (Fick's law). The proportionality constant k is called the thermal con- 
ductivity of the material. In general, the thermal conductivity can vary from point to 
point: k = k(x). 


2. Direction of Heat Flow: The direction of heat flow is always from points of higher 
temperature to points of lower temperature. 


0 x x+Ax L 


Figure 10.1 Heat flow through a thin piece of wire 


"For a discussion of heat transfer, see University Physics with Modern Physics with MasteringPhysics™, 12th ed., 
by H. D. Young, R. A. Freedman, and L. Ford (Addison-Wesley, Reading, Mass., 2008). 
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3. Specific Heat Capacity: The amount of heat necessary to raise the temperature of an 
object of mass m by an amount Au is cm Au, where the constant c is the specific heat 
capacity of the material. The specific heat capacity, like the thermal conductivity, 
can vary with position: c = c(x). 


If we let H represent the amount of heat flowing from left to right through the surface A 
during an interval of time At, then the formula for heat conduction becomes 


H(x) = -k(x)a Arg (x, t), 


where a is the cross-sectional area of the wire. The negative sign follows from the second 
principle—if ðu/ðx is positive, then heat flows from right to left (hotter to colder). 

Similarly, the amount of heat flowing from left to right across plane B during an interval of 
time At is 


H(x + Ax) = —k(x + Ax)a Art (x + Ax, t). 


The net change in the heat AE in volume V is the amount entering at end A minus the 
amount leaving at end B, plus any heat generated by sources (such as electric currents, chemi- 
cal reactions, heaters, etc.). The latter is modeled by a term Q(x, t)Axa At, where Q is the 
energy rate (power) density. Therefore, 


(1) AE = H(x) — H(x + Ax) + Q(x, t)AxaAt 


= aAt| k(x + Ax) (x + Ax, f) — he 


3x (x, t) | + Q(x, t)AxaAt . 


Now by the third principle, the net change is given by AE = cm Au, where Au is the 
change in temperature and c is the specific heat capacity. If we assume that the change in tem- 
perature in the volume V is essentially equal to the change in temperature at x—that is, 
Au = u(x,t + At) — u(x, t), and that the mass of the volume V of wire is ap Ax, where 
p = p(x) is the density of the wire, then 


(2) AE = c(x)ap(x) Ax[u(x, t + At) — u(x, t)] . 


Equating the two expressions for AE given in equations (1) and (2) yields 


a At (x, t)| + Q(x, t) Axa At 


k(x + Ax) (x + Ax, t) — ko) o 


= c(x)ap(x) Ax[u(x, t + At) — u(x, t)] . 


Now dividing both sides by a Ax At and then taking the limits as Ax and At approach zero, we 
obtain 


(3) 21 (0) 0 


Z x(x), 1) | + o) = e(x)o(s) A(x. 4). 


ðt 


If the physical parameters k, c, and p are uniform along the length of the wire, then (3) reduces 
to the one-dimensional heat flow equation 


2 


M (e t) = BP (x,t) + Plat) , 
Ox 


(4) 5 


where the positive constant B:=k/cp is the diffusivity of the material and P(x, t) = 


Q(x, t)/cp. 
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Equation (4) governs the flow of heat in the wire. We have two other constraints in our 
original problem. First, we are keeping the ends of the wire at 0°C. Thus, we require that 


(5) u(0, t) = u(L, t) = 0 


for all t. These are called boundary conditions. Second, we must be given the initial tempera- 
ture distribution f(x). That is, we require 


(6) v2.0) —fx), 0<x<L. 


Equation (6) is referred to as the initial condition on u. 

Combining equations (4), (5), and (6), we have the following mathematical model for the 
heat flow in a uniform wire without internal sources (P — 0) whose ends are kept at the 
constant temperature 0°C: 


au.) gu 
(7) a 9 = Basin, <<; oe 
(8) u(0,t)=u(L,t)=0, t0, 
(9) ülz,0) = f(x) , O<x<L. 


This model is an example of an initial-boundary value problem. Intuitively we expect that 
equations (7)-(9) completely and unambiguously specify the temperature in the wire. Once we 
have found a function u(x, t) that meets all three of these conditions, we can be assured that u is 
the temperature. (Theorem 7 in Section 10.5 will bear this out.) 

In higher dimensions, the heat flow equation (or just heat equation) is adjusted to account 
for the additional heat flow contribution along the other axes by the simple modification 
Es = BAu + P(x, y, zt) , 
where Au, known as the Laplacian in this context," is defined in two and three dimensions, 
respectively, as 


9? 9? 9? ə? 9? 
Au = + a and Au:= 7 ps E 
oy Ox" 


ay? az? 
When the temperature reaches a steady state—that is, when u does not depend on time, 
and there are no sources—then du/dt = 0 and the temperature satisfies Laplace's equation 


Au=0. 


One classical technique for solving the initial-boundary value problem for the heat equation 
(7)-(9) is the method of separation of variables, which effectively allows us to replace the partial 
differential equation by ordinary differential equations. This technique is discussed in the next section. 
In using separation of variables, one is often required to express a given function as a trigonometric 
series. Such series are called Fourier series; their properties are discussed in Sections 10.3 and 10.4. 
We devote the remaining three sections to the three basic partial differential equations that arise 
most commonly in applications: the heat equation, the wave equation, and Laplace’s equation. 

Many computer-based algorithms for solving partial differential equations have been devel- 
oped. These are based on finite differences, finite elements, variational principles, and projection 
methods that include the method of moments and, more recently, its wavelet-based implementa- 
tions. Like the Runge-Kutta or Euler methods for ordinary differential equations, such tech- 
niques are more universally applicable than the analytic procedures of separation of variables, but 
their accuracy is often difficult to assess. Indeed, it is customary practice to assess any newly 
proposed numerical procedure by comparing its predictions with those of separation of variables. 


‘Regrettably, it is the same notation as we just used for u(x, t + Ar) — u(x, t). Some authors prefer the symbol V? for 
the Laplacian. 
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10.2 METHOD OF SEPARATION OF VARIABLES 


The method of separation of variables is a classical technique that is effective in solving several 
types of partial differential equations. The idea is roughly the following. We think of a solution, 
say u(x, t), to a partial differential equation as being a linear combination of simple component 
functions itis t), n = 0,1, 2,..., which also satisfy the equation and certain boundary condi- 
tions. (This is a reasonable assumption provided the partial differential equation and the 
boundary conditions are linear.) To determine a component solution, u,,(x, t), we assume it can 
be written with its variables separated; that is, as 


ux; t) = X GT . 


Substituting this form for a solution into the partial differential equation and using the bound- 
ary conditions leads, in many circumstances, to two ordinary differential equations for the 
unknown functions X,,(x) and T,,(t). In this way we have reduced the problem of solving a par- 
tial differential equation to the more familiar problem of solving a differential equation that 
involves only one variable. In this section we will illustrate this technique for the heat equation 
and the wave equation. 

In the previous section we derived the following initial-boundary value problem as a math- 
ematical model for the sourceless heat flow in a uniform wire whose ends are kept at the con- 
stant temperature zero: 


ðu Ou 

— = n—— LAE Aa hs 
(1) àt (x, D Bd Gv, D , 0 x L, t 0, 
(2) u(0,t) =u(L,t)=0, t>0, 
(3) u(x, 0) = f(x) , Qc xc EL. 


To solve this problem by the method of separation of variables, we begin by addressing 
equation (1). We propose that it has solutions of the form 


u(x, t) = X(x)T(t) , 
where X is a function of x alone and T is a function of t alone. To determine X and T, we first 


compute the partial derivatives of u to obtain 


ðu " au Hn 
mi X(x)T'(t) and -~ X" (x)T(t) . 


Substituting these expressions into (1) gives 


X(x)T' (t) = BX" G)T(0) . 
and separating variables yields 


T'(t) _ X"(x) 
(4) = 
BT() X(x) 
We now observe that the functions on the left-hand side of (4) depend only on f, while those on 
the right-hand side depend only on x. If we fix t and vary x, the ratio on the right cannot 
change; it must be constant. Most authors define this constant with a minus sign, so we adhere 
to the convention: 


X" (x) T'(r) 
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(5) X'(x) = —-AX(x) and T'(t) = —ApT(t) . 


Consequently, for separable solutions, we have reduced the problem of solving the partial dif- 
ferential equation (1) to solving the two ordinary differential equations in (5). 

Next we consider the boundary conditions in (2). Since u(x, t) = X(x)T(t), these condi- 
tions are 


X(0)T(tü) 20 and Xx(LT()-0, t>0. 


0 
Hence, either 7(t) = 0 for all t > 0, which implies that u(x, t) = 0, or 
) 


(6) XO =] XLS 0 


Ignoring the trivial solution u(x, t) = 0, we combine the boundary conditions in (6) with the 
differential equation for X in (5) and obtain the boundary value problem 


(7) X"(x) + AX(x) =0, X(0)=X(L)=0, 


where A can be any constant. 

Notice that the function X(x) = 0 is a solution of (7) for every A. Depending on the choice 
of A, this may be the only solution to the boundary value problem (7). Thus, if we seek a non- 
trivial solution u(x, t) = X(x)T(t) to (1)-(2), we must first determine those values of A for 
which the boundary value problem (7) has nontrivial solutions. These solutions are called the 
eigenfunctions of the problem; the eigenvalues are the special values of A. If we write the first 
equation in (7) as -p^[x ] = AX and compare with the matrix eigenvector equation Au = ru 
(Section 9.5, page 526), the designation of A as an eigenvalue (of —D?) becomes clear. 

To solve the (constant coefficient) equation in (7), we try X(x) = e”, derive the auxiliary 
equation r? + A = 0, and consider three cases. 


Case 1. A < O.In this case, the roots of the auxiliary equation are — V — A, so a general 
solution to the differential equation in (7) is 


X(x) = Cue V ™ + Cg V ; 
To determine C, and C3, we appeal to the boundary conditions: 


X0) = C+ C=), 
XB) = Ce + Ce 9 = 0 . 


From the first equation, we see that C; = —Cj. The second equation can then be written 
as C(e V — e- V7) 2 0 or C, (e2 V — 1) 2 0. Since —A > 0, it follows that 
[gh = 1) > 0. Therefore C}, and hence C, is zero. Consequently, there is no nontrivial 
solution to (7) for A < 0. 


Case 2. A = 0. Here r = 0 is a repeated root to the auxiliary equation, and a general 
solution to the differential equation is 


X(x) = €; + Cx. 


The boundary conditions in (7) yield C, — 0 and Ci + CL = 0, which imply that 
C, = C, = 0. Thus, for A = 0, there is no nontrivial solution to (7). 

Case3. A > 0. In this case the roots of the auxiliary equation are +i VA. Thus a general 
solution to X" + AX = O is 


(8) X(x) = C, cos VAx + Cy sin VAx . 
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This time the boundary conditions X(0) = X(L) = 0 give the system 
C, =0 > 
C, cos VAL + Csin VAL =0. 


Because C; =0, the system reduces to solving C, sin VAL — 0. Hence, either 
sin VAL = 0 or C; =0. Now sin VAL — 0 only when VAL = nv, where n is an 
integer. Therefore, (7) has a nontrivial solution (C; # 0) when VAL = na or A = (nv/L), 
n = 1,2,3,... (wee exclude n = 0, since it makes A = 0). Furthermore, the nontrivial solutions 
(eigenfunctions) X, corresponding to the eigenvalue A = (nz/L) are given by [cf. (8)] 


06  X(9)-a, ("7 j 


where the a,/'s are arbitrary nonzero constants. 

The eigenvalues and eigenfunctions for this example have many features that are common 
to all of the separation of variables solutions that we will study. Take note of these features of 
Figure 10.2. 


Eigenvalue ^ Eigenfunction SEPARATION OF VARIABLES: 
EIGENFUNCTION PROPERTIES 


(i) The eigenfunctions are solutions to a second-order ordinary 
differential equation (7) containing a parameter A called the 
eigenvalue. 


(ii) Each eigenfunction satisfies a homogeneous boundary con- 
dition at each end (7). 


(iii) The only values of A that admit nontrivial solutions, i.e., the 
eigenvalues, form an infinite set accumulating at oo. 


(iv) The eigenfunctions oscillate faster as A increases; the first 
contains no interior zeros, and each subsequent eigenfunc- 
tion contains one more zero than its predecessor. 


(v) Ifany two distinct eigenfunctions are multiplied together, 
the resulting function is zero on the average; specifically, 


MTX . NTX 1 (m B n)mx (m T n)mx 


sin L sin L = 2 COS f COS L 


i VE" and both cosines integrate to 0 over [0, L|; 
Figure 10.2 Eigenfunctions 


Having determined that A = (n7/L)* for any positive integer n, let's consider the second 
equation in (5): 


2 
T(t) + e(27) Tu) - 0. 
For each n = 1,2, 3, ..., a general solution to this linear first-order equation is 


TA = p,e Bunty : 
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Example 1 


Solution 


(Note that the time factor has none of the eigenfunction properties.) Combining this with equa- 
tion (9) we obtain, for each n = 1,2, 3, ..., the functions 


(10) — uos 1) = X ()T, (i) = a, sin(narx/L) b, e Pont 
= c,e Anaiyt sin(nax/L) , 
where c, is also an arbitrary constant. 
It is easy to see that each u,(x, f) is a solution to (1)-(2). A simple computation also shows 
that if u, and u, are solutions to (1)-(2), then so is any linear combination au, + bu. (This is 
a consequence of the facts that the operator £ ‘= /ðt — (892/0x? is a linear operator and the 


boundary conditions in (2) are homogeneous.) 
This enables us to solve the following example. 


Find the solution to the heat flow problem 


ðu au 

(11) ae, OKIS Ta (20, 
ot ax? 

(12) u(0, t) = u(m,1) 2 0 , E. 

(13) u(x, 0) = 3 sin 2x — 6sin5x , O<x<7. 


Comparing equation (11) with (1), we see that 8 = 7 and L = m. Hence, we need only find a 
combination of terms like (10) that satisfies the initial condition (13): 


u(x, 0) = = c, €? sin nx = 3 sin 2x — 6 sin 5x. 


For these data the task is simple; c; = 3 and c4 = —6. The solution to the heat flow problem 
(11)-(13) is 


ux, t) = cze “PPTA sin(2mx/L) + cse POTID't sin(5arx/L) 
= 3e P sin 2x — 6e 7! sin5x . e 


What would we do if the initial condition (13) had been an arbitrary function, rather than 
a simple combination of a few of the eigenfunctions we found? Possibly the most beautiful 
property of the eigenfunctions—one that we did not list on page 571—is completeness; 
virtually any function f likely to arise in applications can be expressed as a convergent series 
of eigenfunctions! For the sines we have been working with, the Fourier sine series looks like 


a4 = f(x) = > c,sin (=) forO<x<L. 


This enables the complete solution to the generic problem given by (1)-(3): 
(45 u(x,t) = pa g Ponts (==) l 


provided this expansion and its first two derivatives converge. 

The convergence of the sine series (among others), as well as the procedure for finding the 
coefficients c,, will be discussed in the next two sections (and generalized in Chapter 11). For 
now, let us turn to the mathematical description of a vibrating string, another situation in which 
the separation of variables approach applies. This concerns the transverse vibrations of a string 
stretched between two points, such as a guitar string or piano wire. The goal is to find a function 
u(x, t) that gives the displacement (deflection) of the string at any point x (0 = x = L) and any 
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u(x, t) 


0 L 


Figure 10.3 Displacement of string at time t 


time ¢ = 0 (see Figure 10.3). In developing the mathematical model, we assume that the string is 
perfectly flexible and has constant linear density, the tension on the string is constant, gravity is 
negligible, and no other forces are acting on the string. Under these conditions and the addi- 
tional assumption that the displacements u(x, t) are small in comparison to the length of the 
string, it turns out that the motion of the string is governed by the following initial-boundary 
value problem.’ 


ou 28u 
16 — = —2 $ (arza LEa "LR 
(16) oF ag M 
(17) u(0,t) = u(L,t) 20, t=0, 
(18) u(x, 0) = f(x) , 2222, 
a9 — 9*0 = ele) , srst 


Equation (16) essentially states Newton’s third law, F = ma, for the string. The second 
(time) derivative on the left is the acceleration, and the second (spatial) derivative on the right 
arises because the restoring force is produced by the string's curvature. The constant o? is 
strictly positive and equals the ratio of the tension to the (linear) density of the string. The 
physical significance of a, which has units of velocity, will be revealed in Section 10.6. The 
boundary conditions in (17) reflect the fact that the string is held fixed at the two endpoints 
x = 0 and x = L. Equations (18) and (19), respectively, specify the initial displacement of the 
string and the initial velocity of each point on the string. Recall that these are the typical initial 
data for all mechanical systems. For the initial and boundary conditions to be consistent, we 
assume f(0) = f(L) = 0 and g(0) = g(L) = 0. 

Let’s apply the method of separation of variables to the initial-boundary value problem for the 
vibrating string (16)-(19). Thus, we begin by assuming equation (16) has a solution of the form 


u(x, t) = X(xi)., 
where X is a function of x alone and T is a function of t alone. Differentiating u, we obtain 


SY — Xx(x)T"(r) , x = x'(x)r(r) . 


Substituting these expressions into (16), we have 


X(XT "tn ma X" GT. 


"For a derivation of this mathematical model, see Partial Differential Equations: Sources and Solutions, by Arthur D. 
Snider (Dover Publications, N.Y., 2006). 
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and separating variables gives 


T" (t) 7 X" (x) 
a T(t) X(x) 
Just as before, these ratios must equal some constant — A: 


Xr) T" (t) 
— —AÀ and =A. 
X(x) a T(t) 
Furthermore, with u(x, t) = X(x)T(t), the boundary conditions in (17) give 
KOTH=0, XILT)-0. T0; 


In order for these equations to hold for all t= 0, either 7(r) = 0, which implies that 
u(x, t) = 0, or 


AQ) =X) = 0. 


(20) 


Ignoring the trivial solution, we combine these boundary conditions with the differential 
equation for X in (20) and obtain the boundary value problem 


RD X"(x) +AX(x)=0, X(0)=X(L)=0, 


where A can be any constant. 
This is the same boundary value problem that we encountered earlier while solving the 
heat equation. There we found that the suitable values for A are 


2 
a= (2z) . n=1,2,3,..., 


with corresponding eigenfunctions (nontrivial solutions) 


Q2) X,(x) =c, sn(27*) , 


where the c,'s are arbitrary nonzero constants. Recall Figure 10.2, page 571. 
Having determined that A = (nz/L) for some positive integer n, let's consider the second 
equation in (20) for such A: 


an ar 
T(t) 


T"(t) + D t 20. 


For each n = 1, 2, 3, ..., a general solution is 


naa . NTA 
T,,(t) = Cy COS $ t + Cy2 sin L 


bs 


Combining this with equation (22), we obtain, for each n = 1, 2,3,..., the function 


. TX nTa . NTQ 
un(x, t) = X,(x)T, (t) = |c,Sin 7 || Cn Cosy 1! t C,5SIn—7 1] , 
L , L i L 
or, reassembling the constants, 


na . nwa | . ATX 
(23) u(x, t) = (a cos" pt + b, T sin r^. 


Example 2 


Solution 
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Using the fact that linear combinations of solutions to (16)—(17) are again solutions, we 
consider a superposition of the functions in (23): 


Q4) u(x,t) 2 > |a, cos” a sin 


EA L t + b,sin 


For a solution of the form (24), substitution into the initial conditions (18)-(19) gives 


(25) u(x, 0) — 2 an sin ex. O<x<L, 
ðu _ Santa, TX — 
(26) 7 (x, 0) = p On Sins ex) Of 221. 


We have now reduced the vibrating string problem (16)-(19) to the problem of determin- 
ing the Fourier sine series expansions for f(x) and g(x): 


Q7) fi) = È asint, g(x) È B, sin , 

n=1 E n=1 L 
where B, = (n7ra/L)b,. If we choose the a,'s and b,'s so that the equations in (25) and (26) 
hold, then the expansion for u(x, t) in (24) is a formal solution to the vibrating string problem 
(16)-(19). If this expansion is finite, or converges to a function with continuous second partial 


derivatives, then the formal solution is an actual (genuine) solution. 


Find the solution to the vibrating string problem 


2 2 
(28) Tuy, Qcl.yclm. F> 
ar Ox 
(29) u(0, t) = u(a,t) 20, t20, 
(30) u(x,0) = sin3x-4sinl0x, O<x<7, 
(31) P (x, 0) = 2 sin 4x + sin 6x , 0zxz-c. 


Comparing equation (28) with equation (16), we see that a = 2 and L = m. Hence, we need 
only determine the values of the coefficients a, and b, in formula (24). The a,,’s are chosen so 
that equation (25) holds; that is, 


u(x, 0) = sin 3x — 4 sin 10x = 2 a, sin nx . 


Equating coefficients of like terms, we see that 
&=-1, apn=-4, 


and the remaining a,,’s are zero. Similarly, referring to equation (26), we must choose the b,,’s 
so that 
oo 
ðu 


S (x 0) = 2sin 4x + sin 6x = » n2b, sin nx . 


Comparing coefficients, we find 
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and the remaining b,,’s are zero. Hence, from formula (24), the solution to the vibrating string 


problem (28)-(31) is 


(32) u(x, t) = cos 6t sin 3x + pin 8t sin 4x + sin 12t sin 6x — 4 cos 20f sin 10x . 9 


In later sections the method of separation of variables is used to study a wide variety of 
problems for the heat, wave, and Laplace’s equations. However, to use the method effectively, 
one must be able to compute trigonometric series (or, more generally, eigenfunction expan- 
sions) such as the Fourier sine series that we encountered here. These expansions are discussed 


in the next two sections. 
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In Problems 1—6, determine all the solutions, if any, 
to the given boundary value problem by first finding a 
general solution to the differential equation. 


ly" -y=0,; 0c€xc«l, 
X020, y(1)= -4 

2. y” — 6y' + 5y =0 ; 0cx«2, 
X021, y(2)=1 

3. y" + 4y 20 ; O<x<7, 
X020, y'(r)=0 

4. y" -9y -0 ; O<x<q7, 
y(0)=0, y(ar)=-6 

5.y"—y-—-1-2x; O<x<1, 
X020, y()=1+e 

6. y" +y=0; O<x<27, 
X020, y(2mr)=1 

7. y" +y=0; O<x<27, 
X021, y(2r)=1 

8. y" —2y' - y 20; =< xw. 
y(-1)=0, (1022 


In Problems 9—14, find the values of À (eigenvalues) 
for which the given problem has a nontrivial solution. 
Also determine the corresponding nontrivial solutions 
(eigenfunctions ). 


9, y" c Ay 2-0; O<x<7, 
y(0)=0,  y(m-0 

10. y" +Ay=0; O<x<7, 
y(0)=0, y(a)=0 

11. y" +Ay=0; O<x<27, 
y(0)=y(27),  y(0)-2»'Q2) 

12. y" +Ay=0; 0<x< 7/2, 
y(0)=0,  y(m/2-20 


13. y" +Ay=0; 
y(0) - »'(0)- 0, 

14. y” - 2y' + y 20 ; 
y0)=0, »-)-0 


O<x<7, 


y(ar) = 0 
O<x<7, 


In Problems 15-18, solve the heat flow problem (1)-(3) 
with B = 3, L = 7, and the given function f(x). 

15. f(x) = sin x — 6 sin 4x 

16. f(x) = sin 3x + 5 sin 7x — 2 sin 13x 

17. f(x) = sin x — 7 sin 3x + sin 5x 

18. f(x) = sin 4x + 3 sin 6x — sin 10x 


In Problems 19—22, solve the vibrating string problem 
(16)-(19) with a = 3, L = m, and the given initial 
functions f(x) and g(x). 


19. f(x Ioue 12 sin 13x , g(x) 20 
20. f(x) = 
g(x) = -2 sin 3x + 9 sin 7x — sin 10x 
21. f(x) = 6sin 2x + 2 sin 6x , 
g(x) = 11 sin 9x — 14 sin 15x 
22. f(x) = sin x — sin 2x + sin 3x , 
g(x) = 6 sin 3x — 7 sin 5x 


23. Find the formal solution to the heat flow problem 
(1)-(3) with B = 2and L = Lif 


f(x) = È L sin nUX. 
a= n 
24. Find the formal solution to the vibrating string prob- 
lem (16)-(19) with a = 4, L = w,and 
f(x) = > — sin nx , 
n=l N 
oo (- 1 n+1 
sin nx . 


25. By considering the behavior of the solutions of the 
equation 
T'(r) 


-ABT(). 


give an argument that is based on physical grounds 
to rule out the case where A < 0 in equation (5). 


t20, 


26. Verify that u,(x, t) given in equation (10) satisfies 
equation (1) and the boundary conditions in (2) 
by substituting u,(x, t) directly into the equations 


involved. 


In Problems 27—30, a partial differential equation (PDE) 
is given along with the form of a solution having sepa- 
rated variables. Show that such a solution must satisfy 
the indicated set of ordinary differential equations. 


ou 1 ðu 1 8u 
27. | H - 
ðr? ror r? 90? 
with u(r, 0) = R(r)T(0) yields 
r?R" (r) 4 rR' (r) AR(r) =0, 


T" (0) + AT(0) 2 0 , 
where A is a constant. 
2 2 
a n gu | u = «it 
ot ot Ox 
with u(x, t) = X(x)T(t) yields 
X"(x) + AX(x) = 0, 
T"(t) + T'(t) + (1 + Ao?)T(r) 
where A is a constant. 
ðu 


- {= i au 
ðt ax? ay? 


with u(x, y, t) = X(x)Y(y)T(t) yields 
T'(t) + BAT(t) =0, 
X"(x) + wX(x) =0, 
Y'(y) + (A = w)¥(y) 

where A, u are constants. 


0, 


29. 


=0, 
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30. 


31. 


32. 


ðu 
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u , 19u 1 du, 
ðr? i r ðr r? ae? i 
with u(r, 0, z) = R(r)T(0)Z(z) yields 
T" (0) + uT(0) 2 0 , 
Z"(z) + AZ(z) 20, 
r?R" (v) + rR'(r) 
where u, A are constants. 


(r7r } 


For the PDE in Problem 27, assume that the follow- 
ing boundary conditions are imposed: 


u(r, 0) = u(r, 7) 20, 

u(r, 0) remains bounded as r — 0* . 
Show that a nontrivial solution of the form u(r, 0) = 
R(r)T(0) must satisfy the boundary conditions 

10) = Tix) = 0, 

R(r) remains bounded as r > 0* . 


For the PDE in Problem 29, assume that the follow- 
ing boundary conditions are imposed: 


u(0, y, t) = u(a,y,t)=0; OSysb, t=0, 
(0) e 50x bt) =0 ; 0xx-xa, t=0. 


oy 


33. 


Show that a nontrivial solution of the form u(x, y, t) = 
X(x)Y(y)T(r) must satisfy the boundary conditions 


X(0) =X@)=0, 
y'(0)= Y(b-2o, 


When the temperature in a wire reaches a steady 

state, that is, when u depends only on x, then u(x) 

satisfies Laplace's equation 07u/dx? = 

(a) Find the steady-state solution when the ends of 
the wire are kept at a constant temperature of 
50°C, that is, when u(0) = u(L) = 50. 

(b) Find the steady-state solution when one end of 
the wire is kept at 10°C, while the other is kept at 
40°C, that is, when u(0) = 10 and u(L) = 40. 
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10.3 FOURIER SERIES 


Example 1 


Solution 


While analyzing heat flow and vibrating strings in the previous section, we encountered the 
problem of expressing a function in a trigonometric series [compare equations (12) and (25) in 
Section 10.2]. In the next two sections, we discuss the theory of Fourier series, which deals with 
trigonometric series expansions. First, however, we review some function properties that are 
particularly relevant to this study: piecewise continuity, periodicity, and even and odd symmetry. 

In Section 7.2 we defined a piecewise continuous function on [a, b] as a function f that is 
continuous at every point in [a, b| , except possibly for a finite number of points at which f has 
a jump discontinuity. Such functions are necessarily integrable over any finite interval on which 
they are piecewise continuous. 

Recall also that a function is periodic of period T if f(x + T) = f(x) for all x in the 
domain of f. The smallest positive value of T is called the fundamental period. The trigono- 
metric functions sin x and cos x are examples of periodic functions with fundamental period 
24r and tan x is periodic with fundamental period 7. A constant function is a periodic function 
with arbitrary period 7: 

Two symmetry properties of functions will be useful in the study of Fourier series. A function 
f that satisfies f(—x) — f(x) for all x in the domain of f has a graph that is symmetric with 
respect to the y-axis [see Figure 10.4(a)]. We say that such a function is even. A function f that 
satisfies f(—x) — —f(x) for all x in the domain of f has a graph that is symmetric with respect 
to the origin [see Figure 10.4(b)]. It is said to be an odd function. The functions 1, xat ous 
are examples of even functions, while the functions x, xj, x, ...are odd. The trigonometric 
functions sin x and tan x are odd functions and cos x is an even function. 


fœ 


(a) (b) 


Figure 10.4 (a) Even function J“ f= A +A — 2JS"F (b) Odd function “f= A — A = 0 


Determine whether the given function is even, odd, or neither. 
(a) f(x) = VI+ (b) g(x) = x! — sin x (c) h(x) = e* 


(a) Since f(—x) = Vi + (-xP = Vi +x = (x), then f(x) is an even function. 

(b) Because g(—x) = ( xh sin (—x) = —x!? + sin x = (x13 sin x) = —g(x), 
it follows that g(x) is an odd function. 

(c) Here h(—x) = e~*. Since e? = e* only when x = 0 and e * is never equal to —e", 
then h(x) is neither an even nor an odd function. € 
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Knowing that a function is even or odd can be useful in evaluating definite integrals. 


Properties of Symmetric Functions 


Theorem 1. If fis an even piecewise continuous function on [ =a, al, then 


(1) | Nr =2 | fd. 


0 


If fis an odd piecewise continuous function on [ —a, a]. then 


Proof. If fis an even function, then f(—x) = f(x). Hence, 
a 0 a 
| f(x)dx = | f(x)dx + | f(x) dx 
=a =a 0 


- Away + MES =2 | f(x)dx , 


1 0 


where we used the change of variables u = —x. This is illustrated in Figure 10.4(a). Formula 
(2) can be proved by a similar argument and is illustrated in Figure 10.4(b). € 


The next example deals with certain integrals that are crucial in Fourier series. 


Example 2 Evaluate the following integrals when m and n are nonnegative integers: 


i Ë 
(a) j. sin xm cos "T di . (b) s sin sin dx . 
(c) r cos T cos dx 

-L L L i 


Solution The even and odd functions occurring in the integrands are sketched in Figure 10.5 on page 580. 
The given integrals are easily evaluated by invoking the trigonometric formula for prod- 
ucts of sines and cosines: 


s MTX T" nix 1 sin (m — n)mx 1 sin (m + n)ax 

L L 2 L 2 L , 
sin MAA sin MUA, | cos im — n)ms l cos m M nym 

L L 2 L 2 L i 
cos TX cos ET = l cos (m — nm + u cos (m + njos 

L L 2 L 2 L 


Thus if m 7 n, each of the integrals calls for the (signed) area under an oscillating sinusoid 
over a whole number of periods, and is therefore zero. In fact, the only way to avoid these 
“oscillators” is to take m = n; whence cos| (m = n)mx/L] = cos 0 = 1 and subtends an area 
of 2L, while sin| (m — n)mxIL] = sin 0 = 0 subtending zero area (again). But note that if m 
and n are both zero, then cos| (m + n)ax/L | = cos 0 also subtends area 2L. Inserting the factors 
of 1/2, we summarize with 


580 Chapter 10 Partial Differential Equations 


(3) 


B 0 m+n 
MTX . NTX , , 
(4 | sin sin dx — { 

) L L L L, 


2L... m=n=0 


Equations (3)-(5) express an orthogonality condition’ satisfied by the set of trigonometric 
functions {cos X, Sin x, COS 2x, sin 2x, .. gs where L = m. We will say more about this later in 
this section. 


A A 
1 1 
> Xx cos 27 sin 97% ft 
-L L L L 
-1 -1 
A A 
l 1 
» X cos 17€ sin ME > X 
-1 -1 
A A 
1 1 
»X cos oat sin S » X 
-1 1 
A A 
1 1 
> X cos ŠTE sin Us » X 
EE -1 


Figure 10.5 The sinusoids 


"This nomenclature is suggested by the fact that the formulas for the Riemann sums approximating the integrals 
(3)-(5) look like dot products (Section 9.1, page 498) of higher-dimensional vectors. In most calculus texts, it is shown 
that the dot product of orthogonal vectors in two dimensions is zero. 
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It is easy to verify that if each of the functions fi, . . . , f, is periodic of period T, then so is 
any linear combination 


efix) seed exp Cn (x) d 


For example, the sum 7 + 3 cos mx — 8 sin mx + 4 cos 2grx — 6 sin 27x has period 2, since 
each term has period 2. Furthermore, if the infinite series 


nax ATX 
> > a, cos . + b, sin—— 


z n=l L L 


consisting of 2L-periodic functions converges for all x, then the function to which it converges 
will be periodic of period 2L. 

Just as we can associate a Taylor series with a function that has derivatives of all orders at 
a fixed point, we can identify a particular trigonometric series with a piecewise continuous 
function. To illustrate this, let's assume that f(x) has the series expansion’ 


(6) dix) 2. X {a, cos + b, ss). 


where the a,,’s and b,'s are constants. (Necessarily, f has period 2L.) 
To determine the coefficients ao, a1, b1, a», bo, . . . , we proceed as follows. Let's integrate 
f(x) from —L to L, assuming that we can integrate term by term: 


L L L oo L 
| f()dx = | M y de > á; | cos dx +2 n | sin de 
-L m -L 


-L 2 n=1 c L 


The (signed) area under the “oscillators” is zero. Hence, 


L b. 
| f(x)dx = | 2 dx — agL , 
-L 


=L 
and so 


(Notice that ag/2 is the average value of f over one period 2L.) Next, to find the coefficient a,, 
when m = 1, we multiply (6) by cos(m7rx/L) and integrate: 


n"Tx MTX 
E d + Xa an COS —— COS dx 
n-l = L L 


L max ag [4 
(7) f(x)cos dx => ca 
-L L 2 J 


co L 
£c f sin egg dx . 
-L L L 


The orthogonality conditions (3)-(5) render the integrals on the right-hand side quite immedi- 
ately. We have already observed that 


L 
| cos T dx =0, mzl, 


"The choice of a constant ao/2 instead of just ap will make the formulas easier to remember. 
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and, by formulas (3) and (5), we have 


L 
NTX MTX 0, n#m, 
cos cos dx = 
-L L Le, 


n-—m. 


Hence, in (7) we see that only one term on the right-hand side survives the integration: 


L 
| f(x)cos TE dx = gy . 
-L 


Thus, we have a formula for the coefficient a: 


Similarly, multiplying (6) by sin(m7rx/L) and integrating yields 


L 
x) sin dy = p [, 
L nr 
—L 


so that the formula for b,, is 


Motivated by the above computations, we now make the following definition. 


Fourier Series 


Definition 1. Let fbe a piecewise continuous function on the interval [ EE L]. The 
Fourier series’ of f is the trigonometric series 


ao < NTX . NTX 
(8) f(x) sh à fa, cos — + b, sin I } , 


where the a,'s and b,'s are given by the formulas” 


L 
: | f(x) cos T dx po A01» 
=L 


E 
| f(x) sin dx 2 n=1,2,3,.... 
=L 


‘Historical Footnote: Joseph B. J. Fourier (1768-1830) developed his series for solving heat flow problems. Lagrange 
expressed doubts about the validity of the representation, but Dirichlet devised conditions that ensured its convergence. 


“Notice that f(x) need not be defined for every x in [ =L L]; we need only that the integrals in (9) and (10) exist. 
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Formulas (9) and (10) are called the Euler formulas. We use the symbol — in (8) to remind 
us that this series is associated with f(x) but may not converge to f(x). We will return to the ques- 
tion of convergence later in this section. Let's first consider a few examples of Fourier series. 


Example 3 Compute the Fourier series for 


ln) {°° —m«x«0, 
x) = 
` X4 O<x<7. 


Solution Here L = m. Using formulas (9) and (10), we have 


T 


a, = = | f(x) cos nx dx = = | x cos nx dx 
0 


= 


Tmn 


-L| u cos udu = —- [cos u + u sin u] 
Tn“ Jo Tn 0 
1 n 
= — (cos n7 1)=—[( 1}-1], n=1,2,3,..., 
mn mn 
bt ] [7 xb" m 
w= z MZTE = | xdx — 2d; Ei i 
b, = t f(x) sin nxdx = i: e sin nxdx 
n T -- T ó 
1 mn : 1 . Tn 
-i| u sin u du = — [sin u — u cos u] 
Tn 0 Tn 0 
—cosnm  (-1)*! 
= = ; n= 1,2,3,.... 
n n 
Therefore, 
T oo 1 =] ntl 
dl) flx)~—+ > [Sie = 1 ]cos nx + — — — sin nx} 
4 n=1 Tn n 


VL NE: 1 a m" 
= 2 feos x + feos 3x + cos Sx + } 


] 1. 1 
ZEE hs 


Some partial sums of this series are displayed in Figure 10.6. 9 


Figure 10.6 Partial sums of Fourier series in Example 3 
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Example 4 Compute the Fourier series for 


feo) = { 


=l —-mT«x«0, 
Lm Ocx«. 


Solution Again, L = m. Notice that f is an odd function. Since the product of an odd function and an 
even function is odd (see Problem 7), f(x) cos nx is also an odd function. Thus, 


a - i| f(x) cos nxdx = 0 , n=0,1,2,.... 


=F 


Furthermore, f(x) sin nx is the product of two odd functions and therefore is an even func- 


tion, so 
1 [7 : 21" . 
b, == f(x) sin nxdx = — sin nxdx 
Tj. T Jo 
2 | —cos nx 2/1 (-1y 
= = ; n=1,2,3,..., 
T n Tin n 
0 
0- neven , 
=) 4 
— 3 n odd . 
mn 
Thus, 


2 pepe. AT. 1 . 
(12) f(x) ~ -E sin nx = —| sin x + zsin 3x + gsin 5x4 ce 


Some partial sums of (12) are sketched in Figure 10.7. € 


2 terms 


yc 9 terms 


Figure 10.7 Partial sums of Fourier series in Example 4 


In Example 4 the odd function f has a Fourier series consisting only of sine functions. It is 
easy to see that, in general, if fis any odd function, then its Fourier series consists only of sine 
terms. 
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uc 1. 


Example 5 Compute the Fourier series for f(x) = |x 


Solution Here L = 1. Since f is an even function, f (x) sin (narx) is an odd function. Therefore, 


1 
b, = | f(x)sin(nax)dx = 0 , n-dl32.3:52—- 
= 


Since f(x) cos(nx) is an even function, we have 


a= | fedx - 2 | sace =1, 
! 1 
a, = | f(x) cos (nix) dx = 2 | x cos (nix) dx 
7 za | EDS bes PR 0 7 — (cos nm — 1) 
2 n = 
eerie, ed] 4 n= 1,2,.3) 4 


Therefore, 


i duele 23064-41295 


; = 4 {cost F s cos(37x) + m cos(5mx) + +: } ; 


Partial sums for (13) are displayed in Figure 10.8. 4 


9 terms 


2 terms jd 


Figure 10.8 Partial sums of Fourier series in Example 5 


Notice that the even function f of Example 5 has a Fourier series consisting only of cosine 
functions and the constant function 1 = cos(07rx). In general, if fis an even function, then its 
Fourier series consists only of cosine functions [including cos(07rx)]. 
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Orthogonal Expansions 


Fourier series are examples of orthogonal expansions." A set of functions { Paya is said to 
be an orthogonal system or just orthogonal with respect to the nonnegative weight function 
w(x) on the interval [a, b| if 


b 
(14) | z dense apio. 


As we have seen, the set of trigonometric functions 
(15) {1, COS X, sin x, cos 2x, sin 2x,.. E 


is orthogonal on [ "Um T] with respect to the weight function w(x) = 1. If we define the norm 
of f as 


ae te [ | Powa]. 


then we say that a set of functions (f, (x));-i (or UH i) is an orthonormal system with 
respect to w(x) if (14) holds and also ||f,|| = 1 for each n. Equivalently, we say the set is an 
orthonormal system if 


mn, 


(17) | “fal Ved) uds t | 


m —n. 


We can always obtain an orthonormal system from an orthogonal system just by dividing each 
function by its norm. In particular, since 


T T 
| cos?nxdx = | sin?nxdx = T i n=1,2,3,... 


T =T 


and 


| ldx 2T, 


UI 


then the orthogonal system (15) gives rise on [ =T, TT | to the orthonormal system 
{(2ar)-V?, m cos x, m'h sin x, a 'P cos 2x, m'h sin 2x, .. } ; 


If EDO is an orthogonal system with respect to w(x) on [a, b]. we might ask 
if we can expand a function f(x) in terms of these functions; that is, can we express f in the 
form 


a8) fh) = afik) + ef) + efi) + = 


for a suitable choice of constants c4, c5, . . . ? Such an expansion is called an orthogonal 
expansion, or a generalized Fourier series. 


*Orthogonality is also discussed in Section 8.8 on page 483. 
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To determine the constants in (18), we can proceed as we did in deriving Euler's formu- 
las for the coefficients of a Fourier series, this time using the orthogonality of the system. 
Presuming the representation (18) is valid, we multiply by f,,(x)w(x) and integrate to obtain 


a» [wd o e. [ rogo es [tae 


a 


ll 

Ma 

o 
— 

a Sm 

3^ 

— 

= 

d 

3 

m 

E 

— 

= 

PONES 

= 

Tiana: 

S 


(Here we have also assumed that we can integrate term by term.) Because the system is orthog- 
onal with respect to w(x), every integral on the right-hand side of (19) is zero except when 
n = m. Solving for c,, gives 


[IOa [IOa 
(20) Ca E. == S n n= 1,2,3,.... 
| F2(x)w(x)de Ul 


The derivation of the formula for c, was only formal, since the question of the 
convergence of the expansion in (18) was not answered. If the series 37 , c, f(x) converges 
uniformly to f(x) on [a, b], then each step can be justified, and indeed, the coefficients are 
given by formula (20). The notion of uniform convergence is discussed in the next subsection 
and in Section 13.2.7 


Convergence of Fourier Series 


Let's turn to the question of the convergence of a Fourier series. Figures 10.6-10.8 provide 
some clues. In Example 5 it is possible to use a comparison or limit comparison test to show that 
the series is absolutely dominated by a p-series of the form 97 , 1 /n*, which converges. How- 
ever, this is much harder to do in Example 4, since the terms go to zero like 1/n. Matters can be 
even worse, since there exist Fourier series that diverge.'* We state two theorems that deal with 
the convergence of a Fourier series and two dealing with the properties of termwise differenti- 
ation and integration. For proofs of these results, see Partial Differential Equations of Mathe- 
matical Physics, 2nd ed., by Tyn Myint-U (Elsevier North Holland, Inc., New York, 1983), 
Chapter 5; Advanced Calculus with Applications, by N. J. DeLillo (Macmillan, New York, 
1982), Chapter 9; or an advanced text on the theory of Fourier series. 

Before proceeding, we need a notation for the left- and right-hand limits of a function. Let 


f(x*) = lim f(x +h) and f(x7) = Jim, f(x — n). 


h0 


We now present the fundamental pointwise convergence theorem for Fourier series. 


‘All references to Chapters 11—13 refer to the expanded text Fundamentals of Differential Equations and Boundary 
Value Problems, 6th ed. 


oo H 
m ; . : ; : : sin nx 
"In fact, there are trigonometric series that converge but are not Fourier series; an example is > ( ) 
n-lIn(n + 1 
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Example 6 


Solution 


Pointwise Convergence of Fourier Series 


Theorem 2. If f and f' are piecewise continuous on [ =], bL then for any x in 
(-L.L) 


naX 1 


(21) D + S fa, cos + b, sin—— L = 5 Uc) + f(x7)] n 


n=1 


where the a,,’s and b,,’s are given by the Euler formulas (9) and (10). For x = +L, the 


series converges to HL’) + $E] ku 


In other words, when f and f' are piecewise continuous on [SG L]; the Fourier series 
converges to f(x) whenever f is continuous at x and converges to the average of the left- and 
right-hand limits at points where f is discontinuous. 

Observe that the left-hand side of (21) is periodic of period 2L. This means that if we 
extend f(x) from the interval ( —L, L) to the entire real line using 2L-periodicity, then equation 
(21) holds for all x for the 2L-periodic extension of f(x). 


To which function does the Fourier series for 
ya LR =r xx. 
w=] 1, O<x<T, 
converge? 


In Example 4 we found that the Fourier series for f(x) is given by (12), and in Figure 10.7, we 
sketched the graphs of two of its partial sums. Now f(x) and f'(x) are piecewise continuous in 
[ =T, |. Moreover, fis continuous except at x = 0. Thus, by Theorem 2, the Fourier series of 


f in (12) converges to the 27-periodic function g(x), where g(x) = f(x) = —1 for 


=m <x <0, g(x) = f(x) = 1 for0 < x < m, g(0) = [f(0*) + f(0-)]/2 = 0, and at +7 
we have g(+7r) = [f(—a*) + f(a) ]/2 = (—1 + 1)/2 = 0. The graph of g(x) is given in 
Figure 10.9. € 


y 
A 
OO 1 0——————O OQ—— 
e e e e zm - X 
-27 =r 0 T Qn 
—O O— -1 OO 


Figure 10.9 The limit function of the Fourier series for f(x) = { 
1, O<x<7 


‘From formula (21), we see that it doesn’t matter how we define f(x) at its points of discontinuity, since only the left- 
and right-hand limits are involved. The derivative f'(x), of course, is undefined at such points. 
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When f is a 2L-periodic function that is continuous on (—oo, oo) and has a piecewise 
continuous derivative, its Fourier series not only converges at each point—it converges 
uniformly on ( —oco, oo). This means that for any prescribed tolerance e > 0, the graph of the 
partial sum 


N 
a nx nx 
ix) m o + py fa, cos + b, sin } 


will, for all N sufficiently large, lie in an &-corridor about the graph of f on (—oo, oo) (see 
Figure 10.10). The property of uniform convergence of Fourier series is particularly helpful 
when one needs to verify that a formal solution to a partial differential equation is an actual 
(genuine) solution. 


Figure 10.10 An e-corridor about f 


Uniform Convergence of Fourier Series 


Theorem 3. Let f be a continuous function on (—oo, oo) and periodic of period 2L. 
If f' is piecewise continuous on [ =L, L] , then the Fourier series for f converges 
uniformly to f on [ =f; L] and hence on any interval. That is, for each e > 0, there 
exists an integer No (that depends on €) such that 


N 
dp nx . nx 
is {4+ 3 {asco L + b, sin || «sg, 


n=1 


for all N = No, and all x € (—oo, oo). 


In Example 5 we obtained the Fourier series expansion given in (13) for f(x) = |x|, 
—] < x < 1. Since g(x), the periodic extension of f(x) (see Figure 10.11 on page 590) is con- 
tinuous on (—oo, oo) and 


=]; -414€x«0, 
ra=] i 


i; 0<x<1, 


is piecewise continuous on [- Í, 1], the Fourier series expansion (13) converges uniformly to 
|x| on [ 2 1, 1]. Compare Figure 10.8. 

The term-by-term differentiation of a Fourier series is not always permissible. For 
example, the Fourier series for f(x) = x, —7 < x < a (see Problem 9), is 


oo 


(22) f(x) —2 > aoe 


n=1 n 
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which converges for all x, whereas its derived series 


> (—1)"*! cos nx 


n=1 


diverges for every x. The following theorem gives sufficient conditions for using termwise 
differentiation. 


g(x) 


-4 E 0 2 4 


Figure 10.11 Periodic extension of f(x) = |x|, -1 <x € I 


Differentiation of Fourier Series 


Theorem 4. Let f(x) be continuous on (—oo, oo) and 2L-periodic. Let f'(x) and f"(x) 
be piecewise continuous on [ =L, L]. Then, the Fourier series of f'(x) can be obtained 
from the Fourier series for f(x) by termwise differentiation. In particular, if 


oo 
+ 2 = 
- {a cos cos — Sus b, sin—— } ; 


L 


Notice that Theorem 4 does not apply to the example function f(x) and its Fourier series 
expansion shown in (22), since the 27r-periodic extension of this f(x) fails to be continuous on 
(= papa); 

Termwise integration of a Fourier series is permissible under much weaker conditions. 


Integration of Fourier Series 


Theorem 5. Let di (x) be piecewise continuous on [ =f, L| with Fourier series 


flix) ~ 2+ > fan cos” T ad sin Z| . 


L ? L 


: nat . nat 
- an COS + b, sin dt . 


Then, for any x in 1 =L; L] , we have 


1. 


3. f(x) = (1 2 33)? 
5. 
7 
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A final note on the convergence issue: The question as to under what conditions the 
Fourier series converges has led to a tremendous amount of beautiful mathematics. As a practi- 
cal matter, however, time and economics will often dictate that you can afford to compute only 
a few terms of an eigenfunction series for your particular partial differential equation. Conver- 
gence fades into the background, and you need to know how to “do the best with what you've 
got." So it is extremely gratifying to know that even if you're going to use only part of an 
eigenfunction expansion, the Fourier coefficients (9)-(10) are still the best choice; Problem 37 
demonstrates that every partial sum of a Fourier series outperforms any comparable superposi- 
tion of trigometric functions, in terms of mean-square approximation. 


KEES å O  ] | | 


In Problems 1—6, determine whether the given function is 
even, odd, or neither. 


f(x) = xà + sin 2x 2. f(x) = sin?x 
4. f(x) = sin(x + 1) 
6. f(x) = x45 cos x? 


f(x) = e™ cos 3x 


. Prove the following properties: 


(a) If f and g are even functions, then so is the 
product fg. 

(b) If f and g are odd functions, then f2 is an even 
function. 

(c) If fis an even function and g is an odd function, 
then fg is an odd function. 


. Verify formula (5). | Hint: Use the identity 2 cos A 


cos B = cos(A + B) + cos(A B).] 


In Problems 9—16, compute the Fourier series for the 
given function f on the specified interval. Use a computer 
or graphing calculator to plot a few partial sums of the 
Fourier series. 


fx)9x, -T@<x<a 
f(x) = |x|, -a<x<a 
NEL S225 05 
LE 0cx«2 
| fO, --7«€x«0, 
fe 0cx«m 
Ji erg. -l<x<1 
_ fx, O<x<7, 
mQ-b v —m«x«o0 
Jo eg. —T<ox< 7 
0, -m <x< —m[2, 
-1, -m-/2«x«0, 
s=] 1, 2. 
0, m[2«x-«q 


In Problems 17—24, determine the function to which the 
Fourier series for f(x), given in the indicated problem, 


converges. 

17. Problem 9 18. Problem 10 

19. Problem 11 20. Problem 12 

21. Problem 13 22. Problem 14 

23. Problem 15 24. Problem 16 

25. Find the functions represented by the series obtained 


26. 


27. 


28. 


by the termwise integration of the given series from 
=T tox. 


oo —]y*! 
(a) 2 2,7—— sin nx x , -MIXI T 
4 & sin(2n + 1)x 
b > ~ fix) , 
YS tsp 2” 
f(x) P —m«x«0, 
Pg — 
ik s 0<x<7 
Show that the set of functions 
cos x, sin x, cos —-x, sinx 
3* 2* 2 Meee 
(2n — 1m | (Qn-1l) 
cos 2 X, sin 2 Xs 


is an orthonormal system on [ =1,1 ] with respect to 
the weight function w(x) = 1. 


Find the orthogonal expansion (generalized Fourier 


series) for 
We e ee a 
(2D 0<x<1, 
in terms of the orthonormal system of Problem 26. 


(a) Show that the function f(x) = x? has the Fourier 
series, on —7 «X x «€ T, 


U cd 
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29. 


30. 


31. 


32. 


33. 
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(b) Use the result of part (a) and Theorem 2 to show 
that 


$ (— [y 1 _ T 
n-l n? 12° 
(c) Use the result of part (a) and Theorem 2 to show 
that 


90 2 
n=l n? 6 


In Section 8.8, it was shown that the Legendre poly- 
nomials P,(x) are orthogonal on the interval 
[=a 1] with respect to the weight function 
w(x) = 1. Using the fact that the first three 
Legendre polynomials are 


Po(x)=1, Py(x) =x, 
Po{x) = G2 — (1/2) , 
find the first three coefficients in the expansion 
f(x) = agPo(x) + a,Pi(x) + a5Po(x) +, 
where f(x) is the function 
foly =e 02 
f { i, 0<x<1. 


As in Problem 29, find the first three coefficients in 
the expansion 

f(x) = aoPo(x) + ayPi(x) + ayPo(x) + °°, 
when f(x) = |x|, -1 <x € I. 
The Hermite polynomials H,(x) are orthogonal on 
the interval (—oo, oo) with respect to the weight 
function W(x) = e^". Verify this fact for the first 
three Hermite polynomials: 

Ho(x) 81, Fils) = 2x , 

Hx) = 4x7 — 2. 
The Chebyshev (Tchebichef) polynomials 7,,(x) are 
orthogonal on the interval [ =1,1 ] with respect to the 
weight function w(x) = (1 — x?) ^, Verify this 
fact for the first three Chebyshev polynomials: 

To(x) 91, Tus eg. 

T(x 22x?- 1. 
Let { Sn (x)} be an orthogonal set of functions on the 
interval [a, b] with respect to the weight function 
w(x). Show that they satisfy the Pythagorean 


property 


lfm + Fall” = el^ + Ifl? 
ifm £n. 


34. 


35. 


36. 


Norm. The norm of a function ||/|| is like the 
length of a vector in A". In particular, show that the 
norm defined in (16) satisfies the following proper- 
ties associated with length [assume f and g are 
continuous and w(x) > 0 on [a, b]): 

(a) ||f|| = 0, and || f|| = 0 if and only if f = 0. 

(b) ||cf|| = |c| || £]|, where c is any real number. 


(© [f+ sll 5 IFI lel - 

Inner Product. The integral in the orthogonality 
condition (14) is like the dot product of two vectors 
in R”. In particular, show that the inner product of 
two functions defined by 


uev | 


where w(x) is a positive weight function, satisfies the 

following properties associated with the dot product 
assume f, g, and h are continuous on [a, b]): 

(a) (f+ g, h) - (fh) + (gh). 

(b) (cf, h) — c(f, h), where c is any real number. 

(o (8) = 8f) - 


b 


fG)gG)w(x) dx , 


a 


23) 


Complex Form of the Fourier Series. 
(a) Using the Euler formula e? = cos 0 + isin 0, 
i = V —], prove that 
T inx + eT" inse "S E e inx 
2 and 2i 


(b) Show that the Fourier series 


ao 


f(x) 2 + 2 la, cos nx + b,sin nx} 


oo 
= co E 2 [ce 3 eare M ] 


where 


a, + ib, 
2 


c= 


Co = n 2 


PES > C-n = 


(c) Finally, use the results of part (b) to show 
that 


f(x) ~ > ae , 


R= —oo 


—qm-«x«g, 


where 


37. Least-Squares Approximation Property. The Nth 
partial sum of the Fourier series 


oo 
f(x) ~ = + 2 la, cos nx + b, sin nx} 


gives the best mean-square approximation of f by a 
trigonometric polynomial. To prove this, let Fy(x) 


denote an arbitrary trigonometric polynomial of 
degree N: 


N 
Fy(x) = E + = {a, cos nx + B, sin nx} , 


and define 


Ee | [f(x) — FyG)]? dx , 
which is the total square error. Expanding the inte- 
grand, we get 


E= | i Px)dx - 2 | ” FG) GO dx 


= Tr 


+ | Fi(x) dx . 
(a) Use the orthogonality of the functions {1, COS x, 
sin x, cos 2x,.. J to show that 


H Anan 


+ Byb, ape ts + Bux) $ 


(b) Let E* be the error when we approximate f by the 
Nth partial sum of its Fourier series, that is, when 
we choose œ, = a, and B, = b,. Show that 


T dà 
ev = | fF? (x)dx “(4 H aj F era a 


tbe Z 


Section 10.3 Fourier Series 593 


(c) Using the results of parts (a) and (b), show that 
E — E* = O,that is, E = E*, by proving that 


jena 


2 (ai aj) 


E-E*- 


(ay — ay)? + (Bi — b) 


(By — by] 


Hence, the Nth partial sum of the Fourier series 
gives the least total square error, since E = E*. 
38. Bessel’s Inequality. Use the fact that E*, defined 
in part (b) of Problem 37, is nonnegative to prove 
Bessel’s inequality 


2 oo T 
ea D+ 2 {a2 +53} =+| f(x) dx . 
nel zr am pm 
(If f is piecewise continuous on [77. T], then we 
have equality in (24). This result is called Parseval’s 
identity.) 

39. Gibbs Phenomenon.’ The American mathemati- 
cian Josiah Willard Gibbs (1839—1903) observed that 
near points of discontinuity of f, the partial sums of the 
Fourier series for f may overshoot by approximately 
9% of the jump, regardless of the number of terms. 
This is illustrated in Figure 10.12, on page 594, for the 


function 
f) ius —m«x«0, 
x) = 
f; O<x<q7, 


whose Fourier series has the partial sums 
Pra = 3 [sins + isi ax 
, sin (2n — 1)x 
(2n — 1) 
To verify this for f(x), proceed as follows: 
(a) Show that 
mr (sin x)f ^, .,(x) = 4 sin x [cos x + cos 3x 
+ ++» + cos(2n — 1)x] 


= 2 sin 2nx . 


(b) Infer from part (a) and the figure that the maxi- 
mum occurs at x = z/(2n) and has the value 


T 4 . m 1. 3m 
fmi Un] m| A 3 On 


‘Historical Footnote: Actually, H. Wilbraham discovered this phenomenon some 50 years earlier than Gibbs did. It is more appropriately called 


the Gibbs—Wilbraham phenomenon. 
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Overshoot 2 


(a) Graph of f œ 


Overshoot 2 
i 


(b) Graph of f. (x) 


Figure 10.12 Gibbs phenomenon for partial sums of Fourier series 


(c) Show that if one approximates 


T sin x 
| dx 


0 x 


using the partition x, = (2k — 1)(a/2n), k = 1, 
2,..., n, Ax, = a/n and choosing the mid- 
point of each interval as the place to evaluate the 
integrand, then 


7 sinx sin(z/2n) v 
J x dti m [2n n 

sin| (2n — 1)m/2n] « 

(2n — 1)m/2n n 


TT TT 
= 5 Pazi (z) $ 


(d) Use the result of part (c) to show that the over- 
shoot satisfies 


(e) 


. aw\ 2 |” sinx 
im (Z) T | x e 


Using the result of part (d) and a numerical inte- 
gration algorithm (such as Simpson's rule, 
Appendix C) for the sine integral function 


(| Sine 
Si(z) = | x dX. 
show that lim, 20 o, (m/(2n)) 1.18. Thus, 
the approximations overshoot the true value of 
f(0*) = 1 by 0.18, or 9% of the jump from 
f(0)to f(07). 


10.4 FOURIER COSINE AND SINE SERIES 


A typical problem encountered in using separation of variables to solve a partial differential 
equation is the problem of representing a function defined on some finite interval by a trigono- 
metric series consisting of only sine functions or only cosine functions. For example, in Sec- 
tion 10.2, equation (25), page 575, we needed to express the initial values u(x, 0) — f(x), 
0 « x < L, of the solution to the initial-boundary value problem associated with the problem 
of a vibrating string as a trigonometric series of the form 


QM  fa)= La, sn(27*) ; 


Recalling that the Fourier series for an odd function defined on [E L] consists entirely of 
sine terms, we might try to achieve (1) by artificially extending the function f(x), 0 < x < L, 
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to the interval (—L, L) in such a way that the extended function is odd. This is accomplished by 
defining the function 


(Fla) s 0<x<L, 
Md Ps Qo—cbexs«0, 


and extending f,(x) to all x using 2L-periodicity.' Since f,(x) is an odd function, it has a 
Fourier series consisting entirely of sine terms. Moreover, f,(x) is an extension of f(x), since 
f(x) = f(x) on (0, L). This extension is called the odd 2L-periodic extension of f(x). The 
resulting Fourier series expansion is called a half-range expansion for f(x), since it represents 
the function f(x) on (0, L), which is half of the interval (—L, L) where it represents f,(x). 

In a similar fashion, we can define the even 2L-periodic extension of f(x) as the 
function 


, O0<x<L, 
f(-), -L<x<0, 


with f(x + 2L) = f(x). 
To illustrate the various extensions, let's consider the function f(x) = x, 0 < x < sr. 
If we extend f(x) to the interval (—7, m) using 7-periodicity, then the extension f is given 
by 
E t : OSST, 
xctm, -7T<x<0, 


with F(x +27) = F(x). In Problem 14 of Exercises 10.3, the Fourier series for f(x) was 
found to be 


T vl. 
f(x) EE MR b» bi 2nx ; 


which consists of both odd functions (the sine terms) and even functions (the constant 
term), since the 7-periodic extension f(x) is neither an even nor an odd function. The odd 
27-periodic extension of f(x) is just f,(x) = x, —7 < x < a, which has the Fourier series 
expansion 


co (-1 n+1 


OQ f(x))~2> sin nx 


(see Problem 9 in Exercises 10.3). Because f,(x) = f(x) on the interval (0, 7), the expansion in 
(2) is a half-range expansion for f(x). The even 27r-periodic extension of f(x) is the function 
f(x) = |x|, <a < x < m, which has the Fourier series expansion 

nr 4 

2 aq n=0 (2n + 1 


(3) fx) cos (2n + 1)x 


(see Problem 10 in Exercises 10.3). 


‘Strictly speaking, we have extended f,(x) to all x other than the integer multiples of L. Continuity considerations often 
suggest appropriate values for the extended functions at some of these points, as well. Figure 10.13 on page 596 illus- 
trates this. 
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The preceding three extensions, the zr-periodic function f(x), the odd 27-periodic func- 
tion f,(x), and the even 27-periodic function f,(x), are natural extensions of f(x). There are 
many other ways of extending f(x). For example, the function 


X5 O<x<7, 
x)= x + 277) = g(x) , 
- ILL. ale + 2m) = gl) 


which we studied in Example 3 of Section 10.3, is also an extension of f(x). However, its 
Fourier series contains both sine and cosine terms and hence is not as useful as previous exten- 


sions. The graphs of these extensions of f(x) are given in Figure 10.13. 
A 


fo L 


pA 


357 -2m -r T -3n /—2m -T 
(a) 7 periodic (b) Odd 27 periodic 
f) g(x) 
p 
-X "un d pu. -X 
-3n -2m- -T T 2m 39 -3r -2 Qn 
(c) Even 27 periodic (d) Another 27 periodic extension 


Figure 10.13 Extensions of f(x) = x, 0 < x < m 


The Fourier series expansions for f,(x) and f,(x) given in (2) and (3) represent f(x) on the 
interval (0, 7r) (actually, they equal f(x) on (0, 7) . This motivates the following definitions. 


Fourier Cosine and Sine Series 
Definition 2. Let f(x) be piecewise continuous on the interval [0, £]. The Fourier 


cosine series of f(x) on [ 0, L] is 


(4) 3 us > a; C0S— — 


E 
MEE n=0,1,.... 


0 L 
The Fourier sine series of f(x) on [0, L] is 


S . nx 
(6) > b, sin L 
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The trigonometric series in (4) is just the Fourier series for f,(x), the even 2L-periodic 
extension of f(x), and that in (6) is the Fourier series for f,(x), the odd 2L-periodic extension of 
f(x). These are called half-range expansions for f(x). 


Example 1 Compute the Fourier sine series for 
X3 0x2, 
=f 
T-X, m/2zxzm. 


Solution Using formula (7) with L = 7, we find 


T T2 T 
| f(x) sin nxdx = 2 | xsin nx dx + 2 | (m — x)sin nxdx 
7 Jo T ja 


mn 


2 an/2 T 2 
-àj| usinudu +2 | sin nea - | u sin udu 
Th 0 m2 Tn mn[2 


2 

2 , diis 2 nT 

= —— [sin u — u cos u ] — =| cos mn — COS — 
n 


B 2 


Tn 


= 2 [sinu — u cos u] 


mn/2 
0, neven , 


an? 2 —— — ———, nodd. 


So on letting n = 2k + 1, we find the Fourier sine series for f(x) to be 


ve (cy. Af. 1, bl 
> uo gs 2E + 1l--—4sinx— —sin3x + — sin 5x + = 7. @ 
k-0 T 9 25 


4 (=1) 
Wu (2k + 1) 


Since, in Example 1, the function f(x) is continuous and f'(x) is piecewise continuous on 
(0, zr), it follows from Theorem 2 on pointwise convergence of Fourier series that 


rc) eae dg I ae Lsi E 
f) = E {sins g Sin 3x + 55 sin Sx 49 Sin 7x + } 


for all x in [0, 7] . 
Let’s return to the problem of heat flow in one dimension. 


Example 2 Find the solution to the heat flow problem 


2 
(9) bu acu o deae. t>0, 
ðt ax 
(10) ul0, t) = u(m,t) 20, t>0, 


(11) u(x, 0) = { 
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Solution Comparing equation (9) with equation (1) in Section 10.2 (page 569), we see that 6 = 2 and 
L = m. Hence, we need only represent u(x, 0) = f(x) in a Fourier sine series of the form 


oo 


C, Sin nx . 
1 


A= 
In Example 1 we obtained this expansion and showed that 
0, neven , 


mn 2 = nodd . 


u(x,t) = > c,e 2" sin nx 


Figure 10.14 Partial sum for u(x, t) in Example 2 


| 10.4. EXERCISES | EXERCISES 


In Problems 1-4, determine (a) the 7-periodic extension 4. f(x) =m7m-x, O<x<@7 
f, (b) the odd 27r-periodic extension f,, and (c) the even 
2q-periodic extension f, for the given function f and In Problems 5—10, compute the Fourier sine series for 
sketch their graphs. the given function. 
1. foe, Xx 5.f(x)--1, O<x<1 
2. f(x) ^ sin2x , O<x<a 6. f(x) 2cosx , O0O<x< v 
3. fle) = {0 O< x< T/2, 7. f) x. U<2< a 
l; m[2-«x-«q 8. f(x) 2m—-x, O<x<a 
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9. fa) =x-x2, 0<x<1 In Problems 17-19, find the solution to the heat flow 
10. fx) =, 0<x<1 problem. 

In Problems 11-16, compute the Fourier cosine series P = so ,. O<x<a, £54. 
or the given function. 

pr eee 0cx«m u(0, t) 2u(m,)20, — t0, 

12. f(x) 21x, O<x<7 u(x,0)=f(x), O0O«x«m, 

13. fg. 0<x<1 where f(x) is given. 

14. f(x) =e*, 0<x<1 17. f(x) = 1 — cos 2x 18. f(x) = x(a — x) 
15. f(x) = sinx 0cx« Ex je pea. 

16. f(x) =x- € 0<x<1 EO Ea Hien 


10.5 THE HEAT EQUATION 


In Section 10.1 we developed a model for heat flow in an insulated uniform wire whose ends 
are kept at the constant temperature 0°C. In particular, we found that the temperature u(x, t) in 
the wire is governed by the initial-boundary value problem 


2 
a) M glu exer, 40, 
ot ax 
(2) u00)-uL)-0;. 220, 


(3) uix, 0 —fx , Oar 


[see equations (7)-(9) in Section 10.1, page 568]. Here equation (2) specifies that the temperature 
at the ends of the wire is zero, whereas equation (3) specifies the initial temperature distribution. 

In Section 10.2 we also derived a formal solution to (1)-(3) using separation of variables. 
There we found the solution to (1)-(3) to have the form 


(4) u(x, t) E 2 Cpe —B(na/L)*t sin 
where the c,,’s are the coefficients in the Fourier sine series for f ( x): 
(5) f(x) = > Ci sin 


In other words, solving (1)-(3) reduces to computing the Fourier sine series for the initial 
value function f(x). 

In this section we discuss heat flow problems where the ends of the wire are insulated or kept 
at a constant, but nonzero, temperature. (The latter involves nonhomogeneous boundary condi- 
tions.) We will also discuss the problem in which a heat source is adding heat to the wire. (This 
results in a nonhomogeneous partial differential equation.) The problem of heat flow in a rectan- 
gular plate is also discussed and leads to the topic of double Fourier series. We conclude this sec- 
tion with a discussion of the existence and uniqueness of solutions to the heat flow problem. 

In the model of heat flow in a uniform wire, let’s replace the assumption that the ends of 
the wire are kept at a constant temperature zero and instead assume that the ends of the wire are 
insulated—that is, no heat flows out (or in) at the ends of the wire. It follows from the principle 
of heat conduction (see Section 10.1) that the temperature gradient must be zero at these end- 
points, that is, 


ðu ðu 
ax 0s 0) = UD eU. #20; 
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Example 1 


Solution 


In the next example we obtain the formal solution to the heat flow problem with these bound- 
ary conditions. 


Find a formal solution to the heat flow problem governed by the initial-boundary value 
problem 


2 
(6) m get. 62525. ded 
ot ax? 
ðu | Ou m 
(7) ax 0, 8) ax do t) 0, t>0, 
(8) ulx,0) = flx), 0<x<L. 


Using the method of separation of variables, we first assume that 
u(x, t) = XIX. 


Substituting into equation (6) and separating variables, as was done in Section 10.2 [compare 
equation (5) on page 570], we get the two equations 


O X"(x) + AX(x) = 0, 
10 = T'(t) + BAT(t) =0 , 
where A is some constant. The boundary conditions in (7) become 
X'(0)T(t) 20 and X'(L)T(t)=0. 
For these equations to hold for all t > 0, either T(t) = 0, which implies that u(x, t) = 0,or 
an  x'(o)-x(rL)-0 
Combining the boundary conditions in (11) with equation (9) gives the boundary value problem 
2)  X"Q)--AX()-0; X'(0)=X(L)=0, 


where A can be any constant. 

To solve for the nontrivial solutions to (12), we begin with the auxiliary equation 
r? + A = 0. When A < 0, arguments similar to those used in Section 10.2 show that there are 
no nontrivial solutions to (12). 

When A = 0, the auxiliary equation has the repeated root 0 and a general solution to the 
differential equation is 


X(x) =A + Bx. 
The boundary conditions in (12) reduce to B = O with A arbitrary. Thus, for A = 0, the 
nontrivial solutions to (12) are of the form 

X(x) = co , 
where cg = A is an arbitrary nonzero constant. 


When A > 0, the auxiliary equation has the roots r = +iVA. Thus, a general solution to 
the differential equation in (12) is 


X(x) = C1 cos VAx + C, sin VÀx . 
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The boundary conditions in (12) lead to the system 
V AC =0 " 
— VAC, sin VAL + VAC, cos VAL = 0 . 


Hence, C; = 0 and the system reduces to solving C, sin VAL = 0. Since sin VAL = 0 
only when VAL = nz, where n is an integer, we obtain a nontrivial solution only when 
VA = nm/L or A = malir. n = 1,2,3,... . Furthermore, the nontrivial solutions (eigen- 
functions) X, corresponding to the eieae à = (na /L) are given by 


03) XG) = cnco > 


where the c,'s are arbitrary nonzero constants. In fact, formula (13) also holds for n = 0, since 
Aà = 0 has the eigenfunctions Xo(x) = co. 

Note that these eigenvalues and eigenfunctions (see Figure 10.15) have the same properties as 
those on page 571 (which we now recognize as the components of the sine series): homogeneous 
boundary conditions, eigenvalues clustering at infinity, increasingly oscillatory, orthogonal. 

Having determined that A = (na /L), n=0,1,2,..., let’s consider equation (10) for 
such A: 


T'(t) + B(nz/LPT(t) 20 . 


Eigenvalue Eigenfunction For n —0,1,2,...,the general solution is 


T,(t) = p,e Peale} , 


where the b,'s are arbitrary constants. Combining this with 


2 . T . 
m D ca equation (13), we obtain the functions 


REO D = X,(x)Tn(t) = B cost] [dye Pere) , 


2 
4m x 
2 L 
P 2 nx 
u(x, t) = a,e BID cos , 
i 
on Loy where a, = b,c, is, again, an arbitrary constant. 
If we take an infinite series of these functions, we obtain 
ap > nx 
(14) u(x, t) = => ta, Blaa/L)"t cos —— ; 
2+ n= L 
167? 
» Xx 
E which will be a solution to (6)-(7) provided the series has the 


proper convergence behavior. Notice that in (14) we have altered 
the constant term and written it as ag/2, thus producing the stan- 
dard form for cosine expansions. 


Figure 10.15 Cosine eigenfunctions 


Assuming a solution to (6)—(7) is given by the series in (14) and substituting into the 
initial condition (8), we get 


(15) u(x, 0) = 2 Èg a, cos 7— "sf, O«€«x«L. 
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This means that if we choose the a,,’s as the coefficients in the Fourier cosine series for f, 


"HL 
an =Z |. f) cos Pat , n=0,1,2,..., 

0 L 

then u(x, t) given in (14) will be a formal solution to the heat flow problem (6)-(8). Again, if this 
expansion converges to a continuous function with continuous second partial derivatives, then 
the formal solution is an actual solution. 9 


Note that the individual terms in the series (4) and (14) are genuine solutions to the heat 
equation and the associated boundary conditions (but not the initial condition, of course). 
These solutions are called the modes of the system. Observe that the time factor e Psp 
decays faster for the more oscillatory (higher n) modes. This makes sense physically; a temper- 
ature pattern of many alternating hot and cold strips arranged closely together will equilibrate 
faster than a more uniform pattern. See Figure 10.16. 
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D NUSS 

LOR 


SSSL 
SISS 
SSSSESSOSS 


(c)n=2 (d)n=3 
Figure 10.16 Modes for equation (14) 


A good way of expressing how separation of variables “works” is as follows: The initial 
temperature profile f(x) is decomposed into modes through Fourier analysis—equations (5) or 
(15). Then each mode is matched with a time decay factor—equations (4) or (14)—and it 
evolves in time accordingly. 

When the ends of the wire are kept at 0°C or when the ends are insulated, the boundary 
conditions are said to be homogeneous. But, when the ends of the wire are kept at constant 
temperatures different from zero, that is, 


Example 2 


Solution 
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(46 u(0,t)=U, and u(L,th=U,, t0, 


then the boundary conditions are called nonhomogeneous. 

From our experience with vibration problems in Section 4.9 we expect that the solution to 
the heat flow problem with nonhomogeneous boundary conditions will consist of a steady- 
state solution v(x) that satisfies the nonhomogeneous boundary conditions in (16) plus a 
transient solution w(x, 1). That is, 

u(x, t) i v(x) + w(x, t) , 


where w(x, t) and its partial derivatives tend to zero as t — oo. The function w(x, t) will then 
satisfy homogeneous boundary conditions, as illustrated in the next example. 


Find a formal solution to the heat flow problem governed by the initial-boundary value problem 


17 ape Qcx«L, t»0, 

(17) ro x 

a8 u«(0,)=U, wL)-U,, t>0, 

49 u(x, 0) =f), O<x<L. 

Let's assume that the solution u(x, t) consists of a steady-state solution v(x) and a transient 
solution w(x, t) —that is, 

(20) u(x, t) = v(x) + w(x, t) . 


Substituting for u(x, t) in equations (17)-(19) leads to 


ðu | Ow _ p y ow 
(21) x ^a BY t+ Bao > 0O<x<L, £0; 
Q2)  w(0)0-w(0n)2U,, wL)-*w(L)-2U;, t0, 
Q3 = v(x) + wlx, O) = f(x), 0<x<L. 


If we allow t — oo in (21)-(22), assuming that w(x, t) is a transient solution, we obtain the 
steady-state boundary value problem 


gia) =O 5 O<x<L, 
vO=% , wL-—]. 


Solving for v, we obtain v(x) = Ax + B, and choosing A and B so that the boundary condi- 
tions are satisfied yields 
(Uz — Uix 

L 


(24) v(x) = U, + 


as the steady-state solution. 


With this choice for v(x), the initial-boundary value problem (21)-(23) reduces to the fol- 
lowing initial-boundary value problem for w(x, t): 


ðw aw 
25 mne Qo Qe xL. t>0, 
in at Bae i 
(26) w(0,t)=w(L,t)h=0, t>0, 
U, — U 
Q7) w(x, 0) = f(x) — U, WECUME pee a. 
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Example 3 


Solution 


Recall that a formal solution to (25)-(27) is given by equation (4). Hence, 
w(x, t) = 2 Cpe —Blan/t)'s an ; 


where the c,'s are the coefficients of the Fourier sine series expansion 


(Uz = Uj)x Š . ATX 
f(x) - U L = & sn . 


Therefore, the formal solution to (17)-(19) is 


(U> 7 Uj)x 
L 


(28) u(x, t) = U, + + 2 c,e Pom sin—— 


with 


2 [tL Uy — Uj): 
=F | D U, (Us 1 os sin de. + 


In the next example, we consider the heat flow problem when a heat source is present but 
is independent of time. (Recall the derivation in Section 10.1.) 


Find a formal solution to the heat flow problem governed by the initial-boundary value 
problem 


ðu u 
29 =Œ = B= + P(x), O<x<L, t>0, 
Q9) a oe (x) x 
(30) ul0, t) =U, wL0U #20. 


BGI) wWeo0=fe), O0<x<L. 


We begin by assuming that the solution consists of a steady-state solution v(x) and a transient 
solution w(x, t), namely, 


u(x, t) = v(x) F w(x, t) ; 


where w(x, t) and its partial derivatives tend to zero as t — oo. Substituting for u(x, t) in 
(29)-(31) yields 


du _ aw gyr aw 
(32) "ops pt) + B+ Pi, 0<x<L, t0, 
(33  {v(0)+w0,) =U, v(L)+w(Lth=U,, t0, 
(34) v(x) + w(x, 0) = f(x) , O<x<L. 


Letting t — oo in (32)-(33), we obtain the steady-state boundary value problem 


v"(x) = a) ; O<x<L, 
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The solution to this boundary value problem can be obtained by two integrations using the 
boundary conditions to determine the constants of integration. The reader can verify that the 
solution is given by the formula 


(35 = v(x) = lv, —- U, + N ([ 1) a + U; - |. (f 14s) as) . 


With this choice for v(x), we find that the initial-boundary value problem (32)-(34) 
reduces to the following initial-boundary value problem for w(x, t): 


2 
(36) Mae’ o o<x<L, 1t>0, 
ðt ox? 
(37) w(0, t) = w(L,)=0, 1-90, 


(38) w(x, 0) = f(x) — v(x) , O<x<L, 


where v(x) is given by formula (35). As before, the solution to this initial-boundary value prob- 
lem is 


(39  w(n)- 2 cpe Por sin : 
where the c,,’s are determined from the Fourier sine series expansion of f(x) — v(x): 
(40) f(x) - v(x) = > Cn Sa ; 
Thus the formal solution to (29)—(31) is given by 
u(x, t) m v(x) F w(x, t) ; 

where v(x) is given in (35) and w(x, f) is prescribed by (39)-(40). + 

The method of separation of variables is also applicable to problems in higher dimensions. 
For example, consider the problem of heat flow in a rectangular plate with sides x = 0, x = L, 
y = 0, and y = W. If the two sides y = 0, y = Ware kept at a constant temperature of 0°C and 


the two sides x = 0, x = L are perfectly insulated, then heat flow is governed by the initial- 
boundary value problem in the following example (see Figure 10.17). 


0? L 


Figure 10.17 Plate with insulated sides 
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Example 4 Find a formal solution u(x, y, t) to the initial-boundary value problem 


Solution 


2 2 
(41) n =- [2s u, 02225. O0<y<W, $299; 
ot ax oy 
ðu _ Ou _ 
(42) ax») = a, Le 8) 0, 0<y<W, 420, 
(43) uļx, 0, t) = u(x, W, t) =0, O0<x<L, t>0, 
(44) uļlx, y, 0) = f(x,y), O<x<L, 0<y<W. 


If we assume a solution of the form u(x, y, t) = V(x, y)T(t), then equation (41) separates into 
the two equations 
(45  T'() + BAT(t) =0, 
a 9? 
(46) — S(x,y) + S53) + Aava) 70. 
Ox oy 


where A can be any constant. To solve equation (46), we again use separation of variables. 
Here we assume V(x, y) = X(x)Y(y). This allows us to separate equation (46) into the two 
equations 


47) X(x) + wX(x) =0, 
48). ¥"(y) + A~ w)¥) = 0, 
where u can be any constant (see Problem 29 in Exercises 10.2). 

To solve for X(x), we observe that the boundary conditions in (42), in terms of the sepa- 
rated variables, become 

X'(0)¥(y) T(t) = X (LYT =0; O<y<w, ¢>0. 
Hence, in order to get a nontrivial solution, we must have 
(49) x’(0)=X'(L) =0. 
The boundary value problem for X given in equations (47) and (49) was solved in Example 1 
[compare equations (12) and (13)]. Here u = (ma /L)., m = 0, 1,2,..., and 
MTX 
E, EI 

where the c,,'s are arbitrary. 

To solve for Y(y), we first observe that the boundary conditions in (43) become 


X,(x) = Cm COS 


(50) Y¥(0)=Y(W)=0. 

Next, substituting u = (mz/L)’ into equation (48) yields 
Y'(y) + (A — (ma/L)*) ¥(y) = 0 , 

which we can rewrite as 

6D Y¥"(y) + EY(y)=0, 


where E = A — (mz/L)*. The boundary value problem for Y consisting of (50)-(51) has also 
been solved before. In Section 10.2 [compare equations (7) and (9), pages 570 and 571] we 
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showed that E = (nz /W), n = 1,2,3,..., and the nontrivial solutions are given by 
m . MTy 
Y,(y) = a, SIN W^ 


where the a,,’s are arbitrary. 
Since A = E + (mm/L),, we have 


à = (ng/WP. + (me/[L) ; m=0,1,2,..., n=1,2,3,.... 
Substituting A into equation (45), we can solve for T(z) and obtain 
T, (t) ES Dine a a pit É 


Substituting in for Xm, Y,, and Tn, we get 


MTX . NTY imali Aya 2 
limn » t) = (en cos L ) @ sin W Ji. (n f oy dd pn " , 


= (mL +n? W} Brt MTX . ny 
oat y, t) = Ame ( / / iB cos L sin W^ 


where apn = a,b, c, (m = 0,1,2,..., n = 1,2, 3,. . .) are arbitrary constants. 
If we now take a doubly infinite series of such functions, then we obtain the formal series 


MTX ny 
(52) u(x, y, t t) = >> > Amn? 7m Jo ew IW, B^ cos L sin " 


We are now ready to apply the initial conditions (44). Setting t = 0, we obtain 


MTX NTY 
(53) u(x, y 0) = f(x, y) = > > Amn COS L sn Ww : 


This is a double Fourier series." The formulas for the coefficients a,,, are obtained by exploit- 
ing the orthogonality conditions twice. Presuming (53) is valid and permits term-by-term 
integration, we multiply each side by cos( prx/L) sin(qay/W) and integrate over x and y: 


L (W 
pmx . qmy 
i l f(x, y) cos L sin W dydx 


E » > w MTX | NTY  pmnx. ITY d 
= m £ m " cos", Sin y; cos y sin y dydx. 


According to the orthogonality conditions, each integral on the right is zero, except when m — p 
and n — q; thus, 


L (W 
PTX . qmy 
| | f(x, y) cos L sin wW dy dx 


o Jo 
LW 
T ae P#O, 
55] cos EA | sin^——-dy = T 
z ^m: P 
Hence, 
(54) ay =z | || fh sin aya q = 1,2,3,... 
a EW p wees ea 


"For a discussion of double Fourier series, see Partial Differential Equations of Mathematical Physics, 2nd ed. by Tyn 
Myint-U (Elsevier North Holland, New York, 1983), Sec. 5.14. 
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and for p = 1,q = 1, 


4 (f prx | qmy 
(55) ax = Ty |. ji f(x, y) cos = sin dy de . 

Finally, the solution to the initial-boundary value problem (41)-(44) is given by equation 
(52), where the coefficients are prescribed by equations (54) and (55). + 


We derived formula (55) under the assumption that the double series (53) truly con- 
verged (uniformly). How can we justify the assumption that a double Fourier series 
converges? A rough argument goes as follows. If we fix y in f(x, y), then f(x, y) presumably 
has a convergent cosine series in x: f(x, y) — bue m (marx/L). But the coefficients 
d,, depend on the value of the y that we fixed: d,, = d, (y). So presumably each function d,,(y) 
has a convergent sine series in y: d,(y) = bius 14inn sin (nary/W). Assembling all this, we get 
f(xy) = Me. oS. Gino (marx/L) sin (nary/W). 


Existence and Uniqueness of Solutions 


In the examples that we have studied in this section and in Section 10.2, we were able to obtain 
formal solutions in the sense that we could express the solution in terms of a series expansion 
consisting of exponentials, sines, and cosines. To prove that these series converge to actual 
solutions requires results on the convergence of Fourier series and results from real analysis on 
uniform convergence. We will not go into these details here, but refer the reader to Section 6.5 
of the text by Tyn Myint-U (see footnote on page 607) for a proof of the existence of a solution 
to the heat flow problem discussed in Sections 10.1 and 10.2. (A proof of uniqueness is also 
given there.) 

As might be expected, by using Fourier series and the method of separation of variables 
one can also obtain "solutions" when the initial data are discontinuous, since the formal solu- 
tions require only the existence of a convergent Fourier series. This allows one to study ideal- 
ized problems in which the initial conditions do not agree with the boundary conditions or 
the initial conditions involve a jump discontinuity. For example, we may assume that initially 
one half of the wire is at one temperature, whereas the other half is at a different temperature, 
that is, 


Ui; Of] PLE. 
f(x) = 
Ur, L/2<x<L. 


The formal solution that we obtain will make sense for 0 < x < L,t > O,but near the points 
of discontinuity x = 0, L/2, and L, we have to expect behavior like that exhibited in Figure 
10.7 of Section 10.3, page 584. 

The question of the uniqueness of the solution to the heat flow problem can be answered 
in various ways. One is tempted to argue that the method of separation of variables yields for- 
mulas for the solutions and therefore a unique solution. However, this does not exclude 
the possibility of solutions existing that cannot be obtained by the method of separation of 
variables. 

From physical considerations, we know that the peak temperature along a wire does not 
increase spontaneously if there are no heat sources to drive it up. Indeed, if hot objects could 
draw heat from colder objects without external intervention, we would have violations of the 
second law of thermodynamics. Thus no point on an unheated wire will ever reach a higher 
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temperature than the initial peak temperature. Such statements are called maximum princi- 
ples and can be proved mathematically for the heat equation and Laplace's equation. One such 
result is the following." 


Maximum Principle for the Heat Equation 


Theorem 6. Let u(x, t) be a continuously differentiable function that satisfies the heat 
equation 


2 
(56) — 120, 
t ð 


and the boundary conditions 
(567) u(0,t)=uļlL,)=0, t>0. 
Then u(x, t) attains its maximum value at f = 0, for some x in [0, L |—that is, 


gaat a 


O0zxxzL 


We can use the maximum principle to show that the heat flow problem has a unique 
solution. 


Uniqueness of Solution 


Theorem 7. The initial-boundary value problem 


2 
(58) < 0<x<L, 2299, 


(59) u(0, t) = u(L, t) =0, t>0, 
(60 u(x,0)=f(x), O<x<L, 


has at most one continuously differentiable solution. 


Proof. Assume u(x, t) and v(x, t) are continuously differentiable functions that satisfy 
the initial-boundary value problem (58)-(60). Let w = u — v. Now w is a continuously differ- 
entiable solution to the boundary value problem (56)-(57). By the maximum principle, w must 
attain its maximum at £ = 0, and since 


w(x, 0) = u(x, 0) — v(x, 0) = f(x) - f@) = 0 , 


we have w(x, t) = 0. Hence, u(x, t) = v(x, t) for all 0 = x = L, t = 0. A similar argument 
using w —v-— u yields v(x, f) = u(x,t). Therefore we have u(x,t) = v(x, t) for all 
0=x=L, t = 0. Thus, there is at most one continuously differentiable solution to the 
problem (58)-(60). € 


‘For a discussion of maximum principles and their applications, see Maximum Principles in Differential Equations, by 
M. H. Protter and H. F. Weinberger (Springer- Verlag, New York, 1984). 
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10.5 EXECS å -= 8 LL 


In Problems 1—10, find a formal solution to the given ini- 


tial-boundary value problem. 


j 95-5995. eee, o ax. 
ot ox? 
u(0,t) —u(1,) 20, t»0, 
u(x,0) = (1 —x)x?, O<x<1 
2 
598.99 laret. +25, 
ot ax? 
u(0,02 = ulm, 20, t>0, 
ux, 0) =x, O<x< T 
2 
g Hua ae eeu. Ug. 
ot ax? 
ðu _ Ou u 
FRUD a mde > t>0, 


gig”. gerili, HS, 
ot ax? 
ðu 


So Saa O<x<7, t20, 
ot Ox 

ðu ðu = 

ax (rt) = 3, (m. 9 0, $20. 
u(x, 0) — e, O<x<7 
e 9 499 Q«x«m, t1»0, 
ot Ox 

ðu | Ou 

ax s f) ax Um À) 0, E50. 
u(x,0) = 1—sinx , O0cx«m 

2 

LO 233 syin, 120, 
ot Ox 

u(0,t}=5, u(m,t)-10, t>0, 
u(x, 0) = sin 3x — sin 5x , O<x<7 

2 

gi oh Qcrcm, r»0, 
ot Ox 

u(0,t)=0, ula, t) = 37, t>0, 
u(x 0-0, O<x<a7 
9, 99 9". Qcx«m, t»0, 
ðt ax 


10,4) = wm ie. t>0, 


u(x, 0) = sin 2x , 


O<x< 7 


2 
10.951539" 4x, O<a< a, (0, 
ðt ox 
u(0, t) = u(a,t) 20, t>0, 


u(x, 0) = sinx , Ocx« 


11. Find a formal solution to the initial-boundary value 


problem 
2 
cd. Deae. t0, 
X 
90.) =0, ulm, 0,  t»0, 


u(x, 0) = f(x) s OSAST 
12. Find a formal solution to the initial-boundary value 


problem 
WUU Qcx«m, 1:50, 
Ot Ox 
u(0,t)=0, ula D + (r t)=0 
; : i ox ^ ^ "o t20, 


ulx0)2f(x). 0-x«w. 


13. Find a formal solution to the initial-boundary value 


problem 

2 
Hia de. Meee, 20: 
ot ax 


u(0, t) = ulm, t) 20, t>0, 
u(x, 0) = sinx , 0O<x< @ . 
14. Find a formal solution to the initial-boundary value 


problem 
2 
ae 0Ocxcm, t>0, 
i 


ul0, t) = ulm, =1, t>0, 
u(x0)1, O<Xa< a7, 


In Problems 15-18, find a formal solution to the initial- 
boundary value problem. 


+ — O0<x<7,0<y<7,t>0, 
y 


0y) = 9 (my)-0,0«y«m,. (70, 


u(x, 0, t) = u(x, 7, t) 2-0, O<x<7, t0, 
ü(xy,0)9f( y, O€«x«m, 0€ye«m, 


for the given function f(x, y). 


15. f(x, y) = cos 6x sin 4y — 3 cos x sin 11y 


16. 


17. 
18. 


19. 


f(x, y) = cos x sin y + 4 cos 2x sin y 
— 3 cos 3x sin 4y 

foy) = y 

f(x, y) = xsiny 


Chemical Diffusion. Chemical diffusion through a 
thin layer is governed by the equation 
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and L > 0 is a consumption rate with units sec !. 


Assume the boundary conditions are 
C(0, t) = C(a, t)=0, t>0, 
and the initial concentration is given by 


C(x, 0) = f(x) . 


Use the method of separation of variables to solve for- 
mally for the concentration C(x, t). What happens to 
the concentration as t — +00? 


O<x<a. 


where C(x, t) is the concentration in moles/cm’, the 
diffusivity k is a positive constant with units cm7/sec, 


10.6 THE WAVE EQUATION 


In Section 10.2 we presented a model for the motion of a vibrating string. If u(x, t) represents 
the displacement (deflection) of the string and the ends of the string are held fixed, then the 
motion of the string is governed by the initial-boundary value problem 


2 2 

(1) u et 0<x<L, 4949. 
or Ox 

(2) uU t) = u(L,) =0, i10, 

(3) ux0) fx), 0<x<L, 

(4) S8 0) = g(x) , 0<x<L. 


Equation (1) is called the wave equation. 

The constant a? appearing in (1) is strictly positive and depends on the linear density and 
tension of the string. The boundary conditions in (2) reflect the fact that the string is held fixed 
at the two endpoints x = 0 and x = L. 

Equations (3) and (4) specify, respectively, the initial displacement and the initial velocity 
of each point on the string. For the initial and boundary conditions to be consistent, we assume 
f(0) = f(L) = Oand g(0) = g(L) = 0. 

Using the method of separation of variables, we found in Section 10.2 that a formal solu- 
tion to (1)-(4) is given by [compare equations (24)-(26) on page 575] 


na . nTQ | . NTX 
(5) ulx, t) = = a cos t + b, sin L t sin p^, 
where the a,,’s and b,'s are determined from the Fourier sine series 
6) fx) = È asint, 
n=1 L 
(7) x) 2 2 b, ("2") sin? | 
2 zi L L 


See Figure 10.18 on page 612 for a sketch of partial sums for (5). 
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Figure 10.18 Partial sums for equation (5) with f(x) — 6 0< xS qu, 


T — X, NIZLET, and g(x) = 0 


Each term (or mode) in expansion (5) can be viewed as a standing wave (a wave that 
vibrates in place without lateral motion along the string). For example, the first term, 


a cost Fb sin ^, sin = 
T ^, 
l £ pa L 


consists of a sinusoidal shape function sin(zx/L) multiplied by a time-varying amplitude. The 
second term is also a sinusoid sin(27x/L) with a time-varying amplitude. In the latter case, there 
is a node in the middle at x — L/2 that never moves. For the nth term, we have a sinusoid 
sin(n7x/L) with a time-varying amplitude and (n — 1) nodes. This is illustrated in Figure 10.19. 
Thus, separation of variables decomposes the initial data into sinusoids or modes [equations 
(6)-(7)], assigns each mode a frequency at which to vibrate [equation (5)], and represents the 
solution as the superposition of infinitely many standing waves. Modes with more nodes 
vibrate at higher frequencies. By choosing the initial configuration of the string to have the 
same shape as one of the individual terms in the solution, we can activate only that mode. 


Node Nodes 


Figure 10.19 Standing waves. Time-varying amplitudes are shown by dashed curves 


The different modes of vibration of a guitar string are distinguishable to the human ear by 
the frequency of the sound they generate; different frequencies are discerned as different 
“pitches.” The fundamental is the frequency of the lowest mode, and integer multiples of the 
fundamental frequency are called “harmonics.” A cello and a trombone sound different even if 
they are playing the same fundamental, say F*, because of the difference in the intensities of 
the harmonics they generate. 


Example 1 


Solution 
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Many engineering devices operate better in some modes than in others. For example, cer- 
tain modes propagate down a waveguide or an optical fiber with less attenuation than the others. 
In such cases, engineers design the systems to suppress the undesirable modes, either by shap- 
ing the initial excitation or by introducing devices (like resistor cards in a waveguide) which 
damp out certain modes preferentially. 

The fundamental mode on a guitar string can be suppressed by holding the finger lightly in 
contact with the midpoint, thereby creating a stationary point or node there. According to equa- 
tion (5), the pitch of the note then doubles, thus producing an “octave.” This style of fingering, 
called “playing harmonics,” is used frequently in musical performance. 

An important characteristic of an engineering device is the set of angular frequencies 
supported by its eigenmodes—its “eigenfrequencies.” According to equation (5), the eigenfre- 
quencies of the vibrating string are the harmonics w, = nzo/L, n = 1, 2,3,.... These blend 
together pleasantly to the human ear, and we enjoy melodies played on string instruments. The 
eigenfrequencies of a drum are not harmonics (see Problem 21). Therefore, drums are used for 
rhythm, not for melody. 

As we have seen in the preceding section, the method of separation of variables can be 
used to solve problems with nonhomogeneous boundary conditions and nonhomogeneous 
equations where the forcing term is time independent. In the next example, we will consider a 
problem with a time-dependent forcing term h(x, t). 


For given functions f, g, and h, find a formal solution to the initial-boundary value problem 


2 2 

(8) Duque fie, Garai 44 
ar ax? 

(9) ul0, t) = uL, 20, t0, 

(10) u(x0 —fx. OS a< by 

(11) OH tO) = gx), O<x<L. 


ðt 
The boundary conditions in (9) certainly require that the solution be zero for x = 0 and 
x = L. Motivated by the fact that the solution to the corresponding homogeneous system 
(1)-(4) consists of a superposition of standing waves, let's try to find a solution to (8)-(11) of 
the form 


(12) u(x, t) = 2 u,(t) sin UL 


where the u,,(t)’s are functions of t to be determined. 
For each fixed t, we can compute a Fourier sine series for h(x, t). If we assume that the 
series is convergent to h(x, t), then 


naX 


Q3) — (sr) = È hli) sin“ , 


where the coefficient h,,(t) is given by [recall equation (7) on page 596] 


L 
h,(t) = ; |. A(x, t) sin ^7 dx 20 n=1,2,.... 


If the series in (13) has the proper convergence properties, then we can substitute (12) and (13) 
into equation (8) and obtain 


oo 9 oo 
b» Lr + (z) x sin = 2 h,(t) a . 
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Equating the coefficients in each series (why?), we have 


use) + (E) uto = no. 


This is a nonhomogeneous, constant-coefficient equation that can be solved using variation of 
parameters. You should verify that 


= naa L 4 . nga 
ult) = 2, cos 272 * Ort b, sin—— L tt m | h,(s) sn| L (t — 2n 


[compare Problem 20 of Exercises 4.6]. Hence, with this choice of u,(t), the series in (12) is a 
formal solution to the partial differential equation (8). 
Since’ 


(0) =a, and ui) = n (279) 


substituting (12) into the initial conditions (10)-(11) yields 


(14) u(x, 0) = f(x) = 24 a, sin“ , 
ðu x S NTA \ . ATX 
as 50 =s@) = 2b a(z E 


Thus, if we choose the a,,’s and b,'s so that equations (14) and (15) are satisfied, a formal solu- 
ton to (8)-(11) is given by 


— S TA 
(16) u(x, t) = > fan cos” cos == T A b, gines L t 


n= 


L : . | nga nx 
NES L (t 2 sin L .* 


NTA 


The method of separation of variables can also be used to solve initial-boundary value 
problems for the wave equation in higher dimensions. For example, a vibrating rectangular 
membrane of length L and width W (see Figure 10.20 on page 615) is governed by the following 
initial-boundary value problem for u(x, y, t): 


a7 s p (E 4 Pu) | 0<x<L, 0<y<W, 1:599; 
ar ax? ay? 

(18) a y, t) = u(L,y, t) =0, 0<y<W, £0, 

(19) uU D-uxW)-0, Ones kh, 190, 

(20) uļlx, y, 0) = f(x,y), 0<x<L, 0<y<W, 

(21) A (x, y, 0) = sy. O0<x<L, 0<y<W. 


t 


9e (s, t) ds. 


o ðt 


————— t 
‘To compute u/(0), we use the fact that © | G(s, t)ds = G(t, t) + | 
0 
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Figure 10.20 Vibrating membrane 


Using an argument similar to the one given for the problem of heat flow in a rectangular plate 
(Example 4 in Section 10.5), we find that the initial-boundary value problem (17)-(21) has a 
formal solution 


Q2) ulxyy,t) = X X fag, cos| A] + ant 


. m m . MTX , ny 
+ bnn Sin ua t- um sin SI-— -. 
L W L W 


are determined from the double Fourier series 


where the constants a,,,, and b 


mn mn 


œo oo 
5 > . MTX , NITY 
= Sin, sin, 
f(x,y) = m Amn L W^ 
S S m? n? MTX NTY 
g(x,y) = È > ar 5 * 155 Pm Sin sin : 
d m=1n=1 E W* L Ww 


In particular, 


23 _ 4 zo fa sis MTX | nm, d 
( ) Amn — LW "En f X, y/ SM L sın W ydx , 
E 4 d d . . mmx , nTy i 
(24) Dus g(x, y) sın sin ——- dy dx . 
"-OU- L W 
LW its | s 
T- W 


We leave the derivation of this solution as an exercise (see Problem 19). 


We mentioned earlier that the solution to the vibrating string problem (1)-(4) consisted of 
a superposition of standing waves. There are also "traveling waves" associated with the wave 
equation. Traveling waves arise naturally out of d' Alembert's solution to the wave equation for 
an "infinite" string. 

To obtain d' Alembert's solution to the wave equation 


au 2 au 
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we use the change of variables 
w=xtat, Hn=x-at. 


If u has continuous second partial derivatives, then du/dx = du/d~ + du/dy and du/dt = 
o(8u/oy — du/dn), from which we obtain 


au _ au 4 au au 

ax? oJ) dN a’ 
au _ | 3u au zl 
at? ay? aan om 


Substituting these expressions into the wave equation and simplifying yields 


2 
Ou =0 
apan 


We can solve this equation directly by first integrating with respect to W to obtain 


Ou — 
in b(n) . 


where b(n) is an arbitrary function of n, and then integrating with respect to 7 to find 


u(y, n) = A(w) + B(m) . 


where A(i) and B(7) = f b(n) dn are arbitrary functions. Substituting the original variables x 
and ¢ gives d'Alembert's solution 


(25) u(x,t) = A(x + at) + B(x — at) . 


It is easy to check by direct substitution that u(x, t), defined by formula (25), is indeed a solu- 
tion to the wave equation, provided A and B are twice-differentiable functions. 


Example 2 Using d’Alembert’s formula (25), find a solution to the initial value problem 


au 2 au 
a 


(26) ap ag o<x<o, t>0, 
(27) u(x, 0) = f(x) —oo <x<oo, 
(28) P (x, 0) = g(x) —o <x<o. 


Solution A solution to (26) is given by formula (25), so we need only choose the functions A and B so 
that the initial conditions (27)-(28) are satisfied. For this we need 
(29) u(x, 0) = A(x) + B(x) = f(x) , 
ðu 


(30) ar 0) = aA'(x) — aB'(x) = g(x) . 


Integrating equation (30) from x to x (xo arbitrary) and dividing by a gives 


(31) A(x) - B(x) = m | «9 ds FC, 


Xo 
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where C is also arbitrary. Solving the system (29) and (31), we obtain 


Using these functions in formula (25) gives 


u(x, t) — Sire + at) + f(x — at) | F 7a 
which simplifies to 


(32) u(x, t) = Sire + at) + f(x — at) | + Ly NECS .* 


Example 3 Find the solution to the initial value problem 


2 2 

(33) Pea. lg exutus. To 
ar ax 

(34) u(x,0) = sinx , —oo«x«oo, 

(35) A0) = 1 A -0 <x<o. 


Solution This is just a special case of the preceding example where o = 2, f(x) = sin x, and g(x) = 1. 
Substituting into (32), we obtain the solution 


(36) u(x, t) = 


qu . 1 x+2t 
5 [ sin(x + 2t) + sin(x 21) | Sr ds 


= sinxcos2t+t.¢ 


We now use d’Alembert’s formula to show that the solution to the “infinite” string prob- 
lem consists of traveling waves. 

Let h(x) be a function defined on (—oo, oo). The function h(x + a), where a > 0, is a trans- 
lation of the function A(x) in the sense that its "shape" is the same as h(x), but its position has been 
shifted to the left by an amount a. This is illustrated in Figure 10.21 for a function h(x) whose 
graph consists of a triangular “bump.” If we let t = 0 be a parameter (say, time), then the functions 
h(x + at)represent a family of functions with the same shape but shifted farther and farther to the 
left as t — oo (Figure 10.22 on page 618). We say that h(x + at) is a traveling wave moving to 
the left with speed a. In a similar fashion, A(x — af) is a traveling wave moving to the right with 
speed a. 


h(x + a) h(x) 


»X 
X4,—a x 


0 —a X 


1 0 


Figure 10.21 Graphs of h(x) and h(x + a) 
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Example 4 


Solution 


h(x + 3a) h(x + 2a) h(x + o) h(x) 


AAA 


Figure 10.22 Traveling wave 


If we refer to formula (25), we find that the solution to d?u/dt? = o?9?u/àx? consists of 
traveling waves A(x + at) moving to the left with speed a and B(x — at) moving to the right at 
the same speed. 

In the special case when the initial velocity g(x) 0, we have 


ux; t) = TE + ot) + f(x — at) | : 
Hence, u(x, t) is the sum of the traveling waves 
ifo + of) and ifo — at) . 


These waves are initially superimposed, since 


u(x, 0) = f(x) + 5G) =f) . 


As t increases, the two waves move away from each other with speed 2a. This is illustrated in 
Figure 10.23 for a triangular wave. 


Figure 10.23 Decomposition of initial displacement into traveling waves 


. qa | . [TX " . 
Express the standing wave cos (z ) sin (=) as a superposition of traveling waves. 


By a familiar trigonometric identity, 


mæ N\A TA ll. l.c 
EI L /)sin( 7 = 5 sing (x at) F jsin y (x F at) 


= h(x — at) + h(x + at) , 


where 


This standing wave results from adding a wave traveling to the right to the same waveform 
traveling to the left. 9 
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Existence and Uniqueness of Solutions 


In Example | the method of separation of variables was used to derive a formal solution to the 
given initial-boundary value problem. To show that these series converge to an actual solution 
requires results from real analysis, just as was the case for the formal solutions to the heat equa- 
tion in Section 10.5. In Examples 2 and 3, we can establish the validity of d' Alembert's solu- 
tion by direct substitution into the initial value problem, assuming sufficient differentiability of 
the initial functions. We leave it as an exercise for you to show that if f has a continuous second 
derivative and g has a continuous first derivative, then d' Alembert's solution is a true solution 
(see Problem 12). 

The question of the uniqueness of the solution to the initial-boundary value problem 
(1)-(4) can be answered using an energy argument. 


Uniqueness of the Solution to the Vibrating String Problem 
Theorem 8. The initial-boundary value problem 

au 2 au 

euo aie 

ar ax? 

(38) ul0, t) —UuILt-0, i70; 

(39) 


(37) i O<x<L, t>0, 


)- 
(x0) —J3(). 0<x<L, 
) = 


u 
ðu 
TO 


(x, 0 g(x) , O<x<L, 


has at most one twice continuously differentiable solution. 


Proof. Assume both u(x, t) and v(x, t) are twice continuously differentiable solutions to 
(37)-(40) and let w(x, t) = u(x, t) — v(x, t). It is easy to check that w(x, t) satisfies the initial- 
boundary value problem (37)-(40) with zero initial data; that is, for 0 = x = L, 

(4) w(x,0)=0 and n 0) 24. 
We now show that w(x, t) = 0 fr0 sxs L,t =Q. 

If w(x, t) is the displacement of the vibrating string at location x for time t, then with the 
appropriate units, the total energy E(t) of the vibrating string at time f is defined by the integral 


(42) EÀ =} ee + (y dk. 


(The first term in the integrand relates to the stretching of the string at location x and represents 
the potential energy. The second term is the square of the velocity of the vibrating string at x 
and represents the kinetic energy.) 

We now consider the derivative of E(t): 


ss Ge 


620 


Chapter 10 Partial Differential Equations 


Since w has continuous second partial derivatives (because u and v do), we can interchange the 
order of integration and differentiation. This gives 


L 2. 2 
(43) £] |o Ow 4 Ow OWT ae 
dt 0 dx Otóx dt ar 


Again the continuity of the second partials of w guarantees that the mixed partials are equal; 
that is, 


Combining this fact with integration by parts, we obtain 


L 2 L 2 
20W ow = 20W ðw 
(a | íS a tex” |,” ax aar 


_ 90wW ðw 20W ðw 
ad o 73, Us 1) — a? (0, 2777 (0, 2) 
L 2 
- Í Qu n 
0 Ox” Ot 


The boundary conditions w(0, t) = w(L,t)=0, fü imply that (aw/at)(0, jo 
(aw/at)(L, t) = 0, t = 0. This reduces equation (44) to 
L 2 L 2 
| a2”. IW je | are End 
0 Ox OtOx 0 Of Ox” 


Substituting this in for the first integrand in (43), we find 


dE _ [™ Pw Yla 
dt o ðt | ar? ax? 


Since w satisfies equation (37), the integrand is zero for all x. Thus, dE/dt = 0, and so 
E(t) = C, where C is a constant. This means that the total energy is conserved within the 
vibrating string. 

The first boundary condition in (41) states that w(x,0) = 0 for 0 - x = L. Hence, 
(àw/ax)(x, 0) = 0 for O < x < L. Combining this with the second boundary condition in 
(41), we find that when t = 0, the integrand in (42) is zero for 0 < x < L. Therefore, 
E(0) = 0. Since E(t) = C, we must have C = 0. Hence, 


(4)  E()- 5 [eey + (XY Jar =0. 


That is, the total energy of this system is zero. 

Because the integrand in (45) is nonnegative and continuous and the integral is zero, the 
integrand must be zero for 0 S x <= L. Moreover, the integrand is the sum of two squares and 
so each term must be zero. Hence, 


ðw w 
ay xd) eg 


u 0 
(x,t) =0 and ag 
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for all 0 = x = L, t = 0. Thus w(x, t) = K, where K is a constant. Physically, this says that 


there is no motion in the string. 


Finally, since w is constant and w is zero when t = 0, then w(x, t) = 0. Consequently, 
u(x,t) = v(x,t) and the initial-boundary value problem has at most one solution. € 


| 10.6 EXERCISES | EXERCISES 


In Problems 1—4, find a formal solution to the vibrating 
string problem governed by the given initial-boundary 


value problem. 
2 2 

ji. LEKTI, t>0, 
ar ax’ 
ul. t) = ad, e. 10, 
u(x,0)=x(1-—x), O<x<1, 
Se (x, 0) = sin 77x , 0O<x<1 
2 2 

2,9 = 1624 | O<x<7, t0, 
ar ax? 
ul0, t) = u(7,) 20, t>0, 
u(x, 0) = sinx , O<x<7, 
9 (x, 0) = 1— cosx , 0cx«m 
2 2 

3, SH gee O<x<7, t> 0: 
ar ax? 


ul0, t) = u(7,) 20, t>0, 
u(x, 0) = xi(m — x), O<x<7, 


ðu = 

are 7 , 0<e< a 

2 

Pug. qase qug. 

ar ax? 

ul0, t) = ulm, 20, t>0, 

u(x, 0) = sin 4x + 7sin5x, | Ocx«, 
; 0<x< 7/2, 

2o) = C x € mf 

ðt T —X, m/2« x «m 


. The Plucked String. A vibrating string is gov- 


erned by the initial-boundary value problem (1)-(4). 
If the string is lifted to a height họ at x = a and 
released, then the initial conditions are 


je e : O<x<a, 


h(L-x)(L—-a), a<x<L, 


and g(x) = 0. Find a formal solution. 


6. The Struck String. A vibrating string is governed 
by the initial-boundary value problem (1)-(4). If the 
string is struck at x — a, then the initial conditions 
may be approximated by f(x) = 0 and 


= O<x<a, 
d w(L-x/f(L-a a<x<L, 


where vo is a constant. Find a formal solution. 


In Problems 7 and 6, find a formal solution to the vibrat- 
ing string problem governed by the given nonhomoge- 
neous initial-boundary value problem. 
2 2 
LÁ. ua. Qcx«m, 10, 
or Ox” 
u(0,t) = ulm, t) 20, t»0, 
u(x,0) = sinx , O<x<7, 


St (x, 0) = 5 sin 2x — 3 sin Sx , 0<x< r 
2 2 

s 5-9 i int, 0<x<r, r0, 
an ax 


ul0, t) = ulm, t) =0, i120; 
ux0)20, O<x< a, 
ðu 


a 9-9. 0Ocx«m 


9. If one end of a string is held fixed while the other is 
free, then the motion of the string is governed by the 
initial-boundary value problem 


Te cata, 0<x<L, t>0, 
u(0,)=0 and P.) = 0 t>0, 
uU) m. 0<x<L, 
9 (x, 0) = g(x) , Qa cL. 


Derive a formula for a formal solution. 
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10. Derive a formula for the solution to the following 20. Long Water Waves. The motion of long water 
initial-boundary value problem involving nonhomo- waves in a channel of constant depth is governed by 
geneous boundary conditions the linearized Korteweg and de Vries (KdV) 

equation 


au 2 au 
SM Si 


A O<x<L, L0, 
or ox? (46) u, + au, + Bus =0, 
u(0, f) = U; , u(L, t) = U, , t>0, where u(x, t) is the displacement of the water from 
u(x, 0) = f(x) , O<x<L, its equilibrium depth at location x and at time f, and 
me 0) = g(x) , DE E a and f are positive constants. 
ot (a) Show that equation (46) has a solution of the 
where U} and U are constants. form 
11. The Telegraph Problem.’ Use the method of sep- (47) u(x,t) = V(z) , 
aration of variables to derive a formal solution to the z=k- w( k)t , 
telegraph problem . . . 
3 5 where k is a fixed constant and w(k) is a function 
Ju ou eat 5. etae E. 450 of k, provided V satisfies 
Wr o - dV , dV, a 3a°V 
«0: -4(L)-0, t>0, 48  —wh tak, *Bk^ = 0. 
u(x,0)=f(x), O<x<L, £ à í 
ðu E These solutions, defined by (47), are called uni- 
E ,0)-0, O<x<L form waves. 


. . (b) Physically, we are interested only in solutions 
12. Verify d'Alembert's solution (32) to the initial value V(z) that are bounded and nonconstant on the 
problem (26)-(28) when f(x) has a continuous sec- infinite interval (—oo, oo). Show that such solu- 
ond derivative and g(x) has a continuous first deriva- : : . BP 
] DANA ST i : tions exist only if ak — w > 0. 
tive by substituting it directly into the equations. (c) Let A2 = (ak — w)/(Bk3). Show that the solu- 
In Problems 13-18, find the solution to the initial value tions from part (b) can be expressed in the form 
problem. V(x, t) = Asin| Akx — (aAk — BARK?)t + B] , 
ay where A and B are arbitrary constants. [Hint: 
I : 25 oo x«oo, t0, Solve for w in terms of A and k and use (47).] 
or dx (d) Since both A and k can be chosen arbitrarily and 
u(x, 0) = f(x) , co <x < 00, they always appear together as the product Ak, 
s 0) = g(x) , ee aS Bo. we can set A = 1 without loss of generality. 
ot Hence, we have 
for the given functions f(x) and g(x). V(x, t) = A sin[kx — (ak — Bk?)r + B] 
13. f(x) =0, g(x) = cos x as a uniform wave solution to 140), The defin- 
14. fl) = e a(x) =0 ing relation w(k) = ak - Bk° is called the 
i dispersion relation, the ratio w(k)/k = a — Bk? 
15. f(x) =x, g(x) = x is called the phase velocity, and the derivative 
16. f(x) = sin 3x , g(x) = 1 dw/dk = a — 3k’ is called the group velocity. 
17. f(x) = e, g(x) = sinx When the group velocity is not constant, the 
18. f(x) = cos 2x , g x) —-1-x waves are called dispersive. Show that the stan- 
dard wave equation u,, = a7u,, has only nondis- 
19. Derive the formal solution given in equations (22)-(24) persive waves. 
to the vibrating membrane problem governed by the 21. Vibrating Drum. A vibrating circular membrane 
initial-boundary value problem (17)-(21). of unit radius whose edges are held fixed in a plane 


"For a discussion of the telegraph problem, see Methods of Mathematical Physics, by R. Courant and D. Hilbert, Vol. 2 
(Wiley-VCH, Weinheim, Germany, 2004). 
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and whose displacement u(r, t) depends only on the where f and g are the initial displacements and 
radial distance r from the center and on the time f is velocities, respectively. Use the method of separa- 
governed by the initial-boundary value problem. tion of variables to derive a formal solution to the 


" " vibrating drum problem. [Hint: Show that there is a 
Eu a (: Tg l i) ; family of solutions of the form 
ar arr Or 
(See 1. S50 un(r, t) = [a cos(k,at) + b, sin(k,at) Jo(k,r) , 
uid) =O", t>0o, where Jy is the Bessel function of the first kind of 


order zero and 0 < kj <k «€ + <k, <n 


u(r,t) remains finite as r—0* , a = 
are the positive zeros of Jọ. Now use superposition. ] 


4n0)-f(r,. O<r<1, See Figure 10.24. 
Sr 0)= ar), O<r<1, 


(a) (b) (c) 


Figure 10.24 Mode shapes for vibrating drum. (a) Jo(2.405r), (b) Jo(5.520r), (c) Jo(8.654r) 


10.7 LAPLACE'S EQUATION 


In Section 10.1 we showed how Laplace's equation, 


2 2 
gate 9 


arises in the study of steady-state or time-independent solutions to the heat equation. Because 
these solutions do not depend on time, initial conditions are irrelevant and only boundary con- 
ditions are specified. Other applications include the static displacement u(x, y) of a stretched 
membrane fastened in space along the boundary of a region (here u must satisfy Laplace's 
equation inside the region); the electrostatic and gravitational potentials in certain force fields 
(here u must satisfy Laplace's equation in any region that is free of electrical charges or mass); 
and, in fluid mechanics for an idealized fluid, the stream function u(x, y) whose level curves 
(stream lines), u(x, y) — constant, represent the path of particles in the fluid (again u satisfies 
Laplace's equation in the flow region). 

There are two basic types of boundary conditions that are usually associated with 
Laplace's equation: Dirichlet boundary conditions, where the solution u(x, y) to Laplace's 
equation in a domain D is required to satisfy 


u(x, y) = f(x, y) onðD , 


with f(x, y) a specified function defined on the boundary ðD of D; and Neumann boundary 
conditions, where the directional derivative du/dn along the outward normal to the boundary is 
required to satisfy 


ðu 
mæ) = 8y)  onoD, 
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Example 1 


Solution 


with g(x, y) a specified function defined on dD.‘ We say that the boundary conditions are 
mixed if the solution is required to satisfy u(x, y) — f(x, y) on part of the boundary and 
(du/dn)(x, y) = g(x, y) on the remaining portion of the boundary. 

In this section we use the method of separation of variables to find solutions to Laplace's 
equation with various boundary conditions for rectangular, circular, and cylindrical domains. 
We also discuss the existence and uniqueness of such solutions. 


Find a solution to the following mixed boundary value problem for a rectangle (see Figure 10.25): 


2 2 

(1) ERG 8G, exem. Gores, 
ax? ay" 

Q *oy=4ay=0, o<ysp 
ox ^ Ox ^ > i 3 


(3) ulx,b)=0, O0=r=4, 
(4) u(x, 0) = f(x) , 0zx-a. 


y 


u(x, b)=0 


uo y= 
ax 9 X 0 


0 u(x, 0) = f(x) a 
Figure 10.25 Mixed boundary value problem 


Separating variables, we first let u(x, y) = X(x)Y (y). Substituting into equation (1), we have 
X"(x)¥(y) + X(x)¥"(y) = 0, 

which separates into 
x'(x) ro) 
x) Yo) 


where A is some constant. This leads to the two ordinary differential equations 


(5) X"(x) + àX(x)= 0, 
© — Y')-2aY»-0. 
From the boundary condition (2), we observe that 


(7) X'(0) e X'(a) — 0. 


"These generalize the boundary conditions (5) in Section 10.1 and (42) in Section 10.5. 
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We have encountered the eigenvalue problem in (5) and (7) before (see Example 1 in Section 10.5). 
The eigenvalues are A = A, = (nz/a)^, n = 0, 1, 2,..., with corresponding solutions 


(8) X,,(x) = a, COS (=) : 


where the a,'s are arbitrary constants. 
Setting A = A, = (n/a) in equation (6) and solving for Y gives! 


(9) Yo(y) = Ao + Boy , 
Y, (y) = A, cosh (=) + B, sinh (=) p us 


Now the boundary condition u(x, b) = 0 in (3) will be satisfied if Y(b) = 0. Setting y = b 
in (9), we see that we want Ag = —bBo and 


A, = —B,, tanh (=), or equivalently, 


x9) = csi 70-0), n= 1,2,... 
(see Problem 18). Thus we find that there are solutions to (1)—(3) of the form 


u(x, y) = Xo(x)¥o(y) = aoBoly — b) = Ey — b) , 


where the E,,’s are constants. In fact, by the superposition principle, 


(10) u(x, y) = Eoy — b) + 2 E, cos (=) sm 27 (y »)| 


is a formal solution to (1)-(3). 
Applying the remaining nonhomogeneous boundary condition in (4), we have 


u(x, 0) = f(x) = -Eb + 2 E, sim( d cos (=) : 


a 


*We usually express Y,(y) = a, ela + bye cena However, computation is simplified in this case by using the hyper- 


bolic functions cosh z = (e* + e~*)/2 and sinh z = (e? — e 9/2 . 
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This is a Fourier cosine series for f(x) and hence the coefficients are given by the formulas 


u 1 a 
Eo = (—ba) | f(x)dx , 
1) 


a 


2 


E, = NICOES n=1,2,.... 
( em 0 a 
a sinh | — —— 


a 


Thus a formal solution is given by (10) with the constants E,, given by (11). See Figure 10.26 
for a sketch of partial sums for (10). + 


Figure 10.26 Partial sums for Example 1 with f(x) — { i 
T—x, MILEA T 


In Example 1 the boundary conditions were homogeneous on three sides of the rectangle 
and nonhomogeneous on the fourth side, {(x, y:y=0,0Sxs a}. It is important to note 
that the method used in Example 1 can also be used to solve problems for which the boundary 
conditions are nonhomogeneous on all sides. This is accomplished by solving four separate 
boundary value problems in which three sides have homogeneous boundary conditions and 
only one side is nonhomogeneous. The solution is then obtained by summing these four solu- 
tions (see Problem 5). 

For problems involving circular domains, it is usually more convenient to use polar coor- 
dinates. In rectangular coordinates the Laplacian has the form 


2 2 
Au = ir + ou à 
Ox oy 
In polar coordinates (r, 0), we let 
x=rcosé, y-rsinO 


so that 


r= Vx} +y, tang = y/x . 


Example 2 


Solution 
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With patience and a little care in applying the chain rule, one can show that the Laplacian in 
polar coordinates is 

u 1ðu , 1 Ou 

ðr? rör rô 

(see Problem 6). In the next example we obtain a solution to the Dirichlet problem in a disk of 
radius a. 


(12  Au- 


A circular metal disk of radius a has its top and bottom insulated. The edge (r — a) of the disk 
is kept at a specified temperature that depends on its location (varies with 0). The steady-state 
temperature inside the disk satisfies Laplace's equation. Determine the temperature distribution 
u(r, 0) inside the disk by finding the solution to the following Dirichlet boundary value prob- 
lem, depicted in Figure 10.27: 

u 1 du 1 8u 


(13) + + =0, (mmm d s —-mz0ü-zaq, 
o? rör pag 


(44)  u(a0)—-f(0,  -m-v-0z-m. 


u(a, 0) = f(0) 


Gb cob EL. JA 
ga" O ZR 


Figure 10.27 Steady-state temperature distribution in a disk 


To use the method of separation of variables, we first set 
u(r, 0) = R(r)T(0) , 
where 0 = r < aand —7 = 0 < m. Substituting into (13) and separating variables give 


r?R" (r) + rR'(r) a T" (0) = 
R(r) T(0) i 


where A is any constant. This leads to the two ordinary differential equations 


(15) rR" (r) + rR'(r) — AR(r) =0, 
(16) T"(8) + AT(0) = 0. 
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For u(r, 0) to be continuous in the disk 0 < r < a, we need T(@) to be 277-periodic; in par- 
ticular, we require 


(17) T(—-) = T(m) and T'(-m)- T(r). 


Therefore, we seek nontrivial solutions to the eigenvalue problem (16)—-(17). 

When A < 0, the general solution to (16) is the sum of two exponentials. Hence we have 
only trivial 27r-periodic solutions. 

When A = 0, we find T(0) = A0 + B to be the solution to (16). This linear function is 
periodic only when A = 0, that is, To(0) = Bis the only 27-periodic solution corresponding to 
À-—90. 

When A > 0, the general solution to (16) is 


T(0) = A cos VÀO + B sin VÀO . 


Here we get a nontrivial 27-periodic solution only when VA = n, n = 1,2,.... [You can 
check this using (17).] Hence, we obtain the nontrivial 27r-periodic solutions 


(48) T,(0) = A, cos n0 + B, sin n0 


corresponding to VA = n, n = 1,2,.... Notice that the eigenfunctions are the terms of the 
Fourier series discussed in Section 10.3 (recall Figure 10.5, page 580). 
Now for A = n, n —0,1,2,..., equation (15) is the Cauchy-Euler equation 


(19) r?R" (r) + rR'(r) — ?R(r) = 0 
(see Section 4.7, page 194). When n = 0, the general solution is 
Ror) 2 C * DInr. 


Since In r — —oo as r — 0* this solution is unbounded near r = 0 when D + 0. Therefore, we 
must choose D = 0 if u(r, 0) is to be continuous at r = 0. We now have Ro(r) = C and so 
uo(r, 0) = Ro(r)T(0) = CB, which for convenience we write in the form 


Q0)  w(rn60)-— 


where A, is an arbitrary constant. 
When A = n’,n = 1,2, .. . „you should verify that equation (19) has the general solution 


R (r) Cr" Dr". 
Since r " — œ as r — 0*, we must set D, = Oin order for u(r, 0) to be bounded at r = 0. Thus, 
R,(r) = Cyr” . 
Now for each n = 1, 2, ..., we have the solutions 
(21) u,(r, 0) = R,(r)T, (0) = C,r"(A, cos n0 + B, sin n0) , 
and by forming an infinite series from the solutions in (20) and (21), we get the following for- 
mal solution to (13): 
Ao 


2 + 2 C,r"(A, cos n0 + B, sin n0) . 


u(r, 6) = 


It is more convenient to write this series in the equivalent form 


(22) u(r, 0) = D + 2 () (a, cos n0 + b, sin n) , 
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where the a,'s and b,’s are constants. These constants can be determined from the boundary 
condition, indeed, with r — a in (22), condition (14) becomes 


f(8) = D ex (a, cos n0 + b, sinn) . 


n=1 


Hence, we recognize that a,, b, are Fourier coefficients for f(0). Thus, 


(23) a - i| f(0)cosnüd0 , n=0,1,..., 
(24) a= i| f(0)snn0dÓ, n=1,2,.... 


To summarize, if a, and b, are defined by formulas (23) and (24), then u(r, 6) given in (22) 
is a formal solution to the Dirichlet problem (13)-(14). 9 


The procedure in Example 2 can also be used to study the Neumann problem in a disk: 


(25) Au=0, Osr<a, —T-0-q, 
09 Æla) =f), --s65-. 


For this problem there is no unique solution, since if u is a solution, then the function u 
plus a constant is also a solution. Moreover, f must satisfy the consistency condition 


T 
(27) | f(8)d0 — 0 . 
=a 

If we interpret the solution u(r, 0) of equation (25) as the steady-state temperature distribution 
inside a circular disk that does not contain either a heat source or heat sink, then equation (26) 
specifies the flow of heat across the boundary of the disk. Here the consistency condition (27) 
is simply the requirement that the net flow of heat across the boundary is zero. (If we keep 
pumping heat in, the temperature won’t reach equilibrium!) We leave the solution of the 
Neumann problem and the derivation of the consistency condition for the exercises. 

The technique used in Example 2 also applies to annular domains, {(r, ÜO- are b), 
and to exterior domains, {(r, 0)a < rl. We also leave these applications as exercises. 

Laplace's equation in cylindrical coordinates arises in the study of steady-state tempera- 
ture distributions in a solid cylinder and in determining the electric potential inside a cylinder. 
In cylindrical coordinates, 


x-—rcos0, y=rsiné , Z=Z, 
Laplace’s equation becomes 


u 1 ðu 1 u u 
28 Au = + + + =). 
a ü ðr? rör r?00 Az 


The Dirichlet problem for the cylinder {(r, 6,z):0Srsa4,0S75 b} has the boundary 
conditions 


Q9)  w(a6,2-f(6:2. -ms60szm, ee. 
(30) u(r,0,0) = g(r,0) , 0zr-za, —mz0ü-m, 
(31) u(r, 0, b) = h(r, 0) ; Ozr-za, =m 
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Example 3 


Solution 


To solve the Dirichlet boundary value problem (28)-(31), we first solve the three bound- 
ary value problems corresponding to: (i) g = 0 and h = 0; (ii) f = O and h = 0; and (iii) f = 0 
and g = 0. Then by the superposition principle, the solution to (28)-(31) will be the sum of 
these three solutions. This is the same method that was discussed in dealing with Dirichlet 
problems on rectangular domains. (See the remarks following Example 1.) In the next example 
we solve the Dirichlet problem when g = 0 andh = 0. 


The base (z = 0) and the top (z = 5) of a charge-free cylinder are grounded and therefore are 
at zero potential. The potential on the lateral surface (r — a) of the cylinder is given by 
ula, 0, z) = f(0, z) where f(0,0) = f(0, b) = 0. Inside the cylinder, the potential u(r, 6, z) 
satisfies Laplace's equation. Determine the potential u inside the cylinder by finding a solution 
to the Dirichlet boundary value problem 


8u 1 ðu 1 ou u 
32 + + H 0, Osr<a, -7rTsd0s7, 0<z<b, 
(32) or? r or r? 90? oz? i a E T * 
(33) u(a,0,z) = f(0,z) , —7<O0<7, OXz<b, 
(34 =ulr,0,0)=ulr,6,b)=0, O=r<a, —T-0-m. 


Using the method of separation of variables, we first assume that 


u(r, 0, z) = R(r)T(0)Z(z) . 
Substituting into equation (32) and separating out the Z's, we find 


R'(r) + (1/r)R'(r) Q1 T0 z") | " 
R(r) r? T(0) Z(z) 


where A can be any constant. Separating further the A's and T’s gives 


r?R" (r) + rR'(r) A = T" (6) 
R(r) T(0) 


where u can also be any constant. We now have the three ordinary differential equations: 


=u, 


(35) rR" (r) + rR'(r) — (r 2A + mia ( pe =Q; 
(36) T"(0) + uT(0) = 
(37) Z'(z) + AZ(z) = 


For u to be continuous in the cylinder, oe must be 27-periodic. Thus, let's begin with the 
eigenvalue problem 


T"(0) + uT(0) 2 O , —7<0<7, 
T(—-7)- T(v) and T'(-7)- T(r). 


In Example 2 we showed that this problem has nontrivial solutions for u =n’, 
n —0,1,2,...,thatare given by the Fourier series components 


(38) T,(0) = A, cos n0 + B, sinn , 


where the A,,’s and B,,’s are arbitrary constants. 
The boundary conditions in (34) imply that Z(0) — Z(b) — 0. Therefore, Z must satisfy 
the eigenvalue problem 


Z"(z) + AZ(z)=0, 0<z<b, ZO)=Zb)=0. 
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We have seen this eigenvalue problem several times before. Nontrivial solutions exist for 
à = (mm/b), m = 1,2,3,... and are given by the sine series components 


G9) Zp(z) = C,sin (= J 


where the C, s are arbitrary constants. 
Substituting for u and A in equation (35) gives 


2 
r?R" (r) + rR'(r) — (ene) + r) RO) -0, O=r<a. 


You should verify that the change of variables s = (mrr/b) transforms this equation into the 
modified Bessel’s equation of order n‘ 


(40) s?R"(s) + sR'(s) — (s? + n?)R(s) = 0 , 0zsc« 


The modified Bessel's equation of order n has two linearly independent solutions—the modi- 
fied Bessel function of the first kind: 


$ faye 


k=0 kKIT(k +n +1)’ 


Ls) 


which remains bounded near zero, and the modified Bessel function of the second kind: 


(edat La(s) Lu) 


which becomes unbounded as s — 0. (Recall that I is the gamma function discussed in Section 
7.6.) A general solution to (40) has the form CK, + DI,, where C and D are constants. Since u 
must remain bounded near s = 0, we must take C = 0. Thus, the desired solutions to (40) have 
the form 


aD — n) = Dh (22) e AS poss WSL 


where the D,nn s are arbitrary constants. 
If we multiply the functions in (38), (39), and (41) and then sum over m and n, we obtain 
the following series solution to (32) and (34): 


(42)  u(r,6,2) = 2 anolo (sz) sin (sz z) 


oo oo 
: mmr| . [mmz 
+ > > (Ginn COSNO + bpp sinn0)I, (=z) sin c3 3 
n= m= 


b 


where the a,n s and b,n s are arbitrary constants. 


"The modified Bessel’s equation of order n arises in many applications and has been studied extensively. We refer the 
reader to the text Special Functions by E. D. Rainville (Chelsea Publishing, New York, 1972), for details about its 
solution. 
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The constants in (42) can be obtained by imposing the boundary condition (33). Setting 
r — a and rearranging terms, we have 
mmTz 
b 


a3)  f(62-2 a (24) sin 


t > | > bul, (mz) sin (nz) sin nO . 


Treating this double Fourier series like the one in Section 10.5 (page 607), we find 


b [aq 
(44) dg = | | (0, z) sin (=x) dô dz / 63 
0 J-r b b 
b T 
(4) 4,72 | | f(O, z) sin (mz °) cosn8 dð dz / ron (27°) 0 n=l, 
0 J—T 


b (a 
(46) Din = 2 | | Ff (8, z) sin (=x) sinnodt ae mon (7) ,nzml. 
0 J—T 


Consequently, a formal solution to (32)—(34) is given by equation (42) with the constants 
Ann and b,n determined by equations (44)-(46). € 


Existence and Uniqueness of Solutions 


The existence of solutions to the boundary value problems for Laplace's equation can be estab- 
lished by studying the convergence of the formal solutions that we obtained using the method 
of separation of variables. 

To answer the question of the uniqueness of the solution to a Dirichlet boundary value 
problem for Laplace's equation, recall that Laplace's equation arises in the search for steady- 
state solutions to the heat equation. Just as there are maximum principles for the heat equation, 
there are also maximum principles for Laplace's equation. We state one such result here.' 


Maximum Principle for Laplace's Equation 


Theorem 9. Let u(x, y) be a solution to Laplace's equation in a bounded domain D 


with u(x, y) continuous in D, the closure of D. (D = D U ðD, where dD denotes the 
boundary of D.) Then u(x, y) attains its maximum value on dD. 


The uniqueness of the solution to the Dirichlet boundary value problem follows from the 
maximum principle. We state this result in the next theorem but leave its proof as an exercise 
(see Problem 19). 


"A proof can be found in Section 8.2 of the text Partial Differential Equations of Mathematical Physics, 2nd ed., by 
Tyn Myint-U (Elsevier North Holland, New York, 1983). 
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Uniqueness of Solution 


Theorem 10. Let D be a bounded domain. If there is a continuous solution to the 
Dirichlet boundary value problem 


Au(xy)-0 inD, 
u(x, y) = fix; y) onoD , 


then the solution is unique. 


Solutions to Laplace’s equation in two variables are called harmonic functions. These 
functions arise naturally in the study of analytic functions of a single complex variable. More- 
over, complex analysis provides many useful results about harmonic functions. For a discus- 
sion of this interaction, we refer the reader to an introductory text on complex analysis such as 
Fundamentals of Complex Analysis, 3rd ed., by E. B. Saff and A. D. Snider (Prentice Hall, 
Englewood Cliffs, N.J., 2003). 


In Problems 1—5, find a formal solution to the given Qu | ou 
5. +—=0, 0<x<a7, O<y<l, 
boundary value problem. à ay 
y 
2 2 ðu ðu 
2442420, O<x<m,0<y<1, ap Or) = ay (my) =0, 0sysi1, 
Ox ày^ 
Ju d T u(x,0) = cos x — cos3x , Oz xm, 
a ©) = m9 04 0sysl, u(x,1)=cos2x, OSxST 
u(x, 0) = 4 cos 6x + cos 7x, OSx<=7, . . . 
6. Derive the polar coordinate form of the Laplacian 
#1) =0, Qsxe QAM . 
given in equation (12). 
2 2 
2. 2u + a E =0, 0<x<7, O0O<y<7m, In Problems 7 and &, find a solution to the Dirichlet 
ax dy” boundary value problem for a disk: 
ðu ðu 
ay Or) = T50, O0sysm, fu, lam, Du Q 
2° a CUL 
u(x,0) = cos x —2cos4x, OSx=7, or rór rað 
u(x, m) =0, RIT. OS <2 3 —T-0zq, 
; 5 u(2, 0) = f(0) , =m =0= 7 
3. ou + 2u =0, O<x<a7, O<y<7, for the given function f(0). 
oe O 7. f(0) 2 |], -w7<0<7 
= = = <= 
u(0, y) = u(sr. y) peg 8. f(0) 2co?0, ^ -m--0-m 
u(x,0) 2 f(x) , OSa, 
u(x, 7) = 0 EET 9. Find a solution to the Neumann boundary value 
à i ; : problem for a disk: 
j Du NE gy O<x<7, O<y<7, Qu 1 ðu 1 u 
ox? ay: Soe # 2 
u(0,y) = u(m,y) -0, OS ym, i j 
u(x, 0) =sinx+sin4dx, OSXST, Osr<a, —T--0-m, 
u(x, m) 20, Ozxzm Su 6 = f(O) , —qz0-xg 


or 
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10. A solution to the Neumann problem (25)-(26) must 
also satisfy the consistency condition in (27). To 
show this, use Green's second formula 


where ð/ðn is the outward normal derivative and ds 
is the differential of arc length. | Hint: Take v = 1 
and observe that du/an = du/ar. | 

11. Find a solution to the following Dirichlet problem 
for an annulus: 

Pu , low | | aw 


a? rər 2 9g? 

1<7r< 2., —-7T=s=057, 
u(1, 0) = sin 40 — cos@ , —T-0zm, 
u(2,0) = sin , —-Tz0zm. 


12. Find a solution to the following Dirichlet problem 
for an annulus: 


ru 1 ðu 1 8u 


ar? rar or ae? 
Lr 3. —mz0zaq, 
u(1,9) 20, —-Tz0z-zm, 
u(3, 0) = cos 30 + sin50, -7TS0857. 
13. Find a solution to the following Dirichlet problem 
for an exterior domain: 


u , lau | 1 du _ 4 
ðr? or ar rap i 

| oe E —7T=s0s7, 
u(1,0) = f(0) —7<0<7, 


u(r,@) remains bounded as r oo. 


14. Find a solution to the following Neumann problem 
for an exterior domain: 


u , l au 1 ou = 


ðr? r or 


u(r,0) remains bounded as r oo. 


15. Find a solution to the following Dirichlet problem 
for a half disk: 


du lau, 1du_,y 
ar? r or r? 90? , 
Oo<r<il, OSAST, 


air 0) m]. 0zrzl, 
u(r, 7) -0, Ozxrzl, 
u(1,0) — sin30 , OSAST, 


u(0,0) bounded. 


16. Find a solution to the following Dirichlet problem 
for a half annulus: 


au, lau, 18u 
o? rêr gag 
Tors, 

u(r, 0) = sinr , 

u(r, 7) -0, Tsers 7, 

u(m,0 =u(27,0)=0, OSAST. 
17. Find a solution to the mixed boundary value 

problem 


O0<d0<7, 


Twsers2r, 


ru 1 ou 1 8u 


o? rar gag 

1<r<3, —mz0z-m, 
u(1,0) = f(0) , —7T<0S7, 
^^ (3, 0) = a(8) . -TEOST 


18. Show that 


nb nay . ny 
— B, tanh| —— | cosh| ——] + B, sinh| —- 
a a a 


=C, sioh|"™ — »| . 


a 
where 


C, = B,/cosn (272) : 


a 


19. Prove Theorem 10 on the uniqueness of the solution 
to the Dirichlet problem. 


20. Stability. Use the maximum principle to prove the 
following theorem on the continuous dependence of 
the solution on the boundary conditions: 


Theorem. Let f; and f, be continuous functions 
on 9D, where D is a bounded domain. For i = 1 and 
2, let u; be the solution to the Dirichlet problem 


Au=0, inD , 
uf, onoD . 
If the boundary values satisfy 
iG») 6 y) =e — forall (x,y) onaD , 
where s > 0 is some constant, then 
|u,(x, y) — u(x, y) Se for all (x, y) in D . 


21. 


22. 


23. 


For the Dirichlet problem described in Example 3, 
let a = b = m and assume the potential on the lat- 
eral side (r = 7) of the cylinder is f(0, z) = sin z. 
Use equations (44)-(46) to compute the solution 
given by equation (42). 

Invariance of Laplace's Equation. A complex- 
valued function f(z) of the complex variable z — 
x + iy can be written in the form f(z) = 
u(x, y) + iv(x, y), where u and v are real-valued 
functions. If f(z) is analytic in a planar region D, 
then its real and imaginary parts satisfy the 
Cauchy-Riemann equations in D; that is, in D 


ðu _ Ov ðu ðv 


Let f be analytic and one-to-one in D and assume its 
inverse f~! is analytic in D', where D' is the image 
of D under f. Then 

Ox oy Ox oy 


ðu dav’ ðv ðu 


are just the Cauchy-Riemann equations for f |. 
Show that if (x, y) satisfies Laplace’s equation for 
(x, y) in D, then yu, v) = (x(u, v), y(u, v) satis- 
fies Laplace's equation for (u, v) in D'. 

Fluid Flow Around a Corner. The stream lines 
that describe the fluid flow around a corner (see 
Figure 10.28) are given by #(x, y) = k, where k is a 
constant and $, the stream function, satisfies the 
boundary value problem 


a? a? 

9e LET x20, y20, 
ax? ay" 

(x, 0) =0, 0 , 

4$(0y)-70, 0 


(x y) = constant 


Figure 10.28 Flow around a corner 


24. 
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v 
A w(u, v) = constant 


y 


w=0 A 
Figure 10.29 Flow above a flat surface 


(a) Using the results of Problem 22, show that this 
problem can be reduced to finding the flow 
above a flat plate (see Figure 10.29). That is, 
show that the problem reduces to finding the 
solution to 


9? 9? 
ðu ðv 

v0, -o <u<ow, 
w(u,0) =0, -wo<u<ow, 


where y and d are related as follows: 
y(u, v) = (x(u, v), y(u, v) with the mapping 
between (u, v) and (x, y) given by the analytic 
function f(z) = z?. 

(b) Verify that a nonconstant solution to the prob- 
lem in part (a) is given by y(u, v) = v. 

(c) Using the result of part (b), find a stream func- 
tion (x, y) for the original problem. 


Unbounded Domain. Using separation of vari- 
ables, find a solution of Laplace's equation in the 
infinite rectangle 0 < x < m, 0 < y < oo that is 
zero on the sides x = 0 and x = 7r, approaches zero 
as y — oo, and equals f(x) for y = 0. 
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Chapter Summary 


Separation of Variables. A classical technique that is effective in solving boundary value 
problems for partial differential equations is the method of separation of variables. Briefly, the 
idea is to assume first that there exists a solution that can be written with the variables sepa- 
rated: e.g., u(x, t) = X(x)T(t). Substituting u = XT into the partial differential equation and 
then imposing the boundary conditions leads to the problem of finding the eigenvalues and 
eigenfunctions for a boundary value problem for an ordinary differential equation. Solving for 
the eigenvalues and eigenfunctions, one eventually obtains solutions u,(x, t) = X,(x)T,(t), 
n = 1,2, 3,... that solve the partial differential equation and the boundary conditions. 
Taking infinite linear combinations of the u,(x, t) yields solutions to the partial differential 
equation and boundary conditions of the form 


u(x, t) = > cus x, t) . 


n-l 


The coefficients c, are then obtained using the initial conditions or some other boundary conditions. 


Fourier Series: Let f(x) be a piecewise continuous function on the interval |=}, L|: The 
Fourier series of fis the trigonometric series 


ao ~ nx [nox 
f(x) 2 T = [eos L ) + b, sin( T )} j 


where the a,,’s and b,’s are given by Euler's formulas: 


1 (£ nx 
à, = Tp [1 cos (e)a ; n—0.1,2; 5 


mu . [ATX = 
21 | o(a, ied 3 e 


Let f be piecewise continuous on the interval [0, L]. The Fourier cosine series of f(x) 
on [0, L| is 


ao S nx 
f(x) 2 "b à ds cos( L ) ; 


where 


where 
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Fourier series and the method of separation of variables are used to solve boundary value 
problems and initial-boundary value problems for the three classical equations: 


; a & 
Heat equation TE cR ; 
ot Ox” 
: o a 
Wave equation = a2 
ot Óx^ 
: au 


Laplace’s equation 


For the heat equation, there is a unique solution u(x, t) when the boundary values at the 
ends of a conducting wire are specified along with the initial temperature distribution. The 
wave equation yields the displacement u(x, t) of a vibrating string when the ends are held fixed 
and the initial displacement and initial velocity at each point of the string are given. In such a 
case, separation of variables yields a solution that is the sum of standing waves. For an infinite 
string with specified initial displacement and velocity, d’Alembert’s solution yields traveling 
waves. Laplace’s equation arises in the study of steady-state solutions to the heat equation 
where either Dirichlet or Neumann boundary conditions are specified. 


TECHNICAL WRITING EXERCISES 


. The method of separation of variables is an important 
technique in solving initial-boundary value problems 
and boundary value problems for linear partial differ- 
ential equations. Explain where the linearity of the 
differential equation plays a crucial role in the method 
of separation of variables. 


. In applying the method of separation of variables, we 
have encountered a variety of special functions, such 
as sines, cosines, Bessel functions, and modified Bessel 
functions. Describe three or four examples of partial 
differential equations that involve other special func- 
tions, such as Legendre polynomials, Hermite polyno- 
mials, and Laguerre polynomials. (Some exploring in 
the library may be needed.) 


. A constant-coefficient second-order partial differen- 
tial equation of the form 
au au au 
a 27 C 
Ox ðxðy oy~ 


can be classified using the discriminant D := 
b? — 4ac. In particular, the equation is called 
hyperbolic if D>O, and 
elliptic if D«O. 


Verify that the wave equation is hyperbolic and 
Laplace's equation is elliptic. It can be shown that such 
hyperbolic (elliptic) equations can be transformed by a 
linear change of variables into the wave (Laplace's) 
equation. Based on your knowledge of the latter equa- 
tions, describe which types of problems (initial value, 
boundary value, etc.) are appropriate for hyperbolic 
equations and elliptic equations. 
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A Steady-State Temperature Distribution in 
a Circular Cylinder 


When the temperature u inside a circular cylinder reaches a steady state, it satisfies Laplace's 
equation Au = 0. If the temperature on the lateral surface (r = a) is kept at zero, the temperature 
on the top (z — b) is kept at zero, and the temperature on the bottom (z — 0) is given by 
u(r, 0, 0) = f(r, 0), then the steady-state temperature satisfies the boundary value problem 


au , 1 au (1 u 9?u 


ah rar Pa ag? Se SEE ÜUmrmb, 
u(a,0,z)=0, pesa, O0=2=b, 

u(r,0,b) =0, Osr<a, =7 S0 ET, 

u(r, 0,0) = f(r, 0) , 0zrc«a, mugs, 


where f(a, 0) = 0 for —7 < 0 < « (see Figure 10.30). To find a solution to this boundary value 
problem, proceed as follows: 


(a) Let u(r, 0, z) = R(r)T(0)Z(z). Show that R, T, and Z must satisfy the three ordinary dif- 
ferential equations 


r?R" + rR' — (à+ p)R=0, 
T+ uT 0, 
Z"+aAZ=0. 
(b) Show that T(0) has the form 
T(0) = A cos n0 + B sin n8 
for u = n), n = 0, 1:255 
(c) Show that Z(z) has the form 
Z(z) = C sinh [B(b — z)] 
for A = —f?, where B > 0. 


u(r, 9, b) 20 


u(a, 9, z) - 0 


PON 


Figure 10.30 Dirichlet problem for cylinder 


ur 0, 0)= fl 0) 
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(d) Show that R(r) has the form, for each n, 


R,(r) = DJ,(Br) , 
where J, is the Bessel function of the first kind. 
(e) Show that the boundary conditions require R(a) = 0, and so 
J,(Ba) = 0 . 
Hence, for each n, if 0 < o,; < a, < +++ < Qnm < ++: are the zeros of J,, then 
Bum = oj] * 
Moreover, 


R,(r) = DJ, (a, r/a) : 


Some typical eigenfunctions are displayed in Figure 10.31. 


(f) Use the preceding results to show that u(r, 0, z) has the form 


NNI ^ nm b — 
u(r,0,z) = > > „(e (a,m cos NO + by», sin n0) sim (eo = 2) , 


where apm and b,n are constants. 


nm 


(g) Use the final boundary condition and a double orthogonal expansion involving Bessel 


Eigenvalue Eigenfunction 


JgQ2-405rla) 


>r 


J(5.520r/a) 


a 


>r 


Jo(8.654r/a) 


Jg(11.792r/a) 


a 


>r 


Figure 10.31 Bessel eigenfunctions 
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functions and trigonometric functions to derive the formulas 

1 a [en Qom" 
"me ma? sinh(og,b/a)[Ji(ao,) | | | fr. ose) PORUM 
form = 1,2,3,...,andforn,m— 1,2,3,..., 


2 B am Anm” 
anm = 5 flr, 8)J,, F5 cos(n0) rdrd0 , 


ma? sinh(@pmb/a) [ Int 1 (nm) ] 


2 i m Anm” . 
Dam = 5 f(r, 0)J, — sin(n0) rdrd6 i 
a 


Tma sinh(ob/a)| Jn+1(Q@nm) |? 


B Laplace Transform Solution of the Wave 
Equation 


Laplace transforms can be used to solve certain partial differential equations. To illustrate this 
technique, consider the initial-boundary value problem 


2 2 

(1) ul pit gcx<o, t>0, 
ar ax? 

(2) u(0, t) = A(t) , t>0, 

(3) ux 0=0, 0<x<%, 

(4) 3 6,0) = 0, Qs x wm ce, 

(5) lim u(x, r) = 0 , t=0. 


This problem arises in studying a semi-infinite string that is initially horizontal and at rest 
and where one end is being moved vertically. Let u(x, t) be the solution to (1)-(5). For each x, let 


U(x, s) = L{u(x, t)}(x, s) = |. e “u(x, t)dt . 


0 


(a) Using the fact that 
F um = Eu Su) 
ax? ax? ' 
show that U(x, s) satisfies the equation 
(6) sSU(x,s) = a?—— , 0«cx«oo. 


(b) Show that the general solution to (6) is 
U(x, s) = A(s)e 5a sp B(s)es/ j 


where A(s) and B(s) are arbitrary functions of s. 
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(c) Since u(x, t) — 0 as x > oo for all 0 < t < oo, we have U(x, s) > 0 as x — oo. Use 
this fact to show that the B(s) in part (b) must be zero. 

(d) Using equation (2), show that 
A(s) = H(s) = L{h}(s) , 
where A(s) is given in part (b). 

(e) Use the results of parts (b), (c), and (d) to obtain a formal solution to (1)— (5). 


C Green's Function 


Let Q be a region in the xy-plane having a smooth boundary dQ. Associated with Q is a Green's 
function G(x, y; é, n) defined for pairs of distinct points (x, y), (£, y) in Q. The function 
G(x, y; é, n) has the following property. 

Let Au:— ?u/ðx? + d?u/dy* denote the Laplacian operator on Q; let h(x, y) be a given 
continuous function on Q; and let f (x, y) be a given continuous function on dQ. Then, a continuous 
solution to the Dirichlet boundary value problem 


Au(x, y) = h(x, y) , nQ, 
u(x, y) = fG y) . onàQ , 


is given by 


C) u(x, y) = ll G(x, y; é, n)h(£, m)d£ dn 
Q 


= | AE nE é nadole). 
aQ 


where n is the outward normal to the boundary dQ, of Q and the second integral is the line integral 
around the boundary of © with the interior of Q on the left as the boundary is traversed. In (7) we 
assume that dQ is sufficiently smooth so that the integrands and integrals exist. 
When Q is the upper half-plane, the Green's function is? 
1, [C-E uir 
Gla. y; 6m) = 4 Im | 
4m (a= £F Otn? 


(a) Using (7), show that a solution to 


(8 = Au, y) = hx y), =©<x<%, 0<y, 
(9) u(x, 0) = f(x) , =0 <L F< DO 
is given by 
»]*. E 
st Cs 


"zb inf BE - LM h(é, n)dé dm . 


"Techniques for determining Green's functions can be found in texts on partial differential equations such as Partial 


Differential Equations of Mathematical Physics, 2nd ed., by Tyn Myint-U (Elsevier North Holland, New York, 1983), 
Chapter 10. 
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(b) Use the result of part (a) to determine a solution to (8)—(9) when h = O and f= 1. 
(c) When Q is the interior of the unit circle x^ y? = |, the Green's function, in polar 
coordinates (r, 0) and (p, œ), is given by 


G(r, 6; p. d) = q-In[r? + p? — 2rp cos — 6)] 


1 3 4-2 -1 = d. 
aq lr + p 2rp ! cos($ 6) | dm Inp . 
Using (7), show that the solution to 
2 2 
rn TEL ME NN De 


ar? sr arr? ae? 
u(1,6)=f(0), Os0<27, 
is given by 
Te Gi l-r? 
,0)— do . 
id) 27 Ji 1 +r? — 2rcos($ — 5? 9 


This is known as Poisson’s integral formula. 


(d) Use Poisson’s integral formula to derive the following mean value property for solu- 
tions to Laplace’s equation. 


Mean Value Property 


Theorem 11. Let u(x, y) satisfy Au = 0 in a bounded domain Q in R? and let (xo, yo) 
lie in O. Then 


1 2 


(10) uļlxo, yo) = = u(xo + r cos 0, yo + r sin 0)d0 


for all r > 0 for which the disk B(xo, yo; r) = {(x, y): (x — xo? + (y — yo)? s r°} lies 
entirely in Q. 


| Hint: Use a change of variables that maps the disk B(xo, yo; r) to the unit disk B(0, 0; 15] 


D Numerical Method for Au = f ona 
Rectangle 


Let R denote the open rectangle 
R = (x, yka < x € b, es yd 


and ðR be its boundary. Here we describe a numerical technique for solving the generalized 
Dirichlet problem 


au. du u : 
(11) ad ag CN $ for (x, y) in R > 


u(x,y) = g(x,y),  for(x,y)onaR . 
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Figure 10.32 Rectangular grid 


The method is similar to the finite-difference technique discussed in Chapter 4. We begin by 
selecting positive integers m and n and step sizes h and k so that b — a = hmand d — c = kn. 
The interval [a, b] is now partitioned into m equal subintervals and [c. d ] into 7 equal subinter- 
vals. The partition points are 


xXj=artih, Osism, 


y-7ctjk, Osjsn 


(see Figure 10.32). The (dashed) lines x = x; and y = y;are called grid lines and their intersec- 
tions (x; yj) are the mesh points of the partition. Our goal is to obtain approximations to the 
solution u(x, y) of problem (11) at each interior mesh point, i.e., at (x; yj) where 1 € i € m — 1, 
]1sSjzen-l, [Of course, from (11), we are given the values of u(x, y) at the boundary mesh 
points, e.g., u(xo, yj) = g(xo, yj, 0 <j — n.] 

The next step is to approximate the partial derivatives d?u/dx* and 0?u/8y? using the 
centered-difference approximations 


2 


ð 
x2 (x; yj) 


= 


~ [uus y) — 2uG y) + uny] (for sim = 1), 


(12) 7 


and 
2 


ð 1 
(13) PL yj) e >| ulx;, yj) — 2u(x;, y) + u(x; yj-1)] (forl <i<n-1). 


k2 


These approximations are based on the generic formula 


y"(x) = [y(x + h) — 2y(x) + y(x — h)]/h? + [terms involving A’, 2, ...] , 
which follows from the Taylor series expansion for y(x). 


(a) Show that substituting the approximations (12) and (13) into the Dirichlet problem (11) 
yields the following system: 


2 2 
(14) (5) +l aes = T4] -— (5 (ui ji ui) = =h flx yj) 


foil2,...,m-—landj-1,2,...,n— 1; 


uo; = g(a, yj) . Ug; — 8 g(b. yj) , J70, lh, 
uio = g(x; c) R Hin = g(x; d) , i—-1,2,...,m—1, 


644 


Chapter 10 Partial Differential Equations 


(b) 


(c) 


(d) 


Gi. yj) 


Œi- Yj) Gies yj) 
(xj, yp 


Gi. Yj) 


Figure 10.33 Approximate solution u; ; at (xj, » is obtained from values at the ends of the cross 


where u; ; approximates u(x;, yj). Notice that each equation in (14) involves approxima- 
tions to the solution that appear in a cross centered at a mesh point (see Figure 10.33). 


Show that the system in part (a) is a linear system of (m — 1)(n — 1)unknowns in 
(m — 1)(n — 1)equations. 
For Laplace's equation where f(x, y) = 0, show that when h = k, equation (14) yields 


1 
— i I | 
ui j 1i FOHjyq T Hjj-, 7 Ui 541) . 


Compare this averaging formula with the mean value property of Theorem 11 

(Project C). 

For the square plate 

R=({(x,y):0<5x504,0<y<04}, 

the boundary is maintained at the following temperatures: 

u(0,y)=0, u(0.4, y) = 10y , O<y<04. 

u(x,0)=0, u(x, 0.4) = 10x , 02%x=04. 

Using the system in part (a) with f(x, y) = 0, m = n = 4, and h = k = 0.1, find 
approximations to the steady-state temperatures at the mesh points of the plate. [Hint: It 


is helpful to label these grid points with a single index, say pj. P2, . . . , Pg, choosing the 
ordering in a book-reading sequence. ] 


Appendices 


Nt REVIEW OF INTEGRATION TECHNIQUES 


In solving differential equations, we cannot overemphasize the importance of integration tech- 
niques. Indeed, we sometimes refer to the problem of solving a differential equation by asking, 
"how can we integrate this equation?" 

This section is devoted to reviewing three of the standard techniques that will be useful for 
integrating many of the functions encountered in this text. Of course, one can always search in 
a table of integrals (a brief table appears on the inside front cover of this text), but familiarity 
with tricks of integration is a worthwhile investment of time for several reasons: (1) we may not 
find the particular integral we need in the table; (11) using one of the techniques may be quicker; 
and (iii) we might be curious to know how the various integrals in the table were obtained. 

So what techniques can we use for the following integrals? 


(a) Jac ias (b) |e (c) [ims 


— x2 


7x2 + 10x — 1 | 2 
d d e “d 
e) | a fer ene 


For (a) we can use algebraic substitution, while (b) can be handled with trigonometric 
substitution. For (c) we have available integration by parts, and the integral in (d) will yield to 
partial fractions. But try as we may, no trick is sufficient to give (e) in a finite number of terms. 
By this we mean that if we have available the elementary functions (rational functions, trigono- 
metric functions, inverse trigonometric functions, exponential functions, and logarithmic func- 
tions) and permit use of the standard operations—addition, subtraction, multiplication, divi- 
sion, taking roots, and composite functions—a finite number of times, we cannot find a 
formula for the antiderivative of e*. A similar conundrum arises with integration of 

1 + cos?x. So we can add a fourth reason for honing our skills with integration techniques: 
They will help us to recognize those integrals that can be expressed in a finite number of terms. 

We begin our review of integration with the method of substitution (also called change of 

variable), which is derived from the chain rule for differentiation. 


Method of Substitution 


The chain rule asserts that £ flex) = f'(g(x))g'(x) and so 


[ Flee War = fet) e c 


A-1 


A-2 


Example 1 


Solution 
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Thus if we can recognize an integrand as being of the form f'(g(x))g' (x), then integration 
is immediate via the substitution u — g(x). Here are some simple illustrations: 


° | sin? 2x cos 2x dx 


Since d(sin 2x) — 2 cos 2x dx, the substitution u — sin 2x reduces the integration to 
that of u3/2 du. 


‘i 
[res dx 


Observe that x? is essentially (except for a constant factor) the derivative of 5x^, so 
we set u = 5x* and integrate e“/20 du. 


6 In (x + 5) 
x+5 


Recognizing that 1/(x + 5) is the derivative of In (x + 5), we put u = In (x + 5) 
and integrate 6u du. 


X 


| tan? x sec x dx 


Here it is convenient to use the identity tan? x — sec? x — 1 and write the integrand 


as (sec? x — 1) sec x tan x. Recalling that (sec x)’ = sec x tan x, the substitution 
u = sec x reduces the problem to integrating (u? — 1) du. 
When a portion of the integrand involves some fractional power of an expression, an 
algebraic substitution can sometimes simplify the integration process. The technique is amply 
illustrated in the following example. 


Find 


(1) TUIRIZES 


The difficulty here arises from the square root factor, so let's try to rid ourselves of this 
problem term by making the substitution u = V 2x + 1. Here are the details: 
uW -— 1l 
7 
If we use these expressions in (1), we find that in terms of the new variable u, 


(3) jac | 


(2) w=2x4+ 1, 


dx = udu . 


y= 


| 
W 
SS 
Gon 
[9v] 
= 
N 
| 
CA 
pode 
+ 
Q 


Returning to the original variable x, via u = V 2x + 1, we deduce that 


2x + 1y? 2x + 1)? 
i pease eo Ed 


30 (3x-1)+C. 


We remark that the substitution u = V 2x + 1 is not the only substitution that will allow 
us to compute the integral in (1). Another substitution that works just as wellis u = 2x + 1. 
In a similar manner we can compute the integrals 


3 x51 
X e 
[om m xin dx and [£z dx 


by making the substitution u = 1 + x? in the first and u = x° 


+ 1 in the second. 
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The integration of certain algebraic expressions can sometimes be simplified by utilizing 
trigonometric substitutions. The effectiveness of these substitutions in handling quadratic 
expressions under a radical derives from the familiar identities 


1 — si0 = cos? 6, 1 + tan?0 = sec? 0, sec? — 1 = tan’@ . 


Accordingly, if the integrand involves: 


(D Va — x’, set x = a sin 6, 
aD Va + x’, set x — a tan 0, 
aD Vx? - a’, set x = asec 0. 


These substitutions are easy to remember if we associate with each of the cases a right tri- 
angle whose sides are a, x, and a suitable radical’. The labeling of the triangle depends on the 
particular case at hand. For example, in (II) it is clear that the hypotenuse must be Va? + x°, 
while in (I) the hypotenuse must be a, and in (III) the hypotenuse is x. 


x?dx 


5" 


Example2 Find the indefinite integral /, := | 
= 


Solution This integral is of type (I) with a = 3. We first construct a triangle as shown in Figure A.1. 


x= 3 sin 6, 
3 x V9 — x^ 2 3 cos 6, 
dx = 3 cos 0 dé. 


Figure A.1 Triangle for Example 2 


From this triangle we see immediately that 


: | x?dx | (3sin 8)?3 cos 0 d0 
z= 


V9 — x2 i 3cos0 


To integrate sin? 0 we use the trigonometric identity 


- o | sin? ao : 


. 29 . | — cos 20 
sin 0 EE m 
and obtain 
ET -2g 2; 
n= 3] cos 20) dd = 7.0 4 sin 26 + C 
E NUR 
= 59 7 Sin@cos6 + C. 


"The radical sign may not be visible. For example, if the integrand is 1/(a” + x°)’, this comes under case (II), because 
1/(@ + x2» = 1/(Va2 + x). 
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Returning to the original variable x, we can derive the expressions for 0, sin0, and cos0 
directly from the triangle in Figure A.1. We find that 


z SÉ V9 — x? 
0 = arcsin=, sinÜ = cos = . 


X 
3 3 3 


Hence 


EN 
h = 2 arcsin * 3% 2 x + C= 2 arcsin? jxVo r+C.¢ 


Integration by Parts 


The method of integration by parts is of both practical and theoretical importance. It is based 
on the product rule for differentiation: 
d dv du 


quum) =u—+v—=uv' + w. 


dx dx 


Integrating both sides of this equation and transposing, we obtain 
(4) LE = uv — E : 
Since dv = v'dx and du = u'dx, equation (4) can be put in the more compact form 


vdu . 


(5) | uae = uv — 


Equation (5) is the basic equation for integration by parts. The idea is that the integrand on 
the left side may be very complicated but if we select the part for u and the part for dv quite 
carefully, the integral on the right side may be much easier. (Some experimentation may be 
necessary to find the right selection.) 


Example 3 Find the indefinite integral /4:— | x Inx dx. 


Solution There are two natural ways of selecting u and dv so that the product is x In x dx: 
First possibility: letu = x, dv = ln x dx. 
Second possibility: letu = In x, dv = x dx. 
With the first selection we cannot easily find v, the integral of In x, so we come to a dead 
end. In the second case we can find v. We arrange the work as follows. Let 
u = ln x, dvu=xdx. 


Then 


x? 


dedu ue. 
X 


2 
Making these substitutions in (5), we have for the left side 


[ua = | Gn 3649 = [xin vax à 


and for the right side 


2 2 2 
x x-1] X 1 
(6) w- | vds 7 inx ERIS In x faas. 
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Therefore, by (5), 


2 
(7) n= [rinxdr=Sinx- jC. + 
Note that we used v = x?/2 rather than v = x?/2 + C. It is clear that equation (5) is cor- 
rect for every value of C, and in most cases it is simpler to set C = 0. The arbitrary constant that 
we need can be added in the last step, as we have done in going from equation (6) to (7). 
Itis sometimes necessary to apply integration by parts more than once in order to evaluate 
a particular integral, such as 


= ejes , 


In the first application, we set u = x°, dv = e"dx to deduce that 
(8) L=x -2 | xe* dx 


and to evaluate the last integral in (8) we perform a second application of integration by parts 
with u = x, dv = e'dx. 

There are some integrals that may appear at first not to be split into two parts, but we need 
to keep in mind that “1” can be considered as a factor of any expression. For example, to com- 
pute the integrals 


15:= | arctan(3) dx and i= | Inxdx , 


an effective splitting for evaluating J; is u = arctan(3x), dv = 1dx, while for J, an appropriate 
choice is u = In x, dv = 1dx. The reader should verify that integration by parts then reduces 
these integrals to routine problems. 


Partial Fractions 


Any rational function, that is, any function of the form R(x) = P(x)/Q(x), where P(x) and Q(x) 
are polynomials, can be integrated in finite terms. The first step in the process is to compare the 
degree of P(x) with that of Q(x). If deg P = deg Q, then division gives 


(9) 


where s(x) and p(x) are polynomials and deg p < deg Q. Since the integration of the polyno- 
mial s(x) is a trivial matter, we need only focus on the integration of the remainder term 


p(x)/O(x). 
The idea of the method of partial fractions is to express p(x)/Q(x) as the sum of simpler 
fractions that are easy to integrate. For example, knowing that 
7x? + 10x- 1 
x)-3)0-x-3 


40) R(x) = 


can be written as 


2 1 4 
ze] rtl Yd 
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Example 4 


Solution 


leads immediately to the evaluation 
[roa = 2lnjx— 1| - In|x + 1| +4In|x+3/4+C. 


The key to finding such a simple fraction representation is to first factor the denominator poly- 
nomial Q(x). Indeed, in (10) the denominator is just the product (x — 1)(x + 1)(x + 3). In 
general, we recall that any polynomial Q(x) with real coefficients can be factored into a prod- 
uct of linear and irreducible quadratic factors with real coefficients. There are four cases that 
may arise in the factorization: (i) nonrepeated linear factors; (ii) repeated linear factors; (iii) 
nonrepeated quadratic factors; and (iv) repeated quadratic factors. 

In the case when a nonrepeated linear factor (x — a) occurs in the factorization of Q(x), we 
associate the partial fraction A/(x — a), where A is a constant to be determined. If a linear factor 
(x — a) is repeated m times in the factorization of Q(x), we associate the sum of m fractions 


m Ar 

ile a) 
where the m constants A, are to be determined. In the case of a nonrepeated quadratic factor 
ax? * bx t c (where D? — 4ac < 0) we associate the single fraction 

Ax + B 

ax? +bx+ ce’ 
where we now have two constants in the numerator to be determined, while if this quadratic 
factor is repeated m times, then we associate the sum 

= Ax + By 
which involves the determination of 2m constants A; and B,. 


We illustrate the approach in the following example. Further discussion of partial fractions 
appears in Section 7.4, page 370. 


3 2 
Find the indefinite integral 7 = | 3x + +3x+2 dx. 
x(x + 1) 


Since the factor x is repeated three times in the denominator, while (x + 1) is a nonrepeated 
factor, our partial fraction decomposition must be 


3 2 
3x c 3x Bx ED . A .,B,C€,D 


x(x 1) xti x "at g 


(11) 


where A, B, C, and D are unknowns to be determined. Multiplying both sides of (11) by 
x3(x + 1), we have 


(12) 3x? + 3x? + 3x + 2 = Ax? + Bx?(x + 1) + Cx(x + 1) + D(x +1). 


In order for (12) to be true for all x, the corresponding coefficients must be the same: 


The coefficients of x? yield A+B = 3. 
The coefficients of x? yield B+C =3. 
The coefficients of x! yield C+D=3. 


The coefficients of x? yield D — 2. 


In Problems 1—26, find the indicated indefinite integral. 
1. ce + x3? dx 


3. 


tn 


11. 


12. 


14. 


16. 
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Solving this system of four linear equations in four unknowns gives A = 1, B = 2, C = 1, and 
D — 2. Hence 


n= [( acu Ly mier nel -1-bec.e 
X X 


x+1 X X x? 


We remark that the coefficients A and D in the representation (11) can be determined 
directly. Indeed, if we set x = 0 in (12), we obtain 2 = D, and if we set x = —1 in (12), we 
obtain —3 + 3 — 3 + 2 = A(-1) or A = I. But B and C cannot be obtained so readily. If we 
are fortunate to have a denominator with only nonrepeated linear factors, then this simple sub- 
stitution method will work to quickly determine all the unknown coefficients. 

In dealing with the integration of rational functions that have a quadratic factor in the 
denominator, the familiar formula 


| u z dx = arctan x + C 
1x 


plays a central role. For example, by completing the square and making a simple change of 
variables, we find 


| 3 2 a=] B dx = 3arctan(x + 2) c C . 
x^ct 4x5 (x + 2)? +1 


10. 


2 

18. | = -dx 19. [sm ydy 
2. IE cos (2x) dx " i 

20. [sec(s + 1)q0 21. [t 
á fe oie: (x2 + Ay 

22. | 36x%exp(2x°) dx 23. [int + 3)dt 
« [22 | 

24. | sin Vx dx 25 | BIB 

1 + cos*t 

26. 

8. (on TERT y 


— dx 
2x? + 4x + 4 In Problems 27-34, use an appropriate trigonometric 


identity to help find the indicated integral. 


sec(2x) tan (2x) dx 13. 


x? x24 3x24 4x42 +4x+2 


dx 
(x É 1)( )(x = are = 3) 27. | so cos?x dx 28. [aes dx 
V 9x2 =f d 
x * 29. | cos(3x)eos (7x) dx — 30. | core dð 
3 2 
> dx 15. perros dx 31. | tan*0 sec? d0 32. | cos!?x sin?x dx 
x (x + 4) 
1 33. | sin?(3x) cos?(3x) dx 34, | cot?x csc!x dx 
T | x In x 


A-8 Appendices 


EJ NEWTON'S METHOD 


To solve an equation g(x) = 0, we must find the point or points where the graph of y = g(x) 
meets the x-axis. One procedure for approximating a solution is Newton’s method. 

To motivate Newton's method geometrically, we let X be a root of g(x) = 0 and let x, be 
our guess at the value of X. If g(x,) = 0, we are done. If g(x,) # 0, then we are off by some 
amount that we call dy (see Figure B.1). Then 


dy ; 
dx — (xi) , 
and so 
d 
NEE rs 


y-8Q) 


Figure B.1 Tangent line approximation of root 


Now dx = x, — x4 or x; = x, — dx, where x, is at the point where the tangent line through 
(xı, g(x,)) intersects the x-axis (Figure B.1). Using equation (1) and the fact that dy = g(x,), 
we obtain 


dy glxi) 
g'(x) ! 


X» — XI 


which we use as the next approximation to the root X. 
Repeating this process with x» in place of xı, we obtain the next approximation x3 to the 
root X. In general, we find the next approximation x, +, by the formula 


Xn 
(2) Xn+1 = Xn 7 ee , n -12,... * 


The process is illustrated in Figure B.2. 

If the initial guess x, is sufficiently close to a root X, then the sequence of iterations 
{x}; usually converges to the root X. However, if we make a bad guess for x,, then the 
process may lead away from X. 


Example 1 


Solution 
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y-8(x) 


Figure B.2 Sequence of iterations converging to root 


Find a root to four decimal places of the equation 
(3) x -2x-4-0. 


Setting g(x) = x? + 2x — 4, we find that g'(x) = 3x? + 2 is positive for all x. Hence, g is 
increasing and has at most one zero. Furthermore, since g(1) — —1 and g(2) — 8, this zero 
must lie between 1 and 2. Thus, we begin the procedure with the initial guess x; — 1.5. For 
g(x) = x? + 2x — 4, equation (2) becomes 


(4) x3 + 2x, —4 12 
x =x ; n=1,2,.... 
n+1 n 3x2 +2 
With x, = 1.5, equation (4) gives 
(1.5)? + 2(1.5) - 4 2.375 
xXx = 1.5 5 = 1.5 — —— =~ 1.22857 . 
3(1.5)* + 2 8.75 


Using x; to compute x3 and so on, we find 


x3 = 1.18085 , 
x4 = 1.17951 , 
x; = 1.17951 , 


where we have rounded off the computations to five decimal places. Since x4 and x5 agree to 
four decimal places and we are uncertain of the fifth decimal place because of roundoff, we 
surmise that the root X of (3) agrees with 1.1795 to four decimal places. Indeed, 


g(1.1795) = —0.00005... and $(1.1796) = 0.00056... , 


so 1.1795 < x < 1.1796. Consequently, X = 1.1795.... € 


Observe that Newton's method transforms the problem of finding a root to the equation 
g(x) = 0 into the problem of finding a fixed point for the function h(x) = x — g(x)/g'(x); that 
is, finding a number x such that x = h(x). [See equation (2).] 

Several theorems give conditions that guarantee that the sequence of iterations (x,)- , 
defined by (2) will converge to a zero of g(x). We mention one such result. 
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Convergence of Newton s Method 


Theorem 1. Suppose a zero X of g(x) lies in the interval (a, b) and that in this interval 


g'(x) ^90 and g'(x)0. 


If we select x, so that X < x, < b, then the sequence of iterations defined by (2) will 
decrease to X. 


We do not give a proof of this theorem, but refer the reader to an introductory numerical 
analysis text such as Numerical Analysis, 9th ed., by R. Burden and J. Faires (Brooks/Cole, 
Pacific Grove, Calif., 2010). 


=) SIMPSON'S RULE 


A useful procedure for approximating the value of a definite integral is Simpson’s rule. 


Let the interval [a, b] be divided into 2n equal parts and let xo, x1, . . . , X2, be the points of 
the partition, that is, 
xy =a + kh, k=0,1,...,2n, 


where h := (b — a)/(2n). If 
ye=fly), k=0,1,...,2n, 


then the Simpson's rule approximation Zs for the value of the definite integral 


[rear 


is given by 


h 
(1) I; = 3 o + 4y, + 2y;  Ays + te + 2Yon—2 + Aon—1 + Yon] 


P. (Yor-2 + Ayn-i + Yu) - 


If 


E= [ fac 


a 


is the error that results from using Simpson's rule to approximate the value of the definite 
integral, then 


(b — a) 


4 
180 PM 


(2) |E| = 


where M := max|f (x) for all x in [a, b]. 


Example 1 


Solution 
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Use Simpson’s rule with n = 4 to approximate the value of the definite integral 


"d 
3 — ud 
3) | ss T 
Here h = 1/8, x, = k/8,k = 0,1,..., 8, and 


1 64 


eS ea e 


(5) 
NM 64 64 64 
s=- [r+ afat) + lata) tla) 
64 6&4 Y. 64 
j (a F z) T (a + z) | (a 7 x) 
64 64 
T (s + s) F (a n I Sea 


Hence, the value of the definite integral in (3) is approximately J; = 0.7854. 


For a more detailed discussion of Simpson’s rule, we refer the reader to a numerical analy- 
sis book such as Numerical Analysis, 9th ed., by R. Burden and J. Faires (Brooks/Cole, Pacific 
Grove, Calif., 2010). 


-D CRAMER'S RULE 


When a system of n linear equations in n unknowns has a unique solution, determinants can be 
used to obtain a formula for the unknowns. This procedure is called Cramer's rule. When n is 
small, these formulas provide a simple procedure for solving the system. 

Suppose that for a system of n linear equations in n unknowns, 


aqux, t dx) t occ FAX, = bi, 

5X, + dX? + c + daX, = by , 
(1) . : : . 

Oj1X] T An2X2 poes Annn = b, > 


the coefficient matrix 


ai 42 ` Ain 


(2) A:= 47, 422 a aon 


Ani Am A ann 
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has a nonzero determinant. Then Cramer's rule gives the solutions 


(3) Xi — 


where Aj; is the matrix obtained from A by replacing the ith column of A by the column 
vector 


bı 
by 
b, 

consisting of the constants on the right-hand side of system (1). 


Example 1 Use Cramer's rule to solve the system 


x, + 2x, = X470, 
2x, + X, + X479, 
X17 X — 2x; = 1 " 


Solution We first compute the determinant of the coefficient matrix: 


1 2 =] 
det | 2 1 1|212. 
1 =] =2 


Using formula (3), we find 


0 2 1 

x, = -5 det 9 1 1 = Baa, 
I =] =2 
1 0 =] 

X) ij det 2. 9 |] ==, 
1 1 =2 
1 2 0 

1 24 
X3 Tp det : d =p? + 


For a more detailed discussion of Cramer’s rule, we refer the reader to an introductory 
linear algebra text such as Linear Algebra and Its Applications, 3rd ed., by David C. Lay (Pearson 
Addison Wesley, 2006). 
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=~ METHOD OF LEAST SQUARES 


The method of least squares is a procedure for fitting a straight line to a set of measured data. 
Consider the scatter diagram in Figure E.1, consisting of an x, y-plot of some data points 
[xs yd; i = 1,2,..., N}. It is desired to construct the straight line y = a + Bx that best fits 
the data points, in the sense that the sum of the squares of the vertical deviations from the 
points to the line is minimized. 


34 
21 
14 : å 
L^ = 
" 4 " n n > X 
0 1 2 3 4 5 


Figure E.1 Scatter diagram and least-squares linear fit 


If the y-axis intercept o and the slope £ of the line are known, then the y-value on the line 
corresponding to the measured x-value x; is given by a + Bx;. The corresponding measured 
y-value, y;, thus deviates from the line by [ y; — (a + Bx;)]. and the total sum of squares of 


deviations is 


N 
=Z 2 
S= = [vi — (e + Bx] 
The interesting feature of the function S is that the symbols x; and y; are constants, while o 
and f are the (unknown) variables. The values of a and f that minimize S will force its partial 
derivatives to be zero: 


= X2pi-(a*3))(C0, 


i-1 


N 
-3S = z 
0= ap > 2[y; (a + Bxj)]( x;) . 
Displaying these conditions in a form that emphasizes the roles of a and 6, we rewrite them 
after a little algebra as 


N N 

aN + B2 x, -2». 
N N N 

PET 


adxt+ pe = 
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and obtain the formulas for the optimal values of intercept and slope: 


- (> s) (2 ») 7 (3 x) (2 2 


Example] Find the least-squares linear fit to the data points P,(1, 1), P;(2, 1), P3(3, 2), P4(4, 2.5), and 
P5(5, 3.1), which are plotted in Figure E.1. 


Solution Arranging the data as in Table E.1 yields 


| 55(9.6) — 15(34.5) 105 — 


0.21 , 
5(55) — (15? 50 
5(34.5) — 15(9.6) 28.5 
p= = = 0.57 . 
5(55) — (15) 50 
i Xi Ji Xii x; 
1 1 1 1 1 
2 2 1 2 4 
3 3 2 6 9 
4 4 2.5 10 16 
5 5 3.1 13:5 25 
Sums 15 9.6 34.5 55 


Thus, y = 0.21 + 0.57x is the equation for the best-fitting line, which is graphed in Figure 
E.l. @ 
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WS) RUNGE-KUTTA PROCEDURE FOR n EQUATIONS 


Below are program outlines for the classical fourth-order Runge—Kutta algorithm for systems dis- 
cussed in Section 5.3. The first of these, called the “subroutine,” provides approximations to the 
solution functions of a system of n first-order ordinary differential equations over an interval. The 
second outline on page A-16 utilizes the method of halving the step size in order to obtain 
approximations (to within a prescribed tolerance) to the solution functions at a single given point. 


Classical Fourth-Order Runge-Kutta Subroutine (n Equations) 


Purpose To approximate the solution to the initial value problem 


HOS fh dues gta : 


for fy - t x c. 
n, to, Gj, ..., An, C, N (number of steps), PRNTR (= 1 to print table). 
Set step size 

h= (c — tg)/N , t= tjs Ap His 


For j = 1 to N do Steps 3-5. 
Set 


kii T hf;(t, x1, m T > 


i=l,...,n; 


h 1 
kiz = wf + »u + 5h ete 


lies 


h 1 
kis ES wf zs 326 T 5i». dois 


1; 244 
Kia = hf,(t + h, X + ki 3, EEE + kn3) 7 


1,2233 s 


x = x + HT + Ika Hki + kia) T= les 


If PRNTR = 1, print t, xi, Xo, .. ., Xy. 
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Classical Fourth-Order Runge-Kutta Algorithm with 
Tolerance (n Equations) 


Purpose To approximate the solution to the initial value problem 


Le Y dass vov) d 
xi) = ap, $152,422. 


at f — c, with tolerance e. 

n Los s os sant 

e (tolerance) 

M (maximum number of iterations) 


Step 1 Setz; =a, i= 1,2,...,n; set PRNTR = Q. 

Step 2 For m = 0 to M do Steps 3-7 (or, to save time, start with m > 0). 

Step 3 Set N = 2", 

Step 4 Call FOURTH-ORDER RUNGE-KUTTA SUBROUTINE 

(n EQUATIONS). 

Step 5 Print h, xj, x2, ..., Xy. 

Step 6 If |z; — xj| < efori = 1,...,n, goto Step 10. 

Step 7 Setz;—xj, i-—l...,n. 

Step 8 Print “x,(c) is approximately"; x; (fori = 1,...,7); “but may not be within 
the tolerance"; €. 

Step 9 Go to Step 11. 

Step 10 Print "x/(c) is approximately"; x; (fori = 1,..., n); “with tolerance"; e. 

Step 11 STOP. 

OUTPUT Approximations of the solution to the initial value problem at t = c, using 2” 
steps. 


Answers to Odd-Numbered 
Problems 


CHAPTER 1 3. All solutions have limiting value 8 as t — +00. 


Exercises 1.1, page 5 
1. ODE, 2nd-order, ind. var. x, dep. var. y, linear 
3. PDE, 2nd-order, ind. var. x, y, dep. var. u 
5. ODE, Ist-order, ind. var. t, dep. var. x, nonlinear 
7. ODE, 2nd-order, ind. var. x, dep. var. y, nonlinear 
9. ODE, 4th-order, ind. var. x, dep. var. y, linear 
11. PDE, 2nd-order, ind. var. t, r, dep. var. N 
13. dp/dt — kp, where k is the proportionality constant 
15. dT/dt = k(M — T), where k is the proportionality 
constant 
17. Kevin wins by 6V3 — 4V6 = 0.594 sec. 


Figure B.3 Solutions to Problem 3 satisfying 
v(0) = 5, v(0) = 8, and v(0) = 15 


5. (a) p 


Exercises 1.2, page 13 , 
3. Yes 5. No 7. Yes 9. Yes 11. Yes i 
13. Yes 19. The left-hand side is always = 4. : 
21. (a) 1/3, -3 (b) 1+ V6 — 23. Yes — 25. Yes ` 
27. No 29. (b) Yes 31. (a) No 


b as EAEE A 
(c) y = 2x and y = —2x EAA OEREN i 
hte j 
0 1 
Exercises 1.3, page 21 Figure B.4 Direction field for Problem 5(a) 
1. (a) (b) (b) lim, ,4, p(t) = 3/2 (c) lim, ,,, p(t) = 3/2 (d) No 
y y 
S | 7 «) 
S i bdo ee ee Se SS 
x H } BEERECSTIST 
a % T 
NN 4 ik Yo$o * & $oX a | 
XY à V Ww XE xc cx. X yox xXx 
NN g LX RAS EX 
H Z i fae eer 
M iA x OF POE EE BL FP OS 
^ MID 
Figure B.1 The solution curve Figure B.2 The solution curve Pee Nek ee eae 
in Problem 1 (a). in Problem 1(b). 0 i f 
(a) y^-2x-2 Figure B.5 Direction field for Problem 7(a) 
(c) lim, ,,,»(x) =œ, lim, , 4, y(x) = oo (2 (02 (dO (e) No 


B-1 
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9. (d) It increases and asymptotically approaches the line 


y=x-1. 
(f) and (g) 


br) 


y=x-l 


Figure B.6 Direction field and sketch of d(x) 
for Problems 9 (f, g) 


11. 13. 


y= GQ) 


Figure B.8 Solution to 
Problem 13 


Figure B.7 Solution to 
Problem 11 


15. 


Figure B.9 Solution to Problem 15 


17. It approaches 3. 


Exercises 1.4, page 28 
1. (rounded to three decimal places) 


Xn | 0.1 | 0.2 | 0.3 | 0.4 | 0.5 


Yn | 4.000 | 3.998 | 3.992 | 3.985 | 3.975 


3. 


11. 


15. 


(rounded to three decimal places) 
x,| O01 0.2 0.3 0.4 | 0.5 
Yn | 1.100 1220 | 1.362 1.528 | 1.721 
. (rounded to three decimal places) 
Xal Al 1.2 1.3 1.4 1.5 
Yn | 0.100 | 0.209 | 0.325 | 0.444 | 0.564 
. (rounded to three decimal places) 
N h YN 9. Xn Yn 
l|- |3.142 1.1 |—0.9 
2 | w/2 | 1.571 1.2 |—0.81654 
4 | 7/4 | 1.207 1.3 |—0.74572 
8 | 7/8 | 1.148 1.4 |—0.68480 
1.5 |—0.63176 
1.6 |—0.58511 
1.7 |—0.54371 
1.8 |—0.50669 
1.9 |—0.47335 
2.0 |—0.44314 


x(1) stabilizes at 1.56 + 0.01 for h below 27 !9; [tan(1) = 
1.5574 ... .] x(t) = 1 for some fy in (0.78, 0.80); 
[arctan (1) = 0.785... ]. 


(a) T(1) = 80.460° (b) T(2) = 73.647° 


CHAPTER 2 


Exercises 2.2, page 43 


29. 
31. 


. No 3. Yes 
.» = [20 + x)? — 6(1 + x)? +c]? 
. 2y + sin(2y) = 4 arctan x + C 

.x- + VCe”/(1 — Ce”), C=0 

.y = (C — eo) 
. y= 2e *I^ 1 

. y*/2 + Iny = sin 
. y = arctan(t? + 1) 
. y= 4e — | 


. (a) y(x) = | e" dt 


5. Ys 7. x = Ce” 


19. y = (sinx + 1? — 1 
0 cos 0 + 1/2 — m 


0 


x 2 Nas 
(b) y(x) = ( + J 2 
0 
(c) y(x) = in| V1 + sintdt + nis) 
0 


(d) y(0.5) ~ 1.381 
(d) af/ay is not continuous at (0, 0) . 
(a) x)-y?2€C 

1 


1 1 
(b) ] : 
V1-g V4- 2 


V1/4 - x 


@ eset: s<ypete st eyes 
2 2 
(d) |x| i n: is domain . 
33. 28.1 kg 


35. (a) 82.2 min (b) 31.8 min 
(c) Never attains desired temperature 
37. (a) $1105.17 (b) 27.73 years 
(c) $4427.59 


39. A wins. 
Exercises 2.3, page 51 
1. Neither 3. Linear 5. Linear 


7. y = x(2x + In |x| + C) 9. y = C/x? — Me 
11. y=-t-2+Ce  13.x=y + Cy” 
15. y= 1 + C(x? +1 1) 17. y 2 xe*— x 

p P ldem 


19. x 6 | 36 + of ag 


21. y = x?cos x — cos x 
23. y(t) = (38/3)e ' — (8/3)e ??' 
25. (b) y(3) ~ 0.183 
27. (b) 0.9960 — (c) 0.9486 , 
29. x = e*/2 + Ce? 
31. (a) y=x— 1 + Ce * (b y=x-—1+2e* 

(c) y = x/3 — 1/9 + Ce * 

nerds ifOsx=2 
SS x/3 — 1/9 + (4e°/9 + 2e)e&  ,. if2«x 


(e) y 


0.9729 


]p 2 34 5 
Figure B.18 Solution to Problem 31(e) 


33. (a) y = xis only solution in a neighborhood of x = 0. 


(b) y = —3x + Cx? satisfies y(0) = 0 for any C. 
35. (a) 0.0281 kg/L (b) 0.0598 kg/L 
1. 2cos(at/12) (a /12)sin(at/12) 
2 44 (2/12) 4 + (7/12) 


| (2 | 4+ ij^ 


39. 71.8°F at noon; 26.9°F at 5 P. M. 


37. x(t) = 


Exercises 2.4, page 61 
1. Linear 3. Separable 
5. Separable, also linear with x as dep. var. 
7. Exact 
9. x + xxyy =C 


11. sinxcosy +x? — y? =C 13. tny+r=C 
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15. r = (C — e®)sec 0 17. Not exact 
19. x? — y? + arctan(xy) = C 
21. Inx + xy? — siny = a? 23. y = —2/(te' + 2) 
25. sinx — xcosx = In y + 1/y + m — 1 (equation is sep- 
arable, not exact) 
27. (a) —In|y| + f(x) 
(b) cos x sin y — y?/2 + f(x), where fis a function of x 
only 
29. (© y - xXxt!(C— x) (d) Yes, y=0 
33. (a x 2c? ; x20; y=0 
(b) x? + 4y? = (© 27I1ny - y? + 222 = 
(d) 2:22 +y =c 
Exercises 2.5, page 67 
1. Integrating factor depending on x alone 


3: 


Exact 


5. Linear with x as dep. var., has integrating factor depend- 
ing on x alone 

7T. u—y*; xXy >- y! = Cady=0 

9. u =x; y=x/3 — xln |x| + Cxandx 20 

1. w=y?; xy !+x=Candy=0 

13. u=x7; xy -20y-2C 


17. ( 


19. 


< (a) ulz) = exp|/B(z)az] ; z= xy 


(b) In (xy) + 2xy = 2 
dN/ox — dM/dy " 
a) — — — — ——- depends only on x^y . 
xM — 2xyN 
(b) exp(x’y) [x7 + 2xy] = C 
(b) w=e 3s; x=y-14+Ce” 


Exercises 2.6, page 74 


. Homogeneous and Bernoulli 

. Homogeneous and Bernoulli 

. y = —x/(In |x| + C) andy = 0 
. y = x/(In|x| + C) andy =0,x = 0 
~ViF¢e/P = 
G (x? = Ay?) x? =C 

.y = (x + C)?/4 — x and y = —x 

. y =x + (6 + 4Ce*)/(1 + Ce”) andy =x +4 
. y = 2/(Cx — x°) andy = 0 

.y— 5x7/(x? + C) andy = 0 


3. Bernoulli 
7. y' = G(ax + by) 


In|t| + C 


x^? = 2f7In|t| + Cr? and x = 0 


-1= 8f (C — 6) and r =0 


29. (y 4 2s + (x + 1)(y -2)-3(x- 1? = 

31. (2x 4 3p = C(2x 4 y-2Py 

33. y = 4x +0 + Ce*)/(1 — Ce*) andy = 4x — 1 
In 


35 (o3) 430- D 
+ (2/V3) 3Jarctan| (x + 3) yNvAa(t = 1)] = C 
37. y ? = —e™/2 + Ce? andy = 0 
39. dy? = C(0 + yP andy = —0 
41. (x -y +2" = Ce? +1 
45. (y — Ax) (y +x} =C 
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47. (a) v' + [2 Pu + Q]v = =P 1 dp Logistic 
(b) y =x + 5x/(C — x’) Year | p dt | (Least Squares) 
1900 | 0.0210 | 81.89 

Review Problems, page 77 1910 | 0.0150 | 102.65 

le-y?-C B3xy--y?-2C 1920 | 0.0162 | 125.87 

5. y+xsin(xy)=C 7. t = Cexp(1/(7y?)) 1930 | 0.0073 | 150.64 

9. (x? + 4y x2 = C 1 tan(t-— x) +1 =C 1940 | 0.0145 | 175.80 
13. y = —(x?/2)cos(2x) + (x/4)sin(2x) + Cx 1950 | 0.0185 | 200.10 
15. y = 2x +3 — (x + C)/4 1960 | 0.0134 | 222.47 
17. y = 2/(1 + Ce?) andy = 0 1970 | 0.0114 | 242.16 
19. y? = x? + C? andx 5 0 1980 | 0.0098 | 258.81 
21. xy - xà - x + y"/2- 4y 2 C 1990 | 0.0132 | 272.44 
23. y? + 2xy -x° =C 2000 | 0.0097 | 283.28 
25. xy ? — 2xy ! — 4xy ? = Candy = 0 2010 291.73 
27. [b - 4? - 3(x - 3F] | MEC ". * (y - 4) (b) p, — 316.920, A — 0.00010050 

V3 (c) po = 3.28780 (using all data, including 2010) 
/[ V3 -3)- 0- 4) | =C (d) See table in part (a). 
29. x^y? = 3x3 y? + xy? =C 19. (1/2)In 15 = 1.354 yr; 14 million tons per yr 
31. y = —x°/2 + 7x/2 21. Ihr; 2h — 23. 11.7% 25. 31,606 yr 
33.x=-f-2+3e% 35. y= —2xV 2x — 1 27. e ? kg of Hh, 2e! — 2e ' kg of It, and 
37. In[(y — 2)? + 2(x — 1»] 1 —2e ^ + e ? kg of Bu 
y-2 
+ V2 arctan | Vax — 1 ; "UB Exercises 3.3, page 107 
39. y — V(19x4 — 1)/2 1. 20.7 min 3. 22.6 min 5. 9:08 A.M. 
"ar: 7. 28.3°C; 32.5°C; 1:16 P.M. 
41. y(t) = e| £ zdr + 3e D, y(3) ~ 1.1883... 9. 16.3°C; 19.1°C; 31.7°C; 28.9°C 11. 39.5 min 
2l+r 13. 148.6°F 
15. T — M = C(T + M)exp|2 arctan(T/M) — 4M°kt]; 
for T near M, M^ — T^ ~ 4M?(M — T), and so 
dT/dt = k((M — T), where k, = AM? 

CHAPTER 3 
Exercises 3.2, page 99 Exercises 3.4, page 114 


1. (0.981)t + (0.0981)e ^ 9' — 0.0981 m; 1019 sec 

3. 18.6 sec 5. 4.91t + 22.55 — 22.55e ?! m; 97.3 sec 
7. 241 sec 

9. 95.65: + 956.5e ! — 956.5 m; 13.2 sec 


1. 5 — 4.5e ?!? kg; 5.07 min 

3. (0.4)(100 — £) — (3.9 x 1077)(100 — ^L; 19.96 min 
5. 0.009796; 73.24 h 
7 
9 


nm a 2070. ps 11. e"|bv = mg |"* = e" bvg EN mg|"*e ^ in 
15. 6572: 6693 13. 2.69 sec;101.19m 15. (wọ — T/k)e ^? + T/k 
17. 300 sec 
17. (a) ldp | Logistic 19. 2636e- 12? + 131.8t — 2636 m; 1.768 sec 
Year | p dt | (Least Squares) 21. 5e ?"'/2 + 6t — 5/2;6 m/sec 23. Sailboat B 


1790 | 0.0351 329 25. (e) 11.18 km/sec (f) 2.38 km/sec 


1800 | 0.0363 4.51 


1810 | 0.0331 6.16 Exercises 3.5, page 121 
1820 | 0.0335 | 841 1. 1 = {1.44e7! + cos 120r + 1.2 sin 1201]/2.44; 
1830 | 0.0326 | 11.45 E, = (—7.2e7' — 6 sin 120t + 7.2 cos 1201)/2.44 
1840 | 0.0359 | 15.53 3. —(In.4) x 10719 = 92 x 107"! sec 
2 
1850 | 0.0356 | 20.97 5. VI = IRL = PR: vi = LË 1 2. 
1860 | 0.0267 | 28.14 dt dt 2 
1870 | 0.0260 | 37.45 yr- g Ec d CE? 
1880 | 0.0255 | 49.31 MM E 


1890 | 0.0210 | 64.07 7. —(10 In .1)/3 = 7.68 sec 


Exercises 3.6, page 129 
3. h “e”? 7. Xn | Yn 


1 |3 1.1 | 0.10450 

0.1 | 2.72055 1.2 | 0.21668 
0.01 | 2.71830 1.3 | 0.33382 
0.001 | 2.71828 1.4 | 0.45300 
0.0001 | 2.71828 1.51 0.57135 


9. Xn Yn 


0.2 | 0.61784 
0.4) 1.23864 
0.6 | 1.73653 
0.8} 1.98111 
1.0} 1.99705 
1.2} 1.88461 
1.4! 1.72447 
1.6} 1.56184 
1.8} 1.41732 
2.01 1.29779 


11. (1) ~ x(1; 273) = 1.25494 
13. (1) ~ y(1; 273) = 0.71698 
15. x = 1.27 


17. x, | y,(h = 0.2) | y, (h = 0.1) | y,(h = 0.025) 
0.1 =f 0.06250 
0.2 =3 1 0.00391 
0.3 =] 0.00024 
0.4 9 1 0.00002 
0.5 - 0.00000 
0.6 = 1 0.00000 
0.7 al 0.00000 
0.8 81 1 0.00000 
0.9 =i 0.00000 
1.0 —243 1 0.00000 
We conclude that step size can dramatically affect 
convergence. 

19. T, 


n 


Time K = 0.2 | K = 0.4 |K = 0.6 


Midnight | 65.0000 | 65.0000 | 65.0000 
4AM. 69.1639 | 68.5644 | 68.1300 
8 A.M. 71.4836 | 72.6669 | 73.6678 
Noon 72.9089 | 75.1605 | 76.9783 
4 PM. 72.0714 | 73.5977 | 74.7853 
8 P.M. 69.8095 | 69.5425 | 69.2831 
Midnight | 68.3852 | 67.0500 | 65.9740 


Exercises 3.7 page 139 
1. Yn+1 — Yn +h cos(x, + Yn) 


P sin(a + x) [ 1 coss + ya] 


13. 
15. 


19. 
21. 


Answers to Odd-Numbered Problems B-5 


h? 
* Yn+1 = Yn H h(x, Yn) t 2 (1 X, 3 Yn) 
I? ht 
1 Xn H n H 1 Xn t Yn 
A ») + 5 ) 
. Order 2, &(1) ~ 1.3725; order 4, (1) ~ 1.3679 
. -11.7679 9. 1.36789 11. x = 141 
x — 0.50 
Xn Yn 
0.5 | 0.21462 
1.0 | 0.13890 
1.5 | — 0.02668 
2.0 | —0.81879 
2.5 | —1.69491 
3.0 1 —2.99510 


v(3) = 0.24193 with h = 0.0625 
z(1) = 2.87083 with h = 0.03125 


CHAPTER 4 


Exercises 4.1, page 157 


3. 
Ts 
9. 


Both approach zero. 5. 0 
y(t) = —(30/61)cos3t — (25/61)sin3t 
y(t) = —2cos2t + (3/2)sin2t 


Exercises 4.2, page 165 


1. 


. 3e * 15. 2e 0 + er) 
; (V3/D[ d * V9 _ el vr] 


.e '— 2te' 

-(@) ar+b=0 (b) ce" 

. ce th 

. cols 

. Lin. dep. 29. Lin. indep. 31. Lin. dep. 


. Ifc; #0, then y; = —-(cycepys . 


. (a) Lin. indep. (b) Lin. dep. (c) Lin. indep. 
(d) Lin. dep. 
. ce + cd 17 V9 + cze 1* V9 


. cye 7! + cute 7! + cze” 

. ce + ce 7 + ce” 

.3-e-—2e! 

. (a) cye™ + coe” + cze" (where r; = —4.832, 


ry = —1.869, andr; = 0.701) 

(b) cje"! + coe ™ + cze” + ce t 
(where r, = 1.176, r; = 1.902) 

(c) cie ' + coe! + cae ^ + cae + cse 


B-6 


Answers to Odd-Numbered Problems 


Exercises 4.3, page 173 


31. 


33. 


35. 
37. 


. ce! + cote 


. C4COSf + cysint 


5t 


. cqe?'cost + ce” sint 
. cje” cos ( Vai) + cze” sin ( V3r) 
. ce "^ cos (V5t/2) + coe "sin (V5t/2) 


cie” cos2t + ce "'sin2t 
= 


. ce 'cos2t + ce ‘sin 2t 


. cje "'cos4t + cse "'sin4t 

. ce" cos (3 Vaif2) + ce? sin (3V31/2) 
. ce’ + ce 'cos2t + cse ‘sin2t 

. 2e ‘cost + 3e ‘sint 

; (V24) e2 * V2 _ gv» 

. e'sint — e'cost 

. e — V2 esin V2t 


. (a) cje” + cse'cos Vr + c3e' sin Vat 


(b) cje” + cze ”cos3t + cse ”sin3t 

(c) cycos2t + cosin2t + c4cos3t + c4sin3t 

(a) Oscillatory (b) Tends to zero 

(c) Tends to —?» (d) Tends to —% 

(e) Tends to +% 

(a) y(t) = 0.3e *cos 4t + 0.2e 'sin 4t 

(b) 2/7 

(c) Decreases the frequency of oscillation, introduces 
the factor e ~’, causing the solution to decay to zero 

b z2VIk 

(a) c, cost + c, sint + c3t cost + cat sint 


(b) (c, + cafje ™ cos ( V3t) + (es + cat)e sin (V31) 


Exercises 4.4, page 181 


35. 


. No 3. Yes 5. Yes 

. No, not a constant coefficient equation 

. yp(t)=—10 — 11. y(x) = [(In2? + 1] 27 
. COs 3t 

. xe*/2 + 3e*/4 17. 4Pe 


d 8 = 2t 
(5 + Se 21. Pe”/6 


13 la» 
21? 49 ? 343 ? 


e" (cos3t + 6sin3t) 


. (A43 + AP + Ay? Agr)cos3t 


+ (B3 + BP + By? + Bot)sin3¢ 


. e" (Agr ! Ast! t A ! Asp t Ar t Ar ! Aor?) 


. (A43 + Ast? + Ait? + Agt)e ‘cost 


+ (B4^ + Bot? + By? + Bot)e'sint 


. (1/5)cost + (2/5)sint 


Jd 3 he 
(iP à 


Exercises 4.5, page 187 


1. 


(a) t/4 — 1/8 + [sin (2t) ]/4 
(b) t/2 — 1/4 — (3/4)sin 21) 
(c) 114/4 — 11/8 — 3sin (2) 


3. y=t+ c + oe" 
5. y= e t x) + ce P ce 
7. y ^ tanx +c eV cze V 
9. Yes 11. No 13. Yes 15. No 
17. y= 11t-—1+ ce + oe! 
19. y = (cosx — sinx)e*/2 + cje + ce 
21. y = (1/2)0e ?sin0 + (c,cos@ + cz sin 0)e ? 
23. y - e'- 1 
25. z = e * — cosx + sinx 
27. y = —(8/10)cosx — (1/10)sinx — (1/20)cos2x 
+ (3/20) sin2x 
29. y = —(1/2)sin0 — (1/3)e? + (3/4)e® + (7/12)e? 
31. y, = (Ait + Ap)tcost + (Byt + Bo)t sint + C+ 10 
33. x(t) = (Acost + Bsint)e’ + Cyt? + Cyt + Co 
+ D,cos3t + D;sin3t + E,cost + E,sint 
35. y, = (Ait + Ap) cos3t + (Bit + Bo)sin3t + Ce” 


43. 
45. 


47. 


y= t+ 3r-1 
. yp = (t/10 — 4/25)te' — 1/2 
. (a) y; = —(2cos2t + sin2t)e ' + 2 


frosts 32/2 
(b) y; = y, = (c cos2t + c;sin21)e ' 
fort > 3m/2 
[eroe Sie V 1). gy ms) 
y = —cost + (1/2)sint — (1/2)e ?* + 2e! 
2Vcos (77/2V) 
(a) y(t) = yop 


y(t) = sine for V= 1 
(b) V = 0.73 
(a) 2sin3t — cos6t (b) No solution 
(c) csin3t — cos6t , where c is any constant 


sint for V #1; 


Exercises 4.6, page 192 


1. 
3. 
5. 


15. 


17. 


(cost)In|cost| + tsint + c,cost + c)sint 

Pe /2+ ce '+ ote 

—(1/9) + (1/9)(sin 32) In|sec3t + tan 3¢| 
+ c,cos 3t + cysin3t 


. (2Int — 3)Ze 74/4 + c,e ? + cute? 
-yp7-2t—4 

. cycost + cysint + (sint)In|sec t + tan t| — 2 
. c,cos 2t + csin 2t + (1/24)sec? 2t — 1/8 


+(1/8)(sin 22) In|sec 21 + tan 2¢| 
3tsint 


c,cost + cjsint — f +3 

+3(cost)In| cost| 

c,cos2t + c5sin2t — e'/5 
— (1/2)(cos 21) In|sec 2t + tan 2t| 


21. 


[»(2) = —1.93] 
0.3785 


Exercises 4.7 page 200 


1. 
. Unique solution on (0, oo) 

. Does not apply; t = 0 is a point of discontinuity 
. Does not apply; not an initial value problem 


51. 


53. 


. (a) Yes 
. Cte! 
.142:r- P 

. cj t ctt 1) —£ 

. ct — 1) + ee? — De 110 
. c,cos(3 Int) + csin (3 In 7) 


. Cyt  cotlnt 


t 
sic 


Unique solution on (0, 3) 


cyt c Cot 


cyt! + et 4 


2 ct IP + cot int 

. Cf COS [2In(—7) | + cotsin [21n(-1)] 

. t “{e,cos [In(—1)] + csin [In(—2)]) 
.t-3f 

. e(t — 2) + c(t — 2)! 

. (c) £“ cos(BlIn |t|), t^sin(fIn |t|); t^, t"1n |t| 
. (a) True 
. (e) No, because the coefficient of y" vanishes at t = 0 


(b) False 


and the equation cannot be written in standard form. 


. Otherwise their Wronskian would be zero at tọ, contra- 


dicting linear independence. 


(b) No (c)Yes (d) Yes 


+ (1/9)cos (3 In DIn|sec (3 In f) + tan(3 In ®)| 
(/2)t dn À? + 34n f) [In|In :|] 


A 


. (a) (1— 2» [a — 22)? edt 


(b) Gt — 22) | (at — 25) ? e" dt 


tw" + 2tw' + (t+ Iw =0 
$t.) = P(t) uu 
lim 


1, — 1o 


0-0. 


n—oo t, to 


(a) p'o) = lim 


Exercises 4.8, page 212 


1. 


Let Y(t) = y(—t). Then 

Y'(t) = —y'(—t), Y" (t) = y" (—t). But 

y"(s) — sy(s) = 0, so y” (—t) + ty(-2) = Oor 
Y" (t) + tY(r) = 0. 


. The spring stiffness is (—6y), so it opposes negative dis- 
placements (y < 0) and reinforces positive displacements 


(y > 0). Initially y < 0 and y' < 0, so the (positive) 


stiffness reverses the negative velocity and restores y to 0. 


13. 
15. 


17. 


Answers to Odd-Numbered Problems B-7 


Thereafter, y > 0 and the negative stiffness drives 
y to +o. 


. (a) y" = 2y = A 04/2). Thus, by setting K = 0 and 


choosing the (—) sign in equation (11), we get 


| e= 6) 
tuc Feory- C). 
V2y*/2 , 
(b) Linear dependence would imply 
y(t) u ie) _ tac 
yh) W(r-e) t-e 
in a neighborhood of 0, which is false if c # c5. 
(c) If y(t) = 1/(t — c), then y(0) = —1/c, 
y'(0) = —1/c? = —y(0)’, which is false for the 
given data. 


t 


= constant 


. (a) The velocity, which is always perpendicular to the 


lever arm, is € d0/dt. Thus, (lever arm) times (per- 
pendicular momentum) = € m€ d0/dt = m d0/at. 
(b) The component of the gravitational force perpendic- 
ular to lever arm is mg sin 0, and is directed toward 
decreasing 0. Thus, torque = — mg sin 0. 


(c) Torque — £ (angular momentum) or 


—fmgsind = (m0) = meo" . 


.20r—2 
. The sign of the damping coefficient (y')? — 1 indicates 


that low velocities are boosted by negative damping but 
that high velocities are slowed. Hence, one expects a 
limit cycle. 

(a) Airy (b) Duffing (c) van der Pol 

(a) Yes (t? = positive stiffness) 

(b) No (=t? = negative stiffness) 

(c) Yes (y* = positive stiffness) 

(d) No (? = negative stiffness for y < 0) 

(e) Yes (4 + 2 cos t = positive stiffness) 

(f) Yes (positive stiffness and damping) 

(g) No (negative stiffness and damping) 


1/4 V2 


Exercises 4.9, page 222 


1. 


3. 


y(t) = —(1/4)cos5t — (1/5)sin5t 

amplitude = V/41/20; period = 277/5; 
frequency = 5/27; [7 = arctan (5/4) |/5 sec 
b=0: y(t) = cos 4t 


Figure B.19 b = 0 


B-8 Answers to Odd-Numbered Problems 


b=6: y(t) = ecos Vit + (3/V Tje" sin Vt v6, k=30 
= (4/ V/1)e ?'sin( Vt + $) , where i 
$ = arctan VI = 0.723 


y b=6 


A 


Figure B.25 k = 30 


=f a = 


7. y(t) = (—3/4)e ^ 'cos8t — e*' sin 8r 
= (5/4)e "'sin(8t + p), where 
Figure Buone un $= m + arctan(3/4) ~ 3.785 ; 
damp. factor = (5/4)e* ; 
quasiperiod = 7/4; quasifreq. = 4/7 


b-8 9. 0.242 m 
1 11. (10/3/9999) arctan( V 9999) = 0.156 sec 
hl 13. Relative extrema at 
| i v3 
4 


t= [m/3 + nr — arctan(V3/2)]/(2 
. forn = 0, 1, 2, ... ; but touches curves = V 7/126! 
Beate BaL p att = [m/2 + mm — arctan( V3/2)]/(2 V3) 


b= 10: y(t Miss je"? ( (1/3)e —8t form = 0,1,2,.... 0l 
15. First measure half the quasiperiod P as the time between 


two successive zero crossings. Then compute the ratio 
y(t + Py() = e rm. 
Exercises 4.10, page 229 


H ind 1. M(y) = 1/V (1 - Ay + 4y 

Figure B.22 b = 10 M 
5. k=20: y(t yd (-5* VS j 
+ [528 
i Y 
| 23 4 

E Figure B.26 
Figure B.23 k = 20 3. y(t) = cos3t + (1/3)tsin3t 


k—25: y(t) = (1 + 5)e^* 


Ne 


1 Figure B.27 


Figure B.24 k = 25 


5. (a) y(r) = —[Fo/(k — my?) Joos (W/m 1) 
k = 30: y(t) = e “cos V5t + V5e75 ‘sin V/5t +[ Fo/(k = my”) | cosyt 
E d 'sin( V/5t +), where = (Fo/[ ma? = y’) |)(cos ye — coset) 
d= arctan(1/ V5) = 0.421 


11. 


13. 


15. 


(c) y(t) = sin8t sint 


Figure B.28 


. Fysin(yt + 0) 

y(t) = cue! + ce? 4 5 
V (k = my’)? + by’ 

where rj, r = —(b/2m) + (1/2m)V b? — 4mk 


and tan 0 = (k — my’)/(by) as in equation (7) 


. yy (t) = (0.08) cos2r + (0.06)sin2t 


= (0.1)sin(2t + 0) , where 
0 = arctan (4/3) = 0.927 
y(t) = —(18/85)e ?'coser — (22/255)e "'sin6r 
t (2/NV/85)sin(2t + 0) , where 
6 = arctan(9/2) — 1.352 ; 
res. freq. = 2 V/2/q cycles/sec 
yp(t) = (3/185)(8 sin 4t — 11 cos 4t) 


_ uy, me m 
Amp "i An ! ( is) = 0.01(m) , 


freq. = 2/7 


Review Problems, page 233 


1. cie ^ + coe 

3. cye? cos (31/2) + cre" sin (31/2) 

5. eP + cell 

7. cye "P cos(t/6) + ce IP sin (1/6) 

9. cie" + cure 

11. t? eicos [ (V/19/2)1n 1] + cysin[ (V/19/2)1n :]] 
13. c,cos4t + c;sin4t + (1/17)re' — (2/289)e! 


ce 7 + oe t+ ce I? 


. ce + ce "cos (V431/2) + cse"? sin( V 431/2) 
. ce 7! + coe? + cate? 


s cie? cos (V/191/2) + coe"? sin (V/191/2) — e!f5 


+P + 61/7 + 4/49 


. c,cos4@ + c5sin40 


—(1/16)(cos 40)In|sec 40 + tan 40| 


. ce? + cote? + 4/9 + e”/49 

cx + cx? —2x ?Inx + xlnx 

Qe cos ( Vr) 

. 2e' cos3t — (7/3)e'sin 3t — sin 3t 

.—e! — 3e! + e 

. cos@ + 2sin0 + Asin + (cos0)In|cos | 

. (a), (c), (e), and (f) have all solutions bounded as 


t — too 


< yp(t)  (1/4)sin8t; V62/20 


Answers to Odd-Numbered Problems 


CHAPTER 5 


Exercises 5.2, page 250 


L (a) —P-327-48 (b — 2°43 + OF 
(c) 2P + 377 — 16 (d) —2P + 3? + 6t 


(e) —2P + 377 + 6r + 16 

3.x=c,+ 6e? ; y= oe” 

~-x=-5; y=l 

7. u = c, — (1/2)ese* + (1/2) + (5/3)t ; 
v=c, + oe ' + (5/3)t 

9. x = qet + (1/4)cos t — (1/4)sin t ; 
y = —3cje — (3/4)cos t — (1/4)sin t 

Var 4 ce Vt 


Un 


11. u = c, cos 2t + c, sin 2t + cse 
— (3/10)e' ; 
v = c, cos 2t + c; sin 2t — (2/5)c3e 

— (2/5)cse - V? + (1/5)e! 


13. x = 2c9e' cos 2t — 2c,e! sin 2t ; 


Var 


y = ce cos 2t + coe! sin 2t 

15. w = —(2/3)cye* + ce? - t1; 
z= cue + ce" —5t—2 

17. x = c, cost + cy) sint — 4c4 cos( V/6r) 


— 4c4 sin( Ver) : 


y= c cost + c sint + c4 cos(V61) tc sin(V61) 


19. x = 2e” — e” ; 
y = -2e* + 2e” 
21. x= e! + e! t cost t sint; 


y-e-cte'-cost — sint 


23. Infinitely many solutions satisfying 


25. x(t) = =e = Joe ce", 


y(t) = ee! + cse?! + ce” , 
z(t) = 2cye’ + 4ce” + Ace? 


27. x(t) = cje* + oe” + c, 


29. —3 SASI 


31. x(t) = (10 er (10 es 


y(t) = 39 et 2d e"! + 20 kg, where 
7 


Heg =m 
-5 + V7 
n-—49 ~ 0.025 


B-9 


16 
16 


B-10 Answers to Odd-Numbered Problems 


33, x= ; 20= V3 y (—3+V5);/100 
V5 
20 + 20+10V8), -3--V5)(h00 4. 99 . 
v5 
- o) (-3-- v5 )/100 ( 2) (-3-=v5)1/100 
a re Ti1—le 
M A/S 
+ 20 

35. 90.4°F — 37. 460/11 = 41.8°F 
Exercises 5.3, page 260 
1.x|2x,, xj-23x,— t5 C; x(0)-3, 

x,(0) = —6 
3. x, =X, Xh = X4, XZ = X4, 


4 

x4, = x,—7x,* cost; x,(0) —x(0—1, 

x(0 20, x,(0) = 2 

5. X|— X94, XE =X 

X5—7x4, x47x(|—x4—1; 
(3)=5, x(3)-2, x(3) = 

7. X| — X9, X57 X4, X= XA t f, 
x5 = (2x4 — 2x4 + 1/5 ; x1(0) = x2(0) = x4(0) 4, 
x4(0) = x5(0) = 1 

Otar hth n= 05152, 0255 


h 
= Xin zu 2 (fits Xime’ Koin) F 


ft, + h, Xin T hf (t, Xin is Xam gor 
Xm, n + hf alt, m Xin s reg Xn) | 


Xi n+l 


1 |0.250 | 0.750000 
2 0.500 | 0.625000 
3 |0.750 | 0.573529 0.75000 
4 | 1.000 | 0.563603 1.000 | 1.00000 


15. y(1) ~ x,(1, 27?) = 1.69, y'(1) = 1.82 
17. u(1; 272) = v(1; 27?) = 0.36789 


19. Part (a) Part (b) 


0.250 | 0.25000 
0.500 | 0.50000 


bhwN 
© 
- 
Nn 
j=) 


Part (c) 


ijt; | x(t) | y(t) | x(t) | yl) | x@) | »(t) 


0.5} 1.95247 | 2.25065 | 1.48118} 2.42311 )0.91390) 2.79704 
1.0/3.34588 1.83601 2.66294 1.45358 | 1.63657) 1.13415 
1.5]4.53662/3.36527 5.19629 2.40348 4.49334 1.07811 
2.0| 2.47788 | 4.32906 | 3.10706} 4.64923 |5.96115| 5.47788 
1.96093 | 2.71900) 1.92574] 3.32426 | 1.51830] 5.93110 
3.0} 2.86412} 1.96166 | 2.34143 }2.05910|0.95601 | 2.18079 
3.5] 4.28449 | 2.77457 | 3.90106} 2.18977 | 2.06006] 0.98131 
4.0) 3.00965 | 4.11886 | 3.83241 | 3.89043 |5.62642| 1.38072 
4.5 | 2.18643] 3.14344 2.32171]3.79362/5.10594 5.10462 
2.6318712.2582412.2192612.49307|1.7418715.02491 


€ o0 -1o0U RUI- 
d 
UA 


- 
e 
e 
© 


21. i t; xj(t;) m H(t;) 
1 | 0.5 0.09573 
2 |1.0 0.37389 
3 |1:5 0.81045 
4 |2.0 1.37361 
52.5 2.03111 
6 |3.0 2.75497 
7 |3.5 3.52322 
8 |4.0 4.31970 
9 |4.5 5.13307 
10 15.0 5.95554 
23. Yes, yes 


25. y(1) = x,(1; 273) = 1.25958 
27. y(0.1) = 0.00647, ..., (2.0) = 1.60009 
29. (a) P,(10) = 0.567, P2(10) = 0.463, P3(10) = 0.463 
(b) P,(10) = 0.463, Pa(10) ~ 0.567, P4(10) ~ 0.463 
(c) P,(10) ~ 0.463, Pa(10) ~ 0.463, P4(10) = 0.567 
All populations approach 0.5. 


Exercises 5.4, page 272 
1.x2y, y»0 


y 


Figure B.29 


3. (1/ V2, 1/ V2), 
7. & + ye? — c Re +xy-y =e 
11. y -xL =c 


wd 


Yo 


Figure B.30 


Figure B.31 


15. (—2, I) is a saddle point (unstable). 


a 


P CILE JE ea 


ud et ut af Um P 
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Figure B.32 


17. (0, 0) is a center (stable). 


TA 


= 


Med 
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23. (0, 0) is a center (stable); (1, 0) is a saddle point (unstable). 
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Figure B.36 
25. (a) Periodic (b) Not periodic 
(c) Critical point (periodic) 
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Figure B.33 


19. (0, 0) is a saddle point (unstable). 
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Figure B.34 


21. (0, 0) is a center (stable). 
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Figure B.35 


MA 


Y 
< 


\ 
| 
| 
Ate SAN NNN XY 


Fr e ke iere e ea, ea a, Ss is 
>> >>> > — > > — > VÀ a. 
— 


Figure B.37 


27. (x(2), O) approaches (0, 0). 
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29. (a) Unstable node 
(c) Stable node 
(e) Saddle (unstable) 


(b) Center (stable) 
(d) Unstable spiral 
(f) Asymptotically stable spiral 
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Answers to Odd-Numbered Problems 


are real only for A = 2. 


31. (a) y' =v, v' = fly) 
dv 
(b) Fx P idis [vo = [roo + constant, or 
v’/2 = Fly) + K 
33. (a) x’ =v, v' = —x + 1/(A — x) 
b dv  —x- M(A— x), i 
(b) ae 7 implies 
[va = | ( xd ] Jo + constant, or 
A= % 
v?/2 = —x?f2 — In (A — x) + constant. The solu- 
tion equation follows with the choice C/2 for the 
constant. 
(c) At a critical point v = 0 and —x + 1/(A — x) = 0. 
+ 2 _ 
Solutions for the latter are x = ic z E and 
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Figure B.39 A = 1 


(e) See Figures B.39 and B.40. When A = 3, one critical 
point is a center and the other is a saddle. For A = 1, 
the bar is attracted to the magnet. For A = 3, the bar 
may oscillate periodically, or (rarely) come to rest at 
the saddle critical point. 
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35. (c) For upper half-plane, 


center is at v = 


lower half-plane, center is at v = 0, y = 1. 
(d) All points on the segment v = 0, -1 Ssys 1 
(e) y = —0.5; see Figure B.41. 


0, y = —1; for 


Figure B.41 
Exercises 5.5, page 283 
1. Runge-Kutta approximations 
th Pn (r = 1.5) Pn (r = 2) Pn (r = 3) 
0.25 1.59600 1.54249 1.43911 
0.5 2.37945 2.07410 1.64557 
0.75 3.30824 2.47727 1.70801 
1.0 4.30243 2.72769 1.72545 
1:25 5.27054 2.86458 1.73024 
1.5 6.13869 2.93427 1.73156 
1.75 6.86600 2.96848 1.73192 
2.0 7.44350 2.98498 1.73201 
2.25 7.88372 2.99286 1.73204 
2.5 8.20933 2.99661 1.73205 
2:75 8.44497 2.99839 1.73205 
3.0 8.61286 2.99924 1.73205 
3.25 8.73117 2.99964 1.73205 
3.5 8.81392 2.99983 1.73205 
3.75 8.87147 2.99992 1.73205 
4.0 8.91136 2.99996 1.73205 
4.25 8.93893 2.99998 1.73205 
4.5 8.95796 2.99999 1.73205 
4.75 8.97107 3.00000 1.73205 
5.0 8.98010 3.00000 1.73205 
Limiting population is 3!" D, 
3. ues 1 2cos(mt/12) — (z/12)sin (71/12) 
"MEUS ee (1/12 4 + (/12) 


(2 2 je 
2. A-(m/12Y. 


5. (a) Ï 
n 
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167 700 


Figure B.42 


(b) 295 persons 


c[1 — exp(—br)] 
7. P(t) = exp b te, 
c[1 — exp(—bt)] 
Ot) = exp b n) [exp(bt) — 1] 
9. N(t) = METY , Ny: NO) 


Nos + (c + s — Nos) 67 
11. Roughly, 2 


Exercises 5.6, page 289 
1. mx" = k(y ^ x), 
mj" = —k(» - x) - ky ; 
x(0)= 1, x'(0)=0, y(0)=0, y'(0-—0 


x(t) = —(8/17)cos t — (9/17)cos s( 20/3 Di 
y(t) = —(6/17)cos t + (6/17 Jeos( V/20/3 

3. mx" = —kx + k(y — x), 
my" = —k(y — x) + k(z — y) , 
mz" = —k(z — y) — kz; 


The normal frequency (1/277) (2 + V2) (k/m) has the 
-( / v2); y(t); the normal frequency 


mode x(t) = z(r) = 
(1/27) (2 = V2) (k/m) has the mode 
x(t) = z() = (1 / v2) y(t); and the normal frequency 
(1/277) V 2k/m has the mode x(t) = —z(r), y(t) 8 0 . 
5. x(t) = —e™ — te! —cost ; y(th=e'+te! 
7. x(t) = (2/5)cos t + (4/5)sin t — (2/5)cos V 6t 
+ (V/6/5)sin V6r — sin 2t ; 
y(t) = (4/5)cos t + (8/5)sin t + (1/5)cos V 6t 
= (V/6/10)sin 6t — (1/2)sin 2t 
9. (1/2m)V g/l; (1/2«) V (g/l) + (2k/m) 


Exercises 5.7, page 296 
x: (19/21) [ e(-25-5V21 ve = dcm] 
3. 1,(t) = (4/51)cos 20t — (1/51)sin 20t ; resonance 


frequency is 5/7. 


— cos t 


Un 


11. 


13. 
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. M(y) = 1/V/(100 = 4y?? + 100? 


M 
0.02 + 
0.01 dh, NN 
=Y 
N175/8 
Figure B.43 


= 35 H, R = 10 Q, C = 1/15 F, and 
En = 50 cos 10r V 
: = (3/5)e ** — (B/s)e P41, 
= (1/5)e 9^ — (6/5)e 9^ +1, 
= (2/5)e "P — (2/5)e * 
va + 2q3 = cos 3t (where J; = q$) , 


(1/2 * 5 201 bt bh: 

1,(0) = (0) = (0) =0 ; 

I, = —(36/61)e^ ! cos Vat 

= (a2 V/3/61)e- ! sin Vat + (36/61)cos 3t 
+ (30/61)sin 3t , 

(45/61)e- cos Vr — (39 V3/61)e 

— (45/61)cos 3t + (54/61)sin 3t , 

—(81/61)e~ cos V3t 

n! (3 V3/61)e sin Vt + (81/61)cos 3t 


— (24/61)sin 3t 


= sin Vt 


h 


E 
on 
ll 


Exercises 5.8, page 305 


1. 


Un 


For w = 3/2: The Poincaré map alternates between the 
points (0.8, 1.5) and (0.8, — 1.5). There is a subharmonic 
solution of period 4. For w = 3/5: The Poincaré map 
cycles through the points (— 1.5625, 0.6), 

(—2.1503, —0.4854), (—0.6114, 0.1854), 

(—2.5136, 0.1854), and (—0.9747, —0.4854). There is a 
subharmonic solution of period 107. 


. The points become unbounded. 
. The attractor is the point (— 1.0601, 0.2624). 
. (a) {1/7, 2/7, AF,1,..). 


{3/7, 6/7, 5/7, 3/7, ...} 
(b) (1/15, 2/15, 4/15, 8/15, 1/15,...} , 
(1/5, 2/5, 4/5, 3/5, 1/5,...} , 
(1/3, 2/3, 1/3, ...] , 
{7/15, 14/15, 13/15, 11/15, 7/15, .. .) 
(c) x, = Oforn =j 


B-14 Answers to Odd-Numbered Problems 


13.. v 
; at 
0t 
-2 e 
-22 0 2.2 
Figure B.44 


Review Problems, page 308 
1. x(t) = —(c/3)P — (e,/2)? — (c3 + 2e)t + c4 , 

y(t) = är + Cot + C3 

3. x(t) = c, cos 3t + cp sin 3t + e'/10 , 
y(t) = (3/2)(c, + c3)eos 3t — (3/2)(c, — c2)sin 3t 

— (11/20)e' — (1/4)e' 

5. x(t) 2 2sint , y(t) = e — cost + sint, 
z(t) = æ + cost + sint 

) = -(13.9/4)e 6 — (4.9/4)e P + 4.8 , 

) = —(13.9/2)e6 + (4.9/2)e ^ + 4.8 

=á, = X4, = (1/3)(5 + ex, — 2x) 

11. xp = x2, X= 43, Xh HL X5 — X6, 

X5 = X6, X5 — X2 — X3 

13. x? — (y — 1? 2 c ; critical point (0, 1) is saddle 
(unstable). 

15. Asymptotically stable spiral point 

19.1 - 5h70, g/C=Rl,, 
Roly = Ry, + Ldb/dt , where q is the charge on the 
capacitor (J, = dq/dt); 
I, =e '(Acost + Bsint) , 
L-e'(Bcost— Asint) , 

~ [(A — B)sint — (A + B)cost] . 
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CHAPTER 6 


Exercises 6.1, page 325 
1. (—00,0) 3. (37/2, 52/2) | 5. (0, 00) 
7. Lin. indep. 9. Lin. dep. 
11. Em. AnD 13. Lin. indep. 
15. cje™ + ce * + cse ™™ 17. cx + x + x? 
19. (a) cje + ce * cos 2x + ce " sin 2x + x? 
(b) —e* + e sin 2x + x? 
21. (a) cix + cox In x + c3x(In x}? + Inx 
(b) 3x — xInx + x(In x)? + Inx 
23. (a) 2sinx — x (b) 4x — 6sinx 
29. (b) Let (x) = |x - 1] and f(x) 2x- 1 
33. e" , (sinx —2cosx)/5 , —(2sinx + cos x)/5 
35. xy" — y" + xy’ —y - 0 


Exercises 6.2, page 331 


2 —4x Ly Lo J2 
l. ci + ce? + ce v 3. ce * + coe 245 4. cae 


5. cje * + coe “cos 5x + cse "sin 5x 


7. ce * +c do ee +6, ae V65)x/4 
9. ce? + exe + c xe 
ll. cje * + exe ? + 03x *  caxe? 
13. c; cos V2x + cox cos V2 + c4sin V2x + c4x sin V2x 
15. cje” + coxe + ce 4 (c4 + e5x)e* cos 2x 
+ (cg + cyx)e "sin 2x 
17. cje ^ + ce? + (c3 + cyx + csx?)e 
(cg cax)e > COS xcd (cg F cox)e ?* sin x + cio 
Cx d cnx t cw t cux 
19. e — 2e ?* — 3e? 21. e% — V2e' sin V2x 
23. xlt) = c4 + et + ce’, y(t) = eq — e + ext 
27. c el + cpe? + ye 95208 4 Eye 2-896 
29. cje °* cos(0.866x) + ce sin(0.866x) 
+ ce 9 cos(1.323x) + c4e ~?" sin(1.323x) 

31. (a) [xx x3) b) iux x x 7] 

(c) {x, x cos(3 In x), x? sin(3 In x)} 
33. (b) x(t) = c, cost + c sint + c4 cos V 6t 

+ cq sin Vet 
(c) y(t) = 2c, cos t + 2c; sin t — (c3/2) cos V 6t 
— (c4/2)sin V 6t 
(d) x(t) = (3/5)cos t + (2/5)cos V 6t , 
y(t) = (6/5)cos t — (1/5)cos V 6t 


35. c, cosh rx + c3 sinh rx + c4 cos rx + c4 sin rx, where 
= K/(EI) 


—2x 


Exercises 6.3, page 337 

1. cxe + cy + cx + cux? 

3. ce ox 

5. cje” + ce + ce ?* — (1/6)xe* + (1/6)x? 
+ (5/18)x + 37/108 

7. cy€ + cee ™ + czxe ™ — rdg 2g 

9. cie" + exe + xr e ! ee 

11. D. 13. D 7 5. (D — 2)(D — 1) 

17. [(D + 1)? + 4? 9. (D + 2P[(D + 5P +9} 
21. c3 s 2x + ca sin ne *F £s 
23. caxe? + cx? + c5x + cg 

25. c4 + cx + c5 cos 2x + cg sin 2x 

27. caxe * cos x + caxe "sin x + c5x* + cgx + c5 

29. cox cx? + ce xe 

31. -2e +e e 3-1 33. Le * — 3? +3 
39. x(t) = —(1/63)e* + c, + cot cze V” ce ; 

y(t) = (8/63) + c, + ct + eye cae V” 


Exercises 6.4, page 341 

1. (1/6)28* — 3. e™/16 

5. In(sec x) — (sin x)In(sec x + tan x) 
7. ex + ey cy — (1/247! 


9. - (2e [eos T (1/6)e-*| estas 
t (1/3) [94s 


ll. cx + cx | + cX — xsinx — 3cosx 3x ! sin x 


Review Problems, page 343 


L. (a) (0,00) | (b) (-4-1). (1,1) 
5. (a) e (ce, + cx) + e? (cy + cyx  csx 


(b) c, + cox + c3x? + cyx? + e*(c5 + cox) 


+ (e^*cos V3x\(e7 + cgx) 
+ (e* sin V3x)(co + epr) 
7. (a) D? | (b) DXD — 3) 
(d) [(D + 2} +9) 
(e) D'(D + 1)?(D?  4)(p? + 9) 
9. cx + Ex? + ex! — (1/21)x? 


CHAPTER 7 


Exercises 72, page 360 


esx?) 
+ (cos x)(cg + c7x) + (sin x)(cg + c 


(c) [D? + 4]? 


1 1 
L-z: S20 Allg $99 
5, — s>0 
rt+4 
| cL s>2 
(s—-2)» +9 
" -Ts 
9 (21), s>0 ime EL ais 
s 2+1 
ji Bae ew 
s+3 g sg s 
15. É : - 4 EE reu 
s (s—IP (s—-4y-c1 
17 £ B + l ; $3 
(s—3P»436 st s-1 
19. — a o gai 
(s—5P (s-1°F+7 
21. Continuous (hence piecewise continuous) 
23. Piecewise continuous 
25. Continuous (hence piecewise continuous) 
27. Neither 
29. All but functions (c), (e), and (h) 
Exercises 73, page 365 
1. ae 2 
s (s = 1)? +4 
3 stl 1 1 
(gi) +9 s-6 5 
5. 4 L sS 
(s+1} s s? + 16 
7 24 24,12 4 1 
5 E à Sos 
A(s + 1 
6+) ys 
[(s +1)? +4)? 2 — B 
igs 5 15, — E oo 
2s 2(s? + 4) A(s? +1) 4(s7 +9) 


Answers to Odd-Numbered Problems 


17 s s 
2(s? +9) 2(s + 49) 
19 ntm : m-n 
"Ara tn m)’ ] ze + (m-— n») 
21 $70 . 
(s — ay + b? 
s- b 2s? — 6sb? 
25. (a) 55 (b) —— 
(s? + by (2 py 
29. -———— 33. e /s? 
s^ + 6s + 10 


35. e hs (s2 + 1) 


Exercises 7.4, page 374 
1. e'? 3. e ‘cos 3t 
7. 2e ?'cos 3t + 4e "sin 3t 
9. (3/2)e'cos 2t — 3e'sin 2t 


5. (1/2)e ?'sin 2t 


ji = l 4 ip 
sro SFP? gi (s + 1)? 
3 (s-1)+2 
15. 
s+1 (s-—1%+4 
NC 11 4 
6s 10(s—2) 15(s + 3) 
1! 1 stl 4 
19. 
Whs-3 (s+1P+1 (s +141 


21. (1/3) + e + (14/3)e% 
23. —e ?' + 2te* + 6e! 
25. 8e” — e 'cos 2t + 3e ‘sin 2t 
27. —(5/3)e™ + (5/12) + (5/4)e 7” 
29. 3e ?' + 7e'cos t + 1le'sint 
31. F,(s) = F(s) = F(s) = 1/s? , 
€ n/sy(n = fs) = « 
33. e/r — e? ft 35. 2(cos t — cos 3t)/t 


E L, where 
u 2st] ol 
(s—1)(s+2)]s-0 2 7 
_ 21 =] 
s(s + 2)]s=1 ' 
| 2s+1 NES! 
s(s — 1)]s=-2 p) 


41. 2e! — 4e” + 5e” 


4 2(s — 1) + 203 
43. Umi ng) 
s+2 (s — 1)? + 2? 


Exercises 75, page 382 
1. 2e'cos 2t + e'sin 2t 
5. Ê + cost — sint 
9. 3(r — Le! — e 90-0 


3. —e ?! + 3te 9t 


7. cos t — 4e” + 8e” 


B-15 


B-16 


11. 2 — t+ 2! + 22? 


Answers to Odd-Numbered Problems 


13. (7/5)sin t + (11/5)cos t + (3/5)e”7" — e e P) 


15 - +s-1 


(s + 1)(s = 1)(s = 2) 


ptstt+6 
s(s? +9 1) 
gts? + 2s 


(s? + 1)(s — 1)? 
25. 2e' — cost — sint 


27. (P — 4)e™ 


17. 


21. 


s+ 5s* — 69 +1 
sls — 1)( + 5s — 1) 


95 ES 
S +1 ++ 3e” — e” 


s°(s? + 4) 


29. (3a — b)e'/2 + (b — a)e™/2 


31. 5/2 + (a — 5/2)e "cos t + (a + b — 5/2)e "sint 


35. P2 


37. cos t + tsint + c(sin 


t —tcost), (carbitrary) 


39. e(t) = —a cos( Vk/It) 


41. e(t) 


Exercises 76, page 393 


= (-2al/ V AIk — p? e" Psin(N/Ark — u?t/(21)) 


1. 2e 5/9 


3. e ?'(Ag? + 4s + 2)/s3 


e“ + 2e 35s 


+ e "(cos t + sin t)] 
e "(cos t + sin )) 


29. sint d [1 cos(t 


31. t+ [4 — t + sin(r — 2) 


33. 


35. 
37. 


n 


39. 


45. 


47. 


49. 


51. 


59. 
61. 


Figure B.47 


2 cos(t 


>< 


N RO 


2 4 6 8 10 
Figure B.48 


e ‘cost + 2e 'sint 
+ (1/2)[1 — e° (cos t + sin t) Ju(t — 277) 
— (1/2)[1 — 7 (cos t + sin f) Ju(t — 4v) 
ge? + (123g? — 94791). gt ult — 2) 


cos 2t + (1/3)[ 


1 — u(t — 23) |sin t 


+ (1/6)[8 
2e 2! — 29 3t 


[1/36 


+ u(t — 27) |sin 2t 


(1/6)(t — 1) — (1/4)e 97? 
+ (2/9)e 3!" ]u(r — 1) 
[19/36 + (1/6)(t — 5) 
= (1/4)e**-9 + (11/9)e**-9]u(r — 5) 


2 $a te — et!) 


el1+ete?— emt? 
3 etl : 


forn<t<n+1 


8 


2 
s 
(a) V S (b) 105 V/z /(16s9/?) 
04 — 0229/25 + 0.2u(t — 10)[1 — e7 
The resulting differential equation has polynomial 
coefficients, so the Laplace transform method will result 
in a differential equation for the transform. 


3Xr— 10/125] 


Exercises 77, page 403 


1. 


3. 


t 
2te! — é + | Qo 
0 


(t — v)g(v)dv 


t 
| g(v)e?" “sin(t — v)dv + e “cos t + 3e “sin t 
0 


.1-— cost 


. (2/3)e?' + (1/3) 


7. 2e% — 26?! 9. (1/2) sint 
13. 5 ?(s — 3)! 


15. 1/4 + (3/8)sin 2t 17. cost 19. 3 

21. e ~Peos(V31/2) — (1/V3)e7* Psin( 31/2) 

23. H(s) = (s? + 9)! ; h(t) = (1/3)sin3t ; 
y(t) = 2 cos 3t — sin 3t ; 


25. 


27. 


y(t) = (1/3) | [sin 3(t — v) e (v)dv t 2cos3t — sin 3t 


(=(= 5-97: n) = (e — e; 
mult) = 2e” = e% ; 


H(s) = (s? e +5)! ; A(t) = (1/2)e'sin 2t ; 
y,(t) = e'sin 2t ; 
y(t) = (1/2) i el "sin 2(t — v)| (v)dv + e'sin 2t 


+ e “sin 6t 


Exercises 78, page 410 


1. 
9. 
15. 


17. 


19. 
21. 


23. 


25. 
29. 


35. 


-1 3. -1 5.e7? 7T. e3—e7 
e? 11. 0 D. —(sin t)u(t — v) 
ete + HAM — e u(t — 1) 

— (1/4)(e* — e$ wr — 2) 
(e2 — ol ule = 2) + Oe — l-2 


e! — e? + (efAel 
sin t + (sin t)u(t — 2) 


t — -ult 1) 
; see Fig. B.49. 


Figure B.49 


sin t + (sin f)u(t — v) + (sin t)u(t — 27) 


Figure B.50 


(1/2)e "sin 2t 27. (1/2)e'sin 2t 
The mass remains stopped at x(t) =0, t> 7/2 
L 2 3 3 
3ÀAx  — x' + (x — Ayuix — A 
el (= Pula = 2)] 
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Exercises 79, page 413 


1. 
5. 


13. 


15. 
17. 
19. 
21. 


23. 


-2 
.x-4e^-—e 


.x-í(el—et/2— (1/2)[e* ? 


x=e; y=e 3. é; w=0 
x = (7/4)e! + (7/4)e "o quu 
y = G/A)e — (7/4)e + (1/2)sin t 

— (150/17)e? cos (V/151/2) 

— (334 15/85) e?" sin( V15:/2) 
y= (46/17)e? cos (V/151/2) 

— (146 V/15/85) &"sin( V/151/2) 


—f 


— (8/17)e^* ; 


+ (22/17)e ~" 


ui 


y-25e?' —e 
e? — 2); 


— cost; 


y=1-(eb'+e4/2 
- [1 = (€? + e*-9)2]u(r — 2) 


x=e!— (1/2)[e-”) + cost — sin t]u(t — 7) ; 
y-e'c[1- (1/2)e*-9 + (1/2)cos t 

+ (1/2)sin tlu(t — q) 
x=fP; y=t-1 
x=(t-2)e?; y=? 
x=—Te'te; y=2e'; z——13e'! e 
x= —e7I + e~h 

+ [48 — 36¢~- 56 — 120-5? Ju(t — 5) ; 
y = 2e P + 26 71/5 

+ [48 — 72e 6-36 + 2467 6-52] u(r — 5) 
2n + (0.5 + (02), 26, (01/75 —1-0, 


Lh=h+h; n(0-n(0-2n(0-0; 
1 2-e?!—2e&5 £3, 

h = -2e ?! + 267% , 

he? — 4e" + 3 


Review Problems, page 416 


L34 ealt , H 3, —2 
s sg (s + 9) 
-"— € 5 s — 36 
s-2 st Sst +4+25 (s? + 36)? 
d uoce auus uu 11. (7/2)2e 
S e s 
13. 2e! + 2e ?'cos 3t + e “sin 3t 
15. e” + e^! — 2te! 
17. [2/^? + 22 ]ult = 2) 
19. e” — e” 
21. —(3/2) + t + 7/2 + (3/2)e cos t — (1/2)e "sint 
23. (2/N/1 )e Psin(N/71/2) 


+ {(1/4) - [3/(4V7) Je% "Psin[ V7 (¢ — 1)/2] 
- (1/4e-*- Weos| V/7(r— 0/2] bule — 1) 


c[t + te +e” 1] 


. (9/10)e 7 + (1/10)cos t — (3/10)sin t 
E (s — 5s + 6)! : e — e” 
.x=1-— (e+ e op 


- [1- (e 172 4 et- 


y = (€ — e™)/2 - alle” = 


B-18 


Answers to Odd-Numbered Problems 


CHAPTER 8 


Exercises 8.1, page 426 


1.1 txt ee 3. x +x + (1/2)? + 
5. 1 — (1/6)? + (1/180) + + 

7. (1/6)? — (1/120)8? + (1/5040)8 + 

9. (@) pals) = 6-7 56 - Ue zc P 


(b) Je3(1.5)| = [f (&)1.5 — 1)*/4!| = 6(0.5)*/4! 
(c) [In(1.5) — p3(1.5)| = 0.011202... 
(d) y 
2 t 5 PA 
} -X 
—2-# 1 2 
—4 In x 
Figure B.51 
13. t + (1/2)? — (1/6)? 4 15. 1 — x?/6 
Exercises 8.2, page 434 
1.[-1,3) 3. (-4,0) 5. [1,3] 
«Eb nee 
n=0|n +1 
11. x +x + (1/3) + + 
13. 1 — 2x + (5/2)? + -> 
15. (© 1 — (1/2)x + (1/2)? — (1/24)? + -= 
i a ia 3G» > a,2kx2*! 
S [T n+1 
21. In(x + 1) = mq 
23. = (k + Vag yx* 
oo co zx 11 EN 2n 
25. Sax 29. X E Mom 
m =0 (2n)! 
31. 1 + » 2x" 
33. 6(x — 1) + 3(x — 1? + (x - 1} 


35. 


Exercises 8.3, page 445 


1. 
7. 
9. 


-1 3. +V2 


x =n, nan integer 
0-0 and OSnNnT, 


5, —1,2 


n-—1,2,3,... 


11 


17. 
19. 
21. 


23. 


29. | - 2x + € — (1/6)? 
31. 1 + 2x — (3/4) — (5/6) 
35. 10 — 25? + (250/3)P — (T15/4)* + 
Exercises 8.4, page 450 
12  3.V3 5m 
7. ay 1 — (x — 1? + (1/2)(x — 1) 
- (e = 15 + =] 
9. aol 1 +(x- 1? + e] 
afl -= 1) + (1⁄3) - Des] 
11. ao[1 — (1/8)(x — 2} + (1/32)(x — 2} + = J 
a;| (x — 2) + (1/8) — 2} 
— (7/96)(x — 2} + -- 
13. 1 — (1/2)? + (1/6) — (31/720)£ + --- 
15. 1 +x + (1/24): + (1/60) + => 
17. 1 — (1/6)(x — m’ + BOE — qp 
(1/180)(x — «)é 
19. -1 + x + x! + (1/2) 4 
21. aol 1 (1/2)? + (1/8)x* + - (1/48)x6 +o] 
[(1/2)x? + (1/12)x* + (11/720) + = ] 
23. aol 1 — (1/2)? + = ] ax Bye + =] 
(0/299 + (e + +] 
25. ag|1 — (1/2)? : ] ai[x H <] 
+ [0/22 = (1/98 + ++ J 
27. ag|1 — (1/2) — (1/6)? + + 
+ alx + (1/2) + = t [1/6 + =] 


. y = all — 2x + (3/2) — 7/3 + =) 
13. 
15. 


a(1 + x4/12 + +++) + a(x + °/20 + +++) 
a(l — x?/2 — 47/6 + ++) 

a(x + 27/2 — 7/6 + >) 
add x2 + =) + a(x — 7/64 +--+) 
ag(1 — 2x? + x4/3) 

TM. . THERE Ped 

p £8 Q+ 
4344527 0, k=0,1,... 

= [1:4.7- (3k - 2? E 
E Tr. : 

S [2:5*Be Gk — I. uu 

| afs x Gk + 1)! 2: ) 
.24 x - (5/12)x* + (11/720 + ~- 
exc (1/6)x" — (1/12) + (7/120)x° 


] 


Answers to Odd-Numbered Problems B-19 


> = 2)(n = 4):- 2k + 2 1 F3 +2k-1 
29. (a) al + 2 ( yet = ln = on Xn + 3) (n ) d 
l l $ p(n = in -3)(i- 2k + 1)(n 2) + 4) (n + 2k) 4.4 
raj xc ( 1) 
k=1 (2k + 1)! 
() Po(x) =1., P(x) =x, Po(x) -(/2(32 - 1) 
31. (a) 1 — (1/2)P + (n/o)P + [(1 — 9)/24]4 + = (b) Yes 
Exercises 8.5, page 454 45. aj|x > — (1/2! — (1/8)x = (1/144)x° +o] 
l. cx ? ex ? 3. cx cos(4 In x) + cx sin(4 In x) + as[1 + (1/10) + (1/280)x " 
5. cix cos(2 In x) + cox^sin(2 In x) + (1/15,120)x° + = ] 
a =i age Nes 
7. cqx + cx !cos(3 In x) + cx |sin(3 In x) Exercises 8.7 page 474 
9. Cyx T cox" "cos |( V 19/2) In x| 1. cy, (x) ER exyx(x ) . where 
+ cy "sin | (V/19/2) In x] yi(x) = x23 = (1/2)x93 + (5/28) + and 
11. clx — 3)? + eg(x — 3) yala) = x^ — (1/295 + (1/5) + 
13. cx + cx + (4/15) 1 15. 2 + r° 3. cyi(x) ey (x) , where 
17. (31/17)x + (3/17) 2cos(5 In x yif) = 1 = (1/4) + (1/oa)et and 
— (76/85)x ?sin(5 In x) y(x) = yı ne "n — (3/128) 
+ xo + o 
Exercises 8.6, page 465 5. [x — (0/3)? + 0/12 + =] + ex^! - 1] 
1. +1 are regular. 3. +i are regular. 7. ey, (x) + coyo(x) , where 
5. 1 is regular, — 1 is irregular. y(x) = ih (1/6) + (1/48)? P2 + and 
7. 2 is regular, — 1 is irregular. yo(x) = x7 — (1/2? 
9. x is regular and 2 is irregular. 9. cw, + cow, where 
11. rz —-3r-1020; n=5, 5-—2 wy(x) = x? + (1/8)x* + (1/192)x9 + +++ and 
13. r?° — 5r/9 - 4/520 ; r= (5 + V457 )/18 : w(x) = wi(x)In x + 2 — (3/32)x* — (7/1152)x° to 
n= (5 E /457) /18 11. cyy,(x) + eov (x) , where y,(x) =x? and 
js i4 4214. pi y(x) = x? Inx — 1 + 2x — (1/358 + (1/24)x4 + + 
17. r? 4 : 12 = Qin 2o hcc 13. 2 | coah) T , 
19. a [o — (1/2) + (5/28 1/21 MP + -+ dos A d OE 
of ee ye us. d | y(x) = xiG9In x — [x (3/4) (11/36)? + -= ] 
21. aol 1 — (1/4) + (1/64)x* — pm Fai] A denn wide 
& 3 44, ) : 
Mato c eb ae yilo) = «P + (1/639 + (S/9) + and 
25. ay > c x" 27. a > : gr? y(x) = 1 + 2x + (6/5) + +- ; all solutions are 
n=0 3n-1(y + 2)! 2-0 n(n + Dn! " coma (3 s s 
x" " e CLV Xx CoV2\X) T C3y3\X) , where 
29. agx? 31. ay >, nl doe 3 Yes ao <0 wie H (1 IL n (1/574) lS F 
"NEN 2(3n + 4p * U9) yale) = lee ME + vr, and 
33. do] + A Ju ; yes dg <0 eri = vale )In x + 7x — (117/196) 
35. a [i35 — (1/11) + (1/374) + (4997/298116)x3 + +: 
23/6 19. ciyi(x) + exy(x) + cay3(x) , where 
— (1/25,806)x7/° + -> ] yix) = x a + (1/17)x 7/5 4 (1/782)x!9/3 + 
37. ag| x43 + (1/17)x™ + (1/782)x!% dolo o1 (se UBO? + ss and 
+ (1/68,034)x!35 + = ] m = DR E x2 — . (1/10)? + 
d . cy Coy , where 
39. The expansion > n!x" diverges for x 7 0. vs t= qom + (1/120)(at)t + =, 
41. The transformed equation is and m " i 
zd?y/dz? + 3 dy/dz — y = 0. Also zp(z) = 3 and y(t) = [1 — (/2)(otP + (/24)(ot* + -= J 


zq(z) —zare analytic at z = 0; hence, z = Oisa 
regular singular point. 
yix) = ao| 1 + (1/3)x7! + 


(1/24)? 
+ (1/360)? + 


(©) ciyi(x) + ex») , where 


yi(x) = 1 — (1/6)(a/x)? + (1/120) (0/:)* + =, 


and 
y(x) = x[1 — (1/2)(a/x)? + (1/24)(a/x)* + = ] 
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23. cy, (x) + eyo(x) , where (c) cyy;(x) + cyx) , where 
y(x) = 1 2x + 2x? and yi(x) = 1 — (1/6)x + (1/96) + =- and 
yx) = - (1/69! — (1/22? — (1/120)? + ++ Yo(x) = y,(x)In x — 8x7? — 4x7! + (29/36) + 
25. Forn = 0, (d) cyy,(x) + exy2(x) , where 
ey + c,[inx x + (L/Ax^ + (1/18) + =] 5 yy (x) = x? — (1/4)? + (1/40)x4 + + and 
and forn = 1, yo(x) = x^! + (1/2) + (1/4)x 4 
a(l — x) 4 o| (1 x)In x + 3x — (1/4)? 
= 3 pii 
(1/36)x* + 7] CHAPTER 9 
Exercises j page 487 a Exercises 9:1. page 502 
s stia 4 1/2 aay ar r ! 
1. c,F\ 1, 2; y* sr (a > is) 1 i i ig: 3 H 
` y 
À "TEE ERA 
3. d 1; D CoX / rG, » is) " i 1 1 * 
co 3. |y -1 0 2/!y 
15. = 1 ee i | — 
5. F(1, 1; 2; x) = 2 "ESI x !In(1 — x) E 0 4 ollz 
1,3. 5 VS 2 x sin f e x 
7. Fs 15 5327) = 2 (1/2)nx?"/(3/2)n i 
E 2 9 Al /2),x”/(3/2) R ro n. a+b? k 
=> x?" /(2n + 1) 1 y 
n-0 7 
ET —bím| |v 
NS UE: j 
2 [=x — x, , 
9 = ; XQT"y, x 
9.(1-x)!, (1-x)!Inx 3 E j H DO Bem 
13. cyJyp(x) eJ px) 15. cJi(x) + ex (x) xi ' 0 1 0 olla 
17. cyJop(x) F Cyd -2/3(x) 11. X2 _ =3 0 —2 0 X2|. 
19. J,(x)Inx — x7! + (3/64) — (7/2304) + + X3 0 0 0 l||x 
21. xA Jap(x) 2" 2 M o [ge , 
s= 1 1 45X, QEZEX , X3—y, X4—Jy 
27. Jo(x)Inx + È x um | bof 4 fe Fr r 
n=1 27"(n!) 2 n xi 0 1 0 0 Of] }x, 
29.1, x, (30-02, X3 cost 3 -? 0 Of} x 
(5x3 —3x)/2, (35x* — 30x? + 3)/8 13.|x | =| 0 0 0 1 0/[x|; 
37.1, 2x, 42-2, 80-12 X4 0 0 0 0 t| 
3.1, 1-x, (2-4x+2)/2, Xs edF t X Lb Xr 
(6 — 18x + 9x? — x)/6 Xj ^x, VIX, X47 y, M=Y , xs y" 
41. (D z = cı cosx + cp sinx , so for x large, 
y(x) = ex? cosx + ex I sin X Exercises 9.2, page 506 


, L x,-2, x71, x71 
Review Problems, page 491 


1. (a) 1 —x + (3/2)? — (5/3)? + = dene: Nore sages dio 
(b —1- x — (1/658 + (1/6)x4 + = "ip 79. cd 
3. (a) af 1 +x? os] tax + (1/3)? | Tx =35, m=s (—-oo € s € oo) 
(b) ag[1 + (1/2)? — (1/65? + = ] 9. x, 22s, x,—-(-l- ijs, with sany complex number 
+ ax — (1/2? + (1/2) + +] 11. xı = —(s + 1/2, x= —(l1s + 1/2, x75 
5. ay[1 + (1/2)(x — 2)? - (1/24)(x — 24 + = ] (=œ < s € oc) 
4 ae = 2) 13. For r = 2, unique solution is x, = x2 = 0. 
7. (a) ax 44 (1/4)x° + (1/36)x8 + = ] For r = 1, solutions are x; = 3s, x5 = s, 
(b) alx — Gale + (1/20)x3 — (1/120)x* + = ] “oo € s «00. 
9. (a) cy, (x) + cay2(x) , where , 
yx) 2 x + x? + (1/2) + © = xe* and Exercises 9.3, page 515 
yo(x) = yx G)In x — x? — (3/4)? — (11/36)x4 + -= 1. (a) | 3 (b) p i 
(b) ciyi(x) + caya(x) , where ES 7 18 


yx()-21-2x e xh and 18 14 8 12 16 3 
y(x) = yi(x)ln x — [4x + 3x? + (22/27)? + ++] .Q , 5| M1, 5) ©] 5 49 


5. (a) E 2 [3 Al o [z5 3 


7. (c) Yes (d) Yes » [t 2 -V 4 11. Doesn't exist 
Jew 


1/9 2/9 


10 1 - 
(4/3)e*  —(1/3)e | 
13.|-2 1 -2 17. > a 
TE |- ape U“ 
| e' (1/2)e* -(/2)e" 
19. (4/3e — —(1/2)e (1/6)e! 
| -/3)e 0 (1/3)e ^? 
21. 11 23.-12 25.25 27. 2,3 
3e* | 5t 2t 
29.0,1,1 3L| 6e 33. | T x 
303 —10e —2e 
39. ( » || 1/2)P + c e + J 
t6 & hey 
sinl —] * cosi 
(b) f — cos | sin 1 | 


(1 + ef)cos t  (e' — t)sint (e' — r)cos t — (e! + 1)sint 
(c) ( 


e! — D)sin t + e‘ cost (e! — 1)cos t — e' sint 


Exercises 9.4, page 523 
i x (0) 213 -i «5|, r 
Ly’) m! 2 IDO e 
| dxdt P -1 -i|[x t 
3. | dy/dt|} =|0 0 e lly|+] 5 
| dz/dt t —1 3 |z —e' 
ESO 0 1| | x(x) 0 |. 
3: Kel- Fe 3 | | x(t) * | sin t |? 
=y, =y 
7 0 1 0 Of} x,(t) 0 
x4(t)|_ | 00 1 OF | x(x) 0|. 
2| = + : 
x4(t) 0 0 0 14) x3(2) 0 
xð -1 0 0 0||x(® p 
Xy=w, Xx,—w', xy—^w", x= w" 
9. xilt) = 5x, (t) + 2e? ; 
xr) = —2x,(t) + 4x,(t) — 3e” 
11. x(t) = x, (1) + xlt) + el; 
x4(t) = —x,(t) + 2x.(t) + 5x3(t) t; 
x4(t) = 5xq(t) + x(t) 
13. LI 15. LD 17. LI 19. LI 
21. Not a fundamental solution set 
et e e” 
23. Yes; |2e™ 0 —e* |; 
e' e 2e* 
e el e 
cj 2e! | tc 0 | + e| =e” 
e! e 2e? 
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25, 3| £ 1| e'|, t 9 lO) aus e! 
' 2|te 4|3e'| © |2t i] Er] | A 3e 
| 0 (/4e' — —(1/4)e' 
29. X !(r) —(1/5)e?'  (a/se? | —(2/s)e? 
| 1/5)e ? (9/20)? (3/20)e* 
| —(3/2)e^* + (3/5)e ?' — (4/10)? 
x) =| (14e — (1/5e ?' — (1/20)e* 
| 6/9e' — Q/5e ?' — (1/20)e** 
37. (b) 2e" (e) 2e? ; same 
Exercises 9.5, page 534 
1. Eigenvalues are rı = 0 and ry = —5 with associated 


1l. cje 


13. c 


15. 


17. 


. Eigenvalues are r; = 1, mn = 


. Eigenvalues are r} = i and r; = 


: 5 2s | 
eigenvectors u; = 25 and u, = s uni 


. Eigenvalues are r; = 2 and r, = 3 with associated 


eigenvectors u, — s 


E and u, = Hi 


. Eigenvalues are r; = 1, r; = 2, and r4 = —2 with 
1 0 
associated eigenvectors u; = s| 0|, w =s 1] , 
0 1 
0 
and u4—5| —1 |. 
1 


2, and r4 = 5 with 
2 


associated eigenvectors u; = s| -3| , u—s|—-1/, 
2 1 
0 
and u,—s|l1]. 
2 


—i, with associated 


' i =i 
eigenvectors u; = H and u, = j| i} 


wo 3 m| 1 
cye b. t ce 2 
| —2 | 0 
ce) 1| ce? —1| + cse 1 
La 1| 
| 3] 1| 1 
ce] 0| + oe] —6 | + ce" 0 
| —2 | 4 | 1 
(b) 2 
+4 tt x 
J Ps 2 


Figure B.52 
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(c) 


X At 2 —3e' te 
dn E 33. | <2et = e” 
2e e t 5t 
e+e 
ü 35. (b) x,(t) = zh 
(1, -N3) L 1 
(c) x(t) = te "s e! 1 
Figure B.53 2 
Q) . 1 
"s 37. (b) x,(t) = e?| 0 
J 0 | 
=a x 
Í : 1 0 
+ - (1 - V3, V3 - 1) (c) x(t) = :? 0 | + e| 1 
ee 0 0 
qn 2 1 0 0 
(d) x,(t) = rid 0| + te") 1| + | —6/5 
Figure B.54 0 1/5 
[ d eg e^ EP t Ti 
35 e e xeu ues 39. (b) x,(t) =e 1|; x()-e| 0 
: 4e —2e 3 2 4i 0 1 
e 4e” 16e” 
[ 2: t 3t 7t 1 1 
e e' e” —e (c) x(t) = te} 1] +e] 0 (d) 0 
0 —3e' 0 e" —2 0 
23, 0 0 e” 2" 
T aD r 
| 0 0 0 8e 43. al g + C2 | 
25. x = —c,e! — 2ce” — ce” , 
y- sat E Nod a 45. x(t) = (2.5/2)(e 975 + e5) , 
z= 2c,e + 4Acye?! + Ace? x(t) = (2.5)(e#5 = e325) 
B 47. (a) r; = 2.39091, r, = —2.94338 , r, = 3.55247 
g 7034731 0052371 0.0286e 7 0764 E 2 
27. | -0.3157e 9949! 9,47610,0323 — 9.18379 70764 l l 
0.0844e 03473 0.1918e0527 e 10164 (b) u; = | —2.64178 | ; w = | —1.16825 | ; 
| —9.31625 | 0.43862 
| 0025163414! 9.936 1 e~ 1.6180 0.61801 00-5858" | r 4 J 
0.0858e34142 0.3820e - 1-6180 0.61800 0-6180: 0.5858e0-5858t = 
= 0.81004 
29. 0.2929224122t —0.6180e 71-6180 0.3820, 0-6180: 0.34310 05858r us -0 12236 
Kn g 16180. 9.536] 09-5180" 9 501 9405858 | 70. J 
p (c) cye™ uy + c;e"'u; + cze™u, where the 
rj s and the u,’s are given in parts (a) and (b). 
Exercises 9.6, page 541 


Le 2 cos 2t FM 2 sin 2t 
' ll cos 2 + sin 2t 2| sin 2t — cos 2t 


=l =2 =i = 1 
3. c,e'cost| 1| —cye'sint] 0|  c;e'sint| 1| + ce'cost] 0| + cse 0 
0 1 0 1 0 


Note: Equivalent answer is obtained if col (—1, 1, 0) and col (—2, 0, 1) are 
replaced by col (—5, 1, 2) and col (0, —2, 1), respectively. 
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ny ae 1 cos f sin f 
5 e ‘cos 4t e ‘sin 4t 71/0 -= t wid 
' |2e 'sin4t  —2e ‘cos 4t ` e ii 
2 0 -—sint cos t 
1 V3sin(V3 f) — cos(V3 1)  —sin( V3 r) — V3 cos( V3 f) 
9. | -1 V3sin( V3?) + cos(V31) — sin V3 r) — V3 cos( V3 f) 
1 2 cos( V3 f) 2 sin( V3 2) 
e sint — e' cost —e' sint —e'cost —cost  —sinf 
T 2e! sint —2e! cos t sinf  —cost 
' | 2e' sint + 2e' cost 2e' sint — 2e' cost COS f sin f 
4e! cos t 4e! sint —sin t cos t 
Bi E REN ) — pt- m) 
e "(sint — cos t e cos t 
13. (a) | —2e "' sint | (b) poss t — sint) 
reas» M : ) m —2t 
e cost — 3 sint e cos t 
© ee t+ Ssin f) (a) e? "(sin t — cos t) 
i t !cos(In r) t 'sin(In f) 
17. c,;| 0 +} fsin(Inf) | + c| —t !cos(In f) 
-2r! —t !cos(In r) —fr !sin(In f) 
Qe TT 94 V17 
19. ———— —— 20.240 ;  ————— —— = 0.408 
2V2m 2V2m 
21. I, = (5/6)e ?'sin3t , 


I, = —(10/13)e ?'cos 3t + (25/78)e ?' sin 3t , 
I; = (10/13)e ?' cos 3t + (20/39)e~ sin 3t 
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Exercises 9.7, page 547 zu — 1 
nl » 1. 2 17. ce" 1| toe) 0l ce 1| e|-—1 
1. cje 1 + coe —A + 4 1 E 
1 1 -1 | 1 cı cost + cœ sint + 1 
3.ce?| 1) + coe] 0} + ce%} 1|l-e| 0 19 cı Sint + c cost — f 
-1 1 0| -1 * Lose! + cae! — (1/4)e™ — t + (1/2)te™ 
: cse! — cae ! — (1/4)e ! — 1 — (1/2)te™ 
9 0 e? 2 sin f l cos f 9 7 
5t O| 4 0} 4 3 1|4 5 0 | 4 2 1 4te' + 5e! 
-1 E 0 |o 0 21. (8) t. de! 
1 s 0 —2e | 22070 — 32171 + (4t — Let 
+ ce} 1] + oe} 1] + ce} 0 (b) eTl 4 22070 — 321-1 4. (2t + Le! 
0 0 1 
ere no (20 + 34 Se (Se? — e Me™ + (4t + 3)e 
7. x, = fa + b + sin 3te + cos3rd e (—10 + eye! + (—3e75 — ee" + (2t + Ze! 
2 . 
9. x(t) = ta + b + ec + (sin t)d + (cos se - —18e*! + 14et*? — 3g + (4t + Tet 
il. c sin f e cost] q 0 Delt! + 14g?*? — 3g?*! + (2t + Se! 
© 1 cost ?| —sin t -1 ( ) 
E 23. x = (c + este! + ce t — t5—4t— 6 ; 
4| 1 -| 1 Ste’ + (3/4)e Sg — Jue Sopa 3 
13. cje E + ce = + Ste! + (9/A)e! y ce C3€ 
fa EE In|t| + (8/5)r — 8/25 
Teil | die | 1 m |, + (16/5) + 4/25 
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el et i 2 ; 0 33. i= h t 31s, hL = 315, l, = A where 
25. (a) { e l| 22 \ © tela | Feli h= (1/ 20 817)) (13 B V817)e -(31 V'817)sg2 
E 4 (7314 Vi&i1)sio] 4 
@ cef! + aelh] viel] + ef] Pry Lea 
I; = (3/(40V'817))[(31 — V817)e ~(31+V817)si2 
; 1 =i =1 = (31 4 V3i7)el —314- V817 75/2 | + 3/20 
27. ce” V| toe | O| tege 1 
1 1 0 35. x, = (205 — (584.5/4)e 95? — (235.5/4)e 7050) /21 , 
i ; "d x, = (185 — (584.5/2)e 9159 + (235.5/2)e 150) /21 . 
Lfd Ol-e'0lc!0 Tank A will have the higher concentration. The limiting 
—] 0 1 concentration in tank A is 4.1/21 kg/L and in tank B is 
= 3.7/21 kg/L. 
1 1 
29. cıt 1 + Cot [! 
" —(3/4)! — (1/2) ! Int + 1 
—-(3/4)r! — (3/2)! Int + 2 
Exercises 9.8, page 557 
- F = 3t 1 —2f 
1. (a) r=3; k=2 w e i 
1+ 3¢- (3/2)? t —t + (1/2)? 
3. (a) r=-1; k=3 (b) e* —3t 1 t 
— (9/2)? 3t 1 —3r + (3/2)? 
Am. cost sint 
5. (a) r=-2; k=2 (b e?|4r 1 0 7. | : | 
t 0 1 —sinf cos f 
1 e! + cost — sint 2sinf e! — cost — sin t 
9. —| æ — sint — cost 2 cost e + sint — cost 
2| ¢—costt+sint —2sint e + cos t + sint 
p| 74+ 29e% — 20:1?! 20 — 20e% | —8 + 8e" — 40re* 
11. — —5 + 5e? 25 —10 + 10e* 
25| 2 — 2e% 10:1?  -10+ 106 — 4 4 21e* + 201e* 
1 = t+ P/2)e! (t — Bye! (P/2)e! 0 0 
(IDe -tt Ae (t + ÊI2)e' 0 0 
13.| (¢ + De (-3t— De (1 + 2t  PI2)e 0 0 
0 0 0 cost sint 
0 0 0 —sint cost 
(l+¢+P/2)e™ (t+ Pye (P12)e 0 0 
(-P/2)e~' A +t- Pe~ (t — PI2)e 0 0 
15. | (=t + P/2)e! (-3t- De" (1 2t + P/2)e™ 0 0 
0 0 0 (1 + 20e 7 te?! 
0 0 0 —Ate ?! (1 — 20e? 
1 zi 1 3 0 1 2t 
17. ce —1 | + oe") —1 + t| + ce 7| —2 19. cje” i + ce i + cae! i + cae í * ii 
! zw 4 1 0 0 1 


e? 3t 
23. e | 3 | + e*t 
tlg ?—5472 9t 


(4/13)e * + 6te* + (2/13) (3sin 2t — 2cos 21) 


29. x(t) = e 
(8/13)e ?' + (3t — 


Review Problems, page 561 


1 0 
1 3 "E 2 0 
1. cje” il SSH 3. ce! 0 toe! il* cae? 
0 =1 
1 
" 1 1 = 1/3 - " 
7. ce E + ce” +} | 9. ce | 0| + oe! 
2 2 14/3 3 
=3 =I 1 
[2S 2t 
11. E: _ A 13. ec! 1| +e!) 0] + cfl 
0 1 1 


(1/2)e! + (2/3)e% — (1/6)e 


15. (1/3)e* — (1/3)e™ (1/3)e* + (2/3)e ' 
—(1/2)e! + (1/2)e* e-—e! 
CHAPTER 10 


Exercises 10.2, page 576 
1. y = [4/(e - e '))(e* — e) 
5.y=e+2x—-1 
arbitrary 

9. à, = (2n — 1)*/4 and y, = c, sin| (2n = 1)x/2 ], where 
n = 1,2,3,...and the c,'s are arbitrary. 

11. A, = nên = 0,1,2,.. 


Y, = a,cos nx + b, sinnx,n = 1,2,3,..., where 


3. y 20 


7. y = cosx + csinx;c 


-iyo = ag and 


do, Ay, and D, are arbitrary. 
13. The eigenvalues are the roots of 

tan( VÀ, v) + VA, = 0, where A, > 0. 

For n large, A, = (2n — 1/4, n is a positive integer. 

The eigenfunctions are 

Yn = Cal sin(WVA,x) + VA, cos( V/À,x) | ; 

where the c,,’s are arbitrary. 
—48t 


15. u(x, t) = e ?'sinx — 6e "sin 4x 
17. u( e "'sinx — 7e 

19. u(x, t) = 3 cos 6t sin 2x + 12 cos 39t sin 13x 
21. u(x, t) = 6 


PS . - . 
21 sin 3x + e sin 5x 


cos 6t sin 2x + 2 cos 18ż sin 6x 
+ (11/27) sin 27t sin 9x 
— (14/45) sin 45t sin 15x 


—e + (2/3)e" + (1/3)e 
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2 — e'(t? — 21 + 2) 
1+ e(r — 1) 
6 — 3e'(? — 2t + 2) 


, where e^! is the matrix in the answer to Problem 3. 


1)e?' + (4/13) (3sin 2t — 2cos 2t) 


1 0 
1 3 0 2t e 
otee = E 263 
0 1 
[ -t + (1/2)? 2+t 
1 toc! t *t|7—3t 
| 3t 1 — 3t + Gir 10 


—(1/2)e! + (2/3)e% — (1/6)e™! 
(1/3)e* — (1/3)e™ 
(1/2)e! + (1/2)e^' 


oo 


23. u(x, t) = 2 n 2g 27 sin py 
n-— 


25. If K > 0, then T(t) becomes unbounded as t — oo, and 
so the temperature u(x, t) = X(x)T(t) becomes 
unbounded at each position x. Since the temperature 
must remain bounded for all time, K + 0. 


33. (a) u(x) = 50 (b) u(x) = 30x/L + 10 


Exercises 10.3, page 591 


1. Odd 3. Even 5. Neither 
oo 2(—1 atl 
9. f(x) — > N nx 


n=1 n 


1 S 4(-1)" 
13. f(x) - - + = C ) COS ATX 
3 nl nm 
oo -]y 
15. f(x) ~ [ (sinh w)/7 | i3 .— —5 cos nx 
n= |l +n 


1+n 


=j n+1 
+ aa 2 
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17. The 27-periodic function g(x), where 5. f(x) ~ 4 5 sin(2k cd 
"T 5 (7m €«x«m), T k=1 2k — 1 
0 (x= +7) $ 2g(—1y'*! 4 , 
19. The 4-periodic function g(x), where 7. f(x) ~ FEE n um ( 1) 1) PUE 
1 (-2<x<0), 9 <S i 2k +1 
x. (0«x«2) fo & (2k 1a? » es 
g(x) = » ox 
1/2 = 
/ PaO 11. f(x) ~ 7g 3 2; l ; cos(2k 1)x 
3/2 (x = +2) 2. aw k=1 (2k - 1) 
21. The 2-periodic function g(x), where 13. desides > (-1)'e Bk POETS 
g(x) =x (-1<x<1) n-l ] + m 
23. The 27-periodic function g(x), where 2,2 1 1 
fe [md d i. 18. f(x) ~ 2 +> 2% Z1 waa) 
s) e" +e°7)/2 (x= =r) 
17. u(x, t) = 
25. (a) F(x) = (x? — «?)p2 (b) F(x) = |x| ^ 7 ke 
oo 2 > 2 k : e5- V'sin(2k — 1)x 
27. f(x) ~ > —— [2E m) mí^|2k-1 2k+1 2k-3 
2-1 (2n — l)m 2 PE 4 & (1 ee (2k +1) 
" s (2 — ESI » Ux, t) = 22150 (2k T D sin x 
2 
29.a,—0; a =3/2; m=0 
Exercises 10.5, page 610 
j S 8(-1)"—-4 a 
Exercises 10.4, page 598 . 1. u(x t) = > ( : eg 97 Sin nax 
1. (a) The z-periodic function f(x), where nn qe 
Fa) =x (0«x«m) 3. ux.) == p» 2 56 +t cos(2k + 1)x 
(b) The 277-periodic function f,(x), where 2 =0 mk + 1) 
2 2er =i S 2e7(—-1)" — 2 
f(x) = x (QO<x<a), 5. u(x, t) = l ) D da ne "'cos nx 
2 -2 (-mc«x«90) T n=1 qr(1 + onm) 
(c) The 27-periodic function f,(x), where 7. u(x,t) =5+ 5 "S 30 e P sinx + EX e S sin 2x 
x) (0<x< r) ~ T m 
fx) = 2 j 
E ae 0) E ( = 10), 3x 
3. (a) The z-periodic function f(x), where 4m 
324.109 (0<x< 7/2), n P 6 \ sor. 
F(x) = t nie n) zm sin 4x DE t sin 5x 
(b) The 2-periodic function f, (x), where Y 10 [2(-1 — 1]e?" sin nx 
n-6 Th 
—-] (>m KAS —m[2 " 
(<9 <x 7/2) , et PENNE 
0 (-a/2<x<0), 9. u(x, t) x-e*+14 a Cpe "' Sin nx , 
f(x) = TT n=1 
0 (0<x< m2), where 
1 2<x< 
xu l i 2e * —2 n 4 2n nl ar 
(c) The 277-periodic function f,(x), where mr (-1)" 4 a(14 All rte 1] 
1 -m «x« —m[2) , 2 
l /2) €, = i (-1"-1] (n*2), 
f) 0 (-m/2«€«x«90), mn 
e x) = 
0 (0<x< 7/2), ge] 4 7 
T e T AH -— 
PI deg TE] (n = 2) 
1 (a/2<x< r) T 5r 


11. u(x, t) = bs a,e *"* VP cos(n + 1/2)x, where 
f(x) = > a, cos(n + 1/2)x 


i$ 3e? sin x 


& 4(-1 
d om ( D" La sin nx 
n=2 n 


15. u(x, y, t) = e >" 


13. u(x, t) = ae 


—122t 


cos 6x sin 4y — 3e cos x sin 11y 


oo —]y*! 
17. u(x, y, t) = 2 2 a 


n=1 n 


^". 
e "'sin ny 


19. C(x, t) = > eene ns , Where 


Concentration goes to zero as t—> + oo. 


Exercises 10.6, page 621 


1 : 
= ——sin 7rt sin 7x 


1. u(x, 1) 7a 


! 2x B Rr + Dt sin(2k + 1)gx 


3. u(x, t) = > A [2( {ret 1 ]cos 2nt sin nx 
n=l m 
Mol? S 1 . nma , nax  nmat 
5. u(x, t) = 7 j;sin sin cos 
ma(L — a) »-1n L L L 


7s u(x, t) = cos tsin x + > sin 2t sin 2x — i sin 5t sin 5x 


x (=1) t! sin nt 
PD > ( ) |: sin nx 
El n n 


(2n + 1)zat 


9. u(x, t) = > D cos 


2L 

psi (2n + l)zot| | (2n + 1)rx h 
+ b, sin 2L sin 2L , where 
= (2n + 1)arx 

f(x) = 2 An sin and 
S  (Qn+ loe , (2n + l)gzx 

g(a) È bn up. 0 xm 

11. u(x, t) = 2a T,,(t) sin a where 


an = i: f(x)sin B dx , and 


T,(t) = es B,t T sin ps) , where 
TA 
Bn = + V 3p? t 4o? ^n? 
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13. u(x, t) = [sin(x + at) — sin(x at) | 


2a 


1. 
= —sin at cos x 
a 


15. u(x,t) =x + tx 


17. u(x, t) == 


cos(x = at) = cos(x sr at) 


a 


21. u(r, t) = © (a, cos(k,at) + b, sin(k,at) Jo(k,r) , 


1 
a, = — | F(\Jo(k,r)r dr , and 


Exercises 10.7, page 633 
4 cos 6x sinh| 6(y = 1)] 


sinh(—6) 
, Cos Tx sinh| 7( y = 1)] 
l sinh(—7) 


1. u(x, y) = 


3. u(x, y) = > A, sin nx sinh(ny — nar), where 


n=1 


2 T 
A, = — i d. 
m sinh(—n7) J Pasina 
cosxsinh(y — 1) cos 3x sinh(3y — 3) 
5. u(x, y) = —— - 
sinh(—1) sinh(—3) 
cos 2x sinh 2y 
sinh(2) 
T jen 
7. (6) = 7 2 1 Bk rpg est + 1)8 


a co n 
9. u(r,0) = w + z (5 (a, cos n0 + b, sin n6), where 


do is arbitrary, and for n = 1,2,3,... 


| a [* 

an = n MIDS n0dO , 
| a [* : 

b, = 2m MID n0d0 


l 44 226 4. 
t 25s" H 755" sin 


B-28 


13. 


15. 
17. 


21. 
23. 
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a oo 
u(r,0) — = dm r "(a, cos n0 + b, sin n0), 


1-1 


where 


An = i| f(0)cosnód0 | (n = 0,1,2,...) , 


T 


b, = i| f(0)sinnüódÓ (n= 1,2,3,...) 


u(r, 0) = ag + bo nr + > [ (au^ + b,r ")cos n0 


+ (e,r" + d,r ")sin n6] , 
where 


1 T 3 7 
dy = x | f(0)d0 , bo -2| g(0)40 , 


ru d 


and for n — 1,2,3,... 
a, + b, = 1 | f(8)cos n840 , 


T 


n3" la, = n3™ lb, =L | g(0)cos n0 do > 


and 


c, + dy = L | f(0)sin n040 , 


g(0)sin n0 d 


—T 


n3" lc, = n3" !q, = E | 
T 


u(r,0,z) = [Zo(r)/To( ar) ]sin z 
(c) (x, y) = 2xy 


APPENDIX A 


Exercises A, page A-7 


1. 
5. 


. > sin 


n z4 sin(10x) 


1 
'9 7 5 
1 
8 


(x? + 1) Ge — 2)55 + C ded FC 
1 i oe 
59 4, sin26) TC 
3 gin(? *t4)-4 + arctan(1/2) +C 
. arcsin( V2x) + C 
.21In|x — 1| 2 4In|x — 2 + 2Iin|x - 3| + C 
9x? — 1 — arccos : C 
3x 
Lin(x? + 4) 2 dup 17. In |Inx| + C 
2 x i 
x 
. y cosh y — sinh y + C 21. ———— + C 
AN x? +4 
p 
t i 1 i 9 i 
-z In|t+ 3| T decre FC 


. — arctan(cos f) + C 


3 S S009. Gus 
7 x 7 sin’? x + C 
= 1 ants) +E 


20 8 


1 
tan? x + £ tan’ x + = tanx + C 


Note: n indicates footnote. 


Abel’s formula, 201, 323, 326, 525 
Absolute stability, 150 
Addition, matrix, 507—508 
Aging spring, 451, 496-497 
Air resistance models, 111 
Aircraft guidance in crosswind, 146—147 
Airy equation 
explanation of, 207 
initial value problem for, 495 
Airy functions, 207 
Algebra, of matrices, 498, 507-514 
Algebraic equations, linear, 502-506 
Algorithms 
alphabetization, 493—494 
classical 4th order Runge-Kutta, 134—138, 
253-259 
Gauss-Jordan elimination, 503—506 
Improved Euler, 121-129 
Alligator problem, 100 
Allometric equation, 144 
Alphabetization algorithms, 493—494 
Amplitude modulation, 230 
Analog simulation, 295 
Analytic coefficients, equations with, 446 
Analytic functions, 433-434 
Angular frequency, 215, 288, 540 
Angular momentum, 209—210 
Annihilator method 
examples using, 334-336 
explanation of, 333-334 
undetermined coefficients and, 333—336 
Apollo reentry, 236 
Aquaculture, 144 
Archimedes principle, 312 
Armageddon, 214 
Arms race, 252 
Asymptotic behavior of solutions, 87—88, 
241 
Asymptotically stable 
critical points, 266 
explanation of, 266 
homogeneous linear systems, 537 
linear systems, 411 
Atmospheric pressure, 45 
Attractors, 301 


Automatic pilot, 381 

Autonomous equations, 32 

Autonomous systems 
critical points of, 264—265 
explanation of, 263 

Auxiliary equations 
complex roots and, 167—173, 329 
explanation of, 159, 327 
repeated roots and, 163, 329—331 


Bang-bang controls, 148-149 
Barometric equation, 45 
Beams 
under axial force, 341 
vibrating, 347 
Beats, 230 
Bernoulli, James, 71n 
Bernoulli, John, 5n, 71n, 327n 
Bernoulli equation, 53, 71—72 
Bessel, Frederic Wilhelm, 479n 
Bessel equation 
explanation of, 202, 207, 478—482 
modified, 208 
reduction to, 207—208, 489 
Bessel functions 
aging spring and, 496—497 
explanation of, 478—482 
spherical, 487 
Bessel inequality, 593 
Bifurcation, 33 
Blasius equation, 262 
Block diagrams, 91 
Bobbing objects, 312-313 
Bode plots, 420 
Boxcar function, 384 
Boundary conditions 
Dirichlet, 623, 627, 630 
explanation of, 165, 568 
homogeneous and nonhomogeneous, 602 
Neumann, 623, 629 
Boundary value problems 
explanation of, 165 
initial, 568, 573—574, 603-608 
Brachistochrone problem, 57 
Buckling 
of columns, 475 
of towers, 495-496 


Building temperature, 101—102 
Buoyancy, 312 


Calculus of matrices, 514—515 
Cancer detection, 283 
Capacitance, 118 
Carbon dating problem, 101 
Casoratian, 347 
Cauchy, Augustin, 328n 
Cauchy-Euler equations, 194, 485 
higher-order, 332 
second-order, 201 
theory for, 455-457 
Cauchy-Euler system, 536 
Cauchy product, 430 
Cayley-Hamilton theorem, 552 
Center (critical point), 268, 270 
Centered-difference approximations, 
643 
Centered-difference formula, 100 
Chaos, 151-152, 301, 303 
Chaos machine, 306 
Characteristic equations, 159 
Characteristic polynomials, 527 
Chebyshev polynomials, 484, 489 
Chemical diffusion, 611 
Chemical reactions, 140 
Circular cylinders, 638-640 
Clairaut, Alexis, 64n, 84n 
Clairaut equations, 84 
Classical differential equations, 485—486 
Classical mechanics. See Newtonian mechanics 
Classical orthogonal polynomials, 484 
Classical 4th order Runge-Kutta 
algorithm with tolerance, 136, A-16 
method, 134—138, 258-259 
subroutine, 135, A-15 
Coefficient of kinetic friction, 116 
Coefficients 
constant, 157, 327-331 
discontinuous, 53 
equations with analytic, 446—450 
linear, 72-74 
undetermined, 175-181, 186—187, 
239-240, 333-336, 346, 543-544 
variable, 193—200 
Coffee problems, 107, 108 


I-1 


l-2 Index 


Columns, buckling, 475 
Combat models, 261, 549 
Comparison test for improper integrals, 358 
Compartmental analysis 
explanation of, 91 
mixing problems and, 91-94, 536 
population models and, 94-99 
Competing species, Runge-Kutta subroutine 
and, 262 
Complex roots 
of auxiliary equations, 167—173, 329 
of polynomial equations, 538n 
Compound interest, 3, 37, 45, 276 
Computer algebra system, 345—346 
Confluent hypergeometric equation, 487 
Conservative system, 314 
Consistency condition, 629 
Constant coefficients 
differential operators with, 157, 245, 327 
explanation of, 157, 327 
homogeneous equations with, 158—165, 
327-331 
homogeneous linear systems with, 
526-534 
linear systems with, 518 
Control theory, 380 
Conventional combat model, 549 
Convergence 
Euler's method and, 124 
of Fourier series, 587—590 
power series and, 427—431 
radius of, 428, 446—447 
uniform, 589 
Convolution 
explanation of, 239 
Laplace transforms and, 397—403 
properties of, 397 
Cooling of buildings, 101—107 
Coulomb force field, 315 
Coupled mass-spring systems (see also Mass- 
spring systems), 285-289 
Cramer's rule, 503n, A-11—A-12 
Critical load, 496 
Critical points 
asymptotically stable, 266 
examples of, 268 
explanation of, 265 
limit points as, 268 
phase plane analysis and, 265—272 
Critically damped motion, 218-221 
Crosswinds, 146-147 
Curve of pursuit, 145-146 


d’ Alembert, Jean le Rond, 3n 
d' Alembert's solution, 615—618 
Damped oscillations, 155 


Damping 
Hamilton's equations and, 314 
mass-spring oscillators and, 153-155 
vibrating spring with, 174 
vibrating spring without, 174 
Decay constant, 101 
Deflection of beams, 341 
Determinants, 512—513 
Diagonalizable matrices, 534 
Diagonal matrices, 507 
Difference equation, 151, 347 
Differential equations (see also Equations; 
specific types of equations) 
autonomous, 32, 263 
construction of, 326 
exact, 55-61 
first-order. See First-order equations 
higher-order linear. See Higher-order 
differential equations 
linear. See Linear second-order 
equations 
nonlinear, 4, 203—211 
ordinary, 4 
overview of, 1—5 
partial. See Partial differential equations 
second-order. See Linear second-order 
equations 
separable, 38—42 
series solutions of. See Series solutions 
table listing, 484—486 
Differential operators, 318 
Diffusivity, 567 
Dirac delta function 
explanation of, 404—406 
Laplace transform and, 406—410 
properties of, 411 
Direction fields 
for autonomous equation, 33 
explanation of, 15-20 
method of isoclines and, 19-20 
Dirichlet boundary conditions. See Boundary 
conditions 
Dirichlet problem, 627—631, 630, 642-644 
Discontinuous coefficients, 53 
Discontinuous forcing term, 53, 188 
Discontinuous functions, 356, 383-389, 
1578 
Dispersion relation, 622 
Distinct real roots, 163, 328—329 
Distribution, 405 
Doetsch, G., 351n 
Dot products, 498—500 
Double Fourier series, 607 
Drag race, 5 
Duffing equation, 208—209, 302, 426 
Duhamel, J.M.C., 419 


Duhamel’s formulas, 418—419 
Dynamical systems, 297—305 


Eigenfunctions, 570 
Eigenspaces, 527 
Eigenvalues 
complex, 538—541 
distinct, 531—532 
explanation of, 526, 570 
real-valued, 532 
Eigenvectors 
explanation of, 526 
generalized, 553-554 
linear independence of, 529—531 
matrix of, 527—530 
Electrical circuits 
analogy between mechanical and, 
295 
explanation of, 117-120 
Electrical systems, 291—296 
Electrical units, 119 
Elimination method, 244—250 
Elliptical integral of first kind, 237 
Emden's equation, 445 
Emphatic remark, 393 
Energy integral lemma, 204—205, 274 
Epidemic models 
boarding school, 284 
SIR model, 278-281 
Equations (see also Differential equations; 
specific types of equations) 
with analytic coefficients, 447—450 
auxiliary, 159, 327 
characteristic, 159 
coupled, 75 
of form dy/dx = G(ax + by), 70-71 
indicial, 452, 457 
integral, 31 
linear algebraic, 412-413 
with linear coefficients, 72—74 
Equidimensional equations. See Cauchy-Euler 
equations 
Equilibrium points, 265 
Equilibrium solutions, 265 
Escape velocity, 117 
Euler, Leonhard, 57n, 64n, 168n, 327n 
Euler's formulas, 168, 583 
Euler's method 
convergence and, 27 
explanation of, 23-25 
improved, 121—129 
systems, 254—256 
Exact differential equations 
explanation of, 55-57 
method for solving, 59 
test for, 57-59 


Existence and uniqueness of solutions 
direction fields and, 15 
explanation of, 11, 13, 318 
first-order equations and, 11, 51, 53-54 
initial value problems and, 43-44 
Laplace's equation and, 632-633 
limitations of, 13 
linear second-order equations and, 161, 
184, 194 
linear systems and, 518-519 
wave equation and, 619-621 
Explicit solutions, 6 
Exponential law, 95 
Exponential of a matrix, 550-556 
Exponential order (alpha??), 358 
Exponential shift property, 345-346 
Exponents of a regular singular point, 457 


Factorial function, 477 
Factors 
integrating, 64—67 
quadratic, 373—374 
repeated linear, 372-373 
Falling bodies 
motion of, 1, 35-37, 274—275 
velocity of, 131 
Feedback system, 147—148, 251—252 
Fibonacci, 349 
Fibonacci sequence, 349 
First-order equations 
compartmental analysis and, 91—99 
exact equations and, 55-59 
heating and cooling of buildings and, 
101-107 
higher-order numerical methods and, 
132-138 
improved Euler's method and, 121—129 
linear equations and, 46—51 
mathematical modeling and, 89—91 
motion of falling body and, 35-37 
multiple solutions of, 85 
Newtonian mechanics and, 108-114 
Runge-Kutta method and, 133-138 
separable equations and, 38—42 
special integrating factors and, 64—67 
substitutions and transformations and, 
68-74 
Taylor method and, 132-134 
Fluid ejection, 261 
Fluid flow 
around a corner, 635 
nonisothermal, 140 
Torricelli's law of, 82-83 
velocity potentials, 68 


Fluid tanks, interconnected, 242—244, 536, 


549-550 


Forced Duffing equation, 302 
Forced mechanical vibrations, 223-229 
Forced pendulum equation, 303 
Forced vibrations, 188—189 
Forcing function, 419 
Forcing term, 53, 188 
Formal solutions, 575 
Fourier, Joseph B.J., 582n 
Fourier cosine series, 594—598 
Fourier series 
complex forms of, 592 
convergence of, 587—590 
differentiation of, 590 
double, 607 
examples of, 586 
explanation of, 582 
generalized, 586 
integrals crucial in, 579—580 
integration of, 590 
orthogonal expansions and, 586—587 
Fourier sine series, 572, 594—598 
Free fall 
examples of, 1, 35-37 
problem in, 45 
Frequency gain, 224 
Frequency response curve, 225-226 
Frequency response modeling, 419—421 
Friction 
coefficient of kinetic, 116 
explanation of, 116 
static, 116 
sticky, 275 
Frobenius, George, 457n 
Frobenius's method 
explanation of, 455-465 
linearly independent solutions and, 468—469 
Frobenius's theorem, 461 
Functions 
analytic, 433—434 
discontinuous, 356, 383-389, 578 
even, 578 
gamma, 392-393 
generalized, 405 
harmonic, 633 
linear dependence of, 161, 322 
matrix, 515 
odd, 578 
periodic, 390—392 
piecewise continuous (see also Piecewise 
continuity), 356, 578 
special, 476-486 
spherically symmetric, 494 
symmetric, 579 
Fundamental matrices, 521, 551—553 
Fundamental period, 578 
Fundamental solution sets, 323, 521 
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Gain factor, 224 
Galileo, 5n 
Gamma function, 392-393 
Gauss, Carl Friedrich, 477n 
Gauss-Jordan elimination algorithm, 503—506, 
511 
Gaussian hypergeometric equation, 477 
Gegenbauer polynomials, 484 
General solutions 
explanation of, 36, 47, 163, 321 
to homogeneous equations, 158-165 
to linear differential equations, 163, 321 
to linear systems in normal form, 523 
matrix systems and, 521 
to nonhomogeneous equations, 184 
for systems, 247 
Generalized Blasius equation, 262 
Generalized eigenvectors, 553—554 
Generalized Fourier series, 586 
Generalized function, 405 
Generating functions for Legendre 
polynomials, 484, 488 
Geometric series, 429 
Gibbs phenomenon, 593—594 
Gibbs-Wilbraham phenomenon, 593n 
Global error, 131 
Golden ratio, 349 
Gompertz equation, 282 
Grand Prix race problem, 45 
Gravitational force, 35, 213 
Great Lakes clean up, 315-316 
Green's formula, 634 
Green's functions, 641—642 
Group velocity, 622 
Guitar strings, 612-614 


Half life, 284 
Half-range expansions, 595, 597 
Hamilton, Sir William Rowan, 313n 
Hamiltonian systems, 313-315 
Hamilton's equations, 314 
Harmonic functions, 633 
Harmonic motion, 215 
Harmonic oscillators, 215 
Harmonics, 612 
Heat capacity, specific, 567 
Heat conduction, 566 
Heat equation, 568, 599-609 
Heat flow 
direction of, 566 
heat equation and, 599-609 
model for, 566—568 
Heating and cooling of buildings, 
101-107 
Heaviside, Oliver, 351n, 375n 
Heaviside’s Expansion formula, 375 


1-4 Index 


Henon map, 302n 
Hermite polynomials, 484, 489 
Hermites equation 
Hermite polynomials and, 484, 489 
in quantum mechanics, 202 
Higher-order differential equations 
basic theory of, 318-324 
constant coefficients with homogeneous, 
327-331 
conversion to normal form, 253-254, 
517-523 
numerical methods for, 253-259 
undetermined coefficients and annihilator 
method, 333-336 
variation of parameters method and, 
338-340 
HIV infection, 141—143 
Hoare, C.A.R., 493 
Homogeneous boundary conditions, 602 
Homogeneous equations 
with constant coefficients, 158-165, 
327-331 
explanation of, 68-70, 158-159, 318 
fundamental solutions of, 323, 521 
general solutions to, 158-165 
substitutions and transformations and, 
68—70 
Homogeneous linear systems, 526—534 
Homogeneous of order n, 75 
Hong Kong flu, 280 
Hooke's law, 153 
Hormone secretion problem, 54 
Hormones, 283 
Hypergeometric equation 
confluent, 487 
explanation of, 476-478 


Identity, matrix, 510—511 
Impedance, 240 
Implicit function theorem, 8, 15 
Implicit numerical method, 125 
Implicit solutions, 8-9 
Improved Euler's method 
explanation of, 121—129 
subroutine, 127 
with tolerance, 128 
Impulse response function, 401—402, 409 
Impulses, Dirac delta function and, 404—410 
Indicial admittance, 418 
Indicial equations, 452, 457-460 
Inductance, 118 
Inertial reference frame, 108 
Initial-boundary value problems 
example of, 568 
heat flow and, 603-608 
separation of variables and, 573—574 
Initial conditions, 10, 159, 568 
Initial value problems 
convolution theorem to solve, 399 
example of, 36 


explanation of, 10-13 
Laplace transforms and, 376-382 
Taylor polynomial and, 424—425 
unique solution and, 11, 43-44, 197 
Inner products, 517, 592 
Integral equations, 31 
Integrating factors 
explanation of, 48, 65—66 
finding, 65-66 
special, 66 
Integration techniques 
integration by parts, A-4—A-5 
method of substitution, A-1—A-4 
partial fractions, A-5-A-7 
Integro-differential equations 
convolution theorem and, 400—402 
explanation of, 400 
Interconnected fluid tanks, 242—244, 536, 
549-550 
Interplanetary travel, 309-310 
Interval of definition problem, 44 
Inverse, matrix, 510—512 
Inverse Laplace transforms 
explanation of, 366-367 
linearity of, 368-370 
nonrepeating linear factors and, 370—371 
quadratic factors and, 373-374 
repeated linear factors and, 372-373 
Irregular singular points, 456 
Isoclines, 19-20 
Isolated zeros, 203 


Jacobi polynomials, 484 
Jump discontinuity, 356, 578 


Kinetic energy, 314 

Kirchhoff, Gustav Robert, 1185 
Kirchhoff's current law, 3, 118 
Kirchhoff's voltage law, 3, 118 
Korteweg-de Vries equation, 622 
Kutta, W., 133n 


Laguerre equation, 475, 489 
Laguerre polynomials, 475, 484, 489 
Lane-Emden equation, 445 
Laplace, Pierre, 351n 
Laplace transforms 
convolution and, 397—403 
definition of, 351, 353-359 
of derivative, 361—362 
discontinuous and periodic functions and, 
383-393 
existence of, 356-359 
impulses and Dirac delta function and, 
404—410 
initial value problems and, 376—382 
inverse, 366-374 
linearity and, 355 
matrix, 564 
mixing problem and, 350-352 


properties of, 361—365 
table of, 359 
wave equation and, 640—641 
Laplace's equation 
boundary conditions associated with, 
623-627 
Dirichlet problem and, 627—631 
existence and uniqueness of solutions and, 
632-633 
explanation of, 623-633 
heat equation and, 568 
invariance of, 635 
Laplacian, 568 
Least-squares approximation property, 593 
Least-squares linear fit, 98 
Least-squares method, A-13-A-14 
Legendre, Adrien Marie, 482n 
Legendre polynomials, 483, 487 
Legendre's equation 
explanation of, 204, 451, 482 
special functions and, 482—484 
Leibniz, Gottfried, 38n, 71n 
Leibniz's rule, 364, 418 
Leonardo da Pisa, 349 
Lifetime, average, 284 
Limiting (terminal) velocity, 37, 111 
Linear algebraic equations, 502—506 
Linear coefficients, 72-74 
Linear dependence 
of functions, 162, 196, 322 
of three functions, 166 
of vector functions, 519—520 
Linear differential equations (see also Higher- 
order differential equations) 
asymptotic behavior of solutions to, 
87-88 
basic theory of, 318-324 
definition of, 4 
existence and uniqueness of solution and, 
51, 161, 183-184, 318 
power series solutions to, 436-444 
Linear differential operators, 245, 247, 318 
Linear independence 
explanation of, 161, 322 
of functions, 161, 196, 322 
fundamental solution sets and, 323, 521 
of vector functions, 519—520 
Linear operator 
explanation of, 509 
Laplace transform as, 355, 368 
matrices as, 509 
Linear second-order equations 
auxiliary equations for, 159 
Cauchy-Euler, 194—200, 452-454 
forced mechanical vibrations and, 223-229 
free mechanical vibrations and, 214—222 
homogeneous linear equations with con- 
stant coefficients and, 169-186 
mass-spring oscillator and, 153-157, 
170-173 


method of undetermined coefficients and, 
175-181, 186—187, 239-240 
power series method and, 436—444 
qualitative considerations for variable coef- 
ficient and, 203-212 
reduction of order and, 198, 326 
superposition and nonhomogeneous equa- 
tions and, 182-184, 201 
undetermined coefficients and, 175-181, 
186, 239—240 
variation of parameters and, 189—192, 197 
Linear systems 
Cauchy-Euler, 536 
frequency response modeling of, 419-421 
Laplace transforms to solve, 412—413 
matrix methods for (see also Matrix meth- 
ods), 498—550 
nonhomogeneous, 543-547 
in normal form, 517—523 
stability of, 411 
Linearized equation, 622 
Local truncation error, 131 
Logistic function, 97, 277 
Logistic model 
biomathematics applications, 277 
Malthusian vs., 95-96, 277 
phase line for, 33 
for population growth, 18, 96—99, 283 
Long water waves, 622 
Lunar orbit, 262 
Lungs, 80-82 
Lymphocytes, 143 


Maclaurin series, 434n 
Magnetic field, 25, 73, 274 
Malthus, Thomas R., 95n 
Malthusian law, 95 
Malthusian model, 95-96 
Market equilibrium, 149-150 
Mass-spring systems 
analogies, 206-212 
coupled, 285-289 
examples with, 170—173, 269—270, 
285-289 
explanation of, 153-157 
forced mechanical vibrations and, 223-229 
free mechanical vibrations and, 214—222 
matrix methods and, 501—502 
spring stiffness and, 153, 206 
Mathematical models 
applications for, 89-91 
compartmental analysis and, 91—99 
development of, 90 
heating and cooling of buildings and, 
101-107 
historical background of, 89 
Newtonian mechanics and, 108-114 
population dynamics and, 256-259 
tests of, 90—91 
Mathieu's equation, 213 


Matrices 
algebra of, 498, 507—514 
calculus of, 514—515 
coefficient, 500 
diagonal, 507 
explanation of, 507 
fundamental, 521, 551—553 
nilpotent, 552-553 
product of, 498—500 
real symmetric, 532-534 
square, 507 
transpose, 510 
zero, 507 
Matrix exponential function, 550-556 
Matrix methods 
complex eigenvalues and, 538-541 
homogeneous linear systems with constant 
coefficients and, 526-534 
introduction to, 498—502 
linear algebraic equations and, 502—506 
linear systems in normal form and, 
517-523 
matrices and vectors and, 507—515 
matrix exponential function and, 550-556 
nonhomogeneous linear systems and, 
543-547 
Maximum principle, 608—609 
Mean value property, 642 
Mechanical units, 109 
Mechanical vibrations 
forced, 223-229 
free, 214—222 
Mechanics 
explanation of, 108 
Newtonian, 108-114 
Method of Frobenius, 455—465 
Method of isoclines, 19-20 
Method of least squares, A-13—A-14 
Midpoint method, 134 
Mixing problems 
common drains and, 537 
compartmental analysis and, 91—94 
first-order equations and, 44, 54 
interconnected tanks and, 242—244, 536, 
549-550 
Modal analysis, 288n 
Models. See Mathematical models 
Modes, 602 
Modified Bessel equation, 208, 631 
Modified Bessel function 
of the first kind, 631 
of the second kind, 631 
Moore, Gordon E., 276n 
Moore's law, 276n 
Motion 
critically damped, 218-222 
of falling bodies, 1, 35-37 
of objects that bob, 312—313 
overdamped, 217-218 
underdamped, 217 
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MRSA, 310-312 
Multiplication 

matrix, 508—509 

scalar, 507—508 
Multistep methods, 150-151 


Neumann boundary conditions. See Boundary 
conditions 
Neumann function, 480 
Newtonian mechanics 
explanation of, 108 
laws of motion and, 108-109 
procedure for Newtonian models and, 
109 
Newton's approximation method, A-8—A-10 
Newton's law of cooling, 29, 45, 102 
Newton's second law 
explanation of, 1, 35, 269 
mass-spring systems and, 153, 170, 285, 
288 
Newtonian mechanics and, 108-114 
Nilpotent matrix, 552—553 
Node, 268 
Nonhomogeneous boundary conditions, 602 
Nonhomogeneous equations 
explanation of, 158, 318 
power series and, 450 
superposition and, 182-184 
undetermined coefficients and, 175-181, 
186, 239-240, 333-336 
variation of parameters and, 189—192, 197, 
338-340 
Nonhomogeneous linear systems 
explanation of, 517 
representation of solutions for, 522 
undetermined coefficients and, 543—544 
variation of parameters and, 544—547 
Nonlinear equations 
explanation of, 4 
linearization of, 238 
oscillations and, 261 
qualitative considerations for, 203-212 
solvable by first-order techniques, 
235-236 
Nonlinear springs, 261 
Norm, 592 
Normal form 
explanation of, 253—254, 500 
linear systems in, 517—523 
matrix algebra and, 500 
Normal frequencies, angular, 288, 540 
Normal modes, 288 
Normal systems, uncoupling, 563 
Numerical methods 
Euler’s method, 23-27, 254—256 
global error, 131 
higher-order, 132-138 
for higher-order equations and systems, 
254-259 
improved Euler’s method and, 126-129 
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Numerical methods (continued) 
local truncation error, 131 
Runge-Kutta, 133—138, 258—259, 
A-15-A-16 
for solving generalized Dirichlet problem, 
642-644 
stability of, 150-151 
Taylor, 132-134 
Nutation, 275-276 


Oil spill, 79-80 
One-dimensional heat flow equation, 567 
Operators 

differential, 245, 247, 253, 318 

integral, 353 

linear, 355, 368, 509 
Ordinary differential equations, 4 
Ordinary points, 437 
Orthogonal expansions, 586—587 
Orthogonal trajectories, 62—63 
Orthogonality 

Fourier series and, 580—581 

Legendre polynomials and, 483 
Oscillation 

explanation of, 217 

nonlinear equations and, 261 
Oscillators 

harmonic, 215 

mass-spring (see also Mass-spring sys- 

tems), 153-157, 170-173, 214—229, 
285—289 

Overdamped motion, 218 


Parachutist example, 112-113 
Parameters (see also Variation of parameters), 
90n 
Parseval's identity, 593 
Partial differential equations 
explanation of, 4 
Fourier cosine and sine series and, 594—598 
Fourier series and, 578—591 
heat equation and, 599-609 
Laplace's equation and, 623-633 
model for heat flow and, 566—568 
separation of variables method and, 
569-576 
wave equation and, 611—621 
Partial fractions method, 370, A-5—A-7 
Pendulum 
motion of, 210—211, 237—238, 290-291 
spring, 263 
with varying length, 261—262 
Period doubling, 151-152 
Periodic functions, 390—392 
Periodic solutions, 270 
Phase angle, 419 
Phase line, 32-34 
Phase plane, introduction to, 263-272 
Phase plane equation, 264 


Phase velocity, 622 
Phytoplankton growth model, 316-317 
Picard-Lindelóf existence theorem, 32n 
Picard's method, 31-32 
Piecewise continuity 
explanation of, 356, 578 
Laplace transform and, 356, 358, 379 
Plucked string, 621 
Poincaré maps, 298—305 
Poincaré sections, 298—303 
Poisson's integral formula, 642 
Polynomials 
characteristic, 527 
Chebyshev, 484, 489 
classical orthogonal, 484 
Gegenbauer, 484 
Hermite, 484, 489 
Jacobi, 484 
Laguerre, 484, 489 
Legendre, 483, 487 
spherical, 483 
Taylor, 422-426 
ultraspherical, 484 
Pooling delay, 251—252 
Population dynamics, 256-259 
Population models, 94—99 
Potential energy, 314 
Power series 
analytic functions and, 433 
differentiation and integration of, 430 
explanation of, 427—434 
linear differential equations and, 436-444 
Predator-prey models, 256-259, 261 
Predictor-corrector method, 125 
Pythagorean property, 592 


Quadratic factors, 373-374 
Quasifrequency, 217 
Quasiperiod, 217 

Quicksort algorithm, 493-494 


Radioactive decay, 1, 35, 49-50, 52, 276 
Radioisotopes, 283 
Radius of convergence 
explanation of, 428 
minimum value for, 446—447 
Rate of change, 2 
Ratio test, 428, 435 
Rayleigh equation, 213 
Rectangular window function, 384 
Recurrence relation, 439, 484 
Reduction of order, 198—200, 326 
Regular singular points, 456 
Regular window function, 384 
Relative error, 128 
Removable singularities, 437n 
Repeated roots, 163, 329—331 
Residue computation, 375 
Resistance, 118 


Resonance curve, 225-226 
Resonance frequencies, 226 
Riccati, Jacopo, 75n 
Riccati equation, 75 
Rigid body nutation, 275-276 
Risk aversion, 85-86 
RL network, 549 
RLC network, 542 
RLC series circuit, 291 
Rocket flight, 117 
Rodrigues's formula, 484, 488 
Roots 
complex, 167—173, 329 
complex conjugate, 169, 538n 
distinct real, 163, 328—329 
repeated, 163, 329-331 
Row operation, 511—512 
Runge, C., 133n 
Runge-Kutta method 
classical 4th order, 134—138, 258-259, A- 
15-A-16 
for systems, 258-259 


Saddle point, 268 
Sawtooth wave, 394 
Scalar multiplication, 507—508 
Scatter diagrams, 98 
Schródinger's equation, 494—495 
Second-order linear equations. See Linear 
second-order equations 
Secretion of hormones problem, 54 
Selfadjoint, 483 
Separable equations 
explanation of, 38 
method of solving, 39-42 
Separation of variables 
eigenfunction properties, 571 
explanation of, 35-36, 569 
heat flow and, 600—603 
Laplace's equation and, 623-633 
partial differential equations and, 569-576 
to solve initial-boundary problems, 615 
Series solutions 
Cauchy-Euler equations and, 452-454 
equations with analytic coefficients and, 
446-450 
linear differential equations and power, 
436-444 
method of Frobenius and, 455—465 
power series and analytical functions and, 
427-434 
second linearly independent, 467—474 
special functions and, 476—486 
Taylor polynomial approximation and, 
422-426 
Similarity transformation, 534 
Simple harmonic equation, 167 
Simple harmonic motion, 215 
Simpson's rule, A-10—A-11 


Singular points 
explanation of, 437 
first-order, 53 
irregular, 456 
regular, 456 
Singular solutions, 84 
Sink, 33 
Sinusoidal inputs, 419—420 
SIR epidemic model, 278—281 
Snowplow problems, 83-84 
Solar collector, 86-87 
Solar water heater, 108 
Solution sets, fundamental, 323, 521 
Solutions 
asymptotic behavior of, 241 
equilibrium, 265 
existence and uniqueness, 11—13, 161, 
183—184, 194, 318—320, 518-519, 
608—609, 619, 632-633 
explicit, 7 
formal, 575 
general. See General solutions 
implicit, 8-9 
linear combinations of, 159 
linear dependence of, 162, 196, 323, 521 
linear independence of, 161, 196, 323, 521 
singular, 84 
spherically symmetric, 494 
unique. see Unique solutions 
Source, 33 
Special functions 
Bessel’s equation, 478—482 
explanation of, 476 
hypergeometric equation, 476—478 
Legendre's equation, 482—484 
Special integrating factors, 64—67 
Specific heat capacity, 567 
Speed bumps, 189 
Spherical Bessel functions, 487 
Spherical polynomials, 483 
Spherically symmetric solutions, 494 
Spiral point, 268 
Springs (see also Mass-spring systems) 
aging, 451 
Bessel functions and aging, 496—497 
nonlinear, 261 
soft vs. hard, 427 
vibrating, 174 
Square pulse, 384 
Square wave, 394 
Stability 
of homogeneous linear systems, 537 
of linear systems, 411 
of numerical methods, 150-151 
of trapezoid scheme, 125 
Stable systems, 266, 411, 537 


Standard form, linear differential equations in, 


47,318 
Standing wave, 612 


Staph infections, 310—312 
Static friction, 116 
Steady-state current, 293 
Steady-state solutions 
explanation of, 224, 419 
to sinusoidal inputs, 420 
Steady-state temperature distribution in 
circular cylinder, 638-640 
Stefan's law of radiation, 29, 108 
Step size, 24, 122 
Sticky friction, 275 
Stopping procedures, 128 
Strange attractors 
explanation of, 301 
forced pendulum equation and, 303 
Struck string, 621 
Sturm-Liouville equations, 260 
Subharmonics, 299 
Substitutions 
Bernoulli equations and, 71—72 
equations of form dy/dx = G(ax + by), 
70-71 
equations with linear coefficients and, 
72-14 
homogeneous equations and, 68-70 
procedure for, 68 
Summation index, 431—432 
Superposition principle 
explanation of, 182, 522 
undetermined coefficients and, 182-187 
variable coefficients and, 201 
Suspended cable, 235-236 
Swinging door, 175 
Symmetric functions, 579 
Symmetric matrices, 517, 532-534 
System parameters, 421 


Tacoma Narrows bridge, 228n 
Taylor method of order p, 132-134 
Taylor polynomial approximation 
explanation of, 30-31, 422-426 
series solutions and, 423-426 
Taylor series (see also Power series), 30-31, 
423 
Tchebichef (Chebyshev) polynomials, 484, 
489 
Technetium, 283 
Telegraph problem, 622 


Temperature distribution in a circular cylinder, 


638 
Terminal velocity, 37, 111, 275 
Thermal radiation, 29 
Threshold value, 280 
Time constant, 103-106 
Time-shifted pair, 263-264 
Tolerance 


classical 4th order Runge-Kutta algorithm 


with, 136, A-16 
improved Euler's method with, 128 
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Torricelli's law of fluid flow, 82-83 
Total differential, 55 

Towers, buckling of, 495—496 
Trajectories 


explanation of, 264 
orthogonal, 62—63 
in phase plane equations, 264—272 


Transfer function, 401, 409, 418—419 
Transformations. See Substitutions 


Transient current, 293 


Transient solution 


circuit, 293 
heat flow, 603 
vibrations, 224 


Transmission lines, 140 

Transpose, 510 

Transverse vibrations of a beam, 347 
Trapezoid scheme, 125 

Traveling wave solutions, 615-618 
Triangular wave, 395 

Truncation error, 131 

Tumor growth models, 276, 281—282 


Ultraspherical polynomials, 484 
Uncoupling systems, 563 

Undamped second-order systems, 565 
Underdamped motion, 217 
Undetermined coefficients method 


ee 


[oni 


ci 


annihilator method and, 333-336 

explanation of, 175-181, 185-187 

nonhomogeneous linear systems and, 
543-544 

using complex arithmetic, 239—240 

niform convergence, 589 

niform waves, 622 

nique solutions, 11—12, 51, 160, 183-184, 
318-320, 518-519, 608-609, 619, 
632-633 

nit step function, 384 

nit triangular pulse, 396 

tility functions, risk aversion and, 85-86 


van der Pol equation, 209, 427 
Variable-coefficient equations 


of higher order, 318-324 
qualitative considerations for, 203-212 
of second order, 193—200 


Variable resistor, 446 
Variable spring constant, 446 
Variables, separation of. See Separation of 


variables 


Variation of parameters 


explanation of, 54, 189-192, 197 

higher-order equations and, 338-340 

nonhomogeneous linear systems and, 
544—547 


Vector functions, 519-520 
Vectors, 321, 507 
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Velocity 
group, 622 
limiting or terminal, 37, 111, 275 
phase, 622 
Ventilation, 80 
Verhulst, P.F., 97n 
Vibrating beams, 333 
Vibrating drums, 622-623 
Vibrating membrane, 614 
Vibrating springs, 174 
Vibrating strings, 3, 612—614, 619 


Vibrations 
forced, 188, 223-229 
transverse, 347 
Virions, 143 
Virus, 143 
Volterra-Lotka system, 256—259, 261, 263, 
277 


Wave equation, 611—621, 640—641 
Weber function, 480 
Window function, 384 


Wire, heat flow in insulated, 566—568 
Wronskian 
definition of, 162, 164, 196, 320, 520 
fundamental sets, linear independence and, 
323, 520 
vector functions and, 520 


Young's modulus, 333, 347 


Zeros, isolated, 203 
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[situ du = iu — lsin2u. fcos?u du = 4u + 4 sin 2u. fran? du = tan u — u. 


sin" tu cos u 


: n—lr. 
f sin"u du = + f sin" ?u du. 
n 


n 


n-1 


cos 


usinu n—1 " 
f cos"u du = + f cos" ^ ?u du. 


n n 


*Note: An arbitrary constant is to be added to each indefinite integral. 


A BRIEF TABLE OF INTEGRALS* (continued) 


usinudu — sinu —ucos u. fe sin udu = —u" cos u + n fur cos u du. 


u cos udu = cos u + u sin u. fu cos udu = u” sin u — n fur! sin udu. 


e““(a sin nu — n cos nu) e“(a cos nu + n sin nu) 


e™ sin nu du = 2 3 i fem cos nudu = z 3 
a +n a +n 


sin(a + bu sin(a — bu 


2 2 
zm unt Sr 


sin au sin bu du = 


sin(a + bju sin(a — b)u " 5 
Jarh ase? 477 


cos au cos bu du = 


‘ _ cos(a + bu cos(a — b)u bets 
[sin au cos budu = Xa + b) — Xab)” a’ + b’. 


f sinh udu = cosh u. f cosh udu = sinh u. 


F(t) = fy e"w du t>0; Td)= Jn; and T(n-1)-nlifnisa positive integer. 


SOME POWER SERIES EXPANSIONS 


" (n), 
fo) = fta) f — a) + LO apes I Gear ++ (Taylor series) 


. oo (— 1)"x 2nt1 oí 1)"x?" 
sin 
m iO ET (2n + 1)! 


n 


(1—x)?- Xe Det Ind — x) = - > 


n=} 


tan x =x + ix! + x? + dx? cux) e 


2n*1 


zo nas arctan x = È (- DE scd 


arcsin x = x + — + ——— x? + —_____ x7} -:- 
2-4:6:7 


oo (- 1)*x 2k+1 o0 
10 7 Y rua poss Mo = Y ora rk xem 


(- 1)*x 2k+n 


*Note: An arbitrary constant is to be added to each indefinite integral. 


LINEAR FIRST-ORDER EQUATIONS 
A general solution to the first-order linear equation dy/dx + P(x)y = Q(x) is 


O = tac] ([utootoae +c), where ula) = exo( f Poan) 


METHOD OF UNDETERMINED COEFFICIENTS 


To find a particular solution to the constant-coefficient differential equation 
ay" + by' + cy = P,(t)e” , 

where P,,(t) is a polynomial of degree m, use the form 
yp(t) = C(A,t" + = + At + Ape" ; 


if r is not a root of the associated auxiliary equation, take s = 0; if r is a simple root of 
the associated auxiliary equation, take s = 1; and if r is a double root of the associated 
auxiliary equation, take s — 2. 

To find a particular solution to the differential equation 


ay" + by’ + cy = P,(t)e*' cos Bt + Q,(t)e*' sinBt , B #0, 


where P,,,(t) is a polynomial of degree m and Q,,(t) is a polynomial of degree n, use the 
form 


yp(t) = t(Au* + +++ + Ait + Age" cos Bt 
+ 1°(Byt* + +++ + Bit + Boje“ sin Bt , 


where k is the larger of m and n. If a + i is not a root of the associated auxiliary equa- 
tion, take s = 0; if a + iB is a root of the associated auxiliary equation, take s = 1. 


VARIATION OF PARAMETERS FORMULA 


If y; and y, are two linearly independent solutions to ay" + by’ + cy = 0, then a particu- 
lar solution to ay" + by’ + cy = fis y = viy; + v5y,, where 


v) = PE ue [8 


aW[». vol ^^ aW[y, ys] () 


and W[yi, y; ](t) = yiye) — yiya). 


dt, 


f(t) 


f(t) 


1. f(at) 
2. e“f(t) 
3. f'A 


4. fe 


5. t'f(t) 

6. = fl) 

7. f f() do 

8. (f * gt) 

9. fit+ T) =f 
10. ft—awt—a, a>0 
11. m -d, az0 
1.ut-a, a2z0 
13. IL),  0<a<b 
14. (t — a), az0 


15. e" 


F(s) = L{f}(s) 

D 

F(s — a) 

sF(s) — f(0) 

s"F(s) — s" 'f(0) — s" ?f'(0) 
vota a PO) — JF“) 
(— 1 F^Xs) 


p ? F(u)du 


F(s) 
cy 


F(s)G(s) 
f e`“f(t)dt 


lias e T 


e ^F(s) 


e ^ (g(t + a)}(s) 


20. 


21. 


8 


p 


R 


31. 


32. 


R ^ £ 


a 


. sin bt 


cos bt 


e“ sin bt 


. & cos bt 


sinh bt 


. cosh bt 


. sin bt — bt cos bt 


t sin bt 


sin bt + bt cos bt 


. t cos bt 


. sin bt cosh bt — cos bt sinh bt 


sin bt sinh bt 


sinh bt — sin bt 


- cosh bt — cos bt 


. J(bt), v» —1 


F(s) = L{f }(s) 
ve 
Js 
Jn 
2932 
1:3:5-- Qn — Dx 
> 
T(r + 1) 

s+! 
_ 
s? + b? 
m 
s? +b? 
u-— — 
(s — a)? + b? 


s—a 
(s — a)? + b? 


2b? 
2bs 
(+ bP 
2bs? 
s? — b? 
Ap? 
s* + 4b* 
2b?s 
st + 4b* 
2b? 
s*—b* 
2b?s 
s*—b* 
(s? + b? — s)" 
b' s? + b? 


